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ABSTRACT

In this study, we introduced a novel generalized class of ratio-type es-
timators for median estimation by employing quantile regression within the
framework of neutrosophic statistics is designed to enhance the accuracy and
reliability of estimates in the presence of data uncertainty, providing a ro-
bust alternative to traditional point estimators. The proposed methodology
yields interval-based estimates for the population median, capturing a range
of possible values rather than a point estimate, which allows modeling uncer-
tainty and partial truth inherent in complex or imprecise data. This is achieved
within the neutrosophic statistical framework, a generalization of classical
statistics that explicitly accounts for indeterminacy and inconsistent informa-
tion, making it well-suited for handling ambiguous data in interdisciplinary
applications. We validate the performance of our estimators using real-life
stock price data from Samsung Electronics Co. Ltd. (SMSN.IL), sourced from
Yahoo Finance (2022), and further substantiate the results through a compre-
hensive simulation study. Comparisons between traditional and proposed es-
timators, based on mean squared error, percentage decrease in mean squared
error, and a simulation study, demonstrate the superior precision and relia-
bility of our approach.
Keywords: Neutrosophic Statistics; Median Estimation; Quantile Regres-
sion; Percentage Decrease Mean Square Error.
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1 Introduction

This study proposes a novel estimation framework that integrates quantile
regression with neutrosophic statistics to improve the accuracy of popula-
tion median estimation. By explicitly modeling indeterminacy and data am-
biguity, the proposed method offers a robust alternative to traditional estima-
tors, demonstrating enhanced reliability in the presence of extreme values,
measurement errors, and incomplete information. This contribution not only
strengthens the robustness of median estimation, but also extends its appli-
cability to real-world scenarios fraught with data uncertainty. Neutrosophic
quantile regression has several practical applications in finance, it aids in
modeling stock prices and predicting median returns under uncertain mar-
ket conditions. In healthcare, it supports the estimation of median survival
times in clinical trials with missing or imprecise data. In the social sciences,
it enables analysis of median income levels within populations facing incom-
plete or uncertain responses. In engineering, it is useful for predicting me-
dian failure times in systems exposed to variability and limited information,
and in environmental science, it helps to assess median pollutant levels in
ecosystems characterized by uncertain or fluctuating data. Additional fields
that can benefit from this methodology include economics, marketing, and
political science, where data ambiguity is a frequent concern. Smarandache
(1998) advocated for the application of neutrosophic statistics in uncertain
systems. Irfan et al. (2021) proposed robust median estimators by incorpo-
rating auxiliary variables to address the limitations of traditional methods,
particularly in the presence of outliers and extreme values. Their work high-
lighted the importance of robust techniques in improving the reliability of the
median estimation under complex data conditions. Masood et al. (2024) ex-
tended the methodology by introducing a neutrosophic framework, integrat-
ing robust measures to handle uncertainty and imprecision more effectively.
Their proposed estimators demonstrate superior performance through simula-
tion studies and practical applications, offering a significant advancement in
the field of median estimation. To validate the effectiveness of the proposed
estimators, extensive simulation studies are conducted by drawing multiple
samples of varying sizes from real-world stock price data. This approach en-
sures a rigorous evaluation of performance and robustness under realistic data
conditions. The present study boasts several novel points, including:

(1) This study pioneers the use of neutrosophic quantile regression
to improve the estimation of the population median.

(i) An extensive family of novel median estimators has been de-
veloped to improve the precision and efficiency of estimating
the population median.
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Table 1: Neutrosophic Functions:

Notation Description
M, € {M 7 xu} Median of supplementary variable for Neutrosophic Population
M) € {M ;’l, ]\/[é’u} Median of variable of interest for Neutrosophic Population
M) € {M n Mﬂu} Median of supplementary variable for Neutrosophic Sample
M, M e {M 1717 M, M7 } Median of variable of interest for Neutrosophic Sample
ty € {tml, mu} Neutrosophic function for Tri-mean
dy, € {d] dmu} Deciles-mean for neutrosophic function
h] € {h?l L} Neutrosophic function for Hodges-Lehman
m:’ € \m,, mm} Neutrosophic function for Mid-range
qZ] S q:l, qﬁu} Inter-quartile range for neutrosophic function
qg S q;’l, qgu Neutrosophic function for Quartile-deviation
qa € {q.,, 9du Quartile-average for neutrosophic function
PZz € { pzzl, p;’m Neutrosophic correlation Coefficient
fo (M) € {f4 (M), , fd (M), Probability density function of M,
fo(MZ) € {f7 (M), , f2 (M), Probability density function of M}
ng € ng] , ngu Standard deviation of sample median of variable of interest M,
M g z € S s Mao u} Standard deviation of sample median of supplementary variable M,
C}Z/[y € CMyl , C}Z{yu} Coefficient of variation of M;]
CX“C c {CX/[Il , CXlzu} Coefficient of variation of M,/
¢cre{¢ Finite population correction factor

(ii1) The practical applicability of the proposed estimators is demon-
strated by analyzing data from the fluctuation of real-world
stock prices.

1.1 Notations under Neutrosophic functions:

Suppose a neutrosophic random sample size:n” € {n;, n} | is selected from
a finite population P = {Py, P», P3, ..., Py} of N recognizable units. As-
sume yy (i) and zx(7),7 = (1,2,..,n) represent the unit values ith sampled
from the neutrosophic data of the study variable yx (i) € {y;,v.} and the
supplementary variable zx (i) € {z;, z,}, respectably. Suppose that the neu-
trosophic range of data is S” = S 4+ S/'L"with L" € {L], L]}, the neu-
trosophic variable S” shows that the neutrosophic samples are selected from
populations that have ambiguous and imprecise measurements. We used the
notation S” € {a,b}, where a shows the lower value and b shows the upper
value of neutrosophic data, respectively. Table 1 presents the neutrosophic
functions used to derive the properties of the estimators.

The following relative error terms are used to find the mathematical proper-

. . . . MM T _ A
ties of the neutrosophic median estimator. e} = e, el = —MIMUM’” such
Yy x

that F (e)) = E (e]) =0,
E (6"2) =10y, B (el) = @C;; E (e}e]) = cnc;zyx,

o _ _ 1(1 _ 1
Chr My = Myf(My) Chre = M”f”(JVI’7 OMyw PyeCmt Mo ¢ = 1 ( N7
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M2, = (L= ) ) 2 M, = pl, MO, MY, MY, =
V(U= ) ()~ {FI)

The structure of the article is organized as follows. Section 2 provides an
in-depth review of conventional studies that utilize the neutrosophic approach.
Section 3 presents the proposed framework for neutrosophic estimators within
the context of quantile regression, where the minimum mean squared error
(MSE) for novel family of estimator is derived, using first-degree approxima-
tions. Section 4 focuses on the practical application, showcasing stock price
fluctuation data.

2 Methodology

This section presents a comprehensive review of traditional studies and meth-
ods analyzed through the lens of the neutrosophic statistical approach, high-
lighting key developments and their relevance to our work.

2.1 Traditional Method 1: S.T. Gross (1980)
Gross (1980) introduced the foundational methodology for estimating the vari-
ance of the usual neutrosophic median estimator:

M, M = = M, M7 (1)
variance of the usual neutrosophic median estimator is expressed as

2

Var (M) = ¢" (M)* (C1,) @)

2.2 Traditional Method 2: A.Y.C. Kuk & T. K Mak (1989)
Kuk and Mak (1989) proposed a ratio-type neutrosophic estimator assuming
that the median of the auxiliary variable X is known.

M
- ()

The mean square error expression of ]\//TIZ the estimator is provided as follows.
MSE (M) = ¢7 (M)* (CF7, + C3, = 2C,) (4)

The ratio type neutrosophic estimator (]\7 z> exhibits improved performance

— . C"I
over (Mg) if p, > 0.5z7=
Y
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2.3 Traditional Method 3: S. Bahl & R.K. Tuteja (1991)
Bahl and Tuteja (1991) introduced an exponential ratio-type neutrosophic es-
timator for estimating the median.

_ _ n_ A
M, = M, exp Mx—]\,{w Q)
M, + M,
MSE (ﬂn) &~ o ()2 72 L e n
) =€ ( y) CMy + ZOMx - CMyx (6)

Exponential ratio-type neutrosophic estimator ]\/ng is comparatively efficient

A’Z ATZ 1 7 C?wz 7 CJTCIQJ
than Mp and My if pj], > 0.25—%1} and p}}, < 0.75 L

respectively.

2.4 Traditional Method 4: Singh (2003)
Singh (2003) developed an unbiased difference-type estimator, which can be
reinterpreted in the context of neutrosophic logic.

My, = M; + D}, (M2 — 317) )
n n _ MﬁprCXzy

Given the optimal value of Dy,as D, .., = —5mem
T~ Mz

(Mse (372)),, = € ()* i, (1= 1) ®

The MSE of M o s consistently lower than the MSE of M, ]\/4\67 ,and M.

2.5 Traditional Method 5: S. Gupta, J. Shabbir and S. Ahmad (2008)
Gupta et al. (2008) proposed three improved difference-type estimators for
estimating the median, which can also be extended within the framework of
neutrosophic logic.

M2171 = ngpgl + DgQ (Mg - Mg) )

_ _ _ M7
M, = { My}, + Dy, (M7 - 1) | ( M) (10)

Vi Vil n Vi M — ]\/Zg
M, = {MD} + Dl (M2 M) } exp =]y
o+ M
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The terms Ddl(opt) DZQ(opt)7 DZg(opt) DZ4(opt) DZS (opt)?

sent unspecified constants.

,and D"

d6(opt) TEPTE"

The minimum mean squared error (MSE) . of M J at optimum values

min

1:C1
D" _ 1 and D’ % pycxjfy
o = T, T ™ Ve = 38\ TG0,

is expressed as

~ CnMgch/IQy (1 B PZ;%)
min 14 (1077, (1 = piz)

MSE (m) (12)

The (MAS”E)r]mnofMZl’2 at optimum values ofDdg(opt) = oo +¢7ch =)
y x
r]gcn .
and D, (opt) = <1 + Dd3(opt) pycn My — 2) is

—~ N (1 — Cncfi?x) C"C’"Q (1 _ Pn?c)
MSE <M22)min - MZ]Q 1— ncné\/l r]gég 1— y772 (13)

n n2
1— ¢ CMI
8

The (MSE)_,. of Mgg at optimum values of D’

min d5(opt) 1+<ncj7\7/[2y (1—PZ:%)
m =C7 . .
and DZG (opt) = %_g { + Dd5(opt) <pnd L — 1) } IS given by

My

<

MSE (M) = a2

(1—¢neys,) + ey, (1= pia)
(14)

2.6 Traditional Method 6: J. Shabbir & S. Gupta (2017)

Shabbir & Gupta (2017) proposed a generalized difference-type estimator for
median estimation, incorporating a neutrosophic approach to enhance its ap-
plicability in dealing with uncertainty and indeterminacy.

Mj, = | DMy + D (M = M) | [exp ( = )] (15)
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Table 2: Irfan et al. (2021) Suggested families of estimators

M. Families of Estimators under Median Estimation Using Neutrosophic Approach 07 | oy
Ti = b
“no 07 MI+07 MD— N2 07 M7 +97
1 My = My {DZQ (9;’]%;7+19i" P\ e + 9 Do oI o7 1 2
Yl @ o 9? ]\/1;74—19;7 jw;lfjf/}g g"?]wfu_gﬂ
? My = My {Dgg ((WJQMM P\ Mrrann + 1 Pio H”M"w" -1 1
~ 2
1R 07 M 497 M7 — NI 07 M7 +97
3 MTi - M;] {DZQ ( '11\47)_'_,(9') exXp 1%,;’+]v[;7 + D(’i’lO 71A47[+Hr] -1 -2
on i 4om\ 2 n_ i 9\ 2
e _ M +9 M1 — M 071 M7 +9
4 Mgi* — Mg {DZQ (QT,]WT’J,»'&") exXp (]W;’Jr]\//\fg) } + { d10 (GTIJ\4"+197]) } 2 2
2 —
i@ _ ;) MJ+v] M — N 01 M 97
5 M = M) n (9:71\71;’+l9? eXp LR +4Dl, 7,M7,+7977 2 -1
h f lues of D’ -3¢ O,
The (MSE)_.. o ]\/[d4 at optimum values of Dj. . = RO ()
a cy
77 J— % pua: My _ .
and DdS (opt) — DT [1 + Dd7(opt) { Tl QH 1S
nCm? _ o2} _ Lot 2 (_n2
A ~ 12 ¢ CMy (1 py:c) 4C Chre — € C]\/[y 1 pyx)
MSE (M1,) =M
min Y 1+ Cncﬂﬂ ( _ )
My pW

(16)

2.7 Traditional Method 7: Irfan et al. (2021) and Masood et al. (2024)
Irfanetal. (2021) developed generalized estimator for median estimation based
on robust measures of an auxiliary variable. Masood et al. (2024) extended
this concept by converting the estimator into a neutrosophic approach, en-
abling better handling of uncertainty and imprecision in data. A generalized
estimator for estimating the population median using neutrosophic approach
can be defined as a linear combination of various robust measures associated
with the auxiliary variable and the study variable.

— 07 M + 7 M? — M7
My = My [ Dio <m> P (m)
; X X (17)
a4+ 9\
+ DZ]O - S -

07 M + 97

Given that D}y and D]}, are constants, and O and O} can takes on values
such as 1, -1, 2, -2 these elements are used in the development of new estima-
tors. By substituting different values of ©7 and ©] in Eq. (17), the resulting
families of estimators are presented in Table.2. Additionally, 6 and ¥ could
be constant values or functions that depend on known non-conventional / ro-
bust measures associated with the variable X.
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By substituting D)y and D)), for optimal values, we obtain (M SE)
as follows.

— n, N2 n 772_2 N, A1, AN
MSE (M;Zl) o M;ﬂ [1 _ PpPa T Pabe %Wd%] (18)

phol — (p0)?

min

07 MY
Where 577 = m,
o= |1+ {Clr, + O (1+ 2007 — 06 — 207¢7)

—2p1,C, C (1= 207¢7) }]

pp = [1+¢"{CH, +€PCT, (200 + ©)) —40]¢" o1, C1,,.Cp ]

ol =

1+ R, = o Cly, Clr, (267(6] = ) +1)

nen Nen
0](0] +1)¢” 1
_ b( b2 )5 __677( )£n2>}

o = {1+ OOl Ol (0267 = ) + 1S (3 — Opg7 + 016

o1 = {1+ 167 (0] + 1) T, — Opecipn, Cn, Ol b
Partially differentiating with respect to D]}y and D]}, and equating them
to zero, we obtain the optimal values of D}, and D)), as follows.

o (eed — il D _ (plel — elq)
d9(opt) - ((pg(pg . 803272) dl()(opt) (90;7902] _ 907072)

Remark 2.1.

By substituting appropriate constants or known non-conventional population
parameters of the auxiliary variable for 8/ and ¢ in Eq. (17), various optimal
estimators can be derived. Table 2 presents various combinations of conven-

tional and non-conventional measures for the class of Ml.’. Placing the same
values of 67 and 07 in ML® MI® M, and MY, we obtain a number of
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Table 3: Family Members of M/’

no i m n
M Estimator . 0; Uy
79 _ am n (gl MR+tn My — M) n ag Mg+t n n
! Mrr =My {D 9 (qﬁM%ﬁi XP\ Ay A 1 Pawo G ML 427, fa | tm
— 2
SO A m At M —RI7 7 mI M+t n n
2 My, = My {D 9 ( e ) P\ wrain + 9 Pao P N mr | tm
— 2
VI]\/['I_'_,«”I M7 — M hnl\f"+f"
3 M}y = M) [{ D] ex o D! I
3 v ao \ wmarrren, ) <P\ 3 ) [+ Pawo h" M+, ! "
— 2
n NI 4RY M7 — {17 MR
GO _ g tm K 7 n b My thy n n
4 My, = My {D d9 (t” M"+h’7 exp MR + 9 Pawo 0 M7 MnJrhn tm hy
— 2
e "]W”Jrh" M1 — N1 DMI+RT ) )
no _ aArm n x z n 9a il n
5 Mys = My {D d9 ( M”+h” eXp qu_ 72 +14 Dgo Py da h,
6 MIS = My [{ D] hy AL +q R AR PR ELT YAy hl | gt
ex] —
d9 77]\/["+qT P\ mny g d1o }Ln]\/fn+qr L ar
— 2
Sno n m]! ]M"+h” M7 —M"T n m]! M"+h” n n
7 Mp; = My {D d9 ( ”M”+h’7 eXp sz+ 7:7 + 93 Paio nMnJrhn me | Ry
— 2
P R I +d7] n_ NN h"M’Urd”
no _ am n M +dy, Ml — M ] n n U
8 Mg = My {D 9 ( nMn+dn XP\ Ay A + 9 DPaio nMn+dn hy | dm
- 2
870 — g7 dn, M0 447, My — M n o (dnm ”+t” no |
9 MT‘) - J‘/]l/ {D d9 ( gl]M'LH?l eXp M7+ R + Dle ,, ]M"-H‘" dm tm
— P
NN +d7) M7 — {7 m"]v1"+d"
10 MWO — M D m m | ex z Mg D" my My Ty ml an
T10 y a9 \ miarran P\ M + d10 \ myI M +d7n ! "
— 2
~ qTM" n n_ A 77]\/["+d
"o A N M7 +dl, M — T n ag M +dy, n u
1| M = My {D "o ( i ) o0 (arrar ) [+ Do "]\/I”+d" q) | dh
— 2
Sne 2 n dn h[ﬁ+q77 M — M) n IVI"qu” m n
12 My = My {D 9 ( an gy ) SXP Mz’-»-zﬁr:7 +19 Pao ” M’i+q” dm |

optimal estimators.

All suggested estimators MY, M7769 M"® MI?and M> having mini-
mum MSE compared to all reviewing estlmators and a deep 1n51ght of family

members M ¢ Performs efficiently compared to all family members.

3 A Proposed Framework of Neutrosophic Estimators under Quantile

Regression:

This research presents an innovative solution by combining neutrosophic statis-
tics with quantile regression to create a new general family of estimators for

median estimation. The integration of neutrosophic logic with quantile regres-
sion is theoretically inspired by the need to address both uncertainty in data
and variation across its distribution. Neutrosophic statistics effectively models
imprecision and indeterminacy, while quantile regression offers a comprehen-

sive perspective by analyzing data at multiple points along its distribution. By

leveraging distinctive metrics like quartile deviation, quartile average, mid-
range and interquartile range, these estimators improve data distribution anal-
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Regression

Classical Methods of Quantile Neutrosophic Quantile Regression for
Regression for Robust Median Robust Median Estimation
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Figure 1: Flow Chart of Neutrosophic Quantile Regression for Robust Median
Estimation
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ysis and effectively handle outliers. Utilizing robust measures including decile
means, the Hodges-Lehmann estimator, and the tri-mean these methods pro-
vide more accurate and reliable estimates.

Inspired by the works of Irfan et al. (2021), Masood et al. (2024), Hussain et
al. (2024) and Zohaib et al. (2024), we introduced generalized class of ratio-
type median estimators that employ quantile regression under neutrosophic
statistics.

Mo7

. M7 L R\ MEOTHRTI] ~
A BV [ i + By (M2 =212) | (19)
(@)m M7 + Rn" (Q)

Form =1,2,...,12
Here The components T(") € {T(” )ml,T(Q mu} 0; € {63,0},}, and

v € {97,9] } may represent either constant values or functions, derived
from robust or non-traditional location measures, as well as conventional mea-

sures related to the auxiliary variable.
The term S7 € {S

7,51} denotes an unknown constant that will be speci-

fied later, while 5@) € { B?Q)l, E?Q)u} represents the quantile regression co-

efficients corresponding to p = 2 variables. For an in-depth discussion on
quantile regression, refer to Koenker and Hallock (2001), and Zohaib et al.
(2024).

The following notations define neutrosophic functions:

AL e {A} ALY, STe{Sh. S, A e{Al ALY, A3 e {Af AL}
For further insights into conventional versus robust or non-conventional mea-
sures, readers are referred to Irfan et al. (2021).

Remark 3.1.

The quantile levels 0.15, 0.25 and 0.35 are specifically chosen to capture
the behavior of the estimator in the lower part of the conditional distribu-
tion. This allows for a detailed analysis of lower-tail characteristics, which
1s partlcularly useful in skewed populatlons By 1nsert1ng different values of

={Q =0.15, 0.25 and 0.35} , 6 @ € {5 l,ﬁ } in equation (19),

We obtaln the following families of ratio estimators, utlhzlng quantile regres-
sion for median estimation under neutrosophic statistics.

(i) By substituting 3270'15) € {3?0_15)1, B?o.mm} : The proposed fam
ily of ratio-type median estimators using quantile regression
under neutrosophic statistics simplifies to:

TASSL ISSN-2424-6271 101
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Mol

MO+ RN .
) + 5] (0.15) (M) M") (20)

™ = S n <M59? +Rn19?

M26? + Rn9?

(ii) By substituting 3" (0.25) { 6(770.25) " 5270.25)u} : The proposed fam-
ily of ratio type median estimators using quantile regression
under neutrosophic statistics simplifies to:

Mol

R M"9’7+Rw” .
T = 7 ) + By oy (M2 — M) | 21)

m z

o M767 + Rno!
M0 + Rng?

(ii1) By substituting B 0.35) { ﬂ(o 350 5 (035)u } ; The proposed fam-

ily of ratio type median estimators using quantile regression
under neutrosophic statistics simplifies to:

Mol

T ]\/[77977 —+ Rnﬁﬁ 1\1"9"+R7]19ﬂ

M26" + Rng?

AT
MSE S DI | —— (23)
( (Q) )min [ Y 2AZ
Where A6
n o _
Sr=amer o M
. M+ 5 (AR + APY) B2 (ML) - 203" RIME, |

z 2 ~
o+ ¢ (M) + {aaptr + (B, )
+ AL R 4 20 B R (M) - {4ap R + 2B b, |
Proof:
In order to demonstrate the relationship between equations (19) and (23),

the proposed estimator T(Q) is expressed in terms of the error components
e as follows.
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Tt = 2| (M + MjeR) (1 + Apet) >
_ B\ﬁ Mﬁen (24)
(@) "zl

Subtracting M,! from equation (24) and expanding the results up to the first
degree of approximation, we obtain:

T — MJ = | SIM] + STMef — STM! (A])” €]
~ 1
— S1Bigy M€l + 5 5IMy (AB)! + (A)°) (])?

— STM? (AL ele — M”] (25)

Y

The MSE of f("Q)mup to the first degree of approximation are given as:

MSE( (Q)m> ~ [(S?MJ - Mp)" + (57)° ((MZ])QE ((68)2>
+ (2 @) () + (Bly) (M + (A3 (043
+ 2 (AB) By M) E (1))
— (1) ()" + 2By, M”M") E (el el))
g ((A”P)4 (M2)* + ( 2) E ( )
2(87)" (My)° (ege’b] (26)

Now, by differentiating equation (26) with respect to S and set it equal to

zero, we obtain the value of S as shown above from the preceding equation
(23)

A =My S (A3 + A) RMY? - 207" RIMY
2 P P Sx Szy |

~ 2 —~
A3 = My? + ¢ | Mg, + {2A7}’4Rn2 + (5&2)) + AR QNPQB?Q)RU} My,”

Y

{4An2Rn+2ﬁ7l } Sa:
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Figure 2: Boxplot of daily stock prices of Samsung Electronics

4 Practical Application in Stock Price Data

In a real-world application, we assess the efficiency of the proposed novel
families of estimators under neutrosophic quantile regression by comparing
their performance with other competitive estimators, using a dataset of real-
world indeterminacy intervals. This data set comprises daily stock prices for
Samsung Electronics from June 01, 2022, to July 29, 2022, as obtained from
Yahoo Finance. Each trading day includes the opening, high, and low prices.
The opening price, known and fixed at the start of each day, is used as an aux-
iliary variable and is not treated as a neutrosophic variable. In contrast, high
and low prices vary during the day due to market fluctuations and are consid-
ered neutrosophic variables to account for natural uncertainty in the financial
market. It is important to note that we did not construct any artificial inter-
vals for the high or low prices; instead, we used the original recorded values
available on the website. The descriptive measures of the data set are sum-
marized in Table 4. We use mean squared error (MSE) as a key performance
metric and, for a deeper understanding, we also examine the percentage de-
crease in MSE to compare the effectiveness of the proposed estimators. Figure
2 presents a box plot of the behavior of the stock price during the study period
and shows the opening, high, and low prices, visually confirming the range
and variability considered in our analysis.

Table 4 presents the descriptive statistics of population of daily stock prices
of (Samsung Electronics 2022) from June 01, 2022 to July 29, 2022.

4.1 Important Findings:

We calculated the M S E\;, of traditional and proposed neutrosophic quantile
regression estimators as given in Tables 5 and 6. Figure 3 Shows M S E.;, of
the proposed and reviewed estimators. Some important observations are re-
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Table 4: Data statistics

Population of Samsung Electronics 2022

N =41, n] = 8, n] =8, MJ;= 1149.5, M, = 1149.5, M= 1133,M],= 1156.5,
(M), = 0.005798982, t;z(MQ) — 0.005660414, 1;7(M;7)u_ 0.003795176,
£1(M7), = 0.005660414, Pl = 09512195, g = 0.9512195, !, = 1146.5,
th = 1146.5, b} =1142. 625, b =1142.625, d, =1156.778, d".. =1156.778,
a' =69, g = 69, m", — 1208.75, m", — 1208.75, q%—345 ¢l =345,
" = 1143.5,q7, = 1143.5 67 ., = 0.8454259, 3!, = 0.9900596,
B = 0.9501312, A7, =0.9798851, 37 ., = 0.9253247, Bl =0.9792531

(<"§, I

Table 5: MSE,,;, of traditional estimators for the dataset of Samsung Elec-
tronics

Estimators | MSE pin1 MSE ninu | Estimators | MSEmpini | MSEmninu
M/ 747.9569 | 748.9397 M 71.17003 | 71.26341
Mg 73.75616 | 75.93837 M;’4 71.03212 | 71.12101
M, 213.7852 | 220.1939 M?g’ 70.83841 70.9106
ﬁgﬂ 71.19163 | 71.28517 1\7[2669 70.99297 | 71.06741
M;’l 71.18769 | 71.28138 1\7[26® 70.79044 70.8435
M;’z 71.18768 | 71.28137 M?;‘ 70.28938 | 70.32231

Table 6: MSE,,;, of proposed estimators for the dataset of Samsung Elec-
tronics data sets

T?D m MSEmin ! MSEmin u T%m MSEmiu ! MSEmin u Tgm MSEmiu ! MSEmin u
T"1 17.81569 24.20015 T%l 21.7571 23.77418 Tgl 20.7841 23.74786

T7, | 17.81893 | 2420415 | T, | 21.76072 | 23.77815 | T, | 20.78771 | 23.75182
17.81564 | 242001 | T 21.75704 | 23.77413 | T, | 20.78413 | 23.7478
T7, | 17.81605 | 242006 | TJ 217575 | 23.77462 | Tg, | 2078457 | 23.7483

TO, | 17.81589 | 242004 | Tlo | 2175732 | 2377443 | Tl | 20.7844 | 23.74811
TP, | 17.87232 | 2426992 | Ti. | 21.8203 | 23.84328 | Tl | 20.8458 | 23.81691
T7, | 17.81913 | 2420439 | Tg, | 21.76093 | 23.77838 | T¢, | 20.78792 | 23.75205
T0, | 17.8151 | 24.19943 | Tl | 21.75644 | 23.77347 | T, | 20.78354 | 23.74715
T, | 17.81638 | 24.201 Tge | 2175787 | 23.77503 | Ty | 20.78493 | 23.7487

17.81842 24.20352 T 21.76015 23.77752 T 20.78716 23.7512
17.81515 24.20015 T 21.75649 23.77353 T 20.78359 23.7472
17.81653 24.20119 Tgu 21.75804 | 23.77522 Tgrz 20.7851 23.74889

vealed from Tables 5 and 6 that are given as

(1) M. "‘) performs more efﬁc1ently compared to the revrewmg es-
Vil ® Vil 69 ©
t1mat0rs1eM , My, MQG,Md4,Md3,Md2,Md1,]\/[dO,
M7 M ,and Mg

ex?

(ii) All the suggested families of estimators T? 7T%mand T%mhave
M S E ;i compared to all reviewing estimators.
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Results of Proposed vs Traditional Estimators
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Figure 3: MSE;,of all proposed and reviewing estimators.

(iii) A deep insight of Table 5 that T”¢, T?.and T”,, outperforms
compared to all proposed estimators

To gain a deeper understanding of median estimation through quantile
regression within neutrosophic statistics, we introduce a new metric called
P} (Percentage Decrease in Mean Squared Error), hereafter referred to as
MSEpy Abid et al. (2021). The values of M.SEpy are presented in Table
7-9. An estimator with a higher M SFE pp 1s consider superior when compared
to traditional estimators. The formula for calculating M .S Epy is given as:

MSEr— MSEp
MSEr

Where M SEr denoted by traditional estimator and M SFEp represents
proposed estimator.

MSEpg —

The results presented in Tables 7 to 9 highlight the efficiency of the pro-
posed estimator through the M SE py (Percentage Decrease in Mean Squared
Error) metric. The bold values within these tables represent the highest M S E Py
scores, clearly demonstrating the superior performance of our estimator com-
pared to traditional methods. Overall, these findings confirm the robustness
and practical advantages of the proposed estimator across various scenarios
and data conditions.

The key insights from the analysis of Tables 7-9 can be summarized as
follows.

1. By comparing all proposed families of estimators f&g)m with
traditional estimators, it is observed that the proposed families
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Table 8: MSEp: of proposed Neutrosophic estimators ﬁma

vig |owg [ oma | omg | owg | omg [ owg [ omg | ompe | oag® | g ® [ omge [ omge
97.0911 70.5013 | 90.1191 69.4386 | 69.4369 | 69.4369 | 69.4294 | 69.3700 | 69.2863 | 69.3531 69.2654 | 69.0464 | 68.9118
96.8256 | 68.6927 | 88.8794 | 66.6491 66.6474 | 66.6474 66.639 66.5722 | 66.4730 | 66.5469 | 66.4412 | 66.1925 | 66.0446
97.0906 | 70.4964 | 90.1174 | 69.4336 | 69.4319 | 69.4319 | 69.4243 | 69.3649 | 69.2811 69.3480 | 69.2603 | 69.0412 | 68.9066
96.8250 | 68.6875 | 88.8775 | 66.6436 | 66.6418 | 66.6418 | 66.6334 | 66.5666 | 66.4674 | 66.5414 | 66.4356 | 66.1869 | 66.0390
97.0911 70.5013 | 90.1191 69.4387 | 69.4370 | 69.4370 | 69.4294 | 69.3701 69.2863 | 69.3532 | 69.2655 | 69.0464 | 68.9118
96.8256 | 68.6928 | 88.8794 | 66.6492 | 66.6474 | 66.6474 | 66.6390 | 66.5722 | 66.4731 66.5470 | 66.4413 | 66.1926 | 66.0447
97.0910 | 70.5007 | 90.1189 | 69.4381 69.4364 | 69.4364 | 69.4288 | 69.3695 | 69.2857 | 69.3526 | 69.2649 | 69.0458 | 68.9112
96.8255 | 68.6922 | 88.8792 | 66.6485 | 66.6468 | 66.6467 | 66.6383 | 66.5715 | 66.4724 | 66.5463 | 66.4406 | 66.1919 | 66.0440
97.0911 70.5010 | 90.1190 | 69.4383 | 69.4366 | 69.4366 | 69.4291 69.3697 | 69.2859 | 69.3528 | 69.2651 69.0460 | 689114
96.8255 | 68.6924 | 88.8792 | 66.6488 | 66.6470 | 66.6470 | 66.6386 | 66.5718 | 66.4726 | 66.5466 | 66.4409 | 66.1921 66.0443
97.0826 | 70.4156 | 90.0904 | 69.3499 | 69.3482 | 69.3482 | 69.3406 | 69.2810 | 69.1970 | 69.2641 69.1762 | 68.9564 | 68.8215
96.8164 | 68.6018 | 88.8470 | 66.5522 | 66.5504 | 66.5504 | 66.5420 | 66.4750 | 66.3756 | 66.4497 | 66.3437 | 66.0942 65.946
97.0906 | 70.4961 90.1173 | 69.4333 | 69.4316 | 69.4316 | 69.4240 | 69.3646 | 69.2808 | 69.3477 | 69.2600 | 69.0409 | 68.9063
96.8250 | 68.6872 | 88.8774 | 66.6433 | 66.6415 | 66.6415 | 66.6331 66.5663 | 66.4671 66.5410 | 66.4353 | 66.1865 | 66.0386
97.0912 | 70.5022 | 90.1194 | 69.4396 | 69.4379 | 69.4379 | 69.4303 | 69.3709 | 69.2872 | 69.3540 | 69.2664 | 69.0473 | 68.9127
96.8257 | 68.6937 | 88.8797 | 66.6501 | 66.6484 | 66.6484 | 66.6400 | 66.5732 | 66.4740 66.548 66.4422 | 66.1935 | 66.0457
97.0910 | 70.5002 | 90.1187 | 69.4376 | 69.4359 | 69.4359 | 69.4283 | 69.3689 | 69.2852 | 69.3520 | 69.2644 | 69.0453 | 68.9107
96.8255 | 68.6916 | 88.8790 | 66.6480 | 66.6462 | 66.6462 | 66.6378 | 66.5710 | 66.4718 | 66.5458 | 66.4400 | 66.1913 | 66.0434
97.0907 | 70.4971 90.1177 | 69.4344 | 69.4327 | 69.4327 | 69.4251 69.3657 | 69.2819 | 69.3488 | 69.2611 69.0420 | 68.9074
96.8251 68.6884 | 88.8778 | 66.6445 | 66.6427 | 66.6427 | 66.6343 | 66.5675 | 66.4683 | 66.5423 | 66.4365 | 66.1877 | 66.0399
97.0912 | 70.5021 90.1193 | 69.4395 | 69.4378 | 69.4378 | 69.4302 | 69.3709 | 69.2871 69.3540 | 69.2663 | 69.0472 | 68.9126
96.8257 | 68.6936 | 88.8797 | 66.6501 66.6483 | 66.6483 | 66.6399 | 66.5731 66.4739 | 66.5479 | 66.4421 66.1934 | 66.0456
97.091 70.5000 | 90.1186 | 69.4373 | 69.4356 | 69.4356 | 69.4280 | 69.3687 | 69.2849 | 69.3518 | 69.2641 69.0450 | 68.9104
96.8254 | 68.6914 | 88.8789 | 66.6477 | 66.6459 | 66.6459 | 66.6375 | 66.5707 | 66.4715 | 66.5455 | 66.4398 | 66.1910 | 66.0432
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of estimators f&g)mdemonstrate greater efficiency, as indicated
by lower MSE values.

2. The estimator (1", T",), (T®81, Tr.) and (T, T2, ) has a
larger M.SEpn by comparing all other proposed estimators.

4.2 Simulation Study

We evaluated the performance of the proposed and traditional estimators through
a Monte Carlo simulation study based on the real-life data set described ear-
lier. The population data, consisting of daily stock prices, exhibit a right-
skewed distribution, which reflects typical financial market behavior. The sta-
tistical software R is utilized to perform the simulation analysis. The following
steps are followed to conduct the simulation study:

(1) A simple random sample without replacement (SRSWOR) of size n" &
{n;,n} =10 and 15 is selected from the population N

(i1) Using the sample data from Step (1), the MSE of both the traditional and
proposed estimators is calculated.

(i11)Using the sample data from Step (i), the MSE of both the traditional and
proposed estimators is calculated.

(iv) This process generates 35,000 MSE or minimum MSE values for all the
existing and proposed estimators.

(v) The average of these 35,000 values represents the MSE for each estimator.
Table 10 and 11 indicate that

(1) The estimators T("Q) outperforms compared to all traditional estimators,
1nclud1ngM67, MIZ, M Mgl(z =0,1,2,3,4).

ex?
(i1) Additionally, as the sample size increases, the minimum MSE of the pro-
posed estimators’ decreases.

(111) Additionally, as the sample size increases, the minimum MSE of the pro-
posed estimators’ decreases.

It is concluded that the generalized estimator demonstrates exceptional per-
formance, particularly in the presence of extreme values.

Figure 4 presents a simple bar chart showing that as the sample size increases,
the mean squared error (MSE) decreases. This pattern confirms that the pro-
posed estimator becomes more accurate and reliable with larger sample sizes.
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Table 11: MSE,,;, of Simulation study of traditional and proposed Neutrosophic estimators

n=15 n=15 n=15 n=15
7\—% Zm—wim:r gm—wﬁ::c HSE gm—wﬁ::r gmm—:m:c ‘HNJE zm—w-__ir gm—w:::c H.,Nv:. Zm—wim:r gm—wiic
My | 314293 | 314706 | T7, | 3.14575 | 42730 | T, | 3.84170 | 41978 | TZ, | 3.6699 4.1932
M| 309924 | 319094 | T7, | 314632 | 42737 | T, | 384234 | 41985 | T, | 3.6705 4.1939
M{ | 925259 | 89.8329 | T, | 3.1457 42730 | T, | 3.8416 41978 | T, | 3.6699 4.1932
MJ, | 299141 | 299535 | T7, | 3.1458 42731 | T, | 3.8417 41979 | T1, | 3.6699 4.1933
M7 | 299141 | 299535 | T | 3.1457 42731 | Tl | 3.8417 41979 | Tl | 3.6699 4.1932
M7, | 299141 | 299535 | T, | 3.1557 42854 | Tl | 3.8528 42100 | Tl | 3.6807 4.2054
M7, | 299110 | 29.9503 | T", | 3.1463 42738 | T2, | 3.8423 41986 | T2, | 3.6705 4.1939
M/ 29.8867 | 29.9251 | T | 3.1456 42729 | Tl | 3.8415 41977 | T0. | 3.6697 4.1930
M]S| 29.8524 | 29.8880 | T7, | 3.1458 42732 | T, | 3.8418 41980 | T2, | 3.6700 4.1933
M1 | 298797 | 290157 | 7, | 31462 42736 | TP, | 3.8422 4.1984 | T2, | 3.6704 4.1938
MI® | 29844 | 298761 | 7, | 3.1456 42729 | T2, | 3.8415 41977 | T, | 3.6698 4.1931
MJE | 297554 | 29784 | T 3.1459 42732 | T} 3.8418 41980 | T2 3.6700 4.1934
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Figure 4: Graphical representation of simulation study results comparing pro-
posed and traditional estimators

S Summary of Findings

In this study, we introduced a generalized ratio estimator for the population
median based on quantile regression within the neutrosophic statistical frame-

work. The proposed estimator, denoted as T?Q)m demonstrated superior per-

formance over existing traditional estimators across various evaluation met-
rics. In particular, it achieved consistently lower Mean Squared Error (MSE),
especially as sample sizes increased. The method also exhibited strong robust-
ness against outliers, offering a more reliable measure of central tendency in
datasets characterized by extreme values or inherent variability.

To validate its practical utility, we applied the proposed estimator to real-
world stock price data from Samsung Electronics Co. Ltd. and supported our
findings through simulation studies. These applications underline the estima-
tor's effectiveness in handling imprecise and uncertain data, a key advantage
of the neutrosophic approach. Overall, this research contributes meaningfully
to robust median estimation, offering a versatile solution for complex data en-
vironments encountered in finance and other applied fields.
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