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Abstract: Multivariate distributions are helpful in the
simultaneous modeling of several dependent random variables.
The development of a unique multivariate distribution has
been a difficult task and different multivariate versions of
the same distribution are available. The need is, therefore,
to suggest a method of obtaining a multivariate distribution
from the univariate marginals. In this paper, we have proposed
a new method of generating the multivariate families of
distributions when information on univariate marginals is
available. Specifically, we have proposed a multivariate
family of distributions which provides a univariate transmuted
family of distributions as marginal. The proposed family is
a re-parameterization of the Cambanis (1977) family. Some
properties of the proposed family of distributions have been
studied. These properties include marginal and joint marginal
distributions, conditional distributions, and marginal and
conditional moments. We have also obtained the dependence
measures alongside the maximum likelihood estimation of the
parameters. The proposed multivariate family of distributions
is studied for the Weibull baseline distributions giving rise to
the multivariate transmuted Weibull (MTW) distribution. Real
data application of the proposed MTW distribution is given
in the context of modeling the daily COVID-19 cases of the
World. It is observed that the proposed MTW distribution is a
suitable fit for the joint modeling of the COVID-19 data.

Keywords: Dependence functions, maximum likelihood
estimation, multivariate 7-X family of distributions, transmuted
distributions, Weibull distribution.

INTRODUCTION

Probability distributions have been widely used in
several areas of life. Certain situations arise where

the standard probability models are not capable of
capturing complex behaviour of the data and hence some
extensions are required. Numerous methods are available
in the literature to extend any baseline distribution. One
such method of extending the univariate distribution
is the transmuted family of distributions proposed by
Shaw and Buckley (2007). The cumulative distribution
function (cdf) of the transmuted family of distributions is

F(x)=G(x)[1+2-2G(x)];-1<2<1

where G(x) is the cdf of any baseline distribution and
A is the transmutation parameter. The transmuted family
of distributions is useful to obtain the transmuted version
of any baseline distribution such that the resulting
distribution has much wider applicability as compared
with the baseline distribution. More details about the
transmuted distributions can be found in Rahman et al.
(2020).

The transmuted family of distribution can be obtained
as a member of the 7-X family of distributions proposed
by Alzaatreh et al. (2013). The transmuted family of
distributions has been studied by several authors for
different baseline distributions. Some examples include
the transmuted-G family of distributions by Nofal et
al. (2016), the Kumaraswamy transmuted-G family of
distributions by Afify et al. (2016), the beta transmuted-H
family by Afify ef al. (2017) and the T-transmuted X
family of distributions by Jayakumar and Babu (2017).
A comprehensive review of developments in transmuted
distributions has been given in Rahman et al. (2020).
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The development in the area of bivariate and multivariate
families of distributions is relatively challenging and
not many methods are available to obtain the bivariate
or multivariate distribution from the given marginals.
A classical method to obtain the bivariate distribution,
from the given univariate marginals, has been proposed
by Gumbel (1960) as is known as the Gumbel bivariate
distribution. The joint cdf of the Gumbel bivariate
distribution is

F(%2)=G(x)G(»)[1+7{1-G(x){{1-G(»)}];

0<y<l1

where G(x) and G( y) are any marginal cdf’s and
7 is an association parameter. This family has been
studied by various authors. For example, the bivariate
Kumaraswamy distribution has been studied by Barreto-
Souza and Lemonte (2013) and the bivariate Pareto
distributions by Sankaran et al. (2014) among others.
Recently, Sarabia et al. (2014) have extended the Beta
— G family of distributions to the bivariate case by
using bivariate beta distribution as baseline distribution.
Darwish et al. (2021) have used the bivariate 7-X family
of distributions to propose a new bivariate transmuted
family of distributions. The proposed family can be used
with any baseline distribution. This family has opened
the door for development of new bivariate distributions
by using any baseline distributions.

Various complex situations arise where the joint
modeling of several variables is required and in such
cases the multivariate distributions are required. The
multivariate families of distributions have not been
investigated. Some common multivariate distributions
include generalization of the power exponential family
of distributions, by Gomez et al. (1998) and family of
multivariate generalized ¢ distributions by Arslan (2004).
The main aim of this study is to propose a new family of
distributions which generate a multivariate distribution
from the given marginals. The proposed family will
be named as the multivariate transmuted family of
distributions. This new family will be suitable for any
baseline distributions and will be useful in modelling
joint and complex phenomena.

MATERIALS AND METHODS

The methodology in this paper is primarily based
upon the transmuted distributions and the 7-X family
of distributions. The transmuted distributions are
briefly discussed in the introduction. The 7-X family
of distributions has been proposed by Alzaatreh et al.
(2013). The cdf of the proposed family is

JA Darwish et al.

Fry (x)= [ r(0)ae = RIW (GG v e,

a

(1)

where r(t) is any probability distribution defined
over [(l,b] , W[G( x)] is any differentiable function

of G(x) such that W(0)—>a and W(1)—>b. The
probability density function (pdf) corresponding to (1) is

Jrx (%) :{j_xW{G(x)}}[W{G(x)}},x eR.

The 7-X family of distributions can be used to
propose a new distribution by using a suitable r(¢).

The transmuted family of distributions, proposed
by Shaw and Buckley (2007), can be obtained from the
T-X family of distributions by using a suitable I”(t )
with support on [0,1] in (1) and W[G(x)] = G(x) :
Alizadeh et al. (2017) have shown that the transmuted
family of distribution can be obtained by using

r(f)=1+A-24t in(1).

In this paper, we focus on extending the transmuted
family of distributions to the multivariate case. It is,
therefore, suitable to present the bivariate 7-X family
of distributions and then extend it to propose a new
multivariate transmuted family of distributions. The cdf
of the bivariate 7-X family of distributions is

w[Gy(x)] ¢7[Gi(x)]
FX‘,XZ (xlﬁxz):J. Ia, r(

a

) du,diy »
2

with the wusual properties of W[G(xl )] , and
W[G (x2 )] and 7 (”1:”2) is any bivariate distribution
with suitable support for random variables 7 and U, .

The multivariate extension of (2) is immediately written
as

F (x)= J'W[Gp(x,))l..J'W[Gl(xl)]r(ul,uz,,,,,up)dul...dup’

(3

where XZ(Xl,Xz,---,XP) is a p—vector of random

variables and r(ul,uz,. ..,u_) is any p—variate density

)4
function with support over [al,bl]X---X[ap,bp],
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Modeling of daily world COVID-19 cases

A simpler version of (3) is obtained when the random
vector u = (”p“zr“’”p) has support over [0,1]" and
is given as

F,(x)= J‘Gzﬂ(x”)...J‘Gﬂ(xl)r(ul,uz,...,

0 0

up)dul---dup,
(4
where (¢1,¢2,...,¢p) >0,

RESULTS AND DISCUSSION

In this section, a new multivariate family of distributions
has been proposed which provides the univariate
transmuted family of distributions as marginals. The
properties of the proposed families are studied. The new
multivariate family of distributions is proposed in the
following sub-section.

A new multivariate family of distributions

In this subsection, a new multivariate family of
distributions has been proposed. This multivariate family
has been proposed by using (4) with a suitable choice of
r\uy,uy,...,u, ). The cdf of the multivariate transmuted
family of distributions can be obtained by using

) =1+ Y A (1=2u)+ 2, (-2 )

= ¢,, =1in (4) and is given as

r(ul,u2,. Lu

and ¢ =¢ =
Fx(x)zj:”(x Lo [ 37 2(1-2u)
ﬂp+1(p—2zl:ui)}dul~~~dup,

Solving the above multiple integral, the cdf of multivariate
family of distributions is

}[HZ (/1 +ﬁp+1) G,-(x,-)}};

x e R, -(5)

where G, (x,) is the marginal cdf of the ith random

variable X, and (/11,/12,...,/11),/1“1) are transmutation
parameters  such  that

(il. + /1p+1) e[-L1] for
i=12,..,p and -1<>7" A +pa,, <1. The
proposed family will be named as the multivariate
transmuted family of distributions and is a re-
parameterization of the Cambanis (1977) family.
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The density function corresponding to (5) is

£ =TT )14 20 (2 2,0)11-26, ()}

;x e R, ...(6)

where g, (x,.) is density function corresponding to
G, (xl.) . It is to be noted that the transmuted family of

distributions, proposed by Shaw and Buckley (2007), turns
out to be a special case of (5) forp=1and 4,,, =0. The
bivariate transmuted family of distributions, proposed by

Darwish et al. (2021), appears as special case of (5) for
p=2.

The proposed multivariate transmuted family
of distributions can be used to obtain multivariate
distributions from the univariate marginals. In the
following section, we will give some properties of
the new proposed multivariate transmuted family of
distributions.

Properties of the multivariate transmuted family of
distributions

This sub-section contains some important properties
of the proposed multivariate family of distributions.
These include the marginal distributions, conditional
distributions, conditional moments and multivariate
dependence measures. We will also give an estimation of
the unknown model parameters.

The marginal distributions

In this subsection, we will obtain the wunivariate
marginal distribution of a single variable, the bivariate
marginal distributions of two random variables and the
joint marginal distribution of a subset. The marginal
distribution function of ith variable is obtained as

FX’(xi):G( )[u+(ﬂ +/1p+1){ Gl.(xi)ﬂ x, €N,
(7

which is a transmuted family of distribution with
transmutation parameter A, +ﬂ.p +1- The marginal
density function of ith random variable is immediately
written as

Fo (3)= & () 1+ (4 + 2,0 {1-2G, (x,)} |5 x, e %,

(8)
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where g; (xl. ) is the density function of 7th random variable.
The joint marginal distribution of two random variables
(X,.X,) is obtained by using G, (x,-) =1, for
j=L2,...p;j# (i,m) in (5) and is given as

FX”X’” (xl.,xm) =G, (xi)Gm (xm)[l + (ll. +/1p+1)
1=G, (x)}+(4, +’Ip+1){1‘Gm(xm)}], -(9)

for (x,,x,) € R* with G, (x,

1

) and G, (x,,) being the

cdf’s of ith and mth random variables. The joint cdf, given
in (9) is same as given in Darwish et al. (2021). The joint
bivariate density function of two random variables is

Sy ox, (x,.,xm) =g (x,.)gm (xm )[1 + (/1[. + /1[,+1)

{1_2Gi(xi)}+(/1m +ﬂ'ﬂ+1){1_2G’" (x’")}] ..(10)

The joint marginal distribution of a subset of variables,
say X; = (XI,XZ,...,Xt) , s given as

fx1 (Xl) = {szlgi (xi )}[1 + Zj:l(ﬂ’i + ﬂ’pﬂ)

(122G, (x)} s x, e W, (1)

which is also a multivariate transmuted family of
distribution.

Conditional distributions

We can study several conditional distributions in case
of a multivariate distribution and in the following we
have obtained some conditional distributions for the
multivariate transmuted family of distributions. The
conditional density function of a single variable for given
information of the other variables is defined as

f(x,.,x(l.))
f(x(,.)) ’

where X :(Xl,...,X. X,

S (3 1%) =

i-1>Xi415-+» X , ) . The conditional
distribution of X, given the information of all other
variables for the multivariate transmuted distribution is

f(xi |X(i)) :%[14-2?1(/% +/117+1)

eR, ..(12)

{1-26, (xl)}} px eRixg,

JA Darwish et al.

where A, (X(l.)) = [1 + Zim(’q’/ + ﬂ,pﬂ){l -2G; (x/)}}

The joint conditional distribution of two random variables
X and X given the information of other variables is
obtained by using

f(xl.,xm,x(l.ym))
(%)

where X, =(Xl,...,Xl.fl,XM,...,mel,XmH,...,Xp).
The joint con(fitio

f(x,.,x”7 |X(i,m)) =

nal distribution of two random variables
for a multivariate transmuted family of distributions is

I (w3, 1%, ) = Mﬁ £ (A+2,,)

Ay (%)
{1-26, (x)}],

where (xl.,xm ) eR?, X

A (X(i,m)) = [1 + Zj;(i,m):l (/Ij Ay ){1 -26, (xj )}J '

Proceeding in a similar way, it is easy to show that
the conditional density function of an one subset of
variables, say x,, given the information of an other set
of variables, say X, in multivariate transmuted family of
distribution is given as

f(xl |X2) = ) legf(xt)[“’z;(;tt +;LP+1)

_
A,(X2

(126, (x)} i x e x, e -

(13)

m € R’ and

(14)

where A, (x;)=[ 1+ 37 (2, + 2, ){1-26G,(x))} .

The conditional distributions can be studied for any
baseline distributions and can be used to compute the
conditional moments which are given in the following
subsection.

Conditional moments

The single and product moments for univariate and
bivariate transmuted family of distributions can be
found on the lines given in Darwish et al. (2021). We
can also obtain various conditional moments by using
the multivariate transmuted family of distributions. The
rth conditional moment of X, given the information of
other variables for multivariate transmuted family of
distributions is obtained by using

M, =[x 1 (13 ),
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which for the conditional distribution in (12) is

1 *® P
e — ! A+
iy Ai(X(i))wa g lx )[H_ZH( " “)
(1-26G (x )} Jax .
and on simplification we have

, 1 , .
Higgy, = A, (X(i))[ﬁlul —2u ,Zj‘;x‘:l(i +4 +l)G (x )

~(4+2,0)u (z:z)}, ..(15)

where f= + Zi A4+ pA,. , . is rth raw moment
of X and ﬂ;(zzz) is 7th moment of larger observation in a
sample of size 2 from G, (x;).

The joint conditional moment of X, and X given the
information of other variables is obtained by using

IO

Using the joint conditional distribution of X, and X from
(13), we have
1 o0 o0
LI

B (¥0m)

[1 + Z;(’q‘i + ﬂ“p-%—l){l - 2Gi (xi )}J dxl.dxm . the above

integral, the joint conditional moment of X, and X given
the information of other variables is

| X([,m) ) dxidxm

r,s
Hx, x, 1,

x;x;gi ('xi )gm (xm)

r.s _
'LlXisXm X o

HX, X,y = m[ﬂﬂx w2 D
im \ *(i,m)
(4, +2,1)G(x,)= (4 +4,.,)
xﬂr(zz (’1 +ﬂ‘p+1)/‘xﬂ (22)}
..(16)
where A, and S are defined above. The

im (tm

conditional mean "vector and conditional covariance
matrix can be obtained from (15) and (16).

775
Multivariate dependence measures

The dependence among random variables is an important
measure to study the relationship between the variables.
In this subsection, we will obtain three important
dependence measures for the multivariate transmuted
family of distributions. These dependence measures
include Kendall’s multivariate coefficient of concordance,
the multivariate local dependence function, and the
multivariate version of Spearman’s Rho. The results for
the dependence measures are derived below.

The multivariate Kendall’s Tau coefficient for joint
continuous random variables, defined by Taylor (2016),
is computed by using

z, 21’1 j_w | fo(x)dx "'dxp_ﬁ
]
P e L (17)
where
I I F( x)dyx, -- “dx, .

Now, using (5) and (6) in above equation, we have

L= [T G ) 1+ 20 (A 4 2,0 )1 ()]
<{TTC 8 Gl 14 20 (B 2 122G, () | i,

Writing 6, =4 +4,.,,,
G, (xi) =u,, we have

= w1+ 26 1-u)]
[1+Zil@(l—2ui)}dul---dup.

Solving the multiple integral, we have

1 2
K= Z_p(l _52;71211:”1516/()

and making the transformation

1 2
o 1S LA A () |

Journal of the National Science Foundation of Sri Lanka 50(4)
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Using the value of [, in (17) Kendall’s multivariate
coefficient of association for a multivariate transmuted
family of distributions is

7= —9(2,,—1)2, DAt 2 ) (a4 )
..(18)

It can be seen that, for p = 2, (18) reduces to
the Kendall’s coefficient of association for bivariate
transmuted family of distribution given by Darwish et al.
(2021).

Again, the Spearman Rho for a multivariate
distribution is defined by Schmid and Schmidt (2007) as

p+l

pp_ p+1 J.,w J. F H, 1f dx,
__(p+1)
2”—(p+1)
3 2p(p+1) (p+1)

2 —(p+1)° 27 —(p+1) (19

0 0 P
where g = j_w---_[_wa (X)Hizlfi ()cl.)dx1 edx,
Now using the joint density function of multivariate
transmuted family of distributions, from (5), and marginal

density function of a single random variable, from (8), in
above equation we have

1s=f:“fi{ e (xi)}[1+2f (4 +2,.)
(1-G, ()} AT [
[l—ZGl.(xl.)]}de,mdxp.

{1+(z + )

Writing 0, =4, + 4

P+l
G, (x;)=u,, we have

o= [l (T ) 1+ 208 (1)
[Hi]{l+5i(l—2ui)}}dul---dup.

and making the transformation

JA Darwish et al.

Solving the multiple integral, we have

I = 61[[1‘[ (3-06)+" {51‘[,,(3 5)H
o T34
IR(CRRN) ) ICEREI

Using this value in (19), we have

(p+1)

3[27 =(p+1)]

pp:

[1(-4- ipﬂ){ i—(im””) }—y

i (3-4-4,.)
.(20)

It is easy to see that, for p = 2, (20) reduces to the
Spearman’s coefficient of association for a bivariate
transmuted family of distribution given by Darwish et al.
(2021).

A local dependence function for two absolutely
continuous random variables has been defined by
Holland and Wang (1987) as

2

7 (x,x,)= In f(x,x,) .

X,0x,

The multivariate extension the above dependence
function is immediately written as

6[7
xX,)=——

NCI x2... X lnf(xlang-..,xp)

>

y(x],xz,...,

p

where f ()c1 3 X5y xp) is the multivariate density
function. The multivariate local dependence function for
the multivariate transmuted family of distribution is

7):_2p(p—l)!Hf (4 +2,.)g(x)
[ =26 )

.21

7(x1,x2,...,x
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Modeling of daily world COVID-19 cases

We can see that Kendall’s coefficient of association
and Spearman’s Rho remains the same irrespective
of the baseline distribution but the multivariate local
dependence function involves the density and distribution
function of the baseline distribution.

Estimation of parameters

In the following, we will discuss the maximum likelihood
estimation of the parameters of multivariate transmuted
family of distributions assuming that all the parameters of
G, (x,) are known for i =1,2,..., p . First, suppose that
X,,X,,...,X, is arandom sample of n vector observations
from the multivariate transmuted density function, given
in (6). The likelihood function is therefore

=TT T o)1+ 0 (A o+ 2,0) {126 ()}
The log-likelihood function is

=30 2 e () [« 25 [ 14 3 (A4 4,)

{I_ZGi (xl./.)}] ..(22)
The derivatives of log—likelihood function with respect
to A ;i=12,....,p+1 are
a3 1-2G,(x;)

;i=12,...,p

an Z[Hz" (A+2,){1-26,(x, )}

K 2[1-37 G (x,)] |
" Z[1+Zf1(/l,+ﬂ,,+l){1 26,(, )}

The  maximum  likelihood  estimators of
A 3i=12,...,p+1 can be obtained by equating the
above derivatives to zero and numerically solving the
resulting equations.

The proposed multivariate transmuted family
of distributions can be explored for any baseline
distributions. In the following section, we will study
the multivariate transmuted family of distributions
for the baseline Weibull distribution and the resulting
distribution is named as multivariate transmuted Weibull
distribution.

The multivariate transmuted Weibull distribution

In this sub-section, we have proposed the multivariate
transmuted Weibull (MTW) distribution by using the

777

following density and distribution functions of the
Weibull distribution

8 (x,' ) = %xl_‘x’_le_("‘r’/ﬂ)a’

1

and G,(x,)=1- e (/a)"

x,6,0,>0 ..(23)

in (5). The cdf of the proposed MTW distribution is
| TT? lj—e6i8)
F, (x)—[H”{l e ”

[“Zf (/1 A0 )e ('/g’)al;x,a,ew, -(24)

where

=[x x, o x,] e=[a a

/
a,]

0 =[91 6, - 0 transmutation

»
parameters  such  that (/11‘ +24,, ) e[-L1] for

i=12..,p and -1<>" A +pd, <1 The

p+l —

and A, are

density function corresponding to (24) is

T

[”Zf (A + Ay ) {2 —1}];x, o, 0> 0.
.25)

Some properties of the proposed MTW distribution
will be studied in the following section.
Properties of multivariate transmuted Weibull
distribution

In this sub-section, we will discuss some important
properties of the proposed MTW distribution. These
properties include marginal and conditional distributions
and the conditional moments.

The marginal distributions
We have seen above that the marginal distribution of

any random variable of multivariate transmuted family
of distributions is a transmuted distribution. We have

Journal of the National Science Foundation of Sri Lanka 50(4)
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also seen that the joint marginal distribution of a pair of
random variables is a bivariate transmuted distribution,
proposed by Darwish et al. (2021). Using these results
we can readily say that the marginal distribution of
any variable X, in an MTW distribution is a transmuted
Weibull distribution, proposed by Khan et al. (2017),
with density

in(x,.) {gg X e/ )}[1+(ﬂ +/1p+l)

{267(,\‘,/'9,)% _1}} ; xi,gpai >0 .

The joint marginal distribution of any pair of random
variables in an MTW distribution is a bivariate transmuted
Weibull distribution, proposed by Darwish et al. (2021),
with joint density function

. _ i (04 _ ap
— i a-l,~(x/6) m_ =1 ~(x,/6,)
in5Xm (xl"xm ) - |:9a, xi ¢ 0(1," xm ©

i

m

[ (At A2 <1l (3,4 4,)

{Ze_(x,,,/a,,)”” _1}} x;,%,, > 0.

The marginal distribution of any subset of variables,
say | =[X, X, X,]/ ,in an MTW distribution is
again MTW with density and distribution functions given
as

1, (x)- {Hi { e H

i

[“Z; (A +/1p+1){ (/6" _1}} ; X, @, 0>0,
..(26)

and

[ (A 2, |ix o 0> 0.
(27

JA Darwish et al.

The conditional distributions

The conditional distributions in the case of a multivariate
transmuted family of distributions are discussed above.
In the following, we will discuss the conditional
distributions for the MTW distribution.

The conditional distribution of any variable X, given
the information of other variables for a multivariate
transmuted family of distributions is given in (12).
Now, using the density and distribution functions of the
Weibull distribution, the conditional density function of
X, given the other variables is

1 a; -
ACAEY =—{ ol le ”ﬂ
( ()) A,-(X(,-)) iz ,
1) Jinn0

where
Ai (X(l)) - |:1 + Zj‘;i 1(/1 + ﬂ’pﬁ-l ){267(&/6")% - 1}i|

The joint conditional distribution of any pair of
random variables given the information of other variables
for a multivariate transmuted family of distributions is
given in (13) which, for the case of the MTW distribution,
is

(5% 1% ) = #{ ;2 el n/a)" }

X m\)

.(29)

where

Ao (X =1 2 (2 22 1]

The conditional distribution of one subset of variables
given the information of other subset of variables in the
case of MTW distribution can be obtained by using the
density and distribution functions of Weibull random
variables in (14) and is given as
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1 C) O g ~(x/6)"
At(X2)|:Hl 1{0;1 K s

[1+Zf (4 +zp+l){ An /A —l}j|;xl>0

where

xz):[HZf[ (/1 +/1p+1){ ("/g')ai—l}]

In the following subsection we will discuss the marginal
and conditional moments for the MTW distribution.

f(xl |X2):

The marginal and conditional moments

The moments of a distribution are useful in studying the
properties of the distribution. The marginal and joint
marginal moments in case of the MTW distribution can
be easily obtained by using the marginal distribution of a
single random variable and the joint marginal distribution
of two random variables. The joint moments in case
of two random variables are discussed by Darwish et
al. (2020). In the following, we will obtain the single
and joint conditional moments for the parent MTW
distribution.

The rth conditional moment of a single random
variable given the information of other random variables
is given in (15). We can see that the conditional moment
for a multivariate transmuted family of distributions is
based upon the raw moments of the parent distribution
and the raw moments of the larger observation in a
sample of size 2 from the parent distribution Gl.(xl.).
Now to compute the conditional moment for the MTW
distribution we first see that the 7th raw moment and rth
moment of the larger observation in a sample of size 2
from the Weibull distribution, given in (23), are

Hy =9rr( +1j and 4}, =260" F( +1j(1—2(7/a+1))-

Now, using these in (15), the 7th conditional moment
of X, given the information of other random variables for
MTW distribution is

=ﬁ;) (—+1]{ﬂ 22(/1 +2y)

,
'LIX, X

1 J#i=1

{1 _ e_(xj'/gj)“f }_ 2(& + ﬂ,pﬂ )(1 B 2—(r/a[+l) ):|

..(30)
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where

p=1 +Zil/1i + p4,,, and

A(xy) = [1 + 2 (B4 Ay ){2e'(’“/‘9')“1 - 1}}

The joint conditional moment for two random
variables given the information of other random variables
for a multivariate transmuted family of distributions is
given in (16). Now, the same for MTW distribution is
given as

. 1
Hx, X e :m[ﬁﬂx My =2 iy Z Je(im)=1
(4, +2,.1)G, (%)= (A4 +2,.)
ﬂ;(z:z)/“ (/1 + ﬂ’p-ﬁ-l)ﬂx “, (2 2)]
oo 00, pfr s
,UX“XMIX(,_W) - Ai,m (X(l_ m)) r( z, + lj F(am + IJ

{ﬂ 22#(1 m)=1 (’1/ +4,, ){1 - e’(xf/ﬁ,)“’ }

24+ A, )(1-27)

22+ a) (12

where B and A, ( X m)) are defined above. The
conditional moments are useful in computing conditional
means, conditional variances and conditional covariances
for MTW distribution.

Parameter estimation for multivariate transmuted
‘Weibull distribution

In this sub-section, we will discuss the maximum
likelihood estimation for parameters of the MTW
distribution. For this suppose X;,X,,...,X, is a random
sample of n vector observations from the MTW
distribution The likelihood function for the given sample

L= l—[]1 {H (9; xi"e-(xﬁ/@)“’]}

{1+Zf’ (A +/1P+1)( (w/0)" —1)}
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which has (3 p+1) unknown parameters. The log-
likelihood function is

fzz;[nlnai—nailné’i +( l)z 7llnxi].
_ZZ:I(xif/gi )a}
+Zj=lln[l+2f (4 +/1p+1){ (/)" —1}}

.(32)

The derivatives of the log-likelihood function with
respect to unknown parameters are

Lt s )2 a)

i i

x, (3, /0)" e :
3 (o O

i=12,..,p,

2
J=1

6€ n n
—=———-—nlné +>»  Inx
oa,  q l Z-’:‘

1

X (5 /0) (. /0)|-2(2+ 4,..)

o (5/6) 0 /0)e
Zj:l ( 9)“’ ’
1+Zf (ﬂ +ﬂp+1){ /0 —1}

i=L2,...,p,
% Zn 26( /9) 1 .
PSS (e e ]
i=12,...,p,
and
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2(2,, e /o) —1j
R =l
0. B ZFIHZ:’ (/1 +lp+1){ (/)" —1} .

The maximum likelihood estimators of unknown
parameters are obtained by equating the above (3p+1)
derivatives to zero and numerically solving the resulting
(3p+1) equations in (3p+1) unknowns.

Real data applications

In this sub-section, real data applications of the MTW
distribution are given. The real data applications are
done by using daily COVID—19 data of the World for
three recent dates; November 20-22, 2020. The data can
be accessed at www.worldometer.com. Since the data
on daily COVID-19 cases represents counts, we have
used the logarithmic transformation of the data to make
it continuous. We have carried out the data analysis on
overall data and data split with respect to the median of
the log of daily cases. We have divided the transformed
daily COVID-19 cases of the World into two groups;
one below the median of the log of daily cases and one
above. The summary statistics for the overall data and
two groups are given in Table 1.

The correlation coefficients between different
variables for the whole data and the two subsets are given
in Table 2.

From Table 2 we can see that the variables have
high pairwise correlation. Also all the correlations are
significant at 1%. Infact the correlation coefficients
are significant at 0.1%. These correlation coefficients
indicate that the variables are jointly dependent upon
each other and hence they should be modelled by using
some trivariate distribution.

We have modelled these three data sets by using three
trivariate distributions. The distributions that we have
fitted include the trivariate transmuted Weibull (77TW)
distribution, obtained by using p = 3 in (6), the FGM
trivariate Weibull (FGMTW) distribution obtained by
using the Weibull distribution in Gumble copula and
a trivariate the Weibull distribution, the HS trivariate
Weibull (HSTW) distribution, introduced by Hanif
Shahbaz et al. (2012).

The density functions of FGMTW and HSTW distributions
are, respectively

December 2022
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Table 1: Summary statistics of the data

Data Date n Min Mean 0O, Median 0, Skew Max
20-11(x) 144 0.000 6.021  4.100 6.276 7.963 -0.242  12.186
Whole 21-11(X) 144 0.000 6.086  4.131 6.470 7.864 -0.168 12.090
22-11(X)) 144 0.000 5918 3.965 6.163 7.643 -0.309 11.869

20-11(Y) 72 0.000 3907 2901 4057 5443 0448 6219
Below — 5111(v) 72 0.000 4077 3.032 4119 5421  -0319  6.465

Medi

S omi(r) 72 0000 3883 2785 3940 5324 -0.607 6071
20-11(Z) 72 6333 8134 7231 7972 8771 0766  12.186

Ab

¢ alz) 72 6475 8096 7158 7869 8781  0.894  12.090

Median

22-11(Z) 72 6.256 7.952  7.021 7.655 8.583 0.798 11.869

Table 2: Correlation coefficient between various variables

Whole data Below median Above median

erXZ rX]XE rXZXS rYlYZ rYlY3 rYZYB rZIZZ rZ]ZB rZZZ3

0.9845 09763 09834 07603 09173 07377  0.6995 09514  0.6605
p<0.01 p<0.0l p<0.01 p<0.01 p<0.01 p<0.01 p<0.01 p<0.01  p<0.01

Ao KA @ Table 3:  Fitted distributions for the whole COVID-19 data
172734 2 3
fFGMTW(xl’x2’x3): o N N
91 182 263 ’
Parameters Distributions
»[1 + A4 {1 — e /)" } TITW FGMTW HSTW
6, 7.1940 0.0001 6.0392
{1 (/0" } {1 e (x5/0)” }J o, 6.0676 412x 107 7.1671
o0, 7.0621 0.0002 7.9643
...(33)
a, 2.7534 0.4576 0.9725
and
@, 2.4721 0.4584 1.3277
3a,-1 2a,-1 _ay-1
s (%02,,) = A oaX " Xy Xy oy 27776 0.4572 2.1416
HSTW \ 1542543 03% 2% g
R A 0.3773 0.1171
. ) .
a a, a, a ﬂ-z -0.6227
X Xy Xy X3
exp| —| - | I+l = =] A 0.3773
01 €2 02 03
’ A -0.0705
(34 Log-likelihood -986.8249  -1814.5921  -1288.9752
AIC 1993.6498  3643.1842 2589.9504

where ( X)Xy 5 X ) > (0 and all the parameters are positive
O BI
for both of the distributions, except A €[-1,1]. ¢ 2023.3479  3663.9729 2607.7693
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We have fitted these distributions on three data sets by
computing the maximum likelihood estimates of the
unknown parameters. The maximum likelihood estimates
of unknown parameters are computed by using the R
package “maxLik” introduced by Henningsen & Toomet
(2011). The performance of the distributions are assessed

JA Darwish et al.

by computing the Akaike’s information criterion (4/C)
and the Bayesian information criterion (BIC). The results
ofthese analyses are given in Tables 3—5. Table 3 contains
results for the whole data, Table 4 has results for data
below median cases and Table 5 contains results for data
above median cases.

Table 4:  Fitted distributions for the daily COVID-19 data below the Table 5:  Fitted distributions for the daily COVID-19 data above the
median median
Parameters Distributions Parameters Distributions
TITW FGMTW HSTW TITW FGMTW HSTW
\ 4.6627 0.0006 12.1665 \ 8.4667 3.55x 107 8.1952
0, 4.0476 1.53x 107 20.5443 o, 9.1262 7.77 x 107 7.2235
93 4.6437 0.0006 5.6202 63 8.2789 0.0002 9.2567
a, 2.9923 0.4432 14.5263 a 6.1104 0.4633 12.2257
a, 2.6842 0.4448 18.7934 @, 7.3003 0.4632 10.5287
a, 2.9506 0.4428 19.4948 % 6.0972 0.4627 11.6772
A 0.3654 0.1144 4 03147 0.1176
A ~0.6344 4 0.6852
3 0.3655 A -0.3147
A, 01069 A, 0.0464
Log-likelihood 391.6393 _1651.8421 790.0924 Log-likelihood -359.3084 -1584.8859 -663.42
AIC 803.2786 3317.6842 1592.1848 AIC 738.6168 3183.7718 1338.8400
BIC 826.0453 3333.6209 1605.8448 BIC 761.3835 3199.7085 1352.5000
(a) Observed and fitted marginal distributions for data below median
03 linetype 03 linetype 03 linetype
- [ empiricat O Emfln:a\ - [] empiicar ___
Dlﬂ(\hu;l;ns =~ ) DlS[ribu\vu‘nS 2 = L : \\ Distributions
3 — FoMTW z FGMTW g s jlif EJ' — FGMTW
e — HSTW H — HSTW —b b g — usTw
2 Loy a — W e = 3 W
a . : /‘J/ N ) /
I—lf/ 11 _‘__/ S r/,___ I

W

— linetype

[] empincar

Distributions
FGMTW

d fitted marginal distributions for data above median

¥3

(b) Observed an

linetype

[] empinca

Distributions.

linetype

[l eeiica

Distributions

= A z = FGMTW z — FGMTW
£ T — HswW 202 — HsTW £ — HsTW
] — 1w a a W
| -
. PR i -
Z: Zs Z3
Figure 1: Observed and fitted marginal distributions for data below median (a) and above median (b)
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It can be easily seen that the 4/C and BIC values of the
proposed trivariate transmuted Weibull distributions
for the whole data and two sub data sets are smallest
indicating that the trivariate transmuted Weibull
distribution is the best fit for logarithems of the daily
COVID-19 cases.

The plot of observed and fitted marginal distributions
for data below median (Panel-a) and above median
(Panel-b) are given in Figure 1, below. The plots
of observed data and fitted marginal distributions
also indicates that the trivariate transmuted Weibull
distribution is the most suitable distribution for capturing
behaviour of the data. Also, this distribution is the most
appropriate for capturing tail behaviour.

CONCLUSION

In this paper, we have proposed a new multivariate
transmuted family of distributions. Some properties of the
proposed family have been studied. We have also obtained
expressions for the maximum likelihood estimation of the
parameters of the family of distributions. The proposed
multivariate family provides the transmuted family of
distributions, proposed by Shaw and Buckley (2007),
and the bivariate transmuted family of distributions,
proposed by Darwish et al. (2020), as special case.
The proposed multivariate family has been studied for
parent Weibull distribution giving rise to the multivariate
transmuted Weibull (MTW) distribution. Some properties
of the proposed MTW distribution alongside the
maximum likelihood estimation of the parameters has
been discussed. We have applied the MTW distribution
on daily COVID-19 cases of the world. We have seen
that the proposed MTW turned out to be the best fit for
modeling of the data used. The multivariate transmuted
family of distributions can be further explored for any
baseline distributions.
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