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Numerical prediction of early age concrete temperature via 3D 
finite difference simulation

227.2020

Abstract: Cement hydration is an exothermic reaction. It leads 
to increase in temperature and creates temperature gradients 
inside concrete structures during early ages. Extremes of such 
scenarios cause cracking of concrete and, therefore, affect 
the structural integrity and durability. Hence, prediction of 
temperature development of the concrete interior is vital in 
order to identify appropriate temperature control mitigation 
measures. However, it remains a challenge because, on the 
one hand, the governing thermal equations do not have closed-
form solutions, and on the other hand, the thermal behaviour 
of concrete is influenced by numerous factors, including heat 
evolution, heat conduction/convection, boundary conditions, 
etc. One possible solution is to implement numerical modelling 
via finite element (FE) or finite difference (FD) approaches. 
Amongst the two approaches, the former has a better simulating 
capacity to deal with complex problems, whereas the latter 
is relatively simple and less expensive. In this light, this 
research expanded an existing 2-dimentional FD temperature 
prediction tool towards a 3-dimentional (3D) model in view 
of enhancing the prediction accuracy of the 2D version. The 
3D model was validated for three distinct experiments, and 
the prediction accuracy was found to be notable where the 
maximum temperature prediction offset was below 2.2%. 
Then, the significance of using 3D FD temperature modelling 
for cube shape concrete structures and for pipe-cooled concrete 
structures was highlighted.

Keywords: 3D modelling, concrete temperature, finite 
difference. 

     

INTRODUCTION

The hydration of cement is an exothermic reaction. 
Consequently, internal temperature development 
is a major concern prevailing with mass concrete 
construction. High temperature is undesirable for 
concrete due to a number of reasons. On the one hand, 
temperature beyond 70 oC could be a cause of delayed 
ettringite formation (Taylor et al., 2001), and on the other, 
concrete has low thermal conductivity, and it dissipates 
heat to the environment at the boundaries. Consequently, 
the heat generation leads to internal temperature 
gradients which could cause undesirable cracking effects 
(Neville, 2011). For instance, the temperature gradient 
limit applicable for concrete with gravel aggregate 
is about 20 oC (Bamforth, 2007). Also, in externally 
restrained structures, the drop of temperature during 
the cooling phase introduces tensile stresses that lead to 
undesirable cracking (Bamforth, 2007). It is therefore 
vital to take appropriate measures to control temperature 
development in concrete. Several temperature controlling 
methods are practised by the construction industry. The 
traditional methods include the use of low-heat concrete, 
use of pre-cooling methods (e.g., use of chilled water), 
and application of appropriate curing. The use of water-
cooled pipes (Myers et al., 2009; Li et al., 2012) and air-
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cooled pipes (Azenha et al., 2014) are relatively modern 
options applicable for temperature control of concrete. 

	 The temperature development of concrete depends 
on many factors, including heat evolution of concrete, 
time, thermal conductivity, convection at the boundaries, 
and boundary conditions (Ballim, 2004). The heat 
transfer inside the concrete involves a number of inter-
related mechanisms where none of which has a closed-
form solution. Hence, accurate temperature prediction 
is complex, and consequently, the identification of 
the appropriate temperature controlling requirement 
is always a challenge (Ballim, 2004). In this context, 
numerical approaches of Finite Element (FE) and Finite 
Difference (FD) methods have been effectively used 
as a temperature prediction tool for concrete structures 
(Ballim, 2004; Bobko et al., 2015; Dissanayake 
et al., 2017). The FE method is a complex approach, but 
it can be used to model sophisticated problems, including 
irregular geometry, diverse boundary conditions, 
construction patterns, etc. However, commercially 
available FE software packages are usually expensive 
(Bobko et al., 2015). In contrast, the applicability of the 
FD method is limited to regular shape structures, whereas 
it is relatively a less complex formulation (Ballim, 2004). 
Hence, the FD method also occupies a unique demand 
amongst the concrete temperature modelling options. 
Numerous successful investigations that explored 
2-dimensional (2D) FD concrete temperature modelling 
are found in the literature (Ballim, 2004; Bobko et al., 
2015; Yikici & Chen, 2015). However, an extension 
of the FD approach towards 3-dimensional (3D) 
modelling has seldom been investigated in spite of the 
3D predictions that should necessarily be more precise 
than the 2D results, particularly for structures with heat 
flow across all three directions. Also, if the modelling 
of pipe-cooling systems is to be facilitated, necessarily 
the use of 3D simulation is vital. In this context, as an 
expansion of the commonly used 2-dimensional (2D) FD 
concrete temperature modelling, this research explored 
the use of 3-dimensional (3D) FD modelling to predict 
the temperature in concrete structures.

METHODOLOGY

A literature survey was conducted to explore the 
application of the FD approach to predict the temperature 
development in concrete. Based on the existing 2D 
models, the formulation was extended to a 3D FD 
formulation. The 3D model was then validated on 
available experimental results and subsequently was 
utilised on parametric studies to identify the contexts 

where 3D simulation is significant. Also, the potential of 
the 3D model to simulate pipe-cooled concrete systems 
was assessed. These steps of the methodology are further 
elaborated in the following sections.

Temperature prediction model development

Heat flow relations

Conduction of heat across a mass can be expressed in the 
Fourier equation form by, 

3

Conduction of heat across a mass can be expressed in the Fourier equation form by,

𝑞 = − 𝑘𝐴 𝜕𝑇
𝜕𝑥

… (1)

where 𝑞 is the heat transfer rate, 𝑘 is the thermal conductivity, 𝐴 is the cross-sectional area, and 𝜕𝑇
𝜕𝑥

is the

temperature gradient in the direction of the heat flow (Holman, 1986). The minus sign indicates that the heat

flow is in the direction of temperature reduction.

Considering the energy balance in a body where a heat source exists, the expression for one-dimensional heat

flow can be obtained in the form of,

𝜕
𝜕𝑥

𝑘 𝜕𝑇
𝜕𝑥

+ 𝑄' = 𝜌𝑐 𝜕𝑇
𝜕𝑡

… (2)

where 𝑄' is the rate of heat generated per unit volume, 𝜌 is the density of the material, 𝑐 is the specific heat

capacity of the material, and 𝜕𝑇
𝜕𝑡

is the rate of change of temperature (Holman, 1986). It is, therefore, possible

to extend equation 2 to obtain the 3D heat flow as,

𝑘 𝜕2𝑇
𝜕𝑥2 + 𝜕2𝑇

𝜕𝑦2 + 𝜕2𝑇
𝜕𝑧2 + 𝑄' = 𝜌𝑐 𝜕𝑇

𝜕𝑡
… (3)

where 𝑥, 𝑦, 𝑧 are the coordinates at a particular point in the structure. It is assumed here that the thermal

conductivity in each direction is similar.

Development of finite difference (FD) equations

The FD method gives a point-wise solution to the governing differential equations by using a finite set of

points (Patini, 2011). Ballim (2004) developed an FD model, which is a 2D solution for the Fourier equation

for heat flow in solid bodies. By extending his work via equation 3, this study developed FD equations for

seven distinct nodal positions, as shown in Figure 1(a) for a cubical (3D) concrete block. These equations are

expressed in equations 4 to 12.

	 ...(01)

where q is the heat transfer rate, k is the thermal 
conductivity, A is the cross-sectional area, and 
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where Q1 is the rate of heat generated per unit volume, 
p is the density of the material, c is the specific heat 
capacity of the material, and 

3

Conduction of heat across a mass can be expressed in the Fourier equation form by,

𝑞 = − 𝑘𝐴 𝜕𝑇
𝜕𝑥

… (1)

where 𝑞 is the heat transfer rate, 𝑘 is the thermal conductivity, 𝐴 is the cross-sectional area, and 𝜕𝑇
𝜕𝑥

is the

temperature gradient in the direction of the heat flow (Holman, 1986). The minus sign indicates that the heat

flow is in the direction of temperature reduction.

Considering the energy balance in a body where a heat source exists, the expression for one-dimensional heat

flow can be obtained in the form of,

𝜕
𝜕𝑥

𝑘 𝜕𝑇
𝜕𝑥

+ 𝑄' = 𝜌𝑐 𝜕𝑇
𝜕𝑡

… (2)

where 𝑄' is the rate of heat generated per unit volume, 𝜌 is the density of the material, 𝑐 is the specific heat

capacity of the material, and 𝜕𝑇
𝜕𝑡

is the rate of change of temperature (Holman, 1986). It is, therefore, possible

to extend equation 2 to obtain the 3D heat flow as,

𝑘 𝜕2𝑇
𝜕𝑥2 + 𝜕2𝑇

𝜕𝑦2 + 𝜕2𝑇
𝜕𝑧2 + 𝑄' = 𝜌𝑐 𝜕𝑇

𝜕𝑡
… (3)

where 𝑥, 𝑦, 𝑧 are the coordinates at a particular point in the structure. It is assumed here that the thermal

conductivity in each direction is similar.

Development of finite difference (FD) equations

The FD method gives a point-wise solution to the governing differential equations by using a finite set of

points (Patini, 2011). Ballim (2004) developed an FD model, which is a 2D solution for the Fourier equation

for heat flow in solid bodies. By extending his work via equation 3, this study developed FD equations for

seven distinct nodal positions, as shown in Figure 1(a) for a cubical (3D) concrete block. These equations are

expressed in equations 4 to 12.

 is the rate of change of 
temperature (Holman, 1986). It is, therefore, possible to 
extend equation 2 to obtain the 3D heat flow as,

3

Conduction of heat across a mass can be expressed in the Fourier equation form by,

𝑞 = − 𝑘𝐴 𝜕𝑇
𝜕𝑥

… (1)

where 𝑞 is the heat transfer rate, 𝑘 is the thermal conductivity, 𝐴 is the cross-sectional area, and 𝜕𝑇
𝜕𝑥

is the

temperature gradient in the direction of the heat flow (Holman, 1986). The minus sign indicates that the heat

flow is in the direction of temperature reduction.

Considering the energy balance in a body where a heat source exists, the expression for one-dimensional heat

flow can be obtained in the form of,

𝜕
𝜕𝑥

𝑘 𝜕𝑇
𝜕𝑥

+ 𝑄' = 𝜌𝑐 𝜕𝑇
𝜕𝑡

… (2)

where 𝑄' is the rate of heat generated per unit volume, 𝜌 is the density of the material, 𝑐 is the specific heat

capacity of the material, and 𝜕𝑇
𝜕𝑡

is the rate of change of temperature (Holman, 1986). It is, therefore, possible

to extend equation 2 to obtain the 3D heat flow as,

𝑘 𝜕2𝑇
𝜕𝑥2 + 𝜕2𝑇

𝜕𝑦2 + 𝜕2𝑇
𝜕𝑧2 + 𝑄' = 𝜌𝑐 𝜕𝑇

𝜕𝑡
… (3)

where 𝑥, 𝑦, 𝑧 are the coordinates at a particular point in the structure. It is assumed here that the thermal

conductivity in each direction is similar.

Development of finite difference (FD) equations

The FD method gives a point-wise solution to the governing differential equations by using a finite set of

points (Patini, 2011). Ballim (2004) developed an FD model, which is a 2D solution for the Fourier equation

for heat flow in solid bodies. By extending his work via equation 3, this study developed FD equations for

seven distinct nodal positions, as shown in Figure 1(a) for a cubical (3D) concrete block. These equations are

expressed in equations 4 to 12.

	 ...(03)

where x, y, z are the coordinates at a particular point in the 
structure. It is assumed here that the thermal conductivity 
in each direction is similar.

Development of finite difference (FD) equations

The FD method gives a point-wise solution to the 
governing differential equations by using a finite set of 
points (Patini, 2011). Ballim (2004) developed an FD 
model, which is a 2D solution for the Fourier equation 
for heat flow in solid bodies. By extending his work 
via equation 3, this study developed FD equations for 
seven distinct nodal positions, as shown in Figure 1 (a) 
for a cubical (3D) concrete block. These equations are 
expressed in equations 4 to 12.
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

where 
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𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
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𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.
	 ...(7)
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The bottom surface node P3 FD equation is,
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and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

 is the base temperature.

The FD equation for an exposed edge node 

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

 is,

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

	

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

		  ...(9)

subjected to 

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

The FD equation for a bottom edge node 

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

 is,

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

	

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

	

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

	 ...(10)

subjected to 

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

The top corner node 

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

 FD equation is,

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)
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The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

...(11)

For an internal node P1 [shown in Figures 1 (a) and (b)], 
the 3D FD equation can be formulated to be:
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

		  ...(4)

subjected to 
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

Here 
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

      is the temperature at node P1 in the (n + 1)th  
time interval (similar notation is applicable to all the other 
nodal positions), Q'n is the rate of internal heat evolution in 
the  nth   time interval, ẟt  is the time-step interval used in the 
FD analysis and  F0  is the Fourier number, which is defined 
as,	
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

	 ...(5)

where 
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

 is the nodal distance. Also,                          
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

 are the temperatures of the nodes 
to the north, east, south, west, front, and back of node P1 
during this particular time interval [see Figure 1 (b)].  

Similarly, the FD equation for an exposed surface node   
P2 is,
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.
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Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

	
		  ...(6)

4

Figure 1. (a) Nodal locations and (b) nodal arrangement for an internal node

For an internal node P1 [shown in Figures 1 (a) and (b)], the 3D FD equation can be formulated to be:

𝑇𝑃1
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃1

𝑛 1 − 6𝐹0 + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛) … (4)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6𝑘

Here 𝑇𝑃1
𝑛+1 is the temperature at node P1 in the (𝑛 + 1)𝑡ℎ time interval (similar notation is applicable to all the

other nodal positions), 𝑄'𝑛 is the rate of internal heat evolution in the 𝑛th time interval, 𝛿𝑡 is the time-step

interval used in the FD analysis and 𝐹0 is the Fourier number, which is defined as,

𝐹0 = 𝑘𝛿𝑡
𝜌𝑐∆2 … (5)

where ∆ = ∆𝑥 = ∆𝑦 = ∆𝑧 is the nodal distance. Also, 𝑇𝑁, 𝑇𝐸, 𝑇𝑆, 𝑇𝑊, 𝑇𝐹, 𝑇𝐵 are the temperatures of the nodes

to the north, east, south, west, front, and back of node P1 during this particular time interval [see Figure 1 (b)].

Similarly, the FD equation for an exposed surface node P2 is,

𝑇𝑃2
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃2

𝑛 1 − 𝐹0(6 + 2𝐵𝑖) + 𝐹0 (𝑇𝑁𝑛 + 𝑇𝐸𝑛 + 𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 2𝑇𝐹𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (6)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆)

where 𝑇𝐴 is the ambient temperature and 𝐵𝑖 is the Biot number, which is defined as,

𝐵𝑖 = ℎ∆
𝑘

… (7)

where ℎ is the heat transfer coefficient.

Figure 1:	 (a) Nodal locations and (b) nodal arrangement for an 
internal node
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subjected to 

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

 and, that for a bottom 
corner node 

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

 is,

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

	

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

	
		  ...(12)

subjected to 

5

The bottom surface node P3 FD equation is,

𝑇𝑃3
𝑛+1 = 𝑄'𝑛𝛿𝑡

𝜌𝑐
+ 𝑇𝑃3

𝑛 1 − 𝐹0(6 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐸𝑛 + 𝑇𝑊𝑛 + 𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛) … (8)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2𝑘𝑅)

where 𝑘𝑅 is the thermal conductivity of the base material (rock) and 𝑇𝑅 is the base temperature.

The FD equation for an exposed edge node P4 is,

𝑇𝑃4
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃4

𝑛 1 − 𝐹0(6 + 4𝐵𝑖) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑆𝑛 + 2𝑇𝑊𝑛 + 4𝐵𝑖𝑇𝐴𝑛) … (9)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆)

The FD equation for a bottom edge node P5 is,

𝑇𝑃5
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃5

𝑛 1 − 𝐹0(6 + 2𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 𝐹0 (𝑇𝐹𝑛 + 𝑇𝐵𝑛 + 2𝑇𝑁𝑛 + 2𝑇𝑊𝑛 + 2𝐵𝑖𝑇𝐴𝑛 + 2𝑘𝑅
𝑘
𝑇𝑅𝑛)

… (10)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+2ℎ∆+2𝑘𝑅)

The top corner node P6 FD equation is,

𝑇𝑃6
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃6

𝑛 1 − 6𝐹0(1 + 𝐵𝑖) + 2𝐹0 (𝑇𝑆𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 3𝐵𝑖𝑇𝐴𝑛) … (11)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

6(𝑘+ℎ∆)
and, that for a bottom corner node P7 is,

𝑇𝑃7
𝑛+1 = 𝑄𝑛' 𝛿𝑡

𝜌𝑐
+ 𝑇𝑃7

𝑛 1 − 𝐹0(6 + 4𝐵𝑖 + 2 𝑘𝑅
𝑘

) + 2𝐹0 (𝑇𝑁𝑛 + 𝑇𝑊𝑛 + 𝑇𝐵𝑛 + 𝑘𝑅
𝑘
𝑇𝑅𝑛 + 2𝐵𝑖𝑇𝐴𝑛) … (12)

subjected to 𝛿𝑡 ≤ 𝜌𝑐∆2

(6𝑘+4ℎ∆+2𝑘𝑅)

Determination of internal heat evolution

Several options are available to estimate the internal 
heat evolution of concrete. The use of analytical models 
is one such possibility (Bamfoth, 2007), where the 
concrete composition is usually the main parameter in 
such models. Matharaarachchi et al. (2012) showed the 
potential of using a more detailed analytical model that 
was based on the composition of the cement constituents 
for obtaining highly accurate temperature predictions for 
concrete structures. Nevertheless, the use of calorimeter 
test results is deemed to be a more accurate option 
to quantify the internal heat evolution of concrete 
(Riding et al., 2006), hence it was opted in the current 
study. This test can be conducted either in the adiabatic 
or semi-adiabatic condition––in the latter case, heat loss 
compensation is to be carried out in order to obtain the 
adiabatic behaviour. Details of calorimeter tests and 
heat loss compensation methods can be found elsewhere 
(Ng et al., 2008; Wasala & Yapa, 2017).
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where E is the activation energy parameter, R is the 
universal gas constant (8.31 J/mol °C), and Ti is the 
temperature (in °C) at the end of the ith time interval 
ti. It is of note that E is governed by the material, and 
Soutsos et al. (2017) report that it could be in the range 
of 30–50 kJ/mol for OPC based concrete.

Temperature prediction algorithm development

The MATLAB software was used for programming 
the FD model. Using the FD solutions of the Fourier 
equation for 3D heat flow for distinct nodal locations, 
an algorithm was formulated to model structural and 
boundary configurations for a given concrete structure.

	 The inputs for the algorithm were nodal distance (Δ), 
time interval ti, number of cycles to be run (n), density          
(ρ), specific heat capacity (c), and thermal conductivity                 
(k) of concrete, thermal conductivity (kR) and temperature 
(TR) of the base material, heat transfer coefficients 
(convection) before and after formwork striking 
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, formwork striking time (ts), ambient 
temperature variation (Ta), concrete placing temperature 
(T0), and adiabatic temperature profile for the concrete 
mix. As the major output, the temperature profile with 
respect to time at any nodal location within the concrete 
block could be obtained. Based on the findings of Ballim 
(2004) on optimum levels of the nodal distance (Δ)   and 
time interval (ẟT), these two input parameters were 
maintained at 100 mm and 30 min, respectively. It is 
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1200 mm, cement content of 220  kg/m3 to 493 kg/m3, 
ambient temperatures of 16–30 oC. Table 1 shows the 
width (w), height (h), length 
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similar size for the concrete mesh whilst the time step could be considerably lower than that (Tahershima &

Tikalshy, 2017).

FD Model validation

Experimental data selection

The 3D prediction model was applied to three distinct experiments reported in the literature (Nanayakkara &

Wannigama, 2003; Ballim, 2004; Madupushpa et al., 2017) in order to verify the potential of the model for

different block sizes, concrete mixes, environmental conditions, and boundary conditions. For instance, these

experiments cover: concrete dimensions of 350 mm to 1200 mm, cement content of 220 kg/m3 to 493 kg/m3,

ambient temperatures of 16–30 oC. Table 1 shows the width (𝑤), height (ℎ), length (𝑙) of each experimental

block and the cement content. Table 2 and Table 3 tabulate the thermal properties and the other parameters

used in the analysis. These parameters were identified based on the information available from each literature

source. In case of the absence of direct information, the thermal parameters were estimated with the guidelines

in Bamforth (2007).

Table 1. Experimental data

Experiment 𝑤 (mm) ℎ (mm) 𝑙 (mm) Cement content
(kg/m3)

Ballim (2004) 700 700 1000 220
Nanayakkara & Wannigama (2003) 1000 1200 1200 400
Madupushpa et al. (2017) 350 700 1000 493

Table 2. Concrete parameters used for the model verification

Experiment 𝜌
(kg/m3)

𝑐
(J/g oC)

𝑘
(W/m oC)

𝑇0
(oC)

Ballim (2004) 2400 1.23 3.5 17
Nanayakkara & Wannigama (2003) 2366 1.38 2.7 32
Madupushpa et al. (2017) 2349 1.13 2.5 27.5

Table 3. Other parameters used for the model verification

Experiment 𝑘𝑅
(W/m oC)

𝑇𝑅
(oC)

hplywood
(W/m2 oC)

ℎair
(W/m2 oC)

𝑇a

(oC)

Ballim (2004) 1.2 18 2*or 5 30 16 – 21
Nanayakkara & Wannigama (2003) 1.2 30 2* or 8 14 30
Madupushpa et al. (2017) 1.2 29 6.5 23 29

*Heat transfer coefficient for sides insulated from polystyrene

In the Ballim (2004) experiment, the temperature was monitored in a 700 × 1000 × 700 mm cuboid. The two

opposite 700 × 1000 mm surfaces were insulated using 20 mm thick styrofoam panels in addition to the 18

mm thick form board (in order to facilitate 2D heat flow). In the Nanayakkara and Wannigama (2003)

experiment, a cuboid of 1000 × 1200 × 1200 mm was insulated with 12 mm thick plywood formwork and
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of the first block after 18 hours from the initial concrete 
placing (however this second cast was not considered in 
the current FD modelling). 

	 Figure 2 shows the adiabatic temperature profiles 
(starting from the initial temperature) used for the 
analysis of the three experiments. It is of note that, for 
the FD modelling of the experiment in Nanayakkara and 
Wannigama (2003), the exact adiabatic detail was not 
available; hence an adiabatic temperature profile suitable 
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experiment, a cuboid of 1000 × 1200 × 1200 mm was insulated with 12 mm thick plywood formwork and
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was a second block cast on top of the first block after 18 hours from the initial concrete placing (however this

second cast was not considered in the current FD modelling).

Figure 2 shows the adiabatic temperature profiles (starting from the initial temperature) used for the analysis

of the three experiments. It is of note that, for the FD modelling of the experiment in Nanayakkara and

Wannigama (2003), the exact adiabatic detail was not available; hence an adiabatic temperature profile

suitable for the concrete mix was chosen from the data in Wasala and Yapa (2017).

Figure 2. Adiabatic temperature profiles

Parametric study

In order to identify the attributes of the 3D prediction model, a parametric study was conducted to compare

2D and 3D FD temperature predictions for two distinct applications shown in Figure 3. Here, 1 m high ( 𝑧 =

1 m) and 1 m wide ( 𝑦 = 1 m) concrete block was considered where the length ( 𝑙 ) to width ( 𝑤 ) ratio (𝑙/𝑤)

was varied at 1 and 2. This selection was made presuming 3D modelling to be more accurate for the 𝑙/𝑤

= 1 scenario, in which the heat flow in the 3rd direction (along the length, 𝑥 direction) could be considerable.

2D and 3D FD temperature predictions for two distinct 
applications shown in Figure 3. Here, 1 m high (z = 1 m) 
and 1 m wide (y = 1 m) concrete block was considered 
where the length ( l ) to width (w) ratio (l/w) was varied 
at 1 and 2. This selection was made presuming 3D 
modelling to be more accurate for the l/w = 1 scenario, in 
which the heat flow in the 3rd direction (along the length,     
x direction) could be considerable.

Temperature simulation of pipe-cooled concrete 
 
Another exclusive potential of 3D numerical modelling 
is the temperature simulation possibility of pipe-cooled 
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Figure 4:	Pipe network arrangement (Kim et al., 2001)
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Figure 3. Concrete block dimensions

Temperature simulation of pipe-cooled concrete

Another exclusive potential of 3D numerical modelling is the temperature simulation possibility of pipe-

cooled concrete systems. Generally, the pipe systems do not have regular/symmetric layouts, so, application

of 2D modelling for such a scenario is problematic. It is noted that the finite element (FE) simulation potential

for the pipe-cooled concrete systems has been extensively explored (Myers et al., 2009; Liu et al., 2015;

Zhong et al., 2017). In order to observe the possibility of extending the current 3D FD algorithm towards such

systems, a brief attempt was made to model the temperature behaviour of the pipe-cooled concrete unit found

in Kim et al. (2001). In that investigation, 11 m × 22 m × 2 m concrete footing, which comprised a pipe

cooling system at the mid-plane, was cast on a 6 m high rock foundation. Figure 4 shows the pipe network at

the mid-plane (at 1 m height) of the footing. The key parameters of the experiment are tabulated in Table 4.

Figure 4. Pipe network arrangement (Kim et al., 2001)
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In order to identify the attributes of the 3D prediction 
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concrete systems. Generally, the pipe systems do not 
have regular/symmetric layouts, so, application of 2D 
modelling for such a scenario is problematic. It is noted 
that the finite element (FE) simulation potential for 
the pipe-cooled concrete systems has been extensively 
explored (Myers et al., 2009; Liu et al., 2015; Zhong et al., 

2017). In order to observe the possibility of extending the 
current 3D FD algorithm towards such systems, a brief 
attempt was made to model the temperature behaviour of 
the pipe-cooled concrete unit found in Kim et al. (2001). 
In that investigation, 11 m × 22 m × 2 m concrete footing, 
which comprised a pipe cooling system at the mid-plane, 
was cast on a 6 m high rock foundation. Figure 4 shows 
the pipe network at the mid-plane (at 1 m height) of 
the footing. The key parameters of the experiment are 
tabulated in Table 4.

	 The 3D FD algorithm was extended to incorporate 
the pipe-cooling system along with the suggestions 
found in Kim et al. (2001). Basically, the nodes in the 
FD formulation that are along the pipeline represented 
both concrete and the water pipe where the amount of 
heat that transfers from the concrete to the water at node 
(m,n) was formulated as,
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concrete and the water pipe where the amount of heat that transfers from the concrete to the water at node

(m,n) was formulated as,

ℎ𝑤𝜋𝐷(𝑇𝑐𝑚,𝑛 − 𝑇𝑤𝑚,𝑛) 1
𝑉

… (18)

where, ℎ𝑤 is the heat transfer coefficient of water, 𝐷 is the pipe diameter, 𝑇𝑐𝑚,𝑛 is the concrete temperature at

node, (𝑚 ,𝑛), 𝑇𝑤𝑚,𝑛 is the water temperature at node (𝑚,𝑛), and 𝑉 is the volume of concrete. The governing

differential equation for a node that represents both concrete and water then becomes,

𝑘 𝜕2𝑇
𝜕𝑥2 + 𝜕2𝑇

𝜕𝑦2 + 𝜕2𝑇
𝜕𝑧2 + 𝜕𝑞

𝜕𝑡
= 𝜌𝐶𝑃

𝜕𝑇
𝜕𝑡

+ ℎ𝑤 𝜋𝐷𝑑 𝑇𝑐𝑚,𝑛 − 𝑇𝑤𝑚,𝑛
1
𝑉

… (19)

whilst the other concrete nodes are represented from equation (3).

The heat transfer coefficient of water was approximated by Kim et al. (2001) as,

ℎ𝑤 = 4.75𝑢 + 43 … (20)

where 𝑢 is the water velocity. Here, ℎ𝑤 is in kcal/m2 hr oC, and 𝑢 is in cm/s, which is valid for 20 ≤ 𝑢 ≤60

cm/s. Kim et al. (2001) further showed that the temperature of node (𝑚, 𝑛+ 1) of water could be found from,

𝑇𝑤𝑚,𝑛+1 =
𝐶1−𝐶2 𝑇𝑤𝑚,𝑛+𝐶2𝑇𝑐𝑚,𝑛

𝐶1
… (21)

where,

𝐶1 = 𝑄𝑤𝜌𝑤𝐶𝑤 … (22)

and,

𝐶2 = ℎ𝑤𝜋𝐷∆ … (23)

Here 𝑄𝑤 is the flow rate, 𝜌𝑤 is the density of water, 𝐶𝑤 is the specific heat capacity of water, ∆ is the nodal

distance.

RESULTS AND DISCUSSION

Validation results

The FD predictions and the experimental results pertaining to the temperature profile at the centre of each

block were compared to verify the prediction model potential. Figures 5(a) to (c) illustrate the comparison of

experimental and predicted temperature profiles for each experiment. Table 5 summarizes the comparison for

the peak temperature and the corresponding time.
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𝐶1 = 𝑄𝑤𝜌𝑤𝐶𝑤 … (22)

and,

𝐶2 = ℎ𝑤𝜋𝐷∆ … (23)

Here 𝑄𝑤 is the flow rate, 𝜌𝑤 is the density of water, 𝐶𝑤 is the specific heat capacity of water, ∆ is the nodal

distance.

RESULTS AND DISCUSSION

Validation results

The FD predictions and the experimental results pertaining to the temperature profile at the centre of each

block were compared to verify the prediction model potential. Figures 5(a) to (c) illustrate the comparison of

experimental and predicted temperature profiles for each experiment. Table 5 summarizes the comparison for

the peak temperature and the corresponding time.
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	 As highlighted in Figures 5(a)–(c), the temperature 
profiles were predicted with reasonable accuracy. The 
slight prediction discrepancy noted over the temperature 
descending branch of the Madupushpa et al. (2017) 
experiment could be possibly due to the secondary cast, 
which was not incorporated into the prediction model. 
Table 5 indicates that the maximum deviation for the peak 
temperature prediction was 2.2 %, and the maximum 
deviation for the time of reaching the peak temperature was 
15 %. Since the peak temperature has more significance 
than the timing, this prediction accuracy can be deemed 
satisfactory. Interestingly, Tahershima and Tikalshy 
(2017) showed that the level of prediction accuracy in 
their FE element approach in terms of peak temperature 
and its time were 0.2 % and 9.6 %, respectively. Hence, 
the potential of the FD approach was, in fact, fairly 
close to the FE potential. The FD simulations were of 
cause associated some approximate level of thermal 
parameters, and hence, there is still room for further 
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improving the FD prediction accuracy. Furthermore, the 
incorporation of time-dependent behaviour of the key 

parameters (e.g. thermal conductivity) may also improve 
the prediction precision.
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Figure 5. Center node temperature variation: (a) Ballim (2004); (b) Nanayakkara and Wannigama (2003); (c)
Madupushpa et al. (2017)

Table 5. Validation results

Experiment Experimental result FD prediction (deviation %)
Peak temperature

(o C)
Time

(hours)
Peak temperature

(o C)
Time

(hours)
Ballim (2004) 28 20 27.1 (1.9%) 23 (15%)
Nanayakkara and Wannigama (2003) 62 20 60.3 (2.2%) 25.25 (11%)
Madupushpa et al. (2017) 54.5 12.5 55.5 (1.4%) 13.5 (8%)

Parametric study results

Figures 6 and 7 compare the predicted 2D and 3D temperature profiles for the central point of these two

scenarios, respectively. It is noted that for the 2D predictions, 1 m × 1 m central vertical cross section was

considered to be the heat flowing cross section for each analysis. The inputs for the algorithm were: 𝛥 = 100

mm, 𝜌 = 2349 kg/m3, 𝑐 = 1.13 J/g oC, 𝑘 = 2.5 W/m oC, 𝑘𝑅 = 1.2 W/m oC, 𝑇𝑅 = 29 oC, ℎ𝑝𝑙𝑦𝑤𝑜𝑜𝑑 = 6.5 W/m2 oC, ℎ𝑎𝑖𝑟

= 23 W/m2 oC, 𝑡𝑠 = 18 hours, 𝑇𝑎 = 29 oC and 𝑇0 = 30 oC. The adiabatic temperature profile found in the

Madupushpa et al. (2017) investigation was used to represent concrete with a cement content of about 500

kg/m3.

As shown in Figure 6, for the length/ width ratio of one (𝑙/𝑤 = 1), a difference of about 1 oC between the 2D

and 3D predictions for the maximum temperatures was observed. Also, a significant prediction discrepancy

was observed along the descending branch. In contrast, Figure 7 shows that the two predictions were almost

similar for the cuboid (𝑙/𝑤 = 2) application. As expected, when 𝑙/𝑤 = 1, the heat flow in all three directions is

significant in contrast to the 𝑙/𝑤 = 2 condition, where the heat flow along the length (𝑥) is less significant. It is

therefore, reasonable to expect the 2D model to make over predictions for the 𝑙/𝑤 = 1 case. Despite the

discrepancy for the maximum temperature prediction is not found large, considerable prediction disparity

Figure 5:	 Center node temperature variation: (a) Ballim (2004); (b) Nanayakkara and Wannigama (2003); (c) Madupushpa et al. (2017)
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Figures 6 and 7 compare the predicted 2D and 3D 
temperature profiles for the central point of these 
two scenarios, respectively. It is noted that for the 2D 

predictions, 1 m × 1 m central vertical cross section was 
considered to be the heat flowing cross section for each 
analysis. The inputs for the algorithm were: Δ = 100 mm,  
ρ  = 2349 kg/m3,  c  = 1.13 J/g oC,  k  = 2.5 W/m oC, 
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Figure 6. Temperature profiles for the cube (𝑙𝑙/𝑤𝑤 = 1) unit 

 = 1.2 W/m oC, 
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Parametric study results 

Figures 6 and 7 compare the predicted 2D and 3D temperature profiles for the central point of these two 

scenarios, respectively. It is noted that for the 2D predictions, 1 m × 1 m central vertical cross section was 

considered to be the heat flowing cross section for each analysis. The inputs for the algorithm were: 𝛥𝛥 = 100 

mm,  𝜌𝜌  = 2349 kg/m3,  𝑐𝑐  = 1.13 J/g oC,  𝑘𝑘  = 2.5 W/m oC,  𝑘𝑘𝑅𝑅  = 1.2 W/m oC,    𝑇𝑇𝑅𝑅  = 29 oC,   ℎ𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝   = 6.5 W/m2 

oC,   ℎ𝑎𝑎𝑎𝑎𝑎𝑎   = 23 W/m2 oC,   𝑡𝑡𝑠𝑠   = 18 hours,   𝑇𝑇𝑎𝑎    = 29 oC and   𝑇𝑇0   = 30 oC. The adiabatic temperature profile found 

in the Madupushpa et al. (2017) investigation was used to represent concrete with a cement content of about 

500 kg/m3.  

 

As shown in Figure 6, for the length/ width ratio of one (  𝑙𝑙/𝑤𝑤  = 1), a difference of about 1 oC between the 2D 

and 3D predictions for the maximum temperatures was observed. Also, a significant prediction discrepancy was 

observed along the descending branch. In contrast, Figure 7 shows that the two predictions were almost similar 

for the cuboid (𝑙𝑙/𝑤𝑤 = 2) application. As expected, when 𝑙𝑙/𝑤𝑤 = 1, the heat flow in all three directions is significant 

in contrast to the 𝑙𝑙/𝑤𝑤 = 2 condition, where the heat flow along the length (𝑥𝑥) is less significant. It is therefore, 

reasonable to expect the 2D model to make over predictions for the 𝑙𝑙/𝑤𝑤 = 1 case. Despite the discrepancy for 

the maximum temperature prediction is not found large, considerable prediction disparity along the descending 

branch of the 2D model could be a concern in terms of assessing temperature differentials across the mass, and 

this fact will be elaborated in the following section. 

 

 
 
 

Figure 6. Temperature profiles for the cube (𝑙𝑙/𝑤𝑤 = 1) unit 

 = 29 oC, 
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Parametric study results 

Figures 6 and 7 compare the predicted 2D and 3D temperature profiles for the central point of these two 

scenarios, respectively. It is noted that for the 2D predictions, 1 m × 1 m central vertical cross section was 

considered to be the heat flowing cross section for each analysis. The inputs for the algorithm were: 𝛥𝛥 = 100 

mm,  𝜌𝜌  = 2349 kg/m3,  𝑐𝑐  = 1.13 J/g oC,  𝑘𝑘  = 2.5 W/m oC,  𝑘𝑘𝑅𝑅  = 1.2 W/m oC,    𝑇𝑇𝑅𝑅  = 29 oC,   ℎ𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝   = 6.5 W/m2 

oC,   ℎ𝑎𝑎𝑎𝑎𝑎𝑎   = 23 W/m2 oC,   𝑡𝑡𝑠𝑠   = 18 hours,   𝑇𝑇𝑎𝑎    = 29 oC and   𝑇𝑇0   = 30 oC. The adiabatic temperature profile found 

in the Madupushpa et al. (2017) investigation was used to represent concrete with a cement content of about 

500 kg/m3.  

 

As shown in Figure 6, for the length/ width ratio of one (  𝑙𝑙/𝑤𝑤  = 1), a difference of about 1 oC between the 2D 

and 3D predictions for the maximum temperatures was observed. Also, a significant prediction discrepancy was 

observed along the descending branch. In contrast, Figure 7 shows that the two predictions were almost similar 

for the cuboid (𝑙𝑙/𝑤𝑤 = 2) application. As expected, when 𝑙𝑙/𝑤𝑤 = 1, the heat flow in all three directions is significant 

in contrast to the 𝑙𝑙/𝑤𝑤 = 2 condition, where the heat flow along the length (𝑥𝑥) is less significant. It is therefore, 

reasonable to expect the 2D model to make over predictions for the 𝑙𝑙/𝑤𝑤 = 1 case. Despite the discrepancy for 

the maximum temperature prediction is not found large, considerable prediction disparity along the descending 

branch of the 2D model could be a concern in terms of assessing temperature differentials across the mass, and 

this fact will be elaborated in the following section. 

 

 
 
 

Figure 6. Temperature profiles for the cube (𝑙𝑙/𝑤𝑤 = 1) unit 

 = 6.5 W/m2 oC,  
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Parametric study results 

Figures 6 and 7 compare the predicted 2D and 3D temperature profiles for the central point of these two 

scenarios, respectively. It is noted that for the 2D predictions, 1 m × 1 m central vertical cross section was 

considered to be the heat flowing cross section for each analysis. The inputs for the algorithm were: 𝛥𝛥 = 100 

mm,  𝜌𝜌  = 2349 kg/m3,  𝑐𝑐  = 1.13 J/g oC,  𝑘𝑘  = 2.5 W/m oC,  𝑘𝑘𝑅𝑅  = 1.2 W/m oC,    𝑇𝑇𝑅𝑅  = 29 oC,   ℎ𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝   = 6.5 W/m2 

oC,   ℎ𝑎𝑎𝑎𝑎𝑎𝑎   = 23 W/m2 oC,   𝑡𝑡𝑠𝑠   = 18 hours,   𝑇𝑇𝑎𝑎    = 29 oC and   𝑇𝑇0   = 30 oC. The adiabatic temperature profile found 

in the Madupushpa et al. (2017) investigation was used to represent concrete with a cement content of about 

500 kg/m3.  

 

As shown in Figure 6, for the length/ width ratio of one (  𝑙𝑙/𝑤𝑤  = 1), a difference of about 1 oC between the 2D 

and 3D predictions for the maximum temperatures was observed. Also, a significant prediction discrepancy was 

observed along the descending branch. In contrast, Figure 7 shows that the two predictions were almost similar 

for the cuboid (𝑙𝑙/𝑤𝑤 = 2) application. As expected, when 𝑙𝑙/𝑤𝑤 = 1, the heat flow in all three directions is significant 

in contrast to the 𝑙𝑙/𝑤𝑤 = 2 condition, where the heat flow along the length (𝑥𝑥) is less significant. It is therefore, 

reasonable to expect the 2D model to make over predictions for the 𝑙𝑙/𝑤𝑤 = 1 case. Despite the discrepancy for 

the maximum temperature prediction is not found large, considerable prediction disparity along the descending 

branch of the 2D model could be a concern in terms of assessing temperature differentials across the mass, and 

this fact will be elaborated in the following section. 

 

 
 
 

Figure 6. Temperature profiles for the cube (𝑙𝑙/𝑤𝑤 = 1) unit 

 = 23 W/m2 oC, 
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Parametric study results 

Figures 6 and 7 compare the predicted 2D and 3D temperature profiles for the central point of these two 

scenarios, respectively. It is noted that for the 2D predictions, 1 m × 1 m central vertical cross section was 

considered to be the heat flowing cross section for each analysis. The inputs for the algorithm were: 𝛥𝛥 = 100 

mm,  𝜌𝜌  = 2349 kg/m3,  𝑐𝑐  = 1.13 J/g oC,  𝑘𝑘  = 2.5 W/m oC,  𝑘𝑘𝑅𝑅  = 1.2 W/m oC,    𝑇𝑇𝑅𝑅  = 29 oC,   ℎ𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝   = 6.5 W/m2 

oC,   ℎ𝑎𝑎𝑎𝑎𝑎𝑎   = 23 W/m2 oC,   𝑡𝑡𝑠𝑠   = 18 hours,   𝑇𝑇𝑎𝑎    = 29 oC and   𝑇𝑇0   = 30 oC. The adiabatic temperature profile found 

in the Madupushpa et al. (2017) investigation was used to represent concrete with a cement content of about 

500 kg/m3.  

 

As shown in Figure 6, for the length/ width ratio of one (  𝑙𝑙/𝑤𝑤  = 1), a difference of about 1 oC between the 2D 

and 3D predictions for the maximum temperatures was observed. Also, a significant prediction discrepancy was 

observed along the descending branch. In contrast, Figure 7 shows that the two predictions were almost similar 

for the cuboid (𝑙𝑙/𝑤𝑤 = 2) application. As expected, when 𝑙𝑙/𝑤𝑤 = 1, the heat flow in all three directions is significant 

in contrast to the 𝑙𝑙/𝑤𝑤 = 2 condition, where the heat flow along the length (𝑥𝑥) is less significant. It is therefore, 

reasonable to expect the 2D model to make over predictions for the 𝑙𝑙/𝑤𝑤 = 1 case. Despite the discrepancy for 

the maximum temperature prediction is not found large, considerable prediction disparity along the descending 

branch of the 2D model could be a concern in terms of assessing temperature differentials across the mass, and 

this fact will be elaborated in the following section. 

 

 
 
 

Figure 6. Temperature profiles for the cube (𝑙𝑙/𝑤𝑤 = 1) unit 

 = 18 hours, 
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Parametric study results 

Figures 6 and 7 compare the predicted 2D and 3D temperature profiles for the central point of these two 

scenarios, respectively. It is noted that for the 2D predictions, 1 m × 1 m central vertical cross section was 

considered to be the heat flowing cross section for each analysis. The inputs for the algorithm were: 𝛥𝛥 = 100 

mm,  𝜌𝜌  = 2349 kg/m3,  𝑐𝑐  = 1.13 J/g oC,  𝑘𝑘  = 2.5 W/m oC,  𝑘𝑘𝑅𝑅  = 1.2 W/m oC,    𝑇𝑇𝑅𝑅  = 29 oC,   ℎ𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝   = 6.5 W/m2 

oC,   ℎ𝑎𝑎𝑎𝑎𝑎𝑎   = 23 W/m2 oC,   𝑡𝑡𝑠𝑠   = 18 hours,   𝑇𝑇𝑎𝑎    = 29 oC and   𝑇𝑇0   = 30 oC. The adiabatic temperature profile found 

in the Madupushpa et al. (2017) investigation was used to represent concrete with a cement content of about 

500 kg/m3.  

 

As shown in Figure 6, for the length/ width ratio of one (  𝑙𝑙/𝑤𝑤  = 1), a difference of about 1 oC between the 2D 

and 3D predictions for the maximum temperatures was observed. Also, a significant prediction discrepancy was 

observed along the descending branch. In contrast, Figure 7 shows that the two predictions were almost similar 

for the cuboid (𝑙𝑙/𝑤𝑤 = 2) application. As expected, when 𝑙𝑙/𝑤𝑤 = 1, the heat flow in all three directions is significant 

in contrast to the 𝑙𝑙/𝑤𝑤 = 2 condition, where the heat flow along the length (𝑥𝑥) is less significant. It is therefore, 

reasonable to expect the 2D model to make over predictions for the 𝑙𝑙/𝑤𝑤 = 1 case. Despite the discrepancy for 

the maximum temperature prediction is not found large, considerable prediction disparity along the descending 

branch of the 2D model could be a concern in terms of assessing temperature differentials across the mass, and 

this fact will be elaborated in the following section. 

 

 
 
 

Figure 6. Temperature profiles for the cube (𝑙𝑙/𝑤𝑤 = 1) unit 

 = 29 oC and 
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Parametric study results 

Figures 6 and 7 compare the predicted 2D and 3D temperature profiles for the central point of these two 

scenarios, respectively. It is noted that for the 2D predictions, 1 m × 1 m central vertical cross section was 

considered to be the heat flowing cross section for each analysis. The inputs for the algorithm were: 𝛥𝛥 = 100 

mm,  𝜌𝜌  = 2349 kg/m3,  𝑐𝑐  = 1.13 J/g oC,  𝑘𝑘  = 2.5 W/m oC,  𝑘𝑘𝑅𝑅  = 1.2 W/m oC,    𝑇𝑇𝑅𝑅  = 29 oC,   ℎ𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝   = 6.5 W/m2 

oC,   ℎ𝑎𝑎𝑎𝑎𝑎𝑎   = 23 W/m2 oC,   𝑡𝑡𝑠𝑠   = 18 hours,   𝑇𝑇𝑎𝑎    = 29 oC and   𝑇𝑇0   = 30 oC. The adiabatic temperature profile found 

in the Madupushpa et al. (2017) investigation was used to represent concrete with a cement content of about 

500 kg/m3.  

 

As shown in Figure 6, for the length/ width ratio of one (  𝑙𝑙/𝑤𝑤  = 1), a difference of about 1 oC between the 2D 

and 3D predictions for the maximum temperatures was observed. Also, a significant prediction discrepancy was 

observed along the descending branch. In contrast, Figure 7 shows that the two predictions were almost similar 

for the cuboid (𝑙𝑙/𝑤𝑤 = 2) application. As expected, when 𝑙𝑙/𝑤𝑤 = 1, the heat flow in all three directions is significant 

in contrast to the 𝑙𝑙/𝑤𝑤 = 2 condition, where the heat flow along the length (𝑥𝑥) is less significant. It is therefore, 

reasonable to expect the 2D model to make over predictions for the 𝑙𝑙/𝑤𝑤 = 1 case. Despite the discrepancy for 

the maximum temperature prediction is not found large, considerable prediction disparity along the descending 

branch of the 2D model could be a concern in terms of assessing temperature differentials across the mass, and 

this fact will be elaborated in the following section. 

 

 
 
 

Figure 6. Temperature profiles for the cube (𝑙𝑙/𝑤𝑤 = 1) unit 

 = 30 oC. The adiabatic temperature profile found in 
the Madupushpa et al. (2017) investigation was used 
to represent concrete with a cement content of about 
500 kg/m3. 

	 As shown in Figure 6, for the length/ width ratio of 
one (l/w = 1), a difference of about 1 oC between the 
2D and 3D predictions for the maximum temperatures 
was observed. Also, a significant prediction discrepancy 
was observed along the descending branch. In contrast, 
Figure 7 shows that the two predictions were almost 
similar for the cuboid (l/w = 2) application. As expected, 
when l/w = 1, the heat flow in all three directions is 
significant in contrast to the l/w = 2 condition, where 
the heat flow along the length (x) is less significant. 
It is therefore, reasonable to expect the 2D model to 
make over predictions for the l/w = 1 case. Despite the 
discrepancy for the maximum temperature prediction 
is not found large, considerable prediction disparity 
along the descending branch of the 2D model could be 

Figure 6:	 Temperature profiles for the cube (l/w = 1) unit
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Parametric study results 

Figures 6 and 7 compare the predicted 2D and 3D temperature profiles for the central point of these two 
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a concern in terms of assessing temperature differentials 
across the mass, and this fact will be elaborated in the 
following section.

	 As a further extension of the parametric study, the 2D 
and 3D temperature predictions at 20 hours (when peak 
temperature occurs) along the central width (parallel 
to y-axis in Figure 3) and the central length (parallel to 
x-axis in Figure 3) of each concrete block were compared. 
Figure 8 shows those predictions for the l/w = 1 block. 
It is found that, as previously observed, 1 oC prediction 
discrepancy at the middle of the block diminishes towards 
the block edges along the width of the block. Despite the 
2D model assuming the temperature along the length to 
be uniform, the 3D prediction shown in Figure 8 depicts 
that it actually varies significantly towards the edges.

	 Figures 9 and 10 compare 2D and 3D temperature 
predictions along the width and length for the cuboid 
(l/w = 2) case, respectively. As previously highlighted, it 
is shown in Figure 9 that both types of predictions along 
the width were almost similar. Yet again, along the length 

Figure 9:	 Temperature profiles along the width at peak temperature 
of the cuboid (l/w = 2) unit
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Figure 11 depicts a comparison of 2D and 3D temperature predictions along the width of the 𝑙𝑙/𝑤𝑤 = 1 block at 

50 hours (in the post-peak region). In contrast to the behaviour illustrated in Figure 8, it is noted that the 

discrepancy between the two types of predictions in the post-peak behaviour is much considerable. As observed 

in adiabatic vs. semi-adiabatic temperature behaviours for concrete (Ng et al., 2008), during the ascending 

branch, heat generation dominates, whereas in the descending branch, heat dissipation dominates. Since the heat 

generation is mostly uniform across the concrete mass whereas the heat dissipation is vastly governed by the 

location, in view of concrete temperature modelling, simulation of heat dissipation could be the challenge. For 

these reasons, it is fair to expect a larger prediction disparity in the post-peak temperature region between the 

2D and 3D prediction models. In view of assessing the temperature differential across the mass (to check thermal 

cracking issues), such prediction inaccuracies in the 2D model could result in over-conservative warnings. 
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(x-direction), the 2D approach assumes it to be constant, 
whereas the 3D profile follows the actual behaviour, see 
Figure 10. It is however of note that, along the length, the 
temperature persists to be stable for a longer length in the 
l/w = 2 block than in the l/w = 1 block.

	 Figure 11 depicts a comparison of 2D and 3D 
temperature predictions along the width of the l/w = 1 
block at 50 hours (in the post-peak region). In contrast 
to the behaviour illustrated in Figure 8, it is noted that 
the discrepancy between the two types of predictions 
in the post-peak behaviour is much considerable. As 
observed in adiabatic vs. semi-adiabatic temperature 
behaviours for concrete (Ng et al., 2008), during the 
ascending branch, heat generation dominates, whereas in 
the descending branch, heat dissipation dominates. Since 
the heat generation is mostly uniform across the concrete 
mass whereas the heat dissipation is vastly governed by 

Figure 10:	 Temperature profiles along length at peak temperature for 
the cuboid (l/w = 2) unit
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Figure 10. Temperature profiles along length at peak temperature for the cuboid (𝑙𝑙/𝑤𝑤 = 2) unit 
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the location, in view of concrete temperature modelling, 
simulation of heat dissipation could be the challenge. 
For these reasons, it is fair to expect a larger prediction 
disparity in the post-peak temperature region between 
the 2D and 3D prediction models. In view of assessing 
the temperature differential across the mass (to check 
thermal cracking issues), such prediction inaccuracies in 
the 2D model could result in over-conservative warnings. 
Figure 12 depicts the computed temperature difference 
for each type of simulation, where it clearly highlights 
the overprediction level of the 2D FE based temperature 
differential during the post-peak region. 

	 Thus, the parametric analysis highlights the 
significance of applying a 3D approach for FD based 
temperature modelling for concrete structures when the 
structure is of cube shape and when the temperature 
gradients are to be assessed accurately.

Figure 13:	 Centre node temperature variation
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Pipe-cooled concrete simulation results

Figure 13 compares the 3D FD modelling results with 
the experimental prediction of Kim et al. (2001) for 
the centre node of the concrete block. As depicted, the 
experimental maximum temperature at the centre node 
was about 68.6 oC, whereas the predicted maximum was 
about 67.6 oC; hence the deviation was below 1.4%. 
However, there is a considerable discrepancy between 
the experimental and predicted result in terms of the time 
to reach a maximum temperature where the deviation was 
about 33.3%. It has to be noted that during the validation 
step in the current study, the predicted time was ahead 
of the actual. However, in this case, it is vice-versa. 
Hence, the rate of heat absorption by the water has not 
accurately been captured by the current FD version, and 
therefore, further tuning up of the model is necessary. 
Such improvement of the 3D FD model is identified as a 
matter for future work.

CONCLUSIONS

An existing 2D Finite Difference (FD) model was 
extended into the 3D form in order to expand its capacity 
to predict the early age temperature profile of concrete. 
The potential of the developed 3D tool was verified for 
three distinct experiments found in the literature. The 
prediction accuracy was impressive, and the maximum 
deviation for the peak temperature and the pertaining time 
predictions were less than 2.2% and 15%, respectively. In 
addition, a parametric study highlighted the significance 
of using 3D temperature modelling in contrast to using 
2D modelling for cube shape structures where the heat 
flow in all three (x,y,z) directions is significant. The 
applicability of the 3D approach to model concrete 
masses that comprise internal pipe cooling networks was 
also investigated and need further improvements. 
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