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Abstract: The generalized order statistics (GOS) is a unified
model for random variables that are arranged in increasing
order of magnitude. Several other models for increasingly
arranged random variables appear as special cases of GOS.
The distributional properties of generalized order statistics
for specific baseline distributions have been studied by
various authors. One specific domain of study in the context
of generalized order statistics is to develop some recursive
formulae to obtain moments of the distribution of generalized
order statistics for any baseline distribution. The relations
for the moments of generalized order statistics for families
of distributions have not been explored much. This paper
is based on some recursive relations to compute the single
and joint moments of generalized order statistics for the
Kumaraswamy family of distributions. These relations
are useful to recursively compute the single and joint
moments of generalized order statistics for any member of
the Kumaraswamy family of distributions. We illustrate the
results with examples using different baseline distributions.
Additionally, we present some characterization results using
single and joint moments of GOS.

Keywords: Characterizations, generalized order statistics,
Kumaraswamy family of distributions, recurrence relations.

INTRODUCTION

In some practical situations, the data being studied
is double-bounded, so a suitable double-bounded
distribution is needed. Several such distributions are

available in the literature. The beta distribution is one
such distribution that can be used to model this type of
data.

For a continuous random variable W, the probability
density and cumulative distribution function of the beta
distribution are

1

B(a,b)

w“’l(l—w)h_1 ;0<w<1,(a,b)>0

By(ab) 1

G0 =L@ D) =50 ) =B

X
f v31(1 = v)P1dv,
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where @ and b are the shape parameters, B(a,b), B (a,b),
and / (a,b) are, the complete beta function, the incomplete
beta function, and the incomplete beta function ratio,
respectively, that are defined as

B(a,b)= jolv“’l (1- v)ZF1 du; B (a,b)=
j(;vvafl(l_v)bfl du 1, (a,b)= Zj;((::)) :

One disadvantage of the beta distribution is that its
cumulative distribution function (cdf) G{w) is not in the
compact form. A simple, yet powerful, alternative to the
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beta distribution for modeling of [0,1] bounded data is the
Kumaraswamy distribution (Kumaraswamy, 1980). The
probability density and cumulative distribution functions
of the Kumaraswamy distribution are

;0<w<l;a,b>0

(1)

g(w;a,b) =abw"”! (1 —w! )H

and G(w)=1-(1-w") ;0<z<1;a,b>0 .
2)

respectively. The Kumaraswamy distribution has
extensive applications in various domains of life,
including hydrology. The distribution has also been used
as an alternative to the beta distribution as its cumulative
distribution function (cdf) is in a compact form (Jones,
2009).

The generalized order statistics (GOS) (Kamps,
1995) and the dual generalized order statistics (DGOS)
(Burkschat et al., 2003) are two unified models to study
the distributional properties arranged in increasing or
decreasing order. The probability density function (pdf)
of a single GOS and the joint pdf of two GOS for a
sample of size n ts are (Kamps, 1995)

fr:n,m,k (w) =

C,
oy @D F )l w e &,
.(3)

and
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respectively, where
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Various distributional methods for modeling random
variables arranged in ascending order appear as a special
case of GOS. The ordinary order statistics appear as a
special case when m = 0 and k = 1. The kth upper records
appear as a special case when m = —1.Several textbooks,
such as Ahsanullah and Nevzorov (2001) and Shahbaz
etal. (2016), provide detailed discussions on GOS. Much
of the research in this area focuses on deriving formulas
for the recursive calculation of GOS moments for various
baseline distributions. In addition, some authors have
used GOS moments to obtain characterization results.

The recurrence relations for moments of GOS for the
exponential distribution (Ahsanullah, 2000) and Rayleigh
distribution (Mohsin et al., 2010) are some useful
illustrations of the recurrence relations for moments of
GOS. The development of the recurrence relations for
moments of DGOS has also been an area of interest.
Some examples of recurrence relations for the moments
of dependent generalized order statistics for well-known
distributions, such as the power function distribution, are
given by Pawlas and Szynal (2001) and Athar and Faizan
(2011). Kumar (2011) also provided recurrence relations
for the moments of GOS from the Kumaraswamy
distribution, along with some characterizations. In
addition, a general formula showing the relationship
between single and joint moments of GOS is available in
Athar and Islam (2004), which is useful for developing
recurrence relations for specific cases.

MATERIALS AND METHODS

The Kumaraswamy distribution has been used as
a baseline distribution to propose a new family of
distributions, known as the Kumaraswamy family of
distributions (Cordeiro & Castro, 2011). The cdf and
probability density function (pdf) of the Kumaraswamy
generated (Kum—G) family of distributions are

FFw)=1-[1-H*W;9]’;weRrR (5

and
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Generalized order statistics for the Kumaraswamy family of distributions
fo(w) = abh(w; )[H ()11 - H*w; 17

wER, ...(6)
respectively, where H(w;&) and h(w;€) are the cdf and
pdf of any baseline distribution, and & is the vector of
parameters of the baseline distribution H(x;&). It is to be
noted that the exponentiated—G family of distributions;
(Gupta et al., 1998; Nadarajah & Kotz, 2006), appears
as a special case of the Kum—G family of distributions
forb=1.

The Kum—G family of distributions has gained the
interest of many researchers, leading to the development
of several new distributions based on different baseline
distributions. A Kumaraswamy inverse Weibull
distribution has been proposed by using the inverse
Weibull distribution as a baseline distribution in (3)
(Shahbaz ef al., 2012). A Kumaraswamy power function
distribution has been proposed by using the power function
baseline distribution in the Kum—G family of distributions
(Abdul-Moniem, 2017), whereas a Kumaraswamy log-
logistic distribution has been proposed by using the log-
logistic distribution in (3) (de Santana ef al., 2012).

In this paper, some recurrence relations for moments
of GOS for the Kum—G family of distributions have been
obtained. These relations are obtained in the following
sections.

141
Recurrence relation for the single moments

This section deals with the recurrence relation for
single moments of GOS for the Kumaraswamy family
of distributions. The recurrence relation is obtained by
first noting the following relation between the density
and distribution function of the Kum—G family of
distributions

1 _
F(w) :EFHI

(w)[ H* (w)=1] £ (w) A7)

where r,(w) = h(w)/H(w) is the reversed hazard rate
function of the baseline distribution H(w). The relation (7)
is useful in deriving a recurrence relation for moments of
GOS for the Kumaraswamy family of distributions. The
recurrence relation for single moments of GOS for the
Kum—G distribution is derived in the following theorem.

Theorem—1: The single moments of GOS for the Kum—
G family of distributions are related as

E(VKZ”””‘ ) B E(VVrlilzn,m,k ) =

2 E(0(,,...)} - E{A(.0)}]

aby,

(8)

where (I)(w)zwpflr;l(w)H’“(w) and A(w):

w” gt (w).

Proof: Consider the following relation for the single moments of GOS for any parent distribution, (Athar & Islam,

2004),

E(VVrpn,mk ) - E(VVr{]:n,m,k ) = %

G
E(Wms) = EF sams) =05

r—lin,m,k

Now, using (7) in (9), we have

E(W’I;”’k ) N E(VVrljlzn,m,k ) = pC

N w”_lﬁ(w)[ﬁ(w)]wl ! [F(w)]dw .

[“ W [F(w)]" e [F () Jaw or

.(9)

m

e e NGOG RHYT

x[l?(w)]”_l ! [F(w)} dw

Journal of the National Science Foundation of Sri Lanka 53(2)

June 2025



142

or E(W(’

rin,m,k

xz! [F(w)]dw— PC,.

or E(W,i,,m,k ) - E(erili””"’k) - aby,

where q)(w) =Pyl (W)H‘“ (w) and A(w) =w’ !

H

Since the exponentiated—G family of distributions appears
as a special case of the Kum—G family of distributions
for b = 1, the recurrence relation for single moments of
GOS for the exponentiated—G family of distributions can
be readily written from (8). The recurrence relations for
single moments of special cases of GOS can also be easily
written from (8). For example, the recurrence relation for
single moments of upper record values is obtained by
using m =—1 in (8) and is given as

E(Wf) )= (W)=

lelotma)- o )]

.(10)

The relation (8) can be used to obtain the recurrence
relation for other special cases.

C o
) - E(W,ftn,m,k ) = mf_w[wp 1
mfi[wpl

B )} E (A i)} ]
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(W) ] F)[F() ] o [F (w) ] dw

(w), then the theorem is complete.

Recurrence relation for the joint moments

In this section, we have obtained the recurrence relation
for the joint moments of GOS for the Kum—G family of
distributions. The recurrence relation is obtained in the
following theorem.

Theorem-2: The joint moments of GOS for the Kum—G
family of distributions are related as

E(VVrpn]mkVVspnzmk ) -E (VVr:prl,m,szp—zl:n,m,k ) =
ﬁys[E{cb (Wi Wi )}
~E{AW Wi )} |

(1)

N _1( )
rin,m,k s:n,m,k)_xl x2 rH WZ .

Proof: Consider the following relation (Athar and Islam, 2004) for the joint moments of GOS for any parent

. r—l)!jijjwflwfz_lf(wl)[F(WI)T

where
q)(VVr:n,m,kVVs:n,m,k) = Wlp] W;Z _IFI;I (WZ )H_a (W2 ) and A(W W
distribution
C
E(VV;Z‘mkVV\Zka ) - E(VViﬁ:,m,kVVs{zl:n,m,k ) = y (r —117)2!(5" _
xz/! [F(w1 )][(pm {F(w2 )} -0, {F(w1 )}}Hil [1‘?(w2 )T dw,dw,,
P P _ P P _ P:C
E(W0 Wi ) = E(W 2 i i) = oy T P

or X[F(wl )]m o [F(w )][(pm {F(w))} -, {F(w )}]Hil xF (w, )[F(wz ):lyfl dw,dw,.

T [ i r (m)

(12)

June 2025

Journal of the National Science Foundation of Sri Lanka 53(2)



Generalized order statistics for the Kumaraswamy family of distributions

Now, using (7) in (12), we have

143

WY]ka) (VVr[kaWplnmk) aby. (r 1 S i 1 J‘_OOJ.Wl plWPZI[ 2)

w,) [F (w) ] r;"l[F (w) ]

rnmkVVszlnmk) aby. (r 1 s r— 1 J.—aoJ.w,[Wl

f(Wz)[F(Wl )]m 7! [F w ][gom {F(w )}_(pm {F(w )}]\ r-ls—r-1

wy ) H ™ (w, )]

(r 1 s—r 1 J:oo.l'wl[wl wy' rH ):|
o [F w ][% {F(WZ)}—(pm {F(wl )}]S rels—r-1

E(WS,.,
x{H‘” (wz)—l}]f(w1 A
<[ @, {F(wy)} 0, (F(w, )}]”‘”"‘1 [F ()] dwacw,.
E(W), W) - E(W)
xf(wl)
or X':F(W2 )]y‘_l dw,dw, — aby,
xf () f () [F (w)
X':F(W2 )]y‘_l dw,dw,
or (VV;[;;mkVVs[;lzmk) (VVrI;/;mkVVspzlnmk)_ P

aby.

where CD(VVrn m, kVVsn m,k
is complete.

[ { (VVrnmkWsVlmk)} { (Wrnmkamk)}}

) wlwl ! (wy ) H ™ (w, ) and A(VKnmkVI{nmk) wl'w'r,' (w, ), then the theorem

The recurrence relation for the joint moments of GOS for the exponentiated—G family of distributions can be

readily obtained from (11) by using b = 1.

Examples
The recurrence relations for single and joint moments
of GOS for some members of the Kum—G family of

distributions have been derived in this section.

Kumaraswamy power function distribution

Using the above expressions in (8), the recurrence relation
for single moments of GOS for the Kumaraswamy power
function distribution is obtained as

E(ern m,k ) E(Wrzlzn,m,k ) =

| A ) e ()|

aby,
The Kumaraswamy power function distribution (Abdul-
Moniem, 201;) is obtained by usil;g theIEl fillowing cdf or 1l =tk = ab];}/ ( 2 /ern z:fk qufn,m,k)
Hw) = (I) and pdf filw) = I(I) in (3) and
(4)7 where 0<w< '1’ g 2 l’ﬂ' = 0. or :ufnm k :—(pﬂag’ufn_‘:ngk +ab9}/rlurp—1‘nmk)a
"k by 1 p
Also, for the power function distribution, we have ..(13)
ry(w)="h(w)/H(w)=6/w. Now, the recurrence
relations for single and joint moments of GOS for the  where x, , , = E(Wrn m k) etc.
Kumaraswamy power function distribution can be
obtained by using (8) and (11). For this, we first see that ~ Again, for the power function distribution, we have
for the power function distribution, we have L
oW, W, =wlwl s (w, JH ™ (w
q) (W) — Wp—lrl;l (W) H—a (W) — ﬂaﬁwp—ag/e ( rinamk" " sinym,k ) 1 2 H ( 2) ( 2)
— ab_ .p. q-al
and A(w)zw‘”]r,;](w):w"/é’. AT /6
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and A(I/Vr:n,m,kI/V

P21l — | 2
.v:n,m,k)zl'vlf7 Wé Ty (WZ)_WIp sz /0
Using the above expressions in (11), the recurrence
relation for the joint moments of GOS for the
Kumaraswamy power function distribution is obtained as

P P P P _
E(VVr:r;,m,kVVv:nz,m,k ) - E(VVr:r;,m,kVVle:n,m,k ) -
Py ad g2 p,—ad g2 P.
abﬁ}/ ﬂ’ E(VVr:nl.m.kVVr:n,m,k ) _E(VVV:Vi,m,kVVS:nZ,m,k)
s
PP PP __DP ad  p.q—ad P-q
or Iur,ls:nfm,k _Iur,{s—lzjn,m,k - (/1 Iur,s:n,m,k _/’lr,s:n,m,k)

abby,

or /JM 02 — 1

at . pi.p,—ad PP
rosinmk T b (p22’ lur,{v:n,m,k + abg}/slur,{vfl:n,m,k )’
a 9}/5 + p2

(14)

where u/r  =E (W,{j;,mgk Wl ) , etc. The relations
(13) and (14) are the same as obtained earlier (Khan et al.,

2018).
Kumaraswamy reflected exponential distribution

The Kumaraswamy reflected exponential distribution is
obtained by using the following cdf and pdf in (3) and

“4)
H(w)zexp(%) & h(w)z%exp(%j ;w<0,60>0.

Also, for the reflected exponential distribution, we
have r, (w)=h(w)/H(w)=1/6. Now, the recurrence
relations for single and joint moments of GOS for the
Kumaraswamy reflected exponential distribution can be
obtained by using (8) and (11). For this, we first see that
for the reflected exponential distribution, we have

() = () () =00 exp -2 |

and A(w)=w""r,' (w)=0w"".

Using the above expressions in (8), the recurrence
relation for single moments of GOS for the Kumaraswamy
reflected exponential distribution is now obtained as
E(w),

rin,m,k

£ ) -

» (_1)1' a’

P_HZ

E(w)-E(Wp, )

rin,m,k
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or

= (-1Ya' .
> j,)g,.” Mk = i |-

Jj=

12
lur!:)n,m,k _Iurp—lzn,m,k = p |»
aby,

(15)

Again, for the reflected exponential distribution, we
have
(W,

rin,m,k

I/Vs:n,m,k ) = ‘/leI WZPZ_lrl;l (W2 )H7” (Wz)

= Owlwi! exp[— a;vz j

; J
J=0 ] '9
and
— P -1 — Di P21
A(I/I/:':rt,m,kI/Vs:n,m,k ) - Wl 1W§2 rH (WZ ) - ewl WZ .

Using the above expressions (11), the recurrence relation
for the joint moments of GOS for the Kumaraswamy
reflected exponential distribution is obtained as

E(errirnka:fmk ) —-E (VVr{Z,m,kVVs{zl:n,m,k ) =
ng i (_l)j aj E(Wv,p,imkVVS[;f;]: )

abys Jj=0 .]'9]

_E(Wpl ! )]’

rin,m,k"" sin,m,k

or

PrsP2 _ PP —_
:ur,x:n,m,k lur,s—lzn,m,k -

Y i(—l)j a’
abj/s Jj=0 J’el

pipy+j-1 _  pipy-l
/ur,.v:n,m,k lur,.\‘:n,m,k

(16

The recurrence relations for single and joint moments
of GOS for the exponentiated reflected exponential
distribution can be easily obtained from (15) and (16)
by using b= 1.

Kumaraswamy inverse Weibull distribution
The Kumaraswamy inverse Weibull distribution

(Shahbaz et al., 2012) is obtained by using the following
cdf and pdfin (3) and (4)
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Generalized order statistics for the Kumaraswamy family of distributions

H(w) = exp(—aw‘ﬂ) & h(w) = aﬂwf(ﬂ“) exp(—aw'ﬁ)
w,a, f>0°

Also, for the inverse Weibull distribution, we have

r (W)= h(w)/H(w) = apw /*). Now, the recurrence
relations for single and joint moments of GOS for the
Kumaraswamy inverse Weibull distribution can be
obtained by using (8) and (11). For this, we first see that
for the inverse Weibull distribution, we have

O (w)=w""r, (W)H " (w) ziwmﬂ exp(aaw_ﬂ)

1 &adla’
aﬂjzo J!

Wp*ﬂ(jfl)
and A(w)=w""r, (W) =w""[ap.
Using the above formulae in (8), the recurrence

relation for single moments of GOS for the Kumaraswamy
inverse Weibull distribution is obtained as

E(VVrpnmk ) - E(VVrlil:n,m,k ) =

am;n{;aﬁ/EW”%“”‘EW%ﬁJ}

p _ P _
or /ur:n,m,k /ur—l:n,m,k_

p = a’a’
abafy, | = J!

-BJj-1
lurp:n,m(,llc ) - /’lf;fn,k:|

P+ _
or /ur:n,m,k -

> a'a’ p-BU-1) _ abaﬂy, ( » o )
) rin,m,k lur:n,m,k lur—l:n,m,k °
j=0 J-:

(17)

Again, for the inverse Weibull distribution, we have

N T e B | —a
q)(VVr:n,m,kVI/X:n,m,k ) =wWiwyt 1y (Wz)H (Wz)

— 1 Diy,Prth -8

=—wl'wy exp(—aaw,

ap

and

— P2l — Py P2t
A(Wr:n,m,kWs:n,m,k) =wiwyt oy (Wz) =w'w, /05,3
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Usingtheaboveexpressionsin(11),therecurrencerelation
for the joint moments of GOS for the Kumaraswamy
reflected exponential distribution is obtained as

E(W.,,

2! _ P )23 —
I/Vs:n,m,k) E(VVr:n,m,k VVs—lzn,m,k ) -

2 Wﬁrﬁ(jfl)} _E(pr

sn,m,k rin,m.k

W B ):|

sin,m,k

0 J )
| Sl
abafy, | S jr U

PP — PP —
or :ur,s:n,m,k lur,s—lzn,m,k -

Plvpz’ﬂ(j’l)

Pprtp
ﬂr,s:n,m,k

- /ur,s:n,m,k

P =ala’
abafy, | 5 !

PP
or lur,szn,m,k -

PPy

O d )
aa P10 =B(i-1) abaﬂ?/s _ PP
- lur,s:n,m,k ﬂr,sfl:n,m,k .

N r,s:n,m,k
=0 J: 2

.(18)

The relations (17) and (18) are useful to derive the
relations for single and joint moments of GOS for the
Kumaraswamy inverse exponential and Kumaraswamy
inverse Rayleigh distributions. For example, using f
=2 1in (17) and (18), the relations for single and joint
moments of GOS for the inverse Rayleigh distribution
are obtained.

Kumaraswamy log-logistic distribution

The Kumaraswamy log-logistic distribution (de Santana
et al., 2012) is obtained by using the following cdf and
pdf of the log-logistic distribution in (3) and (4)

H(w)zwg (1+w’g)71 & h(w):é’w‘g’l(l+w9)72 ;x,0>0.

The relations for single and joint moments of GOS
for the Kumaraswamy log-logistic distribution can be
obtained by using (8) and (11). For this, we first see that
for the log-logistic distribution, we have

a+l

(D(w) = w"_lr,;1 (W)H'” (w):éw”'ag(l+wg)

R F(a+2)
045 (a-j+2)

p-6(j-1)

and A(w):w”’lr;(w)=<w” +w”+g)/49.
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Using the above formulae in (8), the recurrence relation for single moments of GOS for the Kumaraswamy log-logistic
distribution is obtained as

B0 ) £ )= | S D () ()72

2 F(a+2) pfﬂ(jfl)

p+0

or abayrlur[?n,m,k - ab@yrlurpfl:n,m,k = p

— p —
= ]'F(a _ ] T 2) /urflzn,m,k plur:n,m,k p/’lr:n,m,k
= I(a+2) o) [ abBy abby
or w0 =N ) U VTP gy ..(19
/'lr.n,m,k 120 j 'F(a _ J + 2) lur—l.n,m.k p ﬂnn,m,k p lur—l,n.m.k ( )

Again, for the log-logistic distribution, we have

I T(a+2)

@ (H, 05 i(a—j+2) "

riymk’ " sin,m,k

1 a+l
I e B | -a — D1y Pr=ab 4
)—wl'w22 Ty (WZ)H (wz)—gwl‘w2 (1+w2)

and A(W,, W,

s, m,k

— whyPr! fl( — (PP Piy, P2+l
)—wl wh g (wy) = (Wl wd + wwi 6.

Using the above expressions in (11), the relation for the joint moments of GOS for the Kumaraswamy reflected
exponential distribution is obtained as

s I'(a+2 _o(j-
E(W i fins )= E (W oW s ) = 5 2, jlr((aa_ - ) oy E il

AE W)+ E(W S W23 )}

> T 2
or abgys:ur{?s’:ﬁfm,k - abeysyrp,ls:izzn,m,k = pZZ (a : )

J=0

pisp2=0(j-1) P2 Piopr+0

]'F(a _ ] + 2) ’u”,Siﬂ,m,k - qlur,x:n.m,k - qlur,x:n,m,k

or #r’f‘,;ﬁf;,i:iﬂ ""“9(’”—[%+1]ufizzifm,k+% (20)

. . /’lr,x:n,m,k /’lr,xflzn,m,k -
=T (a—j+2) P, P,

The relations (19) and (20) can be used to obtain the recurrence relations for single and joint moments for the special
cases of GOS for the Kumaraswamy log-logistic distributions.

Kumaraswamy pareto distribution

The Kumaraswamy Pareto distribution (Bourguignon et al., 2012) is obtained by using the following cdf and pdf of
the Pareto distribution in (3) and (4)

H(w)=1—(£j & h(w)= L w25, prs0.

w - Wk+1
The recurrence relations for single and joint moments of GOS for the Kumaraswamy Pareto distribution can be
obtained by using (8) and (11). For this, we first see that for the Pareto distribution, we have

-1 —a 1 p+k -6 77(e 1< J jr +r—1 p—k(j-1
()= ()11 ()= e (1 (1) T =) e e
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Generalized order statistics for the Kumaraswamy family of distributions 147

Wp+k

[1_(W/ﬂ)-k} :ﬁ(wmk _ﬂkwp).

and A(w)= w ! (w)

Using the above expressions in (8), the relation for the single moments of GOS for the Kumaraswamy log-logistic
distribution is obtained as

© - -1 ;
E(an,m,k)—E(th,m,k)=#;%{j20(—l)’ ﬂ"’%E(Wﬂff”) (Bt )= EW) ]

2 o cT(a+r—1 i(ie N
or abk By, pl, i —abk 'y, 1) 1, i = P2 (1) B #ﬂf’_ﬂ(ﬁn? = PHS i PP
= riC(a—1)

" » o oT(a+r=1) . B"(p—abky, abkp*y,
or y}f}’l,’:ﬂ,k :z(_l)j kjﬁ fflzkn(,‘;,lk) + ( p ) r’in,m,k + f )/ lurpflzn,m,k.

=0

.21

Again, for the log-logistic distribution, we have

o a 1 . _p-(a-1)
(I)(I/I/r:n,m,kVV.\':n,m,k):Mjlplvvé72 erl(WZ)H (WZ): kﬂk Wlplwfz k|:1_(w2/ﬂ) k:|
_ 1 & J lg'r(a+r_1) Py k(1)
B ,Z::;( ) Ar(a-1) "

and A(W,,, ..

— PPl — Dotk pk o opsop
s:n,m,k)—wl wi ) (wy) = (Wl Wy Biwlwy* ).

k

Using the above formulae in (11), the relation for the joint moments of GOS for the Kumaraswamy log-logistic
distribution is obtained as

: . : . _ P i i .F((l"‘}"—l) : p,—k(j~1)
E(VVr{;,m,k VV.\fn,m,k ) - E(Vl/rfiz,nl,kmljlzn,m,k ) - WI:/Z(;(_I)/ ﬁkj mE(VVr{;,m,kVVs{n,m,kj )

B2 W ) = B EW L )

) F(a +r— 1) ;
kj Pr-py—k(j-1) PPtk k  pi.p
. _q/ur,ls:n,zm,k + qﬂ /ur,ls:nfm,k

k Pi:P>2 _ k PP — N _ J
or abkﬂ ]/Slur,s:n,m,k abkﬂ 7,y/ur,s71:n,m,k _q;( 1) ﬂ r!F(a—l) lur,s:n,m,k

& g Darr=1) iy B (g—abky,) abk By
Pi,pytk — -1 ki Ppy=k(J 1) s P1sP> S, P1sP2
or lur,s:n,m,k ;( ) ﬂ r!F(a _1) r,sn,m,k + q lur,s:n,m,k + CI lur,s—lzn,m,k .

(22)

The relations for single and joint moments of GOS for the log-logistic distribution can be easily obtained from (21)
and (22) by settinga=»5= 1.
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CHARACTERIZATION RESULTS

In this section, we have given some characterization
results for the Kum—G family of distributions based on
single and joint moments of GOS. These results are given
in the following Theorems.

Theorem 3: For a random variable X to have density and
distribution functions as given in (5) and (6), respectively,
it is necessary and sufficient that the single moments of
its GOS are related as

E(W) i )= E(W i) = a]f% [E{o(W,,...)]

_ E{A(W,.m,m,k )}} ’

o) ()G
A(x)=x""r5"(x).

where

Proof: The necessity follows immediately from Theorem
1. Now, to prove the sufficiency, we consider (9) as

B[ P [ ()
B [ ) e (o)

Tr—_ll)!jm e {F(W)}%-* o [F(W)]

1

PO =il () ()1 () a0

Using the above expression alongside (7), we have

7/( S . 1 I I wiw T f - (Wl)[ﬁ(wl)}m T;_I[F(W)][gom {F(Wz)}_(Pm {F(W1)}]
X[F(WZ)JSdWZdWI o 1 (s—r-1) IIWIW

Lentrn)-e. {F<w1>}]“’*[f<wz>1“”[

SH Shahbaz & MQ Shahbaz,

Applying the Miintz—Szdz theorem to the above equation
(Hwang and Lin, 1984), we have

= 1

F(w) :—br;(w)[H’” (w)—l]f(w),

a

which is the relationship between the density and
distribution function of the Kumaraswamy family of
distributions and the theorem is complete.

Theorem 4: For a random variable X to have density and
distribution functions as given in (5) and (6), respectively,
it is necessary and sufficient that the joint moments of its
GOS are related as

Wl’z

s m,k

sz

s— lnmk)_

{0 )~ (A )]

E(W20 20 E(W,

rin,m,k

where (D(W VVMmk) Wflwzpz*lrI;‘(wz)H’“(Wz)

rin,m,k

— PPl
and A(W/;:n,m,k VV?:n,m,k) - M)1 W2 rH (WZ ) .

Proof: The necessity follows immediately from Theorem
2. Now, to prove the sufficiency, we consider (12) as

P P P 23 —
(VVrnmkWynmk) (VVinmkVst]:n,m,k)_

R )P T
<t [F(x) [[0u A F ()} =0, (F ()} ]

F(w, )[F(wz )]7 B dw,dw,.

s—r—1

w)[F ()] 2 [F(w)]

Er; (Wz ){H—a (W2 ) —1}f(W2 )}dwzdwl
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Applying the Miintz—Szdz theorem to the above equation (Hwang and Lin, 1984), we have

F (o) = () [ () =1] (),

which is (7) and hence the theorem.

CONCLUSION

In this paper, we have derived some recurrence relations
for the single and joint moments of GOS for the
Kumaraswamy (Kum—G) family of distributions. The
relations derived are useful to obtain the relations for
single and joint moments of GOS for any member of the
Kum—G family of distributions. The obtained relations are
also helpful in deriving the relations for single and joint
moments of the special cases of GOS. The applicability
of the derived relations is illustrated with the help of
some example distributions, including Kumaraswamy
power function, Kumaraswamy reflected exponential,
Kumaraswamy inverse Weibull, Kumaraswamy log-
logistic, etc. The recurrence relations are also used to
characterize the Kum—G family of distributions.
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