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Abstract i In this paper we prove two theorems on sequence to  sequence trans- 
m 

formations given by yn =k&a xk, n = 1,2, . . . The theorems give necessary and 
sufficient conditions in order &at 

(1) y El whenever x E b v , ~ n d  
(2) y E bv whenever x E 10: - where x = {XJ and y = lyJ, and I = The space 

m 
C13 

of dl sequencer x such that 1 x n l <  1 = The space of a1 sequences x 
n=l 00 

such that x = 0(1), bv = The space of all x such t h a r ~ l  xn - x,.~ I < 
n=l  

1. Introduction 

We assume that the transformation is given by 

We prove the following theorems: 

1.1 THEOREM 1 : Necessary and sufficient conditions in order that y E 1 
whenever x E bv are : 

m 

(i) & an converges for every n = 1,2 . . . . . . 
00 n7 

(ii), ThereexirtsM> Osuch t h a t z  If a n t [ <  hl for a l l r n >  1. 
n=l  k=l 

1.2 THEOREM 2 : Necessary and sufficient conditions in order that y E by 
whenever x E lm are that 

& * 

(i) an,] < - fo reve ryn>  1. . . 

L=l 00 

(ii), There exists M > 0 such that x\Z(?" - 4 -1 ,*)  ( G M 
k=l-n E N  

for all N E F, where F is the space of all finite sets N of natural numbers. 

There are many well known classical theorems on sequence to sequence . transformations of the above type, some of which have been proved by 
Toeplitz, Hahn, Khopp and Lorenk, Mears, Sunouchi and others. Usually, 
the longest part of the proof is the proof of the necessity of conditions of 

% 
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the type (ii) and (ii) . In this paper, we give a technique which shortens the 
proof considerably. b e e  (1) for similar theorems and for the references 
given. See also (2) for the use of this technique for integral transformations.) 

2. Results used in the Proofs of  the Theorems 

2.1 THEOREM A (Toeplitz's Theorem) 

Necessary and sufficient conditions in order that y E 1" whenever 
x E 1- are : 

(i)af I a n k  / <-foreveryn>,  1 
k = l  

(ii)a There exists M > 0 such that . f I an ( 4 M for all n > 1. 
k = l  

2.2 THEOREM B (Hahn's Theorem) 

Necessary and sufficient conditions in order that y E ldo whenever x E bv are 
that 

(i),, an, converges for every n 2 I 
k = l  m 

(ii) There exists M > 0 such that ( an 1 < for all m > 1 and all 
n 2  1. k = l  

These two theorems are well known. 

The following lemma is a simple consequence of the definition of 
absolute convergence. (See (1). 

. . 

LEMMA 1: Let F be the space of all finite sets of natural numbers. Then, a 
necessary and sufficient.condition that x E 1 is that : 

I. There exists I< independent of N such that. (BN \ < K for all N E F, 

where B N  = xn.  
nEN m 

When this condition is satisfied, we have 1 xi ( < 2K. 
m n=l 

LEMMA 2 : Let y = an xk , where x E X, X being a sequence space. 
Then, k = l  

I. y E 1 for every x .E X iff BN is bounded for all N E F for every x E X, 
m 

where ElN = g I b N s k  xk a n d b N Y k  = a n k S  ' 
n E  N 
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11. y E bv for evev  x E X if D, is bounded for all N E F for every 

Proof I : By Lemma 1, y E 1 iff ] B,I 4' K for all N E F, where BN = L yn. 
w m n EN 

n E N  k=l n EN k=1 

Hence the result. 
m 

11. y E bv i f f E l y n  - yn-, I < m. 

" = L 
Since yn - yn .l = (an - an -1, k )xk,  the result f ~ ~ o w s .  

k= 1 

3. Proofs of the Theorems 

3.1 Proof of Theorem 1: Note that (i)l is necessary and sufficient for the 
existence of yn whenever x E bv. (Theorem 13). 

Sufficiency: If (i), and (ii), hold and x E bv, then 

By ~ h e o r e i  B, this implies t h a t r  bN is bounded for all N E F. ~ e n c e ,  
by Lemma 2, y E 1. k = 1  , 

Necessity By Lemma 2, y E 1 implies that BN = O(1) for dl N E F:for .every 
x E bv. 

Hence, by Theorem B, there exists M such that 

12 b,,,] GHMforal lNE Fandallm. 
k= 1 

i . e . lx  2 an, 1, < MM for all N G F akd all. m,and Lemma 1 the 
n E N  k=l . . 

required condition (ii) . 
Hence the theorem. 

3.2 Proof.of Theorem 2: (i)2 is necdssary and sufficient forthe existence of . 

y, whenever x  E lW, (Theorem A). 

Sufficiency: If (i)2 and (ii)2 hold, and x elrn, then . 
. . 

m 

1 ' 1  ( a - a n k ) x k  x k l  a n d  hence y E bv b y '  ' 

k-1 n E N  k= 1 

Lemma 2 11. 
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Necessity: Again by Lemma 2 11, y E bv implies that 
00 

DN = & dN,*  xk is bounded for all N E F whenever x E lm, and 

Theorem A gives the necessary condition - '  

00 

t \ d N  ,, \ < M for all N E F, which is (ii), . 
k=l 

Note: We see that condition ( u ) ~  involves N. We can show that (ii)2 cannot 
be replaced by the condition: 

. 

\ < -, which is independent of N. Clearly, (i) 
k = l  n = l  

and (ii)' are sufficient for y to be in bv whenever x E lm, but (ii)' is not 
necessw. 

m 

In (I), Peyerimhoff has constructed x t lm for which yi =& & xk satisfies 
00 1 

m 00 

& l Y ' , ~ <  - b u t 7  z l aynk  = L .  
k=l  n = l  rn 

taking = an - an- 1,  k 9 
yn = t ankxk,  we see that for the same x 

03 k=l 

Thus (ii)' is not necessary in Theorem 2. - 

References: 

1. PEYERIMHOFF, A. (1957) Journal LondonMath.  Soc. fl : 33 - 36.' 

2. YOGACHANDRAN, C. (1973) Journal LondonMath. Soc. 216 : 6 3 9  - 648. 


	JNSF 15_1_83.pdf
	JNSF 15_1_83 (2).pdf
	JNSF 15_1_83 (3).pdf
	JNSF 15_1_83 (4).pdf

