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ABSTRACT 

The use of the percolation model from lattice statistics to represent the distribution of trapping 
times for air bubbles in polar ice is discussed. A number of relevant techniques and results 
from the statistical mechanics of phase transitions are reviewed in order to propose suitable 
approaches for performing a more refined lattice statistics analysis of bubble trapping. 

1. Introduction 

Over the past few years, there have been a 
number of attempts to determine the atmospheric 
concentrations of various trace gases in the past 
by measurements on air from bubbles trapped in 
polar ice. These studies have included measure­
ments of C02 in ice from the period back to 
40,000 BP (Neftel et al., 1982). For the purposes 
of reducing current uncertainties in the behaviour 
of the carbon cycle on the time scales of interest 
in connection with possible anthropogenic cli­
matic effects, the period of most interest is the 
last 200 years. 

Several studies have estimated a "pre­
industrial" concentration applying before about 
200 years ago (Barnola et al., 1983). More re­
cently, a study by N eftel et al. (1985) has given a 
sequence of estimated C02 concentrations for 12 
time intervals covering the last 200 years. In 
order to clarify the extent to which the C02 

increase has been due to net biospheric sources, a 
detailed description of the timing of the changes 
is essential. In particular it would be very useful 
to be able to distinguish between the pattern of 
biospheric release proposed by Houghton et al., 
(1983) on the basis of ecosystem modelling and 
the release strength reconstructed by Freyer and 
Belacy (1983) on the basis of i5 13C in tree-rings. 

The use of measurements on air from polar ice 
for obtaining a reconstruction of relatively recent 

C02 changes is complicated by the fact that the 
bubbles are trapped some time after the original 
snow is deposited. The main difficulty arises 
from the existence of a distribution of times 
between snow deposition and bubble trapping. In 
order to reconstruct past concentrations it is 
necessary to determine the distribution of trap­
ping times and then perform a deconvolution of 
the measured concentrations. In the notation 
defined by Enting (1985a) concentration q(z) of a 
tracer in air in an ice layer z years old is related to 
c(z') the atmospheric concentration z' years ago 
by 

q(z) = r R(z - z') c(z') dz', 
0 

(I.I) 

where the trapping distribution function, R(x ), 
for. any layer, is the proportion of gas that was 
trapped x years after the layer was deposited as 
snow and assuming that the air has atmospheric 
composition at the time of trapping. 

There have been several attempts to model the 
distribution of trapping times using what are 
known as the "percolation models" in lattice 
statistics. Percolation models describe the 
connectivity or alternatively the isolation of clus­
ters of elements in random networks which are 
most commonly randomly generated subgraphs of 
regular lattices. Stauffer et al. (1985) introduced 
the percolation model of bubble trapping and 
emphasised that it implies a sharp cutoff in that 
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the total gas trapping occurs within a finite time. 
Enting (1985a) extended this approach and 
emphasised that the behaviour near the cutoff 
should be described by a “critical exponent” 
giving a power-law divergence in the trapping- 
time distribution function. 

In the transition from firn to ice, a number of 
structural changes are occurring simultaneously 
(Stauffer, 1981). Among these are compaction of 
the firn which reduces the volumes of air in both 
interstitial sites and their connecting channels. 
Ultimately, this leads to closure of the channels 
and possibly the disappearance of some sites. 
After close-off, the trapped clusters undergo 
further changes including compression of the gas, 
closure of internal channels and restructuring of 
trapped clusters to form spherical bubbles. Most 
of these processes represent gradual changes of 
local properties and so it should be relatively easy 
to fit them to observed properties of ice cores. 
The exception is the closure process which is a 
non-local cooperative effect giving changes in the 
long-range connectivity of the fim. The present 
paper concentrates on presenting a mathematical 
description of the percolation model which de- 
scribes this dominant physical process. 

Although the percolation model has been pro- 
posed as a model of various phenomena such as 
spread of disease in plantations, dilute magnets, 
quark confinement, and many others (Zallen, 
1983, Table I), the most extensive studies of the 
percolation model have been undertaken by 
theoretical physicists interested in the statistical 
mechanics of cooperative phase transitions 
(Essam, 1972). Such studies have treated perco- 
lation models as just one class from a wide range 
of stochastic lattice modeb. The aim of the 
present paper is to use the connection between 
the percolation model and statistical mechanics 
in order to draw on a large body of theoretical 
results from statistical mechanics. The limitations 
of the simple percolation models used by Stauffer 
et al. (1985) and Enting (1985a) are reviewed and 
the problems involved in analysing more refined 
models are discussed. 

2. Lattice statistical mechanics 

For many years there has been an extensive 
study of various lattice systems as models of 
cooperative phase transitions (Domb, 1960; 

Fisher, 1967; Stanley, 1971). The simplest (and 
most widely studied) of these systems is the Ising 
model (Ising, 1925). The Ising model is generally 
studied on regular lattices and has a binary 
variable u,  = & 1 at each site i of a lattice of N 
sites. Associated with each of the 2N configura- 
tions of the u, variables is an energy term 

U(a) = - J 1 U, - Ha,. (2.1) 
<hJ> 

The first term sums over all pairs of nearest 
neighbours, i and j (which are coupled by an 
interaction of strength J) once. The second sum is 
over all N sites at which a field H applies. Each 
spin configuration a is assigned a probability 

Prob (a) = Z-’  exp (- U(a)/kT).  (2.2) 

The normalising factor Z is called the partition 
function, and it acts as a moment generating 
function for spin expectations. T is the absolute 
temperature and k is Boltzmann’s constant. The 
probability distribution (2.2) has proved very 
difficult to analyse. Analytic solutions are pos- 
sible on a one-dimensional lattice for general J ,  H 
and on various regular two-dimensional lattices 
for the special case H = 0. The main reason that 
such systems have been studied is that they 
exhibit phase transitions. In two or more 
dimensions the Ising model defined above has a 
spontaneous magnetisation M. This can be 
defined in various ways such as 

M = Iim Iim ~[u,], 

or 

H-O+ N - a  

M Z  = Iim Iim E[U, u,], 
I-(,,]+ x N - a  

(2.3a) 

(2.3b) 

where E[ ] denotes statistical expectations. 
Each of these expressions defines a tendency 

for all the ui to be aligned (i.e., to have the same 
sign). This occurs in the thermodynamic limit 
which is denoted N+m. The increase in size in 
the lattice must be performed in such a way that 
all dimensions increase in a similar manner and 
the sites i and j become arbitrarily far from any 
boundary. The order in which the limits are 
taken is essential to this definition. The 
magnetisation goes to zero at a critical tempera- 
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ture T, and so the system models the sudden 
disappearance of ferromagnetism at the Curie 
temperature. 

While lattice statistics problems of this type 
have proved relatively difficult, a number of 
standard approaches have been devised. These 
can be described as “exact solutions”, “closed 
form approximation”, “series expansions”, 
“Monte Carlo” and “renormalisation group 
techniques”. Exact solutions are the ideal but 
only a very special class of lattice statistic prob- 
lems can be solved exactly and most of the 
interesting solutions are confined to two-dimen- 
sional systems. Exact solutions have been re- 
viewed by Baxter (1982). 

The closed form approximation consist of tak- 
ing various closure approximations to the prob- 
ability distribution (Burley, 1972). They can be 
quite accurate away from the critical point but do 
not give an accurate description of the critical 
behaviour. 

Series expansions express the partition func- 
tion Z or its logarithm in powers of suitable 
variables. The difficulty with using series 
expansions to analyse transition behaviour is that 
the singular behaviour is determined by the 
asymptotic behaviour of the series coefficients 
but only a relatively small number of coefficients 
can be determined. The effort required to derive 
the coefficients tends to grow exponentially with 
the number of terms. Significant improvements 
have been made by replacing the combinatorial 
complexity in the series derivation with algebraic 
complexity (e.g., Sykes et al., 1965; Wortis, 1974; 
Enting, 1978a, b; Baxter and Enting, 1979). 

The most recent approach to the study of phase 
transitions uses the various renormalisation group 
techniques (Wilson, 1971, 1983, Domb and 
Green, 1976). The transition behaviour in models 
such as the Ising model is dominated by large 
fluctuations. (This is why closed form approxima- 
tions break down). The renormalisation group 
analysis makes use of the fact that these critical 
fluctuations occur on all length scales and show 
the statistically self-similar behaviour of the type 
which was described by Mandelbrot (1977) as 
defining various ‘fractals’: objects with non- 
integer dimensionality. The renormalisation 
group describes the way in which probability 
distributions such as that defined by eq. (2.2) 
behave under a change of length scale. The 

critical points at which the probability 
distributions are statistically self-similar 
correspond to the fixed points of the 
renormalisation group transformations. Fig. 1 
shows configurations sampled from the Ising 
model probability distribution on the square 
lattice at its critical point, emphasising the irreg- 
ular and long range nature of fluctuations. Fig. l a  
is a sample showing each site while in Fig. l b  
only sites where both co-ordinates are even are 
shown. The qualitative similarity is a character- 
istic of the critical point. 

3 Percolation 

As indicated in the introduction, Stauffer et al., 
(1985) and Enting (1985a) have used the lattice 
statistics of the percolation model in order to 
describe the trapping of air bubbles in ice. The 
analysis by Stauffer et al. considered a “bond 
percolation” model while Enting pointed out that 
for the purposes of discussing the general charac- 
teristics (and in particular the critical exponent) 
of the bubble trapping, the distinction between 
the “bond” and ”site” models (Essam, 1972) is 
unimportant. 

Like the Ising model described in Section 2, 
percolation models describe lattice systems for 
which the underlying stochastic character is 
simple but for which the physically interesting 
questions concern rather intractable aspects of 
the joint probability distribution. Percolation 
models have lattice elements (sites or bonds) that 
are independently open or closed with a specified 
probability. The interesting and very difficult 
questions are those concerning the statistics of 
connected clusters of open elements. Of 
particular interest is the question of whether 
there is an infinite connected cluster of open sites 
and, if so, what proportion of the lattice is part of 
such a cluster. 

For the purposes of constructing a more de- 
tailed model of bubble trapping a special percola- 
tion model is considered here. The system is 
defined on a lattice with sites connected to 
various nearby sites by bonds. Each bond can be 
open (i.e., connected) or closed (i.e., broken). The 
probability of being open is denoted by p .  The 
lattice statistics problem is to analyse the 
statistics of clusters of sites connected by open 
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( a )  All  si tes  ( b )  Sites‘ with even coord ina tes  
Fig. 1. Sample configurations from a Monte Carlo simulation of the square lattice king model at its critical point. 
(a) Every site plotted, (b) only sites with even co-ordinates are plotted. A comparison of (a) and (b) illustrates the 
statistical self-similarity. 

bonds. Of particular interest is the percolation 
probability P ( p )  which gives the probability that 
a given site will be part of an infinite cluster of 
sites connected by open bonds. This problem will 
be referred to as the Potts/percolation problem in 
the absence of a suitable common terminology. 
The ‘bond’ percolation problem has the same 
system of randomly open or closed bonds but the 
statistics involved concern connected clusters of 
bonds rather than sites. The ‘site’ problem con- 
siders connected clusters of ‘open’ sites in a 
system in which it is the sites that are randomly 
open or closed with probability p .  Most studies of 
percolation models have been of either the “site” 
or the ‘bond’ problems. The Potts/percolation 
problem has been considered relatively infre- 
quently. (Note that in his review, Wu, 1982, uses 
the term “bond percolation” in connection with 
the Potts/percolation model. This is at  variance 
with the more common usage defined above). 
The Potts/percolation model is the most natural 
percolation model to apply to bubble trapping 
near the transition from firn to ice. The sites 
correspond to the relatively large interstitial cav- 
ities in which air is trapped and the bonds 
correspond to the narrower connecting pathways 
that are closed as the firn compacts. Thus, when 
considering the amount of air trapped, we need to 

consider the statistics of clusters of sites connec- 
ted by randomly closed bonds as in the 
Potts/percolation model. In the earlier stages of 
the close-off process it is not a good 
approximation to locate all the porosity at the 
sites. In the upper levels of the firn, the bonds 
will contribute a significant proportion of the 
porosity. To cover a wide range of depths would 
require a percolation model that considers the 
statistics of clusters in terms of the numbers of 
both sites and bonds. 

For the purposes of modelling bubble trapping 
by identifying P ( p )  with the proportion of 
bubbles trapped, the important properties are 
that: 
P ( l ) =  1 (3.la) 

and that there is a critical probability pc  such that 

P ( P )  - (P -P,Y as P (3.1 b) 

P ( p )  = 0 for p <pc. ( 3 . 1 ~ )  

Fig. 2 shows simulations of a square lattice 
percolation system near its critical point. The 
randomly occupied elements are the bonds as in 
bond percolation and Potts/percolation. The ac- 
centuated cluster is a cluster of connected sites as 
considered in the Potts/percolation model and 
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APPLICATION OF LATTICE STATISTICS 105 

The generalisation to g # 1 is constructed by 
adding an additional V bonds connecting each 
site of the lattice to an auxiliary vertex. 

The percolation probability is given by 

P ( p )  = lim M(q, u = 1 - p )  (3.7) 
9'1 

where 

and is the generalisation of the king model 
magnetisation (2.3). This connection between 
Potts models and the Potts/percolation model was 
exploited by Enting (1986) in deriving the series 
presented below. Wu (1982) also shows how the 
statistics of numbers of bonds in a cluster can be 
obtained in the Potts model formulation. In addi- 
tion, he considers a Potts model formulation of a 
more general percolation model in which both 
sites and bonds can be randomly closed. The 
possible relevance of this more general model is 
discussed in Section 4 below. 

Closed form approximations for Potts models 
have been described by Kihara et al. (1954). 
Their approximation is exact in the q+cc limit. 
Series expansions applicable for general values of 
q have been given by Kihara et al. (1954) and 
Straley and Fisher (1973). There have been nu- 
merous series studies of particular cases (see Wu, 
1982 for references). The basic technique of series 
derivation is to define a subgraph expansion such 
as (3.6) so that the series coefficients are obtained 
from the number of ways particular classes of 
graph can occur as subgraphs of the lattice. The 
numbers of subgraph embeddings are almost 
invariably enumerated by digital computer. 

Early attempts to apply renormalisation group 
techniques to the study of the Potts model were 
generally unsuccessful in that they could not 
reproduce the result due to Baxter (1973) of a 
first-order transition on the square lattice for 
q > 4  and a continuous transition for qQ4 .  A 
successful analysis of the Potts model using 
renormalisation group techniques was ultimately 
achieved by Nienhuis et al. (1979) using a par- 
ameter space that included diluted systems. 

Fig. 3 shows estimates, based on series 
expansions, of the bond percolation probability 
P( p)  for various three dimensional lattices, 
plotted in terms of u/u,. The dashed curves are 
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Fig. 3. The percolation probability for various 3-D 
lattices showing differences due to lattice structure and 
definition of P(u). Approximations are derived from 
Pade approximants to P1'0454. Dashed curves are for 
bond percolation based on series from Gaunt and Sykes 
(1983). The solid curves show estimates for P(u) for the 
Potts/percolation model on the simple cubic and 
ultramarine lattices. 

estimates of the conventionally defined percola- 
tion probability for bond percolation models and 
are based on series given by Gaunt and Sykes 
(1983). The solid curves represent percolation 
probabilities defined in terms of the 
Potts/percolation model using eq. (3.8). The 
series for the simple cubic lattice are from Gaunt 
et al. (1981) and the series for the ultramarine 
lattice (discussed below) are from Enting (1986). 
Each of the curves is an estimate of the form 

where the exponent is 0.454 as estimated by 
Gaunt and Sykes (1983) and R and T are polyno- 
mials in u whose coefficients are chosen to fit the 
available terms in the series for P(u). In other 
words R(u)/T(u) is a Pade approximate to P(u)'@. 

4. Statistical mechanics and bubble trapping 

The initial use of percolation models for 
describing the bubble trapping distribution 
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(Stauffer et al., 1985; Enting, 1985a) relied on a 
simple assumed correspondence between the firn 
system and a three-dimensional percolation 
model. There are however many aspects of this 
correspondence that should be examined in the 
light of existing knowledge of lattice statistics 
models. 

As mentioned in the introduction, the cooper- 
ative effect of random bond closures determines 
the dominant physical process of the transition 
from firn to ice. The other simultaneous 
structural changes in the firn can be regarded as 
simply modifying the parameters that describe 
the transition and give the details of its local 
effects. Universality theory states that the 
underlying physics of the cooperative phase 
transition will be invariant under changes in the 
local details of the system. However such local 
details are important both for constructing quan- 
titative models of the trapping and for calibrating 
the cooperative behaviour in terms of small scale 
measurements of bubble statistics. 

4.1 .  Diffusion 
The lattice statistics models only describe the 

static aspects of bubble trapping and do not 
consider the times required for the gas in open 
channels to equilibrate with the free atmosphere. 
Observations of 39Ar by Loosli (1983) indicate 
that the bulk of the gas in the open firn is freely 
mixed with the atmosphere. Since the half-life of 
39Ar is over 200 years, this mixing assumption 
may not be valid on shorter time scales and it 
may be necessary to  model the movement of gas 
explicitly. Diffusion on percolating clusters has 
been reviewed by Mitescu and Roussenq (1983). 

4.2.  Changing structure 
The simple lattice statistics models assume that 

all the structural changes in the ice can be 
modelled as simple channel closures and ignores 
any other structural changes associated with the 
densification. A more detailed description of the 
sintering of snow grains in the firn is given by 
Stauffer (1981). As mentioned in the introduc- 
tion, the additional changes include reductions in 
the volumes of both sites and bonds prior to 
close-off and modifications of the sizes and 
shapes of trapped clusters. The changes occurring 
after close-off do not influence the amount of gas 
trapped and so need not be included in the 

model. However these effects must be considered 
when observations of trapped clusters are being 
used to calibrate any model. 

For the purpose of determining the amount of 
gas that is trapped, the important quantity is the 
size of clusters at close-off. If the mean volume 
per site a t  age z is denoted u(z) then the basic 
percolation model 

(4. la) 

must be modified to 

with k chosen so as to normalise R(z) .  Mathemat- 
ically, the factor D(Z) is similar to the factor Su/dz 
that will appear when (4.la) is modified to relate 
ages z to bond closure probabilities u. Eq. (4.lb) 
must be further modified if the bonds make a 
significant contribution to the volumes of clusters 
at cutoff. The extent of such contributions will 
depend on the variance of the distribution of 
channel volumes. If this is small so that all bonds 
have similar volumes then near the close-off 
point all channels will have small volumes. The 
fact that the bonds contribute much of the poros- 
ity higher in the firn does not affect the trapping 
model since little trapping occurs in the upper 
layers. If however the distribution of channel 
volumes has a large variance then trapped clus- 
ters may contain significant volume contributions 
from the internal bonds. In this case expression 
(4.1 b) must include an additional term propor- 
tional to the derivative of the percolation prob- 
ability conventionally studied in bond percolation 
problems. Preliminary analysis of sections of an 
ice-core from Law Dome suggests that bonds 
appear to make a significant contribution to the 
volumes of trapped clusters. However this effect 
may arise in part from structural changes occur- 
ring after trapping and a more detailed analysis is 
required. 

4 . 3 .  Use of regular lattice 
The use of systems on regular lattices to model 

transitions in irregular systems can be justified 
using the universality properties that are pre- 
dicted by renormalisation group arguments. Uni- 
versality predicts that the critical exponents such 
as p will be the same for all systems of a given 
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symmetry and dimensionality. In particular the 
exponent Ba0.454 should be the same for all 
percolation models (site, bond or Potts) on all 
three-dimensional lattices whether regular or ir- 
regular. Furthermore the exponent will be un- 
changed by smooth structural changes such as 
those described above. In contrast, closed form 
approximations give = I .  This discrepancy is 
the basis of the claim in the introduction that the 
percolation model embodies the dominant 
physics of the firn to ice transition and must form 
the basis of any detailed model. 

4.4.  Identification of the percolation probabilitjl 
with openfirn 

The discussion by Stauffer et al. (1985) and 
Enting (l985a) has used the percolation prob- 
ability, i.e., the probability that a site is connect- 
ed to an infinite cluster, as corresponding to the 
probability that a pore in the ice is connected to 
the atmosphere, as implied by eq.(4.la). 

By using an unbounded system as a model, the 
discussion has ignored the role of the free surface. 
Systems with free surfaces have been often 
considered in statistical mechanics (Binder, 
1983). Series techniques have been applied 
mainly for either the Ising model or for self- 
avoiding walks. One point to note in connection 
with any more detailed analysis of bubble trap- 
ping is the difficulty of using renormalisation 
group techniques to analyse problems with a free 
surface. 

4.5 .  The density gradient 
While systems with a free surface have been 

considered in statistical mechanics there is, to the 
author’s knowledge, no previous work on systems 
with a regular change of properties with position. 
A geometrically realistic model of bubble trap- 
ping would have the closure probability p varying 
with depth and would analyse such a system as a 
whole rather than representing each separate 
depth as part of an unbounded three-dimensional 
system with the local closure probability applying 
globally. In continuous transitions, the transition 
occurs when fluctuations occur on all possible 
length scales. In the firn system with a gradient 
in p ,  unbounded critical fluctuations will only 
occur in the horizontal direction. Fluctuations in 
the vertical will be cut off because the lattice will 
be locally non-critical. It was for this reason that 

Enting (1985) indicated that an ideal model 
would strictly have a two-dimensional critical 
behaviour. 

However this two-dimensional behaviour will 
only be apparent very close to criticality. At 
moderate distances from the critical point the 
fluctuations will be shorter ranged and will be 
essentially equivalent in all directions. Thus away 
from the critical point the system should “cross 
over” to a typical three-dimensional behaviour. 
Such cross-over in statistical mechanics has 
mainly been considered in connection with 
anisotropic Ising models with a very weak inter- 
action in one direction (Abe, 1970; Paul and 
Stanley, 1972; Hankey and Stanley, 1972; 
Oitmaa and Enting, 1972; Stanley, 1974; Enting 
and Oitmaa, 1977 and Domb, 1974). This case is 
the reverse of the firn system in that the ideal 
three-dimensional behaviour only applies very 
near the critical point and two-dimensional be- 
haviour applies further away. 

4.6.  Fluctuations 
Enting (1985a) pointed out that the large sea- 

sonal fluctuations in trapped bubble volume that 
were observed in the transition region by 
Schwander and Stauffer (1984) were typical of 
the critical fluctuations associated with con- 
tinuous phase transitions. The fact that such 
transitions are associated with fluctuations on all 
length scales means that such systems can show 
very large responses to perturbing influences. 
These responses are characterised by various 
susceptibilities that typically exhibit power-law 
divergences a t  continuous transitions. One poten- 
tial problem associated with the existence of 
these fluctuations is that it would be difficult to 
obtain a representative sample from the 
transition region. There has been relatively little 
work on the sample statistics of cooperative 
lattice systems but Pickard (1976) has considered 
the sample problem for the zero-field Ising 
model. 

The sampling problems associated with large 
fluctuations will be important when using obser- 
vations of bubble statistics to calibrate models. 
However the main importance of the fluctuations 
is that the associated large susceptibilities to 
perturbing influences can cause significant 
departures from the idealised model of uniform 
trapping that is embodied in eq. (1 .1 ) .  Enting 
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(1985b) suggests that non-uniformities in the 
trapping process will be the most serious source 
of error in the deconvolution of ice-core data. 
Detailed studies on ice-cores are necessary in 
order to determine the range of possible fluctu- 
ations in trapping and the extent to which the ice, 
after close-off, retains a record of any non- 
uniformity that can be used to correct 
deconvolutions based on assuming uniform trap- 
ping. Of particular importance is the role of the 
impermeable layers discussed by Neftel et al. 
(1985). Further studies are needed in order to 
estimate the frequency with which they occur and 
whether they represent abnormal events or 
whether they should be regarded as part of the 
range of natural fluctuations associated with the 
close-off process. 

4.7. Corrections to scaling 
For many years, much of the effort in statisti- 

cal mechanics of phase transitions was concen- 
trated on the study of the dominant critical 
exponents. More recently there have been a 
number of studies of the correction terms that 
modify the dominant behaviour. Adler et al. 
(1983) have reviewed work on corrections to 
scaling in percolation models and suggest that the 
percolation probability should be written 

P ( P )  = C,(P -p,Y 
x (1 + a ( p  -pep + b(p  -p,) + . . .). (4.2) 

The exponent A, should, like /3, be applicable for 
all three-dimensional percolation models. Adler 
et al. estimate 

A I  = 0.98 0.14. (4.3) 

This result means that the corrections to scaling 
can be adequately represented by analytic func- 
tions since A l  z 1. This simplifies both the series 
analysis presented below and any use of finite 
size scaling in analysing the trapping process. 

5. Percolation on the ultramarine lattice 

Stauffer (1981) suggested that the geometry of 
the firn could be represented by placing the 
grains on a bcc lattice. The pores and channels 
are thus the sites and bonds of a lattice whose 
structure corresponds to the locations of the 

silicon atoms in ultramarine (Na,, x(Si24AI,048) 
(X2I2 with x = 10 to 12 and Xz =SO; etc.) (cf. 
Krebs, 1968). Technically, this lattice is formed 
by taking the vertices of the Wigner-Seitz cell of 
the bcc lattice as the lattice points. Stauffer et al. 
(1985) considered a bond percolation model on 
this lattice and performed a Monte Carlo 
simulation. They estimated pc = 0.42. Enting 
(1986) has generated series expansions for the 
Potts/percolation model on this lattice. The series 
were derived by using a generalisation of the 
“code method” or “method of partial generating 
functions” described by Sykes et al. (1965). The 
generalisation to Potts models of general q was 
described by Enting (1975) as an extension of the 
techniques used for q = 3, 4, 5 and 6 by Enting 
(1974a, b). The advantage of the ‘code method’ is 
that it is one of the class of methods described by 
Wortis (1974) as ‘substituting algebraic com- 
plexity for combinatorial complexity’ (see also 
Enting (1978a, b)). Using the “code method” it 
was possible to obtain series for the percolation 
probability on the ultramarine lattice to order 
(1 -p)15. The series was P ( p  = 1 - u) = 1 - Ip 
- 4u6 + 4u7 - 2024’ + 36u9 - 106~”’ + 24424’’ 
- 6 4 6 ~ ’ ~  + 1 5 7 2 ~ ’ ~  - 3978~“ + 9708~”  + . . .. 
As part of the series derivation technique it was 
also possible to obtain a series expansion for S ( p )  
the mean number of sites per finite cluster. The 
series for small u was S(u) = Ip(1 + 8u2 - 8u3 
+ 62U“ - 10814’ + 4 2 6 ~ ~  - 9 9 6 ~ ~  + 3170~’ - 
8 0 9 2 ~ ~  + 23222~” - 60208~” . . . .). 

A low density expansion for small p could also 
be obtained and to order p7 is S ( p )  = 1 + 4p + 
12pz + 36p3 + 98p4 + 280~’ + 764p6 + 2112p7 
+ . . . .. The series were analysed using Pad6 
approximants as described by Gaunt and 
Guttmann (1974). This analysis did not allow for 
any corrections to scaling with non-integer 
powers. Since the work of Adler et al. (1983) 
suggests that A I  5 1 this should not be a 
limitation on the validity of the analysis. Pade 
approximants to the series for P(u)’/P were con- 
structed, thus representing P(u)”fl by the ratio of 
two polynomials in u such that the ratio correctly 
represented the series to order ul ’ .  The zeroes in 
the numerators gave estimates of u,. Pad6 
approximants are particularly useful in analysing 
series such as P(u) because they provide a way of 
continuing a series beyond its radius of conver- 
gence. For the series P(u) the radius of conver- 
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gence is determined by the singularity at 
u 2 -0.393 (estimated from Pade approximants) 
while the singularity that is of physical interest is 
at u, z 0.61. The value of B used in this analysis 
was taken as B = 0.454 on the basis of the study 
by Gaunt and Sykes (1983). The high-density 
series S(u) was found to be more difficult to 
analyse. A similar situation was encountered by 
Gaunt and Sykes for other lattices. 

The low-density series S ( p )  was easier to 
analyse because the physical singularity 
determines the radius of convergence. A ratio 
method analysis gives p ,  z 0.4. A realistic esti- 
mate based on S ( p )  and P(u) is p ,  = 0.39 0.02. 
As in all such series analysis, the uncertainties are 
somewhat subjective but the range does just 
exclude the value 0.42 estimated by Stauffer et al. 
(1985). The approximation to P(p)  based on the 
[8, 71 approximant is shown as the leftmost curve 
in Fig. 3. 

6. Techniques for analysing a refined model 

The main reason for attempting to construct a 
refined model of the bubble trapping process is to 
reduce the amount of empirical content involved 
in determining the distribution of trapping times. 
There are three ways of determining this 
distribution. 

i By measurements of trapped bubble volume 
through the transition zone as done by 
Schwander and Stauffer (1984); 

i i  By calibrating the age distribution function 
using concentration measurements for some 
tracer whose atmospheric concentration 
history is known. One of the chloro- 
fluorocarbons would be an obvious choice 
but the determination of R would be poorly- 
conditioned ; 

iii  By constructing a percolation model that 
expressed the trapping distribution in terms 
of easily measurable properties of the ice 
such as density, depth, accumulation rate 
etc. 

Even in the first two empirically calibrated 
approaches the results of percolation modelling 
can be useful in giving a guide to the type of 
functions to be fitted to the data. 

The construction of a model of firn closure that 
can be directly related to properties of the ice 
must take into account the various complicating 
factors discussed in Section 4. This will require 
information concerning the actual structure of the 
firn in terms of statistics of channels linking 
pores at various densities. Once this information 
is available an appropriate percolation model can 
be readily constructed. The difficulty comes in 
the analysis of the system. Monte Carlo 
techniques should be possible although the irreg- 
ular structure will make such techniques complex 
and relatively inefficient. A major difficulty 
would be in handling systems with enough sites to 
span the appropriate density changes. A grain 
size of millimetres and a depth range of 10’s to 
100’s of metres indicates that of order lo4 lattice 
spacings are required in the vertical direction. 
While very useful estimates of uniform regular 
systems can be obtained with simulations using 
100 x 100 x 100 sites, for the firn problem even a 
simulation with 30 x 30 x lo4 sites would be an 
order of magnitude larger. 

There seems to be little hope of using series 
expansions to analyse realistic firn closure 
models. Series expansions on systems with irregu- 
lar structure have proved very difficult to derive. 
More significantly, once a spatial variation in 
properties occurs, there no longer seems to be any 
natural expansion variable for series. The role of 
series studies must be confined to providing a 
cross-check on other methods by performing tests 
for special cases. 

The best hope for analysing a realistic firn 
closure model lies with the various 
renormalisation group techniques. Real-space 
renormalisation techniques rather than spectral 
forms would seem to be required for several 
reasons. Firstly they deal (conceptually) with the 
actual statistical distributions rather than with 
dominant components and so the results can be 
more readily related to actual physical properties 
of the ice. Secondly the firn system has a vari- 
ation of properties in real-space that makes a 
spectral representation unsuitable for this 
problem. The irregular local structure in the firn 
is a complication that may be computationally 
cumbersome but which should not pose funda- 
mental difficulties. The renormalisation group 
transformation corresponds to a summation over 
the less relevant degrees of freedom on ever- 
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increasing length scales. As the transformation is 
iterated, the local disorder becomes less and less 
important. For practical computations, it should 
be sufficient to regard the first two or three 
iterations of the transformations as a form of 
restructuring transformations (Berker, 1975) that 
maps the irregular lattice into a (sparser) regular 
lattice. 

Apart from the more conventional approaches 
that construct explicit transformations on the 
probability distribution Prob@), it may be pos- 
sible to use the so-called 'phenomenological 
renormalisation group' (Nightingale, 1976) ap- 
proach which relies on finite size scaling assump- 
tions. The Monte Carlo renormalisation group 
approach proposed by Ma (1976) may also be 
useful (see also Swendsen, 1979). 

7. Numerical requirements 

The modelling of firn closure using the percola- 
tion model leads to a number of interesting 
questions in statistical mechanics as described in 
the preceding sections. However for carbon cycle 
studies, the obvious question is how accurate a 
description is really needed for the interpretation 
of measurements on trapped bubbles. 

The inversion of the bubble concentrations 
corresponds to the inversion of a Volterra integral 
equation of the first kind : 

(7.1) 

The solution of such integral equations can be ill- 
conditioned in that the solution g(y) tends to be 
very sensitive to errors in A x )  and R ( x ) .  In 
general, the smoother the kernel, R, the worse- 
conditioned the inversion, i.e., the greater the 
extent of error-amplification. In this regard the 
inversion of ice-bubble data is relatively well- 
posed compared to other inversion problems oc- 
curring in carbon cycle studies. Fig. 4 compares 
the age distribution for bubble trapping to two 
other response functions. The first function R,(t) 
gives the isotopic response of atmospheric C 0 2  
(as defined by 6I3C) to an injection of C 0 2  with a 

~~ 

2 0  40 60 

TIME ( t )  YEAR 

Fig. 4.  Comparison of the kernels of three integral 
equations of interest in carbon cycle studies. (a) The 
bubble trapping function, R(z),  relating bubble concen- 
trations to atmospheric concentrations. (b) The CO, 
response function, Rc( f ) ,  relating C 0 2  source strengths 
to atmospheric concentrations. (c) The isotopic re- 
sponse function, R&), relating C 0 2  source strengths to 
atmospheric 6I3C. 

613 of - 25%,. The second function R,(t)  gives the 
response of the atmospheric COz concentrations 
to an injection of COz. It will be seen that the age 
distribution function changes a more rapidly than 
either of the other two response functions; in 
fact, R(z) diverges. Thus the deconvolution of 
bubble concentrations is a better-conditioned 
problem than deducing past C 0 2  sources from 
b13C changes and very much better-condition 
than deducing sources from C 0 2  changes. Simi- 
larly, for a given signal-to-noise ratio, the deduc- 
tion of COz sources from 6I3C changes is a 
better-conditioned problem than the deduction of 
C 0 2  sources from C 0 2  concentration changes. 
The reason that high precision is required in the 
deconvolution of ice-core data is that the atmos- 
pheric C 0 2  history must be subjected to a second 
deconvolution to deduce the C 0 2  source strengths 
and that this deconvolution is the most poorly- 
conditioned of the three examples discussed here. 
Since this final deconvolution tends to severely 
amplify any errors in the estimated COz 
concentration it is highly desirable to minimise 
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such errors by using the best possible representa- 
tion of the function R(z). The functions R, and R, 
shown in Fig. 4 were obtained from the box- 
diffusion model of Oeschger et al. (1975), modi- 
fied essentially as described by Stuiver et al. 
(1984). 

It is the property of integral equations with 
smooth kernels being poorly conditioned that 
makes the determination of the trapping distribu- 
tion from halocarbon observations poorly-condi- 
tioned. Such an approach would involve solving 
eq. (7.1) for R where the kernel g, being one of 
the atmospheric halocarbon concentrations, will 
be a very smooth function of time. Nevertheless, 
if the concentration of a tracer increases linearly 
then the mean trapping time 

j: Z' R ( i ' )  dz 

gives a delay time zd such that q(z) = C(Z - zd).  
The delay zd .can be estimated using any tracer 
with a known atmospheric history that has little 
curvature and the resulting zd can be applied to 
any other tracer showing similar behaviour 
(Enting and Mansbridge, 1985). This type of 
situation in which it is possible to deduce a 
particular mathematical quantity reliably, even 
though it is defined in terms of the solution of an 
ill-conditioned problem, has been described in 
greater generality by Anderssen (1 980). 

The analysis up to this point has been based on 
eq. (1.1) and so assumes a uniform trapping 
process. However the trapping process shows 
variations on both seasonal and interannual time 
scales. For example even the total volume of air 
that is trapped has been found to  vary (e.g. 
Berner et al., 1978; Raynaud and Whillans, 
1982). Such variation limits the validity of eq. 
(1.1) since the trapping distribution is a function 
of both the time of deposition and the time of the 
partial close off rather than being simply a func- 
tion of the difference between these times. The 
degree of variability in the trapping and thus the 
size of the error involved in assuming a uniform 
trapping process will vary between sites; the 
more uniform the deposition, the smaller the 
error. As mentioned above, the variability in 
trapping seems to arise from the fact that cooper- 
ative transitions are characterised by large 
susceptibilities to perturbing influences 

One general point to be noted is that the degree 
of ill-conditioning in an inverse problem such as 
the deconvolution of (1.1.) tends to reflect the 
sensitivity of the solution, c(z), to both errors in 
the data, q(z) ,  and errors in the problem formula- 
tion, i.e., the use of R(z), (see for example Enting, 
1985b). Since, as described above, the sharpness 
of R(z) makes the inversion of (1.1) relatively 
well-conditioned the errors involved in assuming 
uniform trapping will lead to relatively small 
errors in c(z). However these small errors will 
tend to be more severely amplified if c(z )  is used 
to estimate the biospheric release rate. 

8. Summary 

The statistics of bubble trapping in polar ice 
provide an interesting application of the percola- 
tion model from lattice statistics. Even the 
crudest models that consider uniform regular 
three-dimensional lattices can provide a useful 
guide to appropriate functional forms to be fitted 
when using empirical techniques to determine the 
distribution of trapping times. The construction 
of more refined models involves more specialised 
systems. Most of the special aspects involved in 
constructing a refined model have been studied 
previously in statistical mechanics, but generally 
only in isolation and often only for the k ing  
model. The most promising ways of analysing 
more refined models of bubble trapping would 
seem to be the use of some of the various 
renormalisation group techniques. It will be nec- 
essary to find a renormalisation group technique 
that performs adequately for all the special 
aspects individually in order to  have any 
confidence in the results obtained when all the 
special aspects are combined to model the firn 
closure. This will necessitate testing renormal- 
isation group techniques on a number of special 
systems by comparing the results to results of 
series analysis. A number of such comparisons 
are currently being undertaken. 
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