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ABSTRACT

Many of the errors involved in applications of one-dimensional modelling of meridional trans-
port of atmospheric constituents arise from the practice of approximating vertically-averaged
concentrations with surface data. We propose a simple correction that greatly reduces these

€rrors.

The purpose of this note is to give an expanded
description of a correction term that we recently
proposed (Newsam and Enting, 1988) for use
with one-dimensional (latitude-only) models of
atmospheric transport. Despite their limitations,
one-dimensional models including only the north-
south transport of atmospheric constituents
continue to be used in the interpretation of
atmospheric constituent data (see, e.g., Bolin and
Keeling, 1963; Keeling and Heimann, 1986; Levin
et al, 1987). Their appeal lies in their simplicity
and ease of use, and in the possibility of obtaining
semi-analytic solutions which may give greater
insight than might be got from a “black-box”

numerical model with two or three spatial dimen--

sions.

The drawback of one-dimensional models is, of
course, their limited accuracy. Moreover, as noted
by Bolin and Keeling (1963), their use in the
inverse problem of deducing surface sources
from surface concentration data suffers from
catastrophic amplification of small-scale noise.
(For more recent discussion of this instability see
Enting (1985), Enting and Mansbridge (1989),
Newsam and Enting (1988) and Enting and
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Newsam (1990)). Thus, the catastrophic amplifica-
tion of inherent model errors would appear to
preclude the use of one-dimensional models for
the inverse problem.

Our recent analyses, however, show that the
major source of error in such applications is not
due to the model itself but rather to errors in the
way in which the data are substituted into the
model. We present here two derivations of a simple
correction that reduces such errors. These may be
able to be generalized to provide similar correction
procedures for use with other models whose
dimensions have been reduced by averaging.

The need for the correction arises from the dis-
crepancy between the available data and the
variables appearing in the model. One-dimen-
sional models work with vertically averaged con-
centrations, ¢(0, t). However, such data are usually
unavailable; most measurements are of surface
concentrations, c((0, ). The usual procedure is
simply to substitute ¢, for ¢; as we shall see, this
approximation can introduce serious errors so we
propose, as an alternative, the following higher-
order approximation:

(0, 1) =c (0, 1) — (0, 1)(po— p1)/(3Kx,), (1)

where ¢ is time, 0 is co-latitude, s(6, t) is the zonally
averaged surface source, «, is a vertical diffusion
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coefficient, p, — p, is the pressure difference across
the troposphere and K= M/(Ap,), where A is the
area of the earth and M is the size of the atmo-
sphere in moles (1.773 x 10%° moles; Trenberth,
1981). In eq. (1) and throughout the paper, con-
centrations are expressed as molar mixing ratios
and sources are in moles per unit area, using area
units consistent with those of 4. The parameter «,
does not usually appear in one-dimensional
models; we have proposed (Enting and Newsam,
1990) 4x 10° Pa’s~' as a tentative value, but it
may be more appropriate to include the estimation
of x, in the model calibration process.

The first method of deriving (1) is to simply
postulate a reasonable form for the pressure-
dependence of the zonally-averaged concentration
¢(p, 0, t) that satisfies the boundary conditions.
These are:

C(po’ 9’ t)=cs(0’ t)’ (23.)
pra%c(p, 6,0=56.1) at p=po.  (2b)
2 p0,0=0 at p= (2c)
apc p9 ) - p_pl'

Relation (2c) implies that all the variation in
space and time is confined to the troposphere.
For constituents where this approximation is
unreasonable, one-dimensional modelling is in-
appropriate with or without our correction.

The first-order approximation ¢~ ¢, is equiv-
alent to approximating c(8, ¢) by a function that is
independent of pressure and which satisfies (2a)
only. Approximating c(6, t) by a quadratic that
satisfies (2a—c) gives the alternative approxima-
tion

co(p, 0, 1)~ cd0, 1)+ 50, t)

(p—p1)=(po—p))’
. 3
2K(po—p1)%s )

Vertical averaging then leads to approximation
(1). This approximation is now used in the one-
dimensional transport equation:

@— ! i K siné)gé
dt RZsin6a0| ° 00
s(0, 1)+ 6(0, t)

4
K(po—p1) @
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where R is the radius of the earth and (6, ¢) is the
vertically-integrated contribution of sources in the
free atmosphere, expressed in moles per unit area
per unit time. Approximation (1) can be used to
substitute for ¢ in terms of ¢, and s in (4) which can
then be solved for ¢, in terms of s and g, or for s in
terms of ¢, and 6.

To understand better how the correction
significantly reduces errors, we examine the deriva-
tion of the one-dimensional model from a purely
diffusive two-dimensional model (which in turn
can be regarded as a zonal average of a three-
dimensional model). For quantitative com-
parisons, it is necessary to modify our earlier
derivation (Newsam and Enting, 1988) and
(following Enting and Newsam, 1990) use pressure
coordinates rather than height coordinates. The
zonally-averaged transport equation is

Ge_O0f 0|, 1 0
ot ap| P op | T RZsin 006
. oc 1
x K[,smB% + K 'a(p, 6, 1), (5)

subject to boundary conditions (2a—c). Here o is
a source in the free troposphere in units of moles
per unit time per unit surface area per unit
pressure interval. Multiplying by (po—p,)~" and
integrating over the pressure co-ordinate, gives
(4) immediately, where ¢ is the mass-weighted
mean:

1 Po
a6, 0=——["c(p.6,0)p ©)

Po— P ydl
and the source terms are related by:

(0, 1) = fm o(p, 0, 1) dp. 7

n

Restricting ourselves to the case where
a(p, 6, t)=0, we examine the relations between
the surface sources s(6, t), the vertically-averaged
concentrations, ¢(6, t), and the surface concentra-
tions ¢ (6, t). We consider only periodic solutions
and expand these quantities in terms of Legendre
polynomials, P,(cos 0), as:

5(0, t) =Y 54, P,(cos 0)e* /T, (8a)
kn



78 1. G. ENTING AND G. N. NEWSAM

&0, 1)=Y a, P,(cos 0)e>™*T, (8b)
kn
(0, )= by, P,(cos 0)e* T, (8¢c)

kn

The relations between sources and concentra-
tions involve the constant

a=ﬁ‘—’—, 9)
Po— D1

and suitably scaled eigenvalues of the differential
operator in (4):

Vin= [Kon(n +1)/R* + 2mik/T1(po — p1)*/x,

=1.06n(n+ 1)+ 2.85ik (10)
using the transport coefficients in Newsam and
Enting (1988) and Enting and Newsam (1990).

As shown in our earlier studies, the solution of
(5) gives the relation between surface sources and
surface concentrations as:
Skn = abknykn tanh(ykn)' (1 1)
This relation shows that, asymptotically, the factor
relating source components and concentration
components increases linearly with the meridional
wave-number, #. Similar linear growth is found in
more realistic models that include both advective
and diffusive transport (Enting and Mansbridge,
1989). The implications of this growth rate for the
inverse problem of deducing surface sources from
surface concentrations are discussed by Newsam
and Enting (1988), Enting and Mansbridge (1989)
and Enting and Newsam (1990).

Both the one-dimensional approximation and
the full two-dimensional solution give the relation
between surface sources and vertical averages as:
Skn = Ullien Y - (12)
Direct substitution of ¢, for ¢ in (4) is thus equiv-
alent to substituting b,,, for a,,, in (12). When com-
pared with (11), this gives clearly erroneous
estimates for s,,: with the numerical values of
(10), the estimates are in error by a factor of 2 or
more for n>2. Thus, in this inverse problem,
approximating surface concentrations by verti-
cally-averaged concentrations leads to the concen-

tration data being magnified by factors that grow
quadratically with n even though, as noted above,
the more realistic description given by relation
(11) shows that the appropriate factor is linear
in n.

If, however, (1) is used to substitute b, — 5;,,/3a
for a,, in (12), then we derive the approximation

Sien = Wb [ Vi (14 75/3) ). (13)

This is in error by factors of more than 2 only for
n > 5. Moreover, if (13) is used to estimate s, from
b,.,, the inversion is now stabilized in that there is
now no longer amplification of high-frequency
components (and hence high-frequency errors).
Unfortunately, this stabilization is of only limited
value in the present case as there is no way of
systematically varying its application so as to best
match actual error levels in the data.

Finally, the above analysis can be reversed to
reproduce approximations such as (1) from known
relations in the spectral domain. To see this, we
note that (13) can be derived not only by
approximating a,, in (12) by b, — sx,/2, but also
by approximating 7, tanh(y,,) in (11) by
p2 /(14 92,/3). As y*/(1 +7%/3) is the (2,2) Padé
approximant (Baker and Gammel, 1970) to
y tanh(y), it gives more accurate results than
the second-order Taylor approximation y°. More
generally, we could construct any reasonable
approximation to y tanh(y) in the spectral domain
and use the duality between (12) and (13) to trans-
late it into an approximation of ¢ in terms of ¢, and
s which can then be substituted in (4) to determine
s from c,. Alternatively, we could reach the same
ultimate relationship between s and ¢, directly
through constructing a modification of (4) by
translating the spectral approximation in (13)
directly in terms of the associated averaged dif-
ferential operator. These approaches give more
insight into the ways in which one might construct
dimensional reductions of two- or three-dimen-
sional models that are more realistic than the
purely diffusive model considered here.

In conclusion, we have shown that the accuracy
obtainable from one-dimensional transport
models can be greatly improved by use of
approximations such as (1) in place of direct
approximation of unknown vertically-averaged
concentrations by the available surface concentra-
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tion data. We have presented two derivations of
this approximation: through averaging a model
profile chosen to match the boundary conditions
and through approximating the spectral relation
between sources and concentrations as determined
by a more accurate model. Clearly, the method-
ology can be extended to other dimensionally-
averaged models to derive relations between the

unmeasured averaged quantities and the available
point data.
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