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Abstract : In this paper we prove two theorems on sequence to sequence trans-
% ' . :
formations given by y_ = Z:_a KX 0= 1, 2, ... The theorems give necessary and

sufficient conditions in ofder thae
(1) * y€lwhenever x €bv, and .

oo

(2) y €bvwheneverx Eloo, where x =. {xn} andy = {yll, and | = The space

: oo .
of all sequences x such .that z ‘ xn]-< 1 = The space of al sequences x
n=1 . . ®
“such that x_ = 0(1), bv =The space of all x such thafz,}x' - x l L oo
n h=1 ©n n-1

1. Introduction

We assume that the transformation is given by

o0

y, = 2 a, x,n=123,..

n=1

We prove the following theorems:

1.1 THEOREM 1 : Necessary and sufficient conditions in order that y €1
whenever x € bv are : :

[~ ]
1 %=1

. . o m
(11)l There exists M > 0 such thatz \Z a . [ < Mforallm>1.
T n=1 k=1 : '

() 2 a_, converges for every n =1,2......

1.2 THEOREM 2 : Necessary and sufficient conditions in order that y € by
whenever x € 17 are that ' i

(i), §‘ ank‘ < % for evs:ryn> 1.

(ii), There exists M > 0 such that kZ]

=1'n

z

'e(f,‘nk _an»1,k)i <M

forall N € F, where F is the space of all finite sets N of natural numbers.

There are many well known classical theorems on sequence to sequence
transformations of the above type, some of which have been proved by
Toeplitz, Hahn, Khopp and Lorentz, Mears, Sunouchi and others. Usually,
" the longest part of the proof is the proof of the necessity of conditions of
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the type (ii), and (ii), . In this paper, we give a technique which shortens the
proof considerably. (See (1) for similar theorems and for the references
given. See also (2) for the use of this technique for integral transformations.)

2. Resuits used in the Proofs of the Theorems

2.1 THEOREM A (Toeplitz’s Theorem)

Necessary and sufficient conditions in order that y € 1% whenever
x €17 are :

(i)aZ‘ a, | <e<foreveryn=>1

k= o

- (i), There exists M > 0 such that ° Z | a, |< M for all n > 1.
' k=1 ’

—_

2.2 THEOREM B (Hahn’s Theorem)

Necessary and sufficient conditions in order that y € 1” whenever x € bv are
that '

oo
(1), E a_, converges for everyn > 1

k=1 m
(ii), There exists M > 0 such that ‘Z - \ <Mforallm > 1 and all
n= 1. : k=1

These two theorems are well known.

The following lemma is a simple consequence of the definition of
absolute convergence. (See (1).

LEMMA 1: Let F be the space of all finite sets of natural numbers. Then, a
necessary and sufficient condition that x € 1 is that :

1. There exists K independent of N such that,lBN\ < Kforal NEF,

whereBN=_Zx .
" nEN n

When this condition is satisfied, we have Z] x | < 2K.
. n=1

LEMMA 2: Lety = 2; a_ . x,, where x € X, X being a sequence space.
Then, k=1 : .

I.yElforeveryx€ X iff B, is bounded for all N € F for every x € X,

[= o]
where BN :kzg_'le,k X, and bN’k = Z_ a .-
_ n&EN
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II. y € by for every x € X if D,, is bounded for all N € F for every

x€ X, where D _ 2_:1 dy ik X andd 'nZE'N (2, — a’n-l,k)'

Proof I : By Lemma 1,y € 1 iff ] _BNl <" Kforall N € F, where B, =2y V-

_ ‘ oo Y=Y
But B, ZZank X, é (Z:.ahk)xk‘= kzﬂ by . X

nEN k=1 nEN
Hence the result.

IL y € by ifg;iyn —y,  l<

Sincey_ —vy_ ;= Z (2, —a__; )X, the result follows.
k=1 ’

3. Proofs of the Theorems

3.1 Proof of Theorem 1: Note that (1), is necessary and sufficient for the
existence of y whenever x € bv. (Theorem B).

uffi(:lency If (i ( ), and (ii), hold and x € bv, then

Iksp k’—Eza l—\ZZak\<X\Z='_ nkk MforallNEF

by’ (u) k=1n EN

By Theorem B, this implies thati bN " k is bounded for all N € F. Hence
by Lemma 2,y € L. :

Necessity By Lemma 2, y € 1 implies that B, = 0(1) for all N € F-for every
X € bv. ' :

Hence, by Theorem B, there exists M such that
m v

12~ b

k=1 N,k
m . .
i-C-JZ Z; ank[ < %M for all' N € F and all m, and Lemma 1 gives the

required condition (ii), .
Hence the theorem.

| <%M forall N € F and all m.

3.2 Proof of Theorem 2: (i), is necessary and sufficient for the existence of ,
y, Whenever x € 1%° . (Theorem A). A

Sufficiency: If (1)2 and (ii), hold, and x € I, then

‘ ID ]“é :z:_ (a,, — n_l,k)xk4<‘M kZ=11 xk] and hence y € bv by
Lemma2II '
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Necessity: Again by Lemma 2 II, y € bv implies that
= Z dy , X, is bounded for all N € F whenever x € 1%, and
k=1 ’ . . .

Theorem A gives the necessary condition - ’

oo

é\dN sl <M forall N € F, which is i), |
Note: We see that condition (i1),, involves N. We can show that (ii)2 cannot
be replaced by the condition:
(G [n = 250, | < 0 which is independent of N. Clearly, (i)
k=1 n=1

and (i)’ are sufﬁc;lent for y to be in bv whenever x € 1%, but (ii)’ is not

necessary.
00

In (1), Peyerimhoff has constructed xel” for which y} g a.nk , satisfies

j 2-113/ I<wbutzzla =L.

k=1 n=1 o . : . .
By takinga), =a , —2 4 1, ¥, = ?1 a_, X, , we see that for the same x

in 1“,;Z=len —y.., 1< e but

S X

k=1 n=1 Pk —an-lgkiz o

Ms

n=
Thus (ii)” is not necessary in Theorem 2.
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