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Abstract: Recently, a few studies have presented the
problem of estimation of the mean for a finite homogenous
population considering the joint influence of non-response
and measurement errors and following the assumption that
population mean of auxiliary variable is available. However,
in real situations the population under observation may not be
homogeneous and population mean of the auxiliary variable
may also not be available. Therefore, in this study, we present
new estimators which are the generalized form of the difference-
cum-exponential type estimator of the finite population mean in
the presence of non-response and measurement errors in two-
phase simple random sampling and stratified random sampling.
The expressions for mean square error and bias of the proposed
estimators are shown under the first order approximation in
each sampling design. Theoretically, it has been shown that
the proposed estimators are more efficient than some existing
estimators in both sampling designs. A numerical study has
also been carried out using two different simulated populations
under simple random sampling designs as well as under
stratified random sampling design to support the theoretical
results. Numerical results show that the proposed estimators
perform more efficiently than some modified versions of the
existing estimators in both sampling designs.

Keywords: Auxiliary variable, exponential estimator, mean
square error, measurement error, ratio estimator, regression
estimator.

INTRODUCTION

Survey errors arise when a difference is found between
the true and recorded values. In practice, it is observed
that researchers face the problem of measurement

error and/or non-response while collecting information
from the samples. For example, in surveys regarding
agriculture, the households are asked to report a total
area of their holdings, which may vary from the cadastral
data. Many researchers have studied the problem of
mean estimation considering only measurement errors
like Shalabh (1997), Wang (2002), Shukla et al. (2012)
Sharma et al. (2013) and Khalil et al. (2017). Hansen
and Hurwitz (1946) considered the problem of non-
response only while estimating the population mean.
They recommended that the questionnaires are mailed
to all the respondents included in the sample and as the
deadline is passed, a list of non-respondents is prepared
in order to draw a sub-sample from the list of non-
respondents and the necessary information is collected
by direct interview. Many researchers have discussed
this issue following Hansen and Hurwitz’s sub-sampling
plan, including Cochran (1977), Rao (1986), Singh and
Kumar (2010), Kumar and Bhougal (2011), Kumar
(2015), Sanaullah et al. (2015; 2018), Riaz ef al. (2014;
2016), and Saleem ef al. (2018).

Many authors who have studied non-response have
neglected the measurement errors whereas many of those
who have studied measurement errors have ignored the
presence of non-response. However, Azeem (2014) and
Kumar (2015; 2016) considered both the presence of
non-response and measurement errors simultaneously.
Azeem (2014) and Kumar (2015) considered only the
situation where population is homogeneous and the
population mean of the auxiliary variable is available,
which may not be true for many practical situations.
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Sabir and Sanaullah (2019) examined the mean estimator
introduced by Kumar (2016) and provided corrected
expressions for the mean square error. Zahid and Shabbir
(2018) provided estimators for mean considering the
joint presence of non-response and measurement errors
in stratified simple random sampling. Irfan et al. (2018)
studied how to optimize the estimation of mean if non-
response and measurement errors are jointly present in a
simple random sample.

Deviating from Azeem (2014) and Kumar (2015;
2016), this study is aimed at providing some improved
estimators for population mean considering the situation
when the population mean of an auxiliary variable may
not be readily available. Further, the proposed estimators
are compared with the modified ratio, exponential and
regression estimators in both simple random sampling
and stratified random sampling designs.

Notations and sampling methodology:

Let &= {® @, ..., &} be a finite population of N
homogeneous units which is divided into two mutually

exclusive groups say the respondent group of size N,

and the non-respondent group of size N, =N- -N,,- Some

basic notations to be used in Sections 1 and 2 are defined
as given below.

n': I*-phase sample size
n: sub-sample \ 2"-phase sample size to be selected
from
n"(l): number of respondents in 2™-phase sample
n"(z): number of non-respondents in 2"-phase sample
T': size of sub-sample to be selected for interview from
n'@
Yi\ Xi: True values on ¥ and X for the i unit
Hy\ ix . Population mean of Y given population mean
of X
My (1), Bx(1): Population means of ¥ and X groups of
respondents
My (2), Hx(2): Population means of Y and X groups of
non-respondents

2

0%, 0%: Population variances of ¥ and X, respectively

0}2,(1), 0)2((1): Population variances for Y and X groups
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0}2,(2), 0)2((2): Population variances for ¥ and X groups

of non-respondents

Cri=—2C )= —=: Coefficient of variations
Hxm
for Y andX groups of respondents
O el
C»= ) Croy= @ . Coefficient of variation

for Yand)é groups of non respondents

v; \ x;: reported values on Y and X for the i*" unit

U; = y; — Y;: measurement error on the study variable
associated with /™ unit in A" stratum

Vi=x;

variable associated with i

— X;: measurement error on the auxiliary
unit in 4" stratum

U; = y; — Y;: measurement error and non-response on
Y associated with i unit in 4™ stratum

Vi = x{ — X; : measurement error and non-response on
X associated with i unit in A" stratum

o Zm and o ffm:Population variances of U and V
groups of non-respondents

Pyx(1) and Pyx(2): Coefficients of correlation between
the study and auxiliary variables

,u'y and p,: Sample mean estimator for y and x based
on units

”;(1)' “;(1): sample mean estimators for y and x based

on units

Hy@yr Fxzyr’

based on units
:“”y' #,,x
Hansen and Hurwitz (1946)

sample mean estimators for y and x

: sample mean estimators for y and x following

The measurement errors are assumed to have means

zero and the variances o2 ,)= ——3"2 (U;-U)? and

1
Np—1

Zl 2 (Vi-V))* for the non-respondent

1
V(Z) Nyp—

1

group. Let pyq) :N_12i=1 Y; and pyxq =N—12£V=11 Xi

1 N

be the means and, 012,(1):m2i:11 (Vi -ty 1))?

0)2((1) =ﬁ2§iﬁ X ‘ﬂX(l))Z bethe variances ofthe study

and the auxiliary variables from the respondent group.

1 &N

Zl 1Y v, Zi=1 X
1

be the means and UY(Z) =m2£"=21 (Yi-ty(z)? and

1 N .
0% =i (K ~px(2))? be the variances for

Similarly, let Hy(2)=5 and Hx2)=

_ oxy()
the non-respondent group. Let Pxv(1) =, — ——
of respondents XMWY (D)
March 2022 Journal of the National Science Foundation of Sri Lanka 50(1)



Mean estimation assuming joint presence of non-response and Measurement error 15

_0XY(2)
_UX @9Y(2)
between X and Y in the populations of respondent and
non-respondent groups, respectively.

Pxy(2) be the coefficients of correlation

In the presence of non-response and measurement
errors, we can define the population mean by

N N
Uy= Winyyt Wally(2), where WFWl and Wz=72 .

At first phase, we select a large sample of size
n (n <N) by simple random sampling without
replacement (SRSWOR) to estimate Uy and a sub-
sample of size is taken on 2™ phase by SRSWOR to
observe the study variable Y. It is assumed that n(l) of
these units respond and n(z) = - n(l) ) do not. Let

r (= %; k> 1) be a sub-sample of the individuals
who do not respond to the mailed questionnaire

but respond when they are contacted again for their
personal interviews, where k is the inverse sampling
ratio. It is further assumed that all units respond while
interviewing them for the study variable y.

Now, the unbiased sample estimators of py
following the first-phase and second-phase samples,
respectively are

o1 n'l
/“‘y_n_'lzi=1yi,

and ty = ,u;” ﬂy(1) + uy(z)r, where

" 1 ; 1
#y(1):n_12?=11}’1 and ﬂy(z)r - Zl 1yla

with their variances given respectively by

1
—=—— and

Var(uy) A i C%, where A’ = m

Var (to)=Var(uy )= A" (C} + )+6ﬂy(cm)+ﬂ)

where 1" = 11 and 0" = War—1) .
n N
1 *
Zz 1%Xi and :ux(Z)r = :ZLl Xi

denote the means of respondlng units and the » sub-
sampled units for the auxiliary variable.

Similarly, let .ux(l) =

We modify the wusual ratio estimator usual
exponential ratio estimator and usual regression

K
t1 =—

L= s (1)
tz_liy exp (# +Zx ) -(2)
and
ty =y +b" (1, — 1), -(3)

with the Mean Square Errors (MSE) of tq,t;and t3
respectively, upto the first order approximation, given by

2 UZ
+%)
Y H)Z( )

MSE(t1)=A"1i} <(c§ +Ch = 20,0 Cx) (%
+6" ((C @ * Gk ~ 2@ Cr@)Cx@)

+(T2 4 ;jj))) — A3 (20, CrCx — CF).

(4

- pyxCYCX) + (Z_g

2 UZ
+ )
4#)2(>

+0"uf <(CY(2) +—==- pyx(Z)CY(Z)CX(Z))

2 2 2
Tu@ | v 2 Cx
+ (G + —)> ~ A3 (pCrox =),

.(3)

MSE(t;))=2"1i2 <(C§ +&

) +6 (CY(Z) + “<2>) 1- 80})
.(6)

MSE(es)=143 (27 (G +

(X' pyxoyox +6" pyx2)0v(2)0x(2)y—A PyxCrCx)?

2 '
X (CZ +CX+<”“ +”">)+9 <cy(2) +cm)+< u2) ) ”(2)>> -Ac%
My ”X My

The expression of MSE() is obtained iff

estimator to cover the case of non-response and b* = A pyxoyox +0 pyx@)9v@)9x@) and R=MY

. . - > .
meas.uremen.t errors 1n. two-phase. sampling. The ( 1@ av) 10 CX(z) V(Z))> px
modified estimators are given respectively by,
Journal of the National Science Foundation of Sri Lanka 50(1) March 2022
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The proposed class of

estimator (/GCE):

improved generalized

In survey sampling, the surveys often yield biased
estimates because of the non-response and/or the
measurement errors. Many estimators have been used to
deal with the non-response and the measurement errors
independently. In this section, we propose an /GCE
considering the presence of both the non-response and
the measurement errors together on the study variable
as well as on the auxiliary variable. We are considering
the situation when the population mean of the auxiliary
variable is not available.

The proposed /GCE in two-phase sampling considering

the non-response and measurement errors is given by

t4(a)_ (H + wl(”x ﬂx ) + wZ.uy ) eXp(ﬂ + )
(7)

o H'(l) L@ #*“(1) @
where H:Ty exp ()—x(l) exp Tx() ,
+u, @ TN TR
wiand wy are constants which need to be optimized
to get minimum mean square error of ty(4, and a is

a generalizing constant to get different estimators under
the a" root transformation.

For example, for a=1, the proposed estimator ty is
reduced to the form

a= < (exp( ux) + exp (ux u))
l‘x""llx By Hiy

o Vi o (525),

and for a=2, the proposed estimator is reduced to the
form

¢ LG/ s W ar)
4(2)= ( (exp (%) + exp (—))
BERIRCR) D, am

+ @@ (u — )+

S Sabir et al.
The bias and MSE of IGCE t4q)

In order to obtain the expressions for the bias and MSE of

t4(q) let us consider,
Wi =30, (x =) Wy=3L,U;, Wy =X,V

and Wy = T, (x; — ). ()

Now from (8), the errors due to sampling in the presence
of non-response and measurement errors may be written
as
w1 w1
en =—— Wy + W7, el =— Wy + W5 d
0 nuy( Y v), €1 nux( b'¢ v), an:
€y=—— (x, — py), or alternatively W =py(1+ep),
W = nx(L+ei), and p = px(1+ey),

such that E(e) ) =E(e} ) = E(e;) = 0, and

£ ) = (1 (G +) + ' Gy +22)) = Vi,

i " 2 " [ "
B = (X6 + %) + 0" Gy + 7)) = Vi
X Hx
E(ey ei) = (X' pyxCyCx + 6 pyx2)Cr2)Cx) = Vir,
E(e;)? = E(ej e;) = A C% =V, and
E(ej e1) = A pyxCyCx = V1;.
Now t4(q) can be rewritten as below:
L, d & e
i (e @@ (e )@

. | waser)
4(a) 2

1 N Lol
12 (1)) @+p® (146} )@

1 1

N I PN
ut (14+e] )@ —u, (1+eq) a
+ exp | % ! L 1

1 1 1 o1
12 (1+e} ) @+p® (14+e)) @

+ 01 (uy — pux(1+ e1)) + wopy(1 + 33”))

t(2 -
+ PP, — i) + 0P ) ex p(ﬁﬂ) exp(w)
x Mx(1+€1)+ﬂx(1+91 ) (9)
March 2022 Journal of the National Science Foundation of Sri Lanka 50(1)



Mean estimation assuming joint presence of non-response and Measurement error 17

Simplifying the above expression up to the order O(n=1)
we can write (9) as

" : ' 2 2 Lo
o * ey e e{ 3e; ejeg
taa) = Hy = My(eo to s T T Tt

e e*” e*”e*” e*“2 et e e*” " e
1€0 1 €0 1 i 1€1 * 1
40 1044 L +wyep + wy =

2 2 8a2 ' 8a?  4a? 250 272

v2 *”2 ' *” ' *”
e{ 3wy ey eleq eiep
-+ - +w -
8 8 27y 273

el _
Wy 7 Wy

5

el e , Y B
2 2 +(.01‘le el_el +7+ 2 _elel .

..(10)

The expressions for the bias and MSE of t4(4), up to the
order O(n~1), are given respectively by

i ~ Vao , 3Vao _ Vao . Vi Vii |, Vao
Bias(ty)= py (— 2+ 20 - T BTy 1

Voo Vao Vo |, 3waVyg Va0
o2 a2 T W2 W2ty 027

and
" 1 "
MSE(ty) = 1y (Voz — Y1+ Y+ w5(1+ Vg,

=211+ Y20) + 022V, — 3y11 +

5 1
Y20+ m}fzo)) +0i1EY 20

(02(}/20 - Y11) —Y1u
+2pypx w1 )
..(12)

1
+3Y20

where, Y20 = Va9 = Vo, and y1y = Vi = Vig:
Or alternatively, the MSE of 't4(4) can also be given by
MSE(ty) = Fot 05 7+, 7 + 0] F3 +o1w, Pyt wy ¥,

(13)

where,
w1
Vo= up (Voz +3V20 — Vn),

Yi= (14 Voy + Y20 — 2Y11)s

" 5 1
Fo= 123 (2Vo = 3y'11 + 320 + 77V 0):

¥3 = U5Y 20,
Y4= —2pypyx (Y11 — Y20), and

Vo= —2uyux (Vn - %Yzo)-

Now, to get the optimum values, (13) is differentiated
partially with respect to wiand w; and then equating
each of the first derivatives with zero. This gives two
normal equations which are then solved simultaneously
to get the optimum values. Finally, the optimum values
are shown by,

opt _ Vo ¥a—2V1¥s
1 4F -

opt VaVs—2%2 %3
and =
2 4B F3—

..(14)
Substituting the optimum values w}" and w3 in (13),
the expression of the minimum MSE (t4,) may be
obtained as

(F2 ¥a Vs— B ¥3— ¥ #2)
Vi—4 1 3

Theoretical comparisons:

In this section, the proposed estimator IGCE is compared
for its efficiency based on the MSE criterion under two-
phase sampling with ratio estimator and exponential
estimator.

i) The proposed estimator IGCE is more efficient than
ratio estimator if MSE (t1) — MSE(t4(q)) > 0, and this
gives

I o, Yu 1 MSE(ty)
V02Y20 VY20~ Y20 YaoVarty’

MSE(tyq) 1

: P2
or alternatively, ¢o > ==+ ¢, —— w2

Y11 __1 _
7 1 =57 and P2 =
Vo2Y20 Vo2y20’ Y20

where @y =

ii) The proposed estimator IGCE is more efficient than
exponential ratio estimator if
MSE(t;) — MSE(t4(q)) > 0, and this gives

Journal of the National Science Foundation of Sri Lanka 50(1)
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1 yn 1 MSE(taw)
VY20 VoaYao Y20 YaoVarty’
or alternatively,
?3 MSE (taa)) 1
> —_—— where =
o>+ P2, t P2, @3 T

iii) The proposed estimator IGCE is more efficient than
regression estimator if
MSE(t3) — MSE(ta) > 0, and this gives

MSE(t4(a))
Varty °

@o>1—

RESULTS AND DISCUSSION

In this section, we examine the performance of the
proposed estimators in comparison to the modified
estimators. We have generated two populations by
using normal, and lognormal distributions with different
parameter values using R statistical software. The
description of each population is given below.

Population I: [normal population]

X=N(5000, 5, 15); z=N(5000, 0, 1); Y=50X+15z;
y=Y4N(1, 3); x=X+N(1, 3); py = 248.67; uy = 4.97;
02 =583685.70; 02=242.30;0%=9.25; oZ= 9.25;
Pyx= 0.98; N=5000; N =3500; N2=1500;n'=500;
2 . — . — .
07y(2)=599476.60; =239.94; =9.14;
002y =8-81; Pyr(2y=0.99;

”azcm “5(2)

Population II: [lognormal population]

X=1ogN(5000, log(4), log(6)); z=N(5000, 0, 1);
Y=50X+15z; y =Y+N(1, 3); x= X(1, 3); Hy= 703.27;
px=14.07; o5= 5871164.00; ox=2363.44; 04=19.03;
a§= 8.69; Pyx= 0.99; N=5000; N =3500, N,=1500;
' . — . 2 .
n =500; af,(z)* 9035398.00; 0%z 3615.41;
0%y~ 8725 Gy~ 8.855 Pyx(2) = 0.99;
The MSEs and the bias of proposed and some

available estimators are presented in Tables Al-A4 in
appendix A.

The bold numbers in Tables Al and A2, represents
the lowest two MSE ty(q) as compared to the MSE.s

S Sabir et al.

of b, by L, and t,. From Tables Al and A2, one can
observe that the proposed class of estimators provides
estimators which have less MSE values than the MSE’s
of all of the modified estimators. We observe that the best
performance is for a=1. However, the performance of
the modified estimator for a=2 still shows smaller MSE
than the MSEs of all other estimators. Tables A3 and A4
display the absolute relative bias. It can be observed that
the proposed estimators are slightly more biased than
the existing estimators, but the biases are not notable.
Therefore, still the proposed estimators can be preferred
over other existing estimators.

The proposed improved generalized class of estimator
in stratified two-phase sampling (/GCEStr)

Let a population be divided into L homogenous strata
with Ny, units (=1.2, ..., L) such that Yy Np=N.At
first-phase, a large sample of size n,, is selected from A"
stratum such that ZiL1=1 nh =n and a sub-sample of size
nh(nh < nh) from each stratum is taken on 2" phase
such that 37 ny, =n" by SRSWOR. Let (Y, Xpi)

be the observed values instead of true values (Y;, Xp;)
of the two characteristic (Y, X), respectively associated

with i unit of A™ stratum, where i=1,2, ..., Njand
h=1,2, ..., L. It is assumed that only n};(l) units respond
and n','l(z) :(nh - n','l(l)) do not. Following Hansen and

Hurwitz (1946), another sub-sample of size 1y, (1, =

n'h(Z) . . " "
o ky > 1) is taken from Ny (Th < Mypz)) and

the subjects are interviewed. It is further assumed that all

Tp units respond while interviewing them for the study
variable Y.

Hy = Zle Ppllyn  and

—_ 1 ¢Ny
Hyn = 5-Xiz1 Yhi,

In addition, let

L
Hx = Zizl Py tixn, where

— 1 N .
Hxn = N—hZizl Xhi> are the population means of the
study and the auxiliary variables respectively and
Py = Np/N is the weight of 4" stratum in the presence
of non-response on the study variable as well as the
auxiliary variable in 4™ stratum. Let (X};, Yp;) be the
observed values and (X};, Y};) be the true values for the
two characteristics (x,, y,) respectively associated with
(=1,2, ..., ) sample unit of 4™ stratum. The measurement
error in the presence of non-response for 4" stratum may

March 2022
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Mean estimation assuming joint presence of non-response and Measurement error 19

be taken as Uy, = yp — Yy and Vi =xp — Xy

with mean zero and variances O'%]h and O"Z,h, respectively.

Let (Uyn(1)» Hxn1)) and (Ulth(l)a a;z(h(l)) respectively
be the means and variances of the study and the auxiliary
variables in A" stratum for respondent group. Similarly,
let (Hyn2) » Hxn)) and (Ofn(2) > Okncz) ) respectively
be the means and variances for non-respondent group.
Further, let (CYh(l)a CXh(l)) and (Cyh(z), CXh(Z))
respectively be the coefficient of variations for the
respondent and the non-respondent group respectively.
Let Pxyn1) and Pxyr(2) be the correlations from
the populations of respondents and non-respondents,
respectively.

Now, usual unbiased mean estimators assuming
non-response and measurement error in stratified first-
phase and stratified two-phase sampling are defined
respectively by

C ¢l ' i " "
M}’(St) - Zh=1 Ph‘u yh, and tOl = Hy(st) = % :uyh(l)
h
My v
T Bk

1

[ _ 1 n' " _ ‘n”
where U yp = n—-hZi:’ll Yhis Hyp1)= Zii(ll) Yhi and

Th(1)

" 1 .
Hy@yr, = _hzril Yhi.

r

The expressions for the variances of u;'(st) and u;'('st)
are given respectively by

var(iyes) = 1y Xy _y Ph Ay Con
and

" " 2
var(tosy) = Var ()= 1y Zf;l Piy, (C h+ Z—L;zf)

2
2wl p2 o2 on
+ 1y Xpeq P (Cypgey + —:éz)),

responding units, and 7, sub-sampled units for the
auxiliary variable.

We modify the usual ratio, exponential ratio and
regression estimators to the case of non-response and
measurement error in two-phase sampling respectively
as

By
te = —— )
PN C) .(16)
" “'x(st) _Au;(lst) )
te = exp (——=—],
6 ‘uy(St) p (:ux(st)-l'urc(st) (17)
and
t7 = (Ko T b (tasty — Hxise)))- .(18)

The MSEs of ts, tg and ty, respectively are given by,

MSE(ts)=\yui X5, Ph ((Cih + €%, — 2pynCynCxn)

2 2
Ouh Ovh "2yl 2 2 2
+ (#5 + #)2()> + Ontty Xy Ph ((Cyh(Z) + Cxn) —

”Lzm(Z) 012;11(2)
2Pyxh)Cyn2)Cxnezy) + ( 2 + —)

i

— Mt 25—y PE (2PyunCynCxn — C4), (19)

" c?
MSE( t6 )= Aitt} Sy PR ((Ch + 5 CrnCon)

R R A (G
Uy 4 px h=1 @
C)z(h(z) ‘7124h(2)

2
Ovh(2)
YR pyxh(Z)CYh(Z)CXh(2)> + ( p + v )) -

(A1) (Ao 2yl p? Cin
where Ay = (n'A Nh)' Ay = (n'h Nh>' My Yoy Ph (pyxhCYhCXh =) .0)
" w kp—1 N
Bh = _h(Z)rf"h ), and Wh(Z) = 1}:’(2) . and
h h 2
L " u
MSE(t)=4 Sy PR (W, (G +22)
Similarly, let Il;;h(l) = n--l YO X, and )
" 1 4 h(1) "2 Tuh(2) _g9"
Hx2)yry, = ;Z:ﬁl Xip  denote the means of the + 0 (CYh(Z) + 12 ){1 80})' ..(21)
Journal of the National Science Foundation of Sri Lanka 50(1) March 2022
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where
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L 52" " '
" Yr—1 Pi Py xnOyROxH +OnPYXR(2)TYR(2) T xh(2)—AnPyxhCYRCxR)

9 =

#y #X

Hx

2 2
h(2 h(2 h(2) ,“vh(2 '
ot Pi| M <Cyh +CXh+( uh@) | TohC )>>+9h <CYh(2) +CXh(2)+< uﬂ; ) 2 )>> Xy Zh_y Ph Cn

The expression of MSE(t;) is obtained if

b = Sh_1 P (Anpyxnovnoxh HO1PYXh(2)0Vh(2)TXR(2))

2 b
L " o " h(2
RY}_, Ph (M(Cih*'f;) + Bh(c)z(h(Z)"v—()))

and R=L
Bx

Now following (16) to (18), we propose another
generalized estimator in two-phase sampling considering
non-response and measurement error on 2™ phase only,
as given by

tay= (H" + o4 (}u'x(st) - M;Est)) + O(Z/J;'('st))

sy ~Hi(st)
ew(—v“ =), (22)
/"'x(st) + Mx(st)

where

K ( e ol ol ( ) @ 2
H.: Hy(st) ex x(st) #x(st) +ex x(st) #x(st)

2 @& 2 "G ( ) @ 2
'ux(st)+ #x(s‘tl) #x(st) +'ux(st)

and aiand ay are the optimizing constants and a is
a generalizing constant. For different choices of a,
different estimators are obtained. For example, for a=1,
the proposed estimator is reduced to the form

t8(1) _ (#y;st) (exp (#x(st) ﬂx(st)) + exp (H;il(lst)—#;lc(st)>>
”x(st) + ”x(st) ”x(st) +”x(st)
opt(1) ( %
+ 291 (.ux(st) - ﬂx(st)) +

Opt(l)‘u* ) exp (”x(st) nux(st))
y(s0) Hyx(st) + Hy(st)

and for a=2, the proposed estimator t4(q) is reduced to
the form

a/2)_ +"(1/2)
tg2) _ (“y(st) (exp (“x(st) st )
B any, a2
2 Hacsty T Past)
/D) (1/2)
Prst) " THast) opt(2) ' "
+exp < wam, o || T (st — Haisty)

x(st) x(st)

opt(Z)#* ) p(#x(st) Hx(sc))
y(St) Hx(st) + Hx(st)

The bias and MSE of tgq)

In order to obtain the expressions for the bias and MSE of
ta) let us consider

Wyn = X (Vi — yn), Win = X0 (i — txn),
Wyn = Z?:hl Uni» Wy = 2721 Vhis
and Wy = 37 (ot — txn). -(23)

Now the sampling errors, assuming the presence of non-
response and measurement errors in stratified two-phase
random sampling, may be given by

1 L Ph * *
#—Ythln—; Wy + Wy,

* 1 L P * *
eist) = _Zh=1_'}'!(WXh Wy, g

€15t =

€o(st) =

Zh 1 nh (xhl fixn),or alternatively by,

:u;'('st) =u(1+ 33‘(‘30), :u:c'('st) = ux(1+ e‘l‘(st))' and

ﬂ;c(st) = ux(1+ ell(st))’

such that E(efsr)) =E(e}s) = E(ey5) =0, and

%' L " 3 " let
E(egsn)® = Tpe P; (Ah(clz/h + Z—%,h) +60,(Chny + :%(2) ))

= Voa(sey

o L " 2 " o5
E(eis0)? = Ty Ph (}‘h(c)z(h + Z—)z?) +0,(Ciney + :)252) ))
= Vosty
%" ' _ L 2 "
E(eO(st)el(st)) =¥, _1 Pii wpyxnCynCin

+ 040y xn2) Crn) Cxn)) = Vll(st),
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' 2 & ' L ' '
E(eisn) = E(€isneisn) = Tpey Pi X Cin = Vaosty
E(elreneicse) = SE_ P2 (MpyxnCynCxn) = V.

(eosn€ist) = Zpet Ph (MpyxaCraCxn) = Vi

Now we may express tgg) in terms ofe,s by

1 1

& ® & &
_ |~ (Heam)) ' (”el(sc)) ©ny (1+e;(st)) “
tgw = | ——=——"| exp|—= T — |+
2 @ @, @i e \@
Hy (1+e1(st)) +uy (1+el(st))
1 11 1
@ N - R ) ' @
Hy \1teisy) ~ —#x (1tersy
eep 2 i) i) |

1
‘ug(a) (1_’_6;'('50)(11)_'_#;5) (1+e'1(st))(a)

aq (llx —ux(1+ e;(st))) + appy (1 + 36'('50))

px (e op)—tx(1+e] 5p)
exp( 1(st) 1(st) )

Ux (1+e'1(st))+#X(1+ef(lst)) ..(24)

Simplifying the above expression up to the order O(n™1),
we get

' X 2 "2
€1(st) OO 391(50

t8(a) — Uy = Uy <esl('st) +

2 2 8 8
_ elstei(st) e1(st)93(st) _ ei(s:)es(st) ei(?t)
4 2 2 8a®
.2 ' " '
Ciist)  Ci(sH)€1(st) i €1(s0)
+ 8 - v i L e i ) 2
%' '2 *' ' %'
e e 3 € €1(s €
— 1§st) — ay 1ést) + 81(st) — 1(st)4 1(st)
€1 cs0)€h¢ €] s o0
+ oy l(st)2 0(st) — oy l(st)2 O(St)>
+ ' —et 4+ e?(st) + ei’{?o o *"
A1Mx | €1(st) — €1(st) 2 — — C1nCie )-

.(25)

The expressions for the bias and MSE of tg(), upto the
order O(n~1), may be obtained from (25) as

Vaosy Voo | Visy
8 4 2

. Vaocs
Bias (ta(w) = py (_ ot

Vll(st) V;O(st) VIZO(st) V'zo(st)
2 T e TTaa w2 T
Vﬁo(st) 3 an;O(st) VéO(st) V‘ll(st) V;l(sr)
27g 8 =y T, %2
VIZO(st) V;O(st) '
+ (XL“X ( 2_ + _2 - VZO(St) y (26)
and

" 1
MSE (ts)) = 1y (VOZ(st) — ¥+ ¥+ a5

+ a5 (1 + Vogen — 2¥%11 + ¥20) + @22V () —
5 1
3¥11+ ¥ +ﬁ¥20))+a%ﬂ)2(¥20

1
+2pyuxoy (az(¥zo —¥) - ¥ + 5¥20)' .(27)

where, ¥30 = V3o(st) = V2o(sty» and
¥11 = Vi = Viien-
Or alternatively,

MSE(tg(a)) = VOJF (X%Vl JF(XzVZ + (X%Vg +(x1a2V4+ (leS,

(28)

where,
" 1
Vo= 1y (VOZ(st) +2¥%20— ¥11) ,
V= up(1+ VBZ(st) + ¥50 — 2¥14),
" 5 1
Vo= uy (2V02(st) —3¥p ¥t m¥zo) ;
V3= us¥
x¥20,
V4= —2pypx (¥11 — ¥20),

1
and V5= —2uyuy (¥11 - §¥20)-

Now, to get the optimum values, equation (28) is
differentiated partially with respect to @, and @, and
then equating each of the first derivatives with zero.
This gives two normal equations which are then solved
simultaneously to get the optimum values. Finally, the
optimum values are shown by,
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opt) _ VaV4—2V41V
gp )_ VaVy Y5 and
4V41V3—Vy

(opt)_ V4V5—2V,V3

2 V1V3-V; T .(29)

Substituting the optimum values of ojand o, in (28),

the expression for the minimum MSE (tg(;)) may be

obtained as

(V2V4V5—V3V3— V,V2)
Vi—4V,V3

minMSE (tg(q))= Vo — (30)

Theoretical comparisons

In this section, the proposed estimator IGCEStr is
compared for its efficiency based on the MSE criterion
under stratified two-phase sampling with ratio estimator
and exponential estimator.

i) The proposed estimator IGCEStr is more efficient than
ratio estimator under stratified two-phase sampling if
MSE(ts) — MSE(tg(q)) > 0, and this gives

1 ¥11 i _ MSE(tg(a))
¥yoVar tO(st),

Voz(sty¥20 Voasn¥20  ¥20

MSE(tg(a)) _ l

. T2
T P—
or alternatively, 7y > > + 15 Wartoey 2

¥11 1 1
and Tp = —.

where Tg = "
20

o v 0 Tl =
Voaso¥20 Voa(so¥20

ii) The proposed estimator IGCEStr is more efficient

S Sabir et al.

than exponential ratio estimator under stratified two-
phase sampling if MSE(ts) — MSE(tg(y)) > 0, and
this gives

MSE(tg(a))
¥aovar to(st) >

1 ¥, 1

Worsn¥20  Von¥20  ¥20

or alternatively,

MSE(tgw) 1

T
To > 73‘}' ¥ T, where 13 =

2var tO(st) V;;Z(st)¥20 '

iii) The proposed estimator IGCEStr is more efficient
than regression estimator under stratified two-phase
sampling if MSE(t3) — MSE(ta)) > 0, and this
gives

_ MSE(tg(a))

T0>1 .
0 Var to(se)

Empirical results and discussion using stratified
populations:

In order to compare performance of the proposed
estimators tg(g) for a=1,2, from the proposed class of
IGCEStr with tocsy ts, te, and t7, we consider two
different simulated stratified populations. The description
on parameters of each stratified population is given
respectively as below;

[Normal Population]

Stratified population I:

Stratum-1X,=N(5000,4,15); z, =N(5000,0,1); ¥ ,=50X+15z; y, =Y+N(1,3); x,=X+N(1,3);
Stratum-2X,=N(5000,5,15); z,=N(5000,0,1); Y,=50X+15z; y, =¥+N(1,3); x,= X+N(1,3);
Stratum-3X,=N(5000,6,15); z,=N(5000,0,1); Y, =50X+15z; y, =¥+N(1,3); x,= X+N(1,3);

stratum Np Pyxh Hyn Hxn o, o, oy a2,
1 5000  0.98 183.62 367 919 932 54361050  227.16
2 5000 0.98 248.67 4.97 9.19 9.25 583685.70 242.30
3 5000 0.98 301.68 6.04 9.10 9.18 578114.50 240.50
stratum n, n, ) Ghz)  Othe)  Tne) Pyxh(2)
1 500 300 575428.90 230.66 9.15 9.75 0.99
2 500 300 599476.60 239.94 9.14 8.80 0.99
3 500 300 577044.10 230.86 9.32 8.63 0.99
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Stratified population II: [Lognormal Population]

Stratum-1X =log N(5000,log(2),log(6)); z=N(5000,0,1); ¥,=50X+15z; y, =V+N(1,3); x,= X+N(1,3);
Stratum-2X =log N(5000,log(3),log(6)); z,=N(5000,0,1); ¥,=50X+15z; y, =V+N(1,3); x,= X+N(1,3);
Stratum-3X =log N(5000,log(4),log(6)); z=N(5000,0,1); ¥ =50X+15z; y, =V+N(1,3); x,= X+N(1,3);

stratum Np Pyxh Hyn Bxn o a2 af,h a2,
1 5000 0.99 703.27 14.07 9.03 8.69 5871164.00 2363.44
2 5000 0.99 915.35 18.31 8.73 9.16 8522645.00 3424.65
3 5000 0.99 1221.84 24.44 8.94 9.03 20392993.00 8165.68
stratum n, n, e 2z Oon@)  Oon@ Pyxh(2)
1 500 300 9035398.00 3615.41 8.72 8.85 0.99
2 500 300 5158451.00 2063.84 8.65 9.15 0.99
3 500 300 17392184.00 6956.91 8.85 8.88 0.9

We have computed the mean squared error (MSEs) and
bias of the proposed and some available estimators and
the results are presented in Tables 5 — 8.

In this section the relative performance of the
proposed IGCEStr with some modified estimators is
observed taking different values of &, (=2,3,4,&5). It
can be observed from Tables 5 — 6 that the proposed
performs better than tocy),ts,te and t;. We note that
performance of the estimator tgq) is the best for a=1,
however for a=2 the estimator is showing relatively
large MSE. Therefore, we note that the square root
transformation is not working better than the case a=1
for . Further, we can note that MSEs of for a=2 are
smaller than the MSEs of the all the other modified
estimators and it is therefore tg(q) may be considered
as the best estimator for both ¢=2 and a=1. Tables 7 — 8§
display the absolute relative bias. It can be observed
that the proposed estimators are slightly more biased
than the existing estimators, but the biases are not
notable. Therefore, still the proposed estimators can be
preferred over other existing estimators.

CONCLUSION

In this study, we have proposed IGCE ty,) for estimating
population mean in the presence of joint influence of non-
response and measurement error using simple random
sampling assuming that the population mean of the
auxiliary variable is not available. The performance of
IGCE ty) is compared with some modified estimators
ty, t; and t3 and it is observed that 4, provides the
more efficient class of estimators T4(1), and t4(2) as
these estimators have shown less MSE values than the

MSE values of ty tq, t, and t3. We have also proposed
another [GCEStr tg estimator in stratified two-
phase sampling for estimating population mean in the
joint presence of non-response and measurement error.
The performance of the IGCEStr tg) is compared
with some modified estimators and it is observed that
tg(q) is the most efficient class of estimators as some
estimators from this class such as fg(1), and tg(2)
have shown less MSE values than the MSE values of
tocst)» tss te and t7.Finally, the study is supported by
three simulated populations in both, simple random
sampling and stratified random sampling. Based on
numerical results presented in Tables 2 — 3 and Tables
56, we conclude that [GCE ty(q) and IGCEStr tgy,
to be more efficient for estimating the population mean if
non-response and measurement error are jointly present.
We observe that in both simple random and stratified
sampling, a reasonable choice for a is 1 or 2 although
a=1 may be preferred.
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Appendix A

Table Al: MSE at different values of £ using Normal Distribution Table AS: MSE at different values of using Normal Distribution

1k =1/k
Estimators Vs 1/3 1/4 1/5 Estimators s 173 Ya 1/5

I 2428.39 3027.88 3627.37 4226.85 888.44 1109.37 1330.31 1551.24
t, 1176.62 1198.90 1221.17 1243.44 t 559.45 599.27 639.08 678.90
Z 1426.71 1581.99 1737.29 1892.58 t 554.61 620.15 685.70 751.25
£ 1166.11 1188.55 1210.54 1232.33 t 514.66 550.71 585.83 620.53
Ly 1128.37 1141.62 1153.43 1164.07 te) 506.91 540.51 572.88 604.51
3 1134.96 1151.86 1167.89 1183.28 508.28 542.66 575.95 608.64

42)

Table A2: MSE at different values of using Log Normal Distribution

Table A6: MSE at different values of using Lognormal Distribution

1/k,=1/k
Estimators ) 1/3 1/4 1/5 Estimators Vs 1/3 YVa 1/5
4 27431.75 36467.16 45502.56  54537.97 14748.44 18344.68 21940.93  25537.17
t 10687.62 10709.97 10732.32  10754.67 t 7037.73 7189.29 7340.86 7492.42
t, 14807.86 17071.51 19335.17  21598.82 t, 8651.65 9589.94 10528.23  11466.52
t, 10686.60 10709.04 10731.40  10753.73 t, 6993.81 7141.86 7288.81 7435.28
Ly 10244.96 10121.80 9977.86 9813.21 te 6899.41 7024.02 7144.98 7262.88
t 10334.20 10276.60 10210.75 10136.69 t 6915.81 7049.66 7181.26 7311.20

Table A3: Bias at different values of k& using Normal Distribution

Table 7:  Bias at different values of using Normal Distribution

1/k,=1/k
Estimators 12 1/3 1/4 1/5 Estimators Vs 173 1/4 1/5
t 0.1446 0.1748 0.2004 0.2232 t 0.07294 0.090825 0.105727 0.118773
t, 0.1293 0.1554 0.1776 0.1974 t 0.073475  0.088946 0.1021 0.113741
Ly 0.1452 0.1752 0.2009 0.2236 te) 0.077747 0.09505 0.109724 0.122683
Loy 0.1473 0.1775 0.2032 0.2262 teo) 0.078549  0.095913 0.110675 0.123734

Table A4: Bias at different values of k using Log Normal Distribution

Table 8: Bias at different values of using Log Normal Distribution

1k =1/k
Estimators 12 1/3 1/4 /5 Estimators V2 1/3 1/4 1/5
t, 0.1366 0.1695 0.1969 0.2209 t 0.124861 0.150183 0.171813  0.191009
t, 0.1186 0.1470 0.1708 0.1916 t, 0.111027 0.133045 0.151905  0.168669
L 0.1366 0.1695 0.1969 0.2210 Ly 0.125216 0.150502 0.172119  0.191311
liy 0.1384 0.1714 0.1990 0.2233 %o 0.125975 0.151291 0.172961 0.19222
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