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ABSTRACT
In this study, we introduced a novel generalized class of ratio-type es-

timators for median estimation by employing quantile regression within the
framework of neutrosophic statistics is designed to enhance the accuracy and
reliability of estimates in the presence of data uncertainty, providing a ro-
bust alternative to traditional point estimators. The proposed methodology
yields interval-based estimates for the population median, capturing a range
of possible values rather than a point estimate, which allows modeling uncer-
tainty and partial truth inherent in complex or imprecise data. This is achieved
within the neutrosophic statistical framework, a generalization of classical
statistics that explicitly accounts for indeterminacy and inconsistent informa-
tion, making it well-suited for handling ambiguous data in interdisciplinary
applications. We validate the performance of our estimators using real-life
stock price data from Samsung Electronics Co. Ltd. (SMSN.IL), sourced from
Yahoo Finance (2022), and further substantiate the results through a compre-
hensive simulation study. Comparisons between traditional and proposed es-
timators, based on mean squared error, percentage decrease in mean squared
error, and a simulation study, demonstrate the superior precision and relia-
bility of our approach.
Keywords:Neutrosophic Statistics;MedianEstimation;Quantile Regres-
sion; Percentage Decrease Mean Square Error.
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1 Introduction

This study proposes a novel estimation framework that integrates quantile
regression with neutrosophic statistics to improve the accuracy of popula-
tion median estimation. By explicitly modeling indeterminacy and data am-
biguity, the proposed method offers a robust alternative to traditional estima-
tors, demonstrating enhanced reliability in the presence of extreme values,
measurement errors, and incomplete information. This contribution not only
strengthens the robustness of median estimation, but also extends its appli-
cability to real-world scenarios fraught with data uncertainty. Neutrosophic
quantile regression has several practical applications in finance, it aids in
modeling stock prices and predicting median returns under uncertain mar-
ket conditions. In healthcare, it supports the estimation of median survival
times in clinical trials with missing or imprecise data. In the social sciences,
it enables analysis of median income levels within populations facing incom-
plete or uncertain responses. In engineering, it is useful for predicting me-
dian failure times in systems exposed to variability and limited information,
and in environmental science, it helps to assess median pollutant levels in
ecosystems characterized by uncertain or fluctuating data. Additional fields
that can benefit from this methodology include economics, marketing, and
political science, where data ambiguity is a frequent concern. Smarandache
(1998) advocated for the application of neutrosophic statistics in uncertain
systems. Irfan et al. (2021) proposed robust median estimators by incorpo-
rating auxiliary variables to address the limitations of traditional methods,
particularly in the presence of outliers and extreme values. Their work high-
lighted the importance of robust techniques in improving the reliability of the
median estimation under complex data conditions. Masood et al. (2024) ex-
tended the methodology by introducing a neutrosophic framework, integrat-
ing robust measures to handle uncertainty and imprecision more effectively.
Their proposed estimators demonstrate superior performance through simula-
tion studies and practical applications, offering a significant advancement in
the field of median estimation. To validate the effectiveness of the proposed
estimators, extensive simulation studies are conducted by drawing multiple
samples of varying sizes from real-world stock price data. This approach en-
sures a rigorous evaluation of performance and robustness under realistic data
conditions. The present study boasts several novel points, including:

(i) This study pioneers the use of neutrosophic quantile regression
to improve the estimation of the population median.

(ii) An extensive family of novel median estimators has been de-
veloped to improve the precision and efficiency of estimating
the population median.
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Table 1: Neutrosophic Functions:
Notation Description

Mη
x ∈

{
Mη

xl,M
η
xu

}
Median of supplementary variable for Neutrosophic Population

Mη
y ∈

{
Mη

yl,M
η
yu

}
Median of variable of interest for Neutrosophic Population

M̂η
x ∈

{
M̂η

xl, M̂
η
xu

}
Median of supplementary variable for Neutrosophic Sample

M̂η
y ∈

{
M̂η

yl, M̂
η
yu

}
Median of variable of interest for Neutrosophic Sample

tηm ∈
{
tηml, t

η
mu

}
Neutrosophic function for Tri-mean

dηm ∈
{
dηml, d

η
mu

}
Deciles-mean for neutrosophic function

hη
l ∈

{
hη
ll, h

η
lu

}
Neutrosophic function for Hodges-Lehman

mη
r ∈

{
mη

rl,m
η
ru

}
Neutrosophic function for Mid-range

qηr ∈
{
qηrl, q

η
ru

}
Inter-quartile range for neutrosophic function

qηd ∈
{
qηdl, q

η
du

}
Neutrosophic function for Quartile-deviation

qηa ∈
{
qηal, q

η
au

}
Quartile-average for neutrosophic function

ρηyx ∈
{
ρηyxl, ρ

η
yxu

}
Neutrosophic correlation Coefficient

fη
y (M

η
y ) ∈

{
fη
y (M

η
y )l , f

η
y (M

η
y )u

}
Probability density function ofMη

y

fη
x (M

η
x ) ∈

{
fη
x (M

η
x )l , f

η
x (M

η
x )u

}
Probability density function ofMη

x

Mη
Sy ∈

{
Mη

Syl ,M
η
Syu

}
Standard deviation of sample median of variable of interestMη

y

Mη
Sx ∈

{
Mη

Sxl ,M
η
Sxu

}
Standard deviation of sample median of supplementary variableMη

x

Cη
My ∈

{
Cη

Myl , C
η
Myu

}
Coefficient of variation ofMη

y

Cη
Mx ∈

{
Cη

Mxl , C
η
Mxu

}
Coefficient of variation ofMη

x

ζη ∈
{
ζηl , ζηu

}
Finite population correction factor

(iii) The practical applicability of the proposed estimators is demon-
strated by analyzing data from the fluctuation of real-world
stock prices.

1.1 Notations under Neutrosophic functions:
Suppose a neutrosophic random sample size:nη ∈ {nη

l , n
η
u} , is selected from

a finite population P = {P1, P2, P3, . . . , PN} of N recognizable units. As-
sume yN(i) and xN(i), i = (1, 2, .., n) represent the unit values ith sampled
from the neutrosophic data of the study variable yN(i) ∈ {yl, yu} and the
supplementary variable xN(i) ∈ {xl, xu}, respectably. Suppose that the neu-
trosophic range of data is Sη = Sη

l + Sη
uL

ηwith Lη ∈ {Lη
l , L

η
l }, the neu-

trosophic variable Sη shows that the neutrosophic samples are selected from
populations that have ambiguous and imprecise measurements. We used the
notation Sη ∈ {a, b}, where a shows the lower value and b shows the upper
value of neutrosophic data, respectively. Table 1 presents the neutrosophic
functions used to derive the properties of the estimators.
The following relative error terms are used to find the mathematical proper-
ties of the neutrosophic median estimator. eη0 =

M̂η
y−Mη

y

Mη
y

, eη1 = M̂η
x−Mη

x

Mη
x

such
that E (eη0) = E (eη1) = 0,

E
(
eη

2

0

)
= ζηCη2

My, E
(
eη

2

1

)
= ζηCη2

Mx E (eη0e
η
1) = ζηCη

Myx,

Cη
My =

1
Mη

y f
η
y (M

η
y )
, Cη

Mx = 1
Mη

x f
η
x (M

η
x )
, Cη

Myx = ρηyxC
η
MyC

η
Mx, ζ

η = 1
4

(
1
nη − 1

Nη

)
,
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Mη
Sy =

√
(1− f η)(4nη)−1 {f η

y (M
η
y )}−2, Mη

Sxy = ρηyxM
η
SyM

η
Sx, Mη

Sx =√
(1− f η)(4nη)−1 {f η

x (M
η
x )}−2.

The structure of the article is organized as follows. Section 2 provides an
in-depth review of conventional studies that utilize the neutrosophic approach.
Section 3 presents the proposed framework for neutrosophic estimators within
the context of quantile regression, where the minimum mean squared error
(MSE) for novel family of estimator is derived, using first-degree approxima-
tions. Section 4 focuses on the practical application, showcasing stock price
fluctuation data.

2 Methodology

This section presents a comprehensive review of traditional studies and meth-
ods analyzed through the lens of the neutrosophic statistical approach, high-
lighting key developments and their relevance to our work.

2.1 Traditional Method 1: S.T. Gross (1980)
Gross (1980) introduced the foundationalmethodology for estimating the vari-
ance of the usual neutrosophic median estimator:

M̂η
0 = M̂η

y (1)

variance of the usual neutrosophic median estimator is expressed as

Var
(
M̂η

0

)
= ζη

(
Mη

y

)2 (
Cη

My

)2 (2)

2.2 Traditional Method 2: A.Y.C. Kuk & T. K Mak (1989)
Kuk and Mak (1989) proposed a ratio-type neutrosophic estimator assuming
that the median of the auxiliary variable X is known.

M̂η
R = M̂η

y

(
Mη

x

M̂η
x

)
(3)

The mean square error expression of M̂η
R the estimator is provided as follows.

MSE
(
M̂η

R

)
∼= ζη

(
Mη

y

)2 (
Cη2

My + Cη2
Mx − 2Cη

Myx

)
(4)

The ratio type neutrosophic estimator
(
M̂η

R

)
exhibits improved performance

over
(
M̂η

0

)
if ρηyx > 0.5

Cη
Mx

Cη
My
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2.3 Traditional Method 3: S. Bahl & R.K. Tuteja (1991)
Bahl and Tuteja (1991) introduced an exponential ratio-type neutrosophic es-
timator for estimating the median.

M̂η
ex = M̂η

y exp

(
Mη

x − M̂η
x

Mη
x + M̂η

x

)
(5)

MSE
(
M̂η

ex

)
∼= ζη

(
Mη

y

)2(
Cη2

My +
1

4
Cη2

Mx − Cη
Myx

)
(6)

Exponential ratio-type neutrosophic estimator M̂η
ex is comparatively efficient

than M̂η
R and M̂η

0 if ρηyx > 0.25
Cη

Mx

Cη
My

and ρηyx < 0.75
Cη

Mx

Cη
My

, respectively.

2.4 Traditional Method 4: Singh (2003)
Singh (2003) developed an unbiased difference-type estimator, which can be
reinterpreted in the context of neutrosophic logic.

M̂η
d0 = M̂η

y +Dη
do

(
Mη

x − M̂η
x

)
(7)

Given the optimal value of Dη
doas D

η
do(opt) =

Mη
y ρ

η
yxC

η
My

Mη
xC

η
Mx(

MSE
(
M̂η

d0

))
min

∼= ζη
(
Mη

y

)2
Cη2

My

(
1− ρηyx

)
(8)

The MSE of M̂η
d0 is consistently lower than the MSE of M̂η

R, M̂
η
0 , and M̂η

ex.

2.5 Traditional Method 5: S. Gupta, J. Shabbir and S. Ahmad (2008)
Gupta et al. (2008) proposed three improved difference-type estimators for
estimating the median, which can also be extended within the framework of
neutrosophic logic.

M̂η
d1 = M̂η

yD
η
d1 +Dη

d2

(
Mη

x − M̂η
x

)
(9)

M̂η
d2 =

{
M̂η

yD
η
d3 +Dη

d4

(
Mη

x − M̂η
x

)}(Mη
x

M̂η
x

)
(10)

M̂η
d3 =

{
M̂η

yD
η
d5 +Dη

d6

(
Mη

x − M̂η
x

)}
exp

(
Mη

x − M̂η
x

Mη
x + M̂η

x

)
(11)
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The termsDη
d1(opt), D

η
d2(opt), D

η
d3(opt), D

η
d4(opt), D

η
d5(opt), andD

η
d6(opt) repre-

sent unspecified constants.

The minimum mean squared error (MSE)min of M̂
η
d1 at optimum values

Dη
d1(opt) =

1

1 + ζηCη2
My

(
1− ρη2yx

) and Dη
d2(opt) =

Mη
y

Mη
x

 ρηyxC
η
My

Cη
Mx

1 + ζηCη2
My

(
1− ρη2yx

)


is expressed as

MSE
(
M̂η

d1

)
min

∼=
ζηMη2

y Cη2
My

(
1− ρη2yx

)
1 + ζηCη2

My

(
1− ρη2yx

) (12)

The (MSE)minof M̂
η
d2 at optimumvalues ofDη

d3(opt) =
1

1−ζηCη2
Mx+ζηCη2

My(1−ρη2yx)

and Dη
d4(opt) =

Mη
y

Mη
x

(
1 +Dη

d3(opt)

ρη2yxC
η
My

Cη
My

− 2

)
is

MSE
(
M̂η

d2

)
min

∼= Mη2
y

[ (
1− ζηCη2

Mx

)
ζηCη2

My

(
1− ρη2yx

)(
1− ζηCη2

Mx

)
+ ζηCη2

My

(
1− ρη2yx

)] (13)

The (MSE)min of M̂
η
d3 at optimum values of Dη

d5(opt) =
1−
(

ζηC
η2
Mx
8

)
1+ζηCη2

My(1−ρη2yx)

and Dη
d6(opt) =

Mη
y

Mη
x

{
1
2
+Dη

d5(opt)

(
ρηyxC

η
My

Cη
My

− 1
)}

is given by

MSE
(
M̂η

d3

)
min

∼= Mη2
y

[
ζηCη2

My

(
1− ρη2yx

)
− 1

64
ζ2ηCη4

Mx − 1
4
ζ2ηCη2

MyC
η2
Mx

(
1− ρη2yx

)(
1− ζηCη2

Mx

)
+ ζηCη2

My

(
1− ρη2yx

) ]
(14)

2.6 Traditional Method 6: J. Shabbir & S. Gupta (2017)
Shabbir & Gupta (2017) proposed a generalized difference-type estimator for
median estimation, incorporating a neutrosophic approach to enhance its ap-
plicability in dealing with uncertainty and indeterminacy.

M̂η
d4 =

[
Dη

d7M
η
y +Dη

d8

(
Mη

x − M̂η
x

)] [
exp

(
Mη

x

M̂η
x

− 1

)]
(15)
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Table 2: Irfan et al. (2021) Suggested families of estimators
M̂η

Ti Families of Estimators under Median Estimation Using Neutrosophic Approach �η
a �η

b

1 M̂η⊖
Ti = Mη

y

[{
Dη

d9

(
θ
η
i
M̂η

x+ϑ
η
i

θ
η
i
M

η
x+ϑ

η
i

)
exp
(

Mη
x−M̂η

x

M
η
x+M̂

η
x

) }
+

{
Dη

d10

(
θ
η
i
Mη

x+ϑ
η
i

θ
η
i
M̂

η
x+ϑ

η
i

)2
}]

1 2

2 M̂η
⊕

Ti = Mη
y

[{
Dη

d9

(
θ
η
i
Mη

x+ϑ
η
i

θ
η
i
M̂

η
x+ϑ

η
i

)
exp
(

Mη
x−M̂η

x

M
η
x+M̂

η
x

) }
+

{
Dη

d10

(
θ
η
i
M̂η

x+ϑ
η
i

θ
η
i
M

η
x+ϑ

η
i

)}]
-1 -1

3 M̂η
⊗

Ti = Mη
y

[{
Dη

d9

(
θ
η
i
Mη

x+ϑ
η
i

θ
η
i
M̂

η
x+ϑ

η
i

)
exp
(

Mη
x−M̂η

x

M
η
x+M̂

η
x

) }
+

{
Dη

d10

(
θ
η
i
M̂η

x+ϑ
η
i

θ
η
i
M

η
x+H

η
l

)2
}]

-1 -2

4 M̂η⊛
Ti = Mη

y

[{
Dη

d9

(
θ
η
i
M̂η

x+ϑ
η
i

θ
η
i
M

η
x+ϑ

η
i

)2

exp
(

Mη
x−M̂η

x

M
η
x+M̂

η
x

) }
+

{
Dη

d10

(
θ
η
i
Mη

x+ϑ
η
i

θ
η
i
M̂

η
x+ϑ

η
i

)2
}]

2 2

5 M̂η⊚
Ti = Mη

y

[{
Dη

d9

(
θ
η
i
Mη

x+ϑ
η
i

θ
η
i
M̂

η
x+ϑ

η
i

)2

exp
(

Mη
x−M̂η

x

M
η
x+M̂

η
x

) }
+

{
Dη

d10

(
θ
η
i
M̂η

x+ϑ
η
i

θ
η
i
M

η
x+ϑ

η
i

)}]
-2 -1

The (MSE)min of M̂
η
d4 at optimum values of Dη

d7(opt) =
1− 1

2
ζη2Cη2

Mx

1+ζη2Cη2
My(1−ρη2yx)

and Dη
d8(opt) =

Mη
y

Mη
x

[
1 +Dη

d7(opt)

{
ρηyxC

η
My

Cη
My

− 2
}]

is

MSE
(
M̂η

d4

)
min

∼= Mη2
y

[
ζηCη2

My

(
1− ρη2yx

)
− 1

4
ζ2ηCη4

Mx − ζ2ηCη2
MyC

η2
Mx

(
1− ρη2yx

)
1 + ζηCη2

My

(
1− ρη2yx

) ]
(16)

2.7 Traditional Method 7: Irfan et al. (2021) andMasood et al. (2024)
Irfan et al. (2021) developed generalized estimator formedian estimation based
on robust measures of an auxiliary variable. Masood et al. (2024) extended
this concept by converting the estimator into a neutrosophic approach, en-
abling better handling of uncertainty and imprecision in data. A generalized
estimator for estimating the population median using neutrosophic approach
can be defined as a linear combination of various robust measures associated
with the auxiliary variable and the study variable.

M̂η
T i = Mη

y

[
Dη

d9

(
θηi M̂

η
x + ϑη

i

θηiM
η
x + ϑη

i

)Θη
a

exp

(
Mη

x − M̂η
x

Mη
x + M̂η

x

)

+Dη
d10

(
θηiM

η
x + ϑη

i

θηi M̂
η
x + ϑη

i

)Θη
b
] (17)

Given that Dη
d9 and Dη

d10 are constants, and Θη
a and Θη

a can takes on values
such as 1, -1, 2, -2 these elements are used in the development of new estima-
tors. By substituting different values of Θη

a and Θη
b in Eq. (17), the resulting

families of estimators are presented in Table.2. Additionally, θηi and ϑ
η
i could

be constant values or functions that depend on known non-conventional / ro-
bust measures associated with the variable X .
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By substituting Dη
d9 and Dη

d10 for optimal values, we obtain (MSE)Min

as follows.

MSE
(
M̂η

T i

)
min

∼= Mη2
y

[
1− φη

bφ
η2
d + φη

aφ
η2
e − 2φη

cφ
η
dφ

η
e

φη
aφ

η
b − (φη

c )
2

]
(18)

Where ξη = θηi M
η
x

(θηi M
η
x+ϑη

i )
,

φη
a =

[
1 + ζη

{
Cη2

My + Cη2
Mx

(
1 + 2Θη2

a ξη2 −Θη
aξ

η2 − 2Θη
aξ

η
)

− 2ρηyxC
η
MyC

η
Mx (1− 2Θη

aξ
η)
}]

φη
b =

[
1 + ζη

{
Cη2

My + ξη2Cη2
Mx

(
2Θη2

b +Θη
b

)
− 4Θη

bξ
ηρηyxC

η
MxC

η
My

}]

φη
c =

[
1 + ζη

{
Cη2

My − ρηyxC
η
MyC

η
Mx (2ξ

η(Θη
b −Θη

a) + 1)

− Cη2
Mx

(
Θη

aΘ
η
bξ

η2 − 3

8
+

Θη
aξ

η

2
− Θη

bξ
η

2

− Θη
b (Θ

η
b + 1)ξη2

2
− 1

2
Θη

a(Θ
η
a − 1)ξη2

)}]

φη
d =

{
1 + ζηρηyxC

η
MyC

η
Mx

(
Θη

aξ
η − 1

2

)
+ ζη

Cη2
Mx

2

(
3
4
−Θη

aξ
η +Θη

a (Θ
η
a − 1) ξη2

)}
φη
e =

{
1 + 1

2
Θη

b (Θ
η
b + 1) ξη2ζηCη2

Mx −Θη
bξ

ηζηρηyxC
η

My
Cη

Mx

}
Partially differentiating with respect to Dη

d9 and Dη
d10 and equating them

to zero, we obtain the optimal values of Dη
d9 and Dη

d10 as follows.

Dη
d9(opt) =

(φη
bφ

η
d − φη

cφ
η
e)(

φη
aφ

η
b − φη2

c

) , Dη
d10(opt) =

(φη
aφ

η
e − φη

cφ
η
d)(

φη
aφ

η
b − φη2

c

)
Remark 2.1.
By substituting appropriate constants or known non-conventional population
parameters of the auxiliary variable for θηi and ϑ

η
i in Eq. (17), various optimal

estimators can be derived. Table 2 presents various combinations of conven-
tional and non-conventional measures for the class of M̂η⊖

Ti . Placing the same
values of θηi and ϑη

i in M̂
η
⊕

Ti , M̂η
⊗

Ti , M̂η⊛
Ti , and M̂

η⊚
Ti , we obtain a number of
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Table 3: Family Members of M̂η⊖
Ti

M̂η⊖
Ti Estimator θηi ϑη

i

1 M̂η⊖
T1 = Mη

y

[{
Dη

d9

(
qηaM̂η

x+tηm
q
η
aM

η
x+t

η
m

)
exp
(

Mη
x−M̂η

x

M
η
x+M̂

η
x

) }
+

{
Dη

d10

(
qηaMη

x+tηm
q
η
aM̂

η
x+t

η
m

)2
}]

qηa tηm

2 M̂η⊖
T2 = Mη

y
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optimal estimators.

All suggested estimators M̂η⊖
Ti , M̂

η
⊕

Ti ,M̂η
⊗

Ti , M̂η⊛
Ti and M̂

η⊚
Ti having mini-

mum MSE compared to all reviewing estimators and a deep insight of family
members M̂η⊚

T6 Performs efficiently compared to all family members.

3 A Proposed Framework of Neutrosophic Estimators under Quantile
Regression:

This research presents an innovative solution by combining neutrosophic statis-
tics with quantile regression to create a new general family of estimators for
median estimation. The integration of neutrosophic logic with quantile regres-
sion is theoretically inspired by the need to address both uncertainty in data
and variation across its distribution. Neutrosophic statistics effectivelymodels
imprecision and indeterminacy, while quantile regression offers a comprehen-
sive perspective by analyzing data at multiple points along its distribution. By
leveraging distinctive metrics like quartile deviation, quartile average, mid-
range and interquartile range, these estimators improve data distribution anal-
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Figure 1: FlowChart of Neutrosophic Quantile Regression for RobustMedian
Estimation
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ysis and effectively handle outliers. Utilizing robust measures including decile
means, the Hodges-Lehmann estimator, and the tri-mean these methods pro-
vide more accurate and reliable estimates.
Inspired by the works of Irfan et al. (2021), Masood et al. (2024), Hussain et
al. (2024) and Zohaib et al. (2024), we introduced generalized class of ratio-
type median estimators that employ quantile regression under neutrosophic
statistics.

T̂ η
(Q)m = Sη

z

Mη
y

(
Mη

xθ
η
i +Rηϑη

i

M̂η
xθ

η
i +Rηϑη

i

) M
η
xθ

η
i

M
η
xθ

η
i
+Rηϑ

η
i

+ β̂η
(Q)

(
Mη

x − M̂η
x

) (19)

Form = 1, 2, . . . , 12

Here The components T̂ η
(Q)m ∈

{
T̂ η
(Q)ml, T̂

η
(Q)mu

}
, θηi ∈ {θηil, θ

η
iu}, and

ϑη
i ∈ {ϑη

il, ϑ
η
iu} may represent either constant values or functions, derived

from robust or non-traditional locationmeasures, as well as conventional mea-
sures related to the auxiliary variable.
The term Sη

z ∈ {Sη
zl, S

η
zu} denotes an unknown constant that will be speci-

fied later, while β̂η
(Q) ∈

{
β̂η
(Q)l, β̂

η
(Q)u

}
represents the quantile regression co-

efficients corresponding to p = 2 variables. For an in-depth discussion on
quantile regression, refer to Koenker and Hallock (2001), and Zohaib et al.
(2024).
The following notations define neutrosophic functions:

∆η
P ∈ {∆η

P l,∆
η
Pu} , Sη

z ∈ {Sη
zl, S

η
zu} , Λη

1 ∈ {Λη
1l,Λ

η
1u} , Λη

2 ∈ {Λη
2l,Λ

η
2u}

For further insights into conventional versus robust or non-conventional mea-
sures, readers are referred to Irfan et al. (2021).
Remark 3.1.
The quantile levels 0.15, 0.25 and 0.35 are specifically chosen to capture
the behavior of the estimator in the lower part of the conditional distribu-
tion. This allows for a detailed analysis of lower-tail characteristics, which
is particularly useful in skewed populations. By inserting different values of
β̂η
(Q) = {Q = 0.15, 0.25 and 0.35} , β̂η

(Q) ∈
{
β̂η
(Q)l, β̂

η
(Q)u

}
in equation (19),

we obtain the following families of ratio estimators, utilizing quantile regres-
sion for median estimation under neutrosophic statistics.

(i) By substituting β̂η
(0.15) ∈

{
β̂η
(0.15)l, β̂

η
(0.15)u

}
;The proposed fam-

ily of ratio-type median estimators using quantile regression
under neutrosophic statistics simplifies to:
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T̂η
m = Sη

z

Mη
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x − M̂η

x )

 (20)

(ii) By substituting β̂η
(0.25) ∈

{
β̂η
(0.25)l, β̂

η
(0.25)u

}
;The proposed fam-

ily of ratio type median estimators using quantile regression
under neutrosophic statistics simplifies to:

T̂η
m = Sη
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 (21)

(iii) By substituting β̂η
(0.35) ∈

{
β̂η
(0.35)l, β̂

η
(0.35)u

}
;The proposed fam-

ily of ratio type median estimators using quantile regression
under neutrosophic statistics simplifies to:

T̂η
m = Sη

z
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(
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M̂η
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 (22)

MSE
(
T̂η

(Q)m

)
min

≈

[
Mη

y
2 − Λη

1
2

2Λη
2

]
(23)

Where
∆η

P =
Mη

x θ
η
i

Mη
x θ

η
i +Rη ϑη

i

, and

,

Sη
z =

Mη
y
2 + ζη

2

[(
∆η

P
4 +∆η

P
3
)
Rη2 (Mη

Sx)
2 − 2∆η

P
2RηMη

Sxy

]
Mη

y
2 + ζη

[ (
Mη

Sy

)2
+
{
2∆η

P
4Rη2 +

(
β̂η
(Q)

)2
+∆η

P
3Rη2 + 2∆η

P
2β̂η

(Q)R
η
}
(Mη

Sx)
2 −

{
4∆η

P
2Rη + 2β̂η

(Q)

}
Mη

Sxy

]
Proof:

In order to demonstrate the relationship between equations (19) and (23),
the proposed estimator T̂ η

(Q)m is expressed in terms of the error components
eηi as follows.
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T̂ η
(Q)m = Sη
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y e
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P e
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xe

η
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]
(24)

Subtracting Mη
y from equation (24) and expanding the results up to the first

degree of approximation, we obtain:

T̂ η
(Q)m −Mη
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y e
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The MSE of T̂ η
(Q)mup to the first degree of approximation are given as:

MSE
(
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Now, by differentiating equation (26) with respect to Sη
z and set it equal to

zero, we obtain the value of Sη
z as shown above from the preceding equation

(23)
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Figure 2: Boxplot of daily stock prices of Samsung Electronics

4 Practical Application in Stock Price Data

In a real-world application, we assess the efficiency of the proposed novel
families of estimators under neutrosophic quantile regression by comparing
their performance with other competitive estimators, using a dataset of real-
world indeterminacy intervals. This data set comprises daily stock prices for
Samsung Electronics from June 01, 2022, to July 29, 2022, as obtained from
Yahoo Finance. Each trading day includes the opening, high, and low prices.
The opening price, known and fixed at the start of each day, is used as an aux-
iliary variable and is not treated as a neutrosophic variable. In contrast, high
and low prices vary during the day due to market fluctuations and are consid-
ered neutrosophic variables to account for natural uncertainty in the financial
market. It is important to note that we did not construct any artificial inter-
vals for the high or low prices; instead, we used the original recorded values
available on the website. The descriptive measures of the data set are sum-
marized in Table 4. We use mean squared error (MSE) as a key performance
metric and, for a deeper understanding, we also examine the percentage de-
crease inMSE to compare the effectiveness of the proposed estimators. Figure
2 presents a box plot of the behavior of the stock price during the study period
and shows the opening, high, and low prices, visually confirming the range
and variability considered in our analysis.

Table 4 presents the descriptive statistics of population of daily stock prices
of (Samsung Electronics 2022) from June 01, 2022 to July 29, 2022.

4.1 Important Findings:
We calculated theMSEmin of traditional and proposed neutrosophic quantile
regression estimators as given in Tables 5 and 6. Figure 3 ShowsMSEmin of
the proposed and reviewed estimators. Some important observations are re-
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Table 4: Data statistics
Population of Samsung Electronics 2022

N = 41, nη
l = 8, nη

u =8,Mη
xl= 1149.5, Mη

xu= 1149.5, Mη
yl= 1133,Mη

yu= 1156.5,
fηy(Mη

y)l= 0.005798982, fηx(Mη
x)l= 0.005660414, fηy(Mη

y)u= 0.005795176,
fηx(Mη

x)u= 0.005660414, ρηyxl = 0.9512195, ρηyxu = 0.9512195, tηml = 1146.5,
tηmu = 1146.5, hη

ll =1142.625, h
η
lu =1142.625, dηml =1156.778, dηmu =1156.778,

qηrl =69, qηru = 69,mη
rl = 1208.75,mη

rl =1208.75, q
η
dl = 34.5, qηdu = 34.5,

qηal = 1143.5,qηau = 1143.5 ,βη
0.15l = 0.8454259, βη

0.15u = 0.9900596,
βη
0.25l = 0.9501312, βη

0.25u =0.9798851, βη
0.35l = 0.9253247, βη

0.35u =0.9792531

Table 5:MSEmin of traditional estimators for the dataset of Samsung Elec-
tronics

Estimators MSEminl MSEminu Estimators MSEminl MSEminu
M̂η

0 747.9569 748.9397 M̂η
d3 71.17003 71.26341

M̂η
R 73.75616 75.93837 M̂η

d4 71.03212 71.12101
M̂η

ex 213.7852 220.1939 M̂η⊖
T6 70.83841 70.9106

M̂η
d0 71.19163 71.28517 M̂η

⊕
T6 70.99297 71.06741

M̂η
d1 71.18769 71.28138 M̂η

⊗
T6 70.79044 70.8435

M̂η
d2 71.18768 71.28137 M̂η⊛

T6 70.28938 70.32231

Table 6: MSEmin of proposed estimators for the dataset of Samsung Elec-
tronics data sets

T̂η
P⃝m

MSEmin l MSEminu T̂η
®m

MSEmin l MSEminu T̂η
©m

MSEmin l MSEminu

T̂η
�1 17.81569 24.20015 T̂η

®1 21.7571 23.77418 T̂η
©1 20.7841 23.74786

T̂η
�2 17.81893 24.20415 T̂η

®2 21.76072 23.77815 T̂η
©2 20.78771 23.75182

T̂η
�3 17.81564 24.2001 T̂η

®3 21.75704 23.77413 T̂η
©3 20.78413 23.7478

T̂η
�4 17.81605 24.2006 T̂η

®4 21.7575 23.77462 T̂η
©4 20.78457 23.7483

T̂η
�5 17.81589 24.2004 T̂η

®5 21.75732 23.77443 T̂η
©5 20.7844 23.74811

T̂η
�6 17.87232 24.26992 T̂η

®6 21.8203 23.84328 T̂η
©6 20.8458 23.81691

T̂η
�7 17.81913 24.20439 T̂η

®7 21.76093 23.77838 T̂η
©7 20.78792 23.75205

T̂η
�8 17.8151 24.19943 T̂η

®8 21.75644 23.77347 T̂η
©8 20.78354 23.74715

T̂η
�9 17.81638 24.201 T̂η

®9 21.75787 23.77503 T̂η
©9 20.78493 23.7487

T̂η
�10 17.81842 24.20352 T̂η

®10 21.76015 23.77752 T̂η
©10 20.78716 23.7512

T̂η
�11 17.81515 24.20015 T̂η

®11 21.75649 23.77353 T̂η
©11 20.78359 23.7472

T̂η
�12 17.81653 24.20119 T̂η

®12 21.75804 23.77522 T̂η
©12 20.7851 23.74889

vealed from Tables 5 and 6 that are given as

(i) M̂η⊛
T6 performs more efficiently compared to the reviewing es-

timators i.e.M̂η
⊗

T6 , M̂
η
⊕

T6 , M̂η⊖
T6 , M̂

η
d4, M̂

η
d3, M̂

η
d2, M̂

η
d1, M̂

η
d0,

M̂η
ex, M̂

η
R,and M̂

η
0

(ii) All the suggested families of estimators T̂η
�m,T̂

η
®mand T̂

η
©mhave

MSEmin compared to all reviewing estimators.
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Figure 3:MSEminof all proposed and reviewing estimators.

(iii) A deep insight of Table 5 that T̂η
�8,T̂

η
®8and T̂η

©8 outperforms
compared to all proposed estimators

To gain a deeper understanding of median estimation through quantile
regression within neutrosophic statistics, we introduce a new metric called
P η
D (Percentage Decrease in Mean Squared Error), hereafter referred to as

MSEP η
D
Abid et al. (2021). The values of MSEP η

D
are presented in Table

7-9. An estimator with a higherMSEP η
D
is consider superior when compared

to traditional estimators. The formula for calculatingMSEP η
D
is given as:

MSEP η
D
=

MSET −MSEP

MSET

Where MSET denoted by traditional estimator and MSEP represents
proposed estimator.

The results presented in Tables 7 to 9 highlight the efficiency of the pro-
posed estimator through theMSEP η

D
(Percentage Decrease in Mean Squared

Error)metric. The bold valueswithin these tables represent the highestMSEP η
D

scores, clearly demonstrating the superior performance of our estimator com-
pared to traditional methods. Overall, these findings confirm the robustness
and practical advantages of the proposed estimator across various scenarios
and data conditions.

The key insights from the analysis of Tables 7–9 can be summarized as
follows.

1. By comparing all proposed families of estimators T̂ η
(Q)m with

traditional estimators, it is observed that the proposed families
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Neutrosophic Quantile Regression for Robust Median Estimation
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of estimators T̂ η
(Q)mdemonstrate greater efficiency, as indicated

by lower MSE values.

2. The estimator (T̂ η
�8l,T̂

η
�8u),(T̂

η

®8l, T̂
η
®8u) and (T̂ η

©8l, T̂
η
©8u) has a

largerMSEP η
D
by comparing all other proposed estimators.

4.2 Simulation Study
Weevaluated the performance of the proposed and traditional estimators through
a Monte Carlo simulation study based on the real-life data set described ear-
lier. The population data, consisting of daily stock prices, exhibit a right-
skewed distribution, which reflects typical financial market behavior. The sta-
tistical software R is utilized to perform the simulation analysis. The following
steps are followed to conduct the simulation study:

(i) A simple random sample without replacement (SRSWOR) of size nη ∈
{nη

l , n
η
u} =10 and 15 is selected from the population N

(ii) Using the sample data from Step (i), the MSE of both the traditional and
proposed estimators is calculated.

(iii)Using the sample data from Step (i), the MSE of both the traditional and
proposed estimators is calculated.

(iv) This process generates 35,000 MSE or minimum MSE values for all the
existing and proposed estimators.

(v) The average of these 35,000 values represents the MSE for each estimator.

Table 10 and 11 indicate that

(i) The estimators T̂ η
(Q)m outperforms compared to all traditional estimators,

includingM̂η
0 , M̂

η
R, M̂

η
ex, M̂

η
di(i = 0, 1, 2, 3, 4).

(ii) Additionally, as the sample size increases, the minimum MSE of the pro-
posed estimators’ decreases.

(iii) Additionally, as the sample size increases, the minimumMSE of the pro-
posed estimators’ decreases.
It is concluded that the generalized estimator demonstrates exceptional per-
formance, particularly in the presence of extreme values.

Figure 4 presents a simple bar chart showing that as the sample size increases,
the mean squared error (MSE) decreases. This pattern confirms that the pro-
posed estimator becomes more accurate and reliable with larger sample sizes.
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Figure 4: Graphical representation of simulation study results comparing pro-
posed and traditional estimators

5 Summary of Findings

In this study, we introduced a generalized ratio estimator for the population
median based on quantile regression within the neutrosophic statistical frame-
work. The proposed estimator, denoted as T̂ η

(Q)m demonstrated superior per-
formance over existing traditional estimators across various evaluation met-
rics. In particular, it achieved consistently lower Mean Squared Error (MSE),
especially as sample sizes increased. Themethod also exhibited strong robust-
ness against outliers, offering a more reliable measure of central tendency in
datasets characterized by extreme values or inherent variability.
To validate its practical utility, we applied the proposed estimator to real-
world stock price data from Samsung Electronics Co. Ltd. and supported our
findings through simulation studies. These applications underline the estima-
tor's effectiveness in handling imprecise and uncertain data, a key advantage
of the neutrosophic approach. Overall, this research contributes meaningfully
to robust median estimation, offering a versatile solution for complex data en-
vironments encountered in finance and other applied fields.
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