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Some Remarks About Nonlinear Oscillations In Tidal Channels

By H. KREISS, International Institute of Meteorology in Stockholm

(Manuscript received July 15, revised October 25, 1956)

Abstract

In tidal rivers one observes an unsymmetry between flood and ebbcurrent. This phenom-
enon is examined for channecls with constant mean depth and mean cross-section area. The
hydrodynamic equations are integrated over the vertical and it is shown that one is not allowed
to introduce the usual simplifications (linearisation, neglection of friction) if one wants to de-
scribe this phenemenon. With the aid of a perturbation method the equations are integrated
and it is shown that for sufficiently small ratio maximum of the flow/mean depth one can
approximate the solution of by two harmonics. This approximation is examined in detail.

1. Introduction

In tidal estuaries one often observes that the
floodcurrent ug is of shorter duration than the
ebb-current ug and that the maximum value
of ug is greater than the maximum value of ug.
These facts are of importance for the transport
of sediments and do explain why a river some-
times gets filled with sand. (Figure 1.)
~ Of Jate effective numerical methods have
been developed for the computation of such
tidal currents (HaNsEN, 1956). These methods
are the only ones that permit us to compute
tides in rivers with varying cross-section and
varying mean depth. On the other hand they
do not readily give an insight into the physical
structure of the motions since each computa-
tion gives just one special numerical solution
and does not tell anything about what would
happen if the controlling parameters were
changed. For this reason it may be useful to
dcvcfop analytical theories for simple examples
and to study their physical structure in detail.
In this paper we shall discuss such a theory for
the simpll?: case of tidal motions in channels
with constant mean depth and constant cross-
section.
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Fig. 1. Flow-values in a fixed point as a function of
time, The positive values represent the flood current
up the negative the ebb current ug.
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2. Basic equations

In the theoretical study of tidal motions in
channels, one usually assumes that the channel
is connected with the open sea at one end and
closed at the other. Using the symbols 4, ¢, h
for velocity, the surface elevation and the mean
depth respectively, one starts with the vertically
ifntegrated hydrodynamical equations in the
orm:

ﬁ,+éﬁﬁx+R(ﬁ) +g(h+{)te=0

h
e +{=0 2.1
_ ¢
u= [udz
-h

fis fo» fur etc. being defined by

N L o Ff
fr=rp Jo=30 fa=35,

Fig. 2.

The boundary conditions are:

for x=0 C(o,t)=f(t)=Acos%7ft

and for x=L, u=o (Figure 2)
In 2.1 R(s) is the friction-term and one
generally assumes:

R(#)= - R(-7)

This assumption is only true when the friction
is independent of the history of the motion;
it is well known that in some tidal rivers one
has to choose different friction-laws for ebb-
and flood—currents.

The factor A derives from the fact that the
velocity is a function of depth. This factor most
likely varies from section to section and from
time to time. One can write A=1+2 (x, t).
In many cases, however, ¢ is small compared
with 1. Later it will be shown that the entire

A__ .
term iy normally does not influence the

solution of 2.1 strongly. Under those circum-
stances the assumption A = 1 is a reasonable
one.

In the study of tides one is not interested in
the transient solution of 2.1 and we shall there-
fore restrict this investigation to the T-peri-
odical solution.

In all earlier analytical investigations the
equations 2.1 have been simplified in one or
both of the following two ways:

. A__
a) One neglects the nonlinear terms ;44
and {C, and investigates:

{ #,+R(u) +ghl,=0
ax + C =0
(o, t) = A cos i;:zt
(L, f)=o0
There is no possibility to describe the previ-
ously mentioned lack of symmetry between

ebb and flood currents by this system, since
the transformation:

T
x = x*; t=t*+—2—; L= ~0% u= —u*

does not change the system 2.1a. In fact:

E<t+§>= ()
C(t+§> ~ ()

b) One neglects the friction term and
investigates:

u+g(h +C)Cx+%§§x=o

Uy +C=0

=,

T

u(L, t)=o0 )

¢ (o, t)=A cos

(H. LAMB 1932; J. STOKER 1048.)
But also these equations do not lead further
Tellus IX (1957), 1
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since they remain unchanged by the trans-
formation:

x=x* t=—t* u=-u¥ {=C*
Therefore
u(-1=-u())
L(-9=£()

and we get again symmetry between ebb and
flood current.

It follows that we must take into account
both friction and the nonlinear terms. The
simplest way to do this is to choose

R(u)=const- 4 =0u

In accordance with earlier investigations we put

Thus we shall investigate the system

ﬁ,+é§§x+g tgh+0)te=0
b h
§x+ct=0

27
l{o,6)=4A cosTt

E(L, t)EO

It is convenient to write 2.2 in nondimensional
form:

Putting
- anPfL 7 Emhr
2.3
t= T t; x=Lx'
27
we get
a2(up + ' +2'ue) + (1 40w =0 2.4a
e +lr=0 2.4b

with
2zl .

o= —— QT
Vgh T’

B=cmh

From the continuity equation 2.4 b it follows,
that a function ¢ exists with the properties:

W= - Py {'= Px 2.5
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Dropping the * we get from 2.4 a and 2.5

- &% (@u + Bpr) + Pux + XPAPipr +
+ QuxPx = O
@(1,£)=0 2.6

@x (0, t) =%1 cos t

As far as I know, is it not possible to represent
the solution of 2.6 by a finit number of
elementary functions.

But if the ratio amplitude A/mean depth h
is small compared with unity we shall see that
the solution of 2.6 is “situated in the neigh-
bourhood” of the solution of the linearised
equation 2.1 a. With the aid of the pertur-
bation method we can then approximate the
solution of 2.6 by means of a number of
solutions of linear equations.

We can write 2.6 in the form:

- o (@u + B@r) + Qux +
+ & {0PAPPux + PraPx) =03 €=1
(1, )=o0 2.7

=

@x(0, £) =7 cost

Writing formally ¢ =Xp,¢v, introducing this
expression into 2.7 and arranging after powers
of ¢ we get:

- a? (‘Putt + .B(pvt) + @yxx +
+ (‘Poqu)u—l, xe o Pu-g, xx‘Pox) +
+o?h (‘I’otﬁvv—z, e Poot, t‘Porx) =0 2.8

The boundary conditions are fulfilled by the

demand

A
@ (T, )=0 @ox{0, t)=ﬁ cos ¢t
2.9

(1, )=0 @0, )=0 v>0

Then
p=2¢, 2.10
is a formal solution of 2.6 and by the aid of
2.5 we get formal expressions for #' and {'.
This whole development is of any use only
if already ¢o+¢, gives a sufficiently good
approximation to the solution ¢ of 2.6. If one
has to take additional ¢, into account the
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mathematical apparatus increases immensely
and becomes unwieldy.
" Therefore we shall restrict us to the case
that @ +¢, and its first derivatives gives a
sufficiently good approximation to ¢ and its
first derivatives. To investigate under which
conditions this is true we shall derive a differ-
ential-equation for y=¢—(p, + ¢;). From
equation 2.8 we get the equations for ¢, and ¢,.

- o? (‘Pott + ﬂq’or) + Poxx=0 |
@1, f)=0

A
@ox (0, ) = 7 cost J
— a? (1o + POu) + Prax =

1 40
T3 ox (9B + Ax2gyy)

(1, )=0; @{0, f)=0

Subtracting these two equations from
equation 2.7 we get for y

— a2 (i + By) + P+

1 0 2
+; a {(ﬂ}, [1/)[ + 2(<Pot+ (plt)wl] +

+ 2 (Pox + P1x) ‘/’x’*'w;}:
2.13
T

7]
= L= {02A(2 o~ @y + 1) +

+ 2 PoxPrx T Pix}

Yo (1, ) =y (0, ) =0

Now we assume that the ratio of the amplitude
A to the mean depth A is small compared with
unity. It then follows, as we shall see in the
next section, that also | @y |, | gox] € 1 and
| ou | < | @or |5 | (Plﬁl<<‘%x\ and we can
approximate y by . y is defined by the
equation (all “small terms’” in equation 2.13
are neglected)

— (P + P) + YPx =

J
= Tx (22 Aot + PoxP1z) 2.14

Po (1, ) =y, (0, 1)

This simplification of 2.13 is permissible,
because we are only interested in the order of

magnitude of y and its first derivatives. One
can also justify it by numerical examples. I
have solved both equations 2.13 and 2.14 for

some examples in which 4 = 0.2 and found

h
that maximum |y | < 1.5 maximum |y | and
that this inequality also is valid for the first
derivatives.

We shall discuss equation 2.14 at the end of
section 3 and give some estimates of p, when
we have determined ¢, and ¢,. But we can
point out already here the analogy between
the equation 2.12 for ¢, and 2.14 tor p. We
have mentioned, that if | g, | is small compared
with unity, | ¢, | is small compared with | g, |.
From 2.12 and 2.14 it is then at least plausible
that |y | is small compared with | ¢, |.

We shall now introduce some notations
which will be useful in the following.

Putting — @, =4 @ix=( (i=0, 1) we can
write

u =y +u; }
E=ti+li =

Ug, &y is the solution of the linearized equa-
tion 2.1 a in nondimensional form.

uy, ¢y gives us the deviation of the solution
of the nonlinear equation 2.2 from (ug, ().

Therefore we shall often use the phrases
the linear part for (ug, &o)

the nonlinear part for (u;, {3)

3. Determination of @,

a) @,
We know from 2.11 that for ¢,

— o (o + BPor) + Poxx =0

A .
@ox (0, t)=—h— cost @o(1,8)=0 31
holds.
Writing the boundary conditions of 3.1 in
complex form, we get that g, =realpart w,
and that for w,

— a? (wgn + Pwge) + Woxx =0
A . .
®ox (0, t) -7 et wy(1, f)=0 3.2

holds. As wusual, we get the 2m-periodic
solution w, of 3.2 by assuming
Tellus 1X (1957), 1
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wo = f(x) i
Putting this expression into 3.2 we get for f(x)
o (1—if)- (x) +f"(x) =0

fO) =%, f=o >

Therefore

A
= = _A{eKi(x-1) _ p-Ki(x-1)
SO = e R ‘ )
with K3= — «2(1 - if) thus K, = K;, +iK; =

(W =) 5

and we get
Ae*
Wy =7—F———— Ki(x-1) _ -Ki(x-1)) —
VTR (R e ) ¢ ¢ )
Ae®

T (oKi(x-2) _ p-K;
hK, (1 +e-2K35) (e eXix) 3.5

. I _
with @, =realpart w,= 5 (wo + @y)

w, being defined as the conjugate complex
value of w,.
b) ¢

From the equations 2.12 and 3.6 it follows
that for ¢,

10 .
-o? (‘pltt + ﬂ‘plt) tQrax = — '2_ a (‘ng + 1“2(1)60 =

10, , —, —
= - §5} (wa + Wy T 2 WoxWyy +
+ Aa? (wg; + w5r + 2 Wegr)) 3.7

holds. 3.7 is a linear equation and therefore
we can split it up into

— o2 (@il + Bl + Pk =

10 = =
= — Z a_x (Q)Oxwox + }»azwotwot) 38 a
- o (@i + PE) + ¢ =
I 0 9 =2 2 o
= -5 3m (Ot Dhet Ja? (@} + B3) 3.8b

P20, )= g0 (1, 0 (i=1. 2)
(2}

Thus ¢, = ¢ + ¢
Tellus 1X (1957), 1

The right side of 3.8 a isindependent of ¢, there-
fore also ¢ is independent of ¢ and we get
by simple integration
X
0=2 [ 2 (e + Ao d
(Plx“4 % WoxWox + AX“WoWqt) X

[o]

3.9
From 3.8b we see that we can write ¢'? as
the realpart of a function w, for which
— 0% (010 + P1e) + Wyex =
190 R
= _25;(%;‘ + Aodwiy) 3.10
w1(0, =0y (1,£)=0
holds. From 3.5 we have

0 2 2A2K1eu ! (ezk,(x—Q) — e—zK,x)

2 ook = — 1°
dx % k2 (1 +e2Ky)
Aoc? a—‘x 0)3; =

2 A2 0%

~ = R (s e (2K (x-2) — ¢-aKux)

_Aet o
K% ox

2
Wox

Therefore we get
I Aa?
- o (w1 + Pooy) + Orxx = — 2 <I - F) .
1

A2Kle2it

B (1 e oKy 3.1

(ezKl(x -2) _ e- 2K1x)

{0, )=, (1, ) =0 3.I112a

A particular solution of 3.11 we get in the
form

Ao?Y iA4?

wip=|1~— _E? ﬁ .
Ketit

40P (1 + e~ 2Ki)2

{ezKl(x~2)_e—2K.x} 3.12

Now we must find a solution w,y of the
homogenous equation 3.11 so thatw, = w;p +
+ w, g fulfills the boundary conditions 3.11 a.

Because w;p is of the form f(x)e*, w,y must
be of the same form:

WH=g (x) €2t
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g;)r;( t)he homogenous equation 3.11 we get thus K, = Ky +iKyi = \_;x__ ‘
. 2
! ”
402 (1—ﬁ>g(x) +g'(x)=0 3.13 T 3.14
2 2 \/ I + — eIt e
and therefore \/ N

g (x) = DeKs(x-2 ¢ Fe-Kux
iB 34 D and E we can determine in such a way,
with KZ= — 402 <1 - -2—> ) that w, fulfills the boundary conditions 3.11 a

and we find finally:
e
_iaKen ' TR

T h24Bat (1 +e-2Ki)2
(s ;iz iAZK, etit

( K2/ h?4fa? (e~ K + €K1)

2_K1(e'2K1 +62K.)

K, (eKi+e-K9)

Wy =W pt+yg=

{eaK,(x D _ p-aku _ 2K1 (1 +€74) (eK.(x—z)_e—K.x)}=

K2 (1 +e2K9)

3.15

{ezK,(x—n —e2Ki(x-1) _ (eK.(x-—l) - e—K.(x-l))}

with a=—— 22l ; B= = \/ \/I +ﬂ2

\/gh T Znh’ \/
\ + -1
and
g = ; (0, + @) 3.16 (‘Pox‘an + Aty =
190 = =
=- Za (wox + wo:c) (w1x + wlx) +

4. Validity of approximatin b - —
y of app g Pby gt + e (wm + @) (0 + Ba)] -
It was shown in section 3 that we can
approximate Y =@ — (@ +¢1) by p, where S Ox [(“’ox*‘%x) %]

is determined by
Therefore we can introduce functions v,

(v = 1, 2, 3) for which

- az(f ut ﬂ%) + @xx = - o? (V)vtt + ﬁ@w) + "_ﬁvxx =
0 ( d
T Tox (. 0xPrx + A2@orpyy) 4.1 - %a (wWoxt01x + AdPwq0y,) v =1
X b t = " b t = I a 4.2
Yox (0, ) =0 (1, ) =0 =173 (Woxt01x + APwqwyy) v =2
a (P(l(;)u)ox v=3
There are no mathematical difficulties to solve J
this equation. We shall only integrate it for holds, and we get then
the case of a long channel for which we may _ 1 - _ _
neglect the reflected wave and merely state w = realpart (y; + ¥, + ) .43
the result for the general case. From 3.5, 3.9  Forlong channels we mayneglecte-X» compared
and 3.15 we get: with one and we get from 3.5, 3.9 and 3.15:

Tellus IX (1957), 1
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A . . with
W= — o= ele” o2\ 2 A3K2
! C*= <1 - F) Paba
iA2K, ( za2> 1/ B4pe
W= — 2y _2E
R Y K? Then we can write the equation for  in the
e 2K _ 2’_K_1 e~ Kax ) p2it form: 2 it
K, - o3 (p 1::'*'/3'P1t)+‘l’xx—f( )e* } 44
Without introducing appreciable errors we P ) =t (1, )=
2K, i m 3it f
may put K, 1 and get assuming p, = g(x)e3* we get for g(x)
10 21— EE 7(5) =
f (x) T T2 (woxt01x + AoPwowy,) = 9« (I 3 )g (%) +£"(%)

— Ce3lt I:sz -Kix (e—2K1x — e—K.x) —

— 202 ~-Kix (e -2Kyx .

= C* {3K1£’_3K'x - (K1 + Kz) e_(K‘+K')x} 43
g)=g(1)=o0

ZK . : iﬂ
—IT e” Putting K= - 90(2(1 - ?>, realpart Ky = o0

= C* [3Kle-aK1x — (Kl + Kz) e-(K1+K:)x] we have

g

(%) 3K,

o N /1 (e‘aKxx_e‘(K1+Kl)x) -

- .
= 9a2<1 —?) +9K?

_ K + K, _ 3K,
i i
9“2<1 - 1 2 3

(e—(K,+K.)x _ e—-K.x)

?) + (K, + K,) 9012(1 - E) +9K?»

We only introduce small errors if assuming K, = Ky, +ivKy;. Thus

i 3K,

v
o(i-5) o |

K, +K, 3K,

3K
6ﬂa2

(e‘3K1" _ e—(K1+K.)x e~ 3Kwx _ o-(Kit+Ke)x| < M
27 Po?

igoc2(1—'——>+(K1+K2)2 —9a2(1~£3é>+9K§‘ |—

<

and from the last expression one can show

that it is smaller than
|K]
8 o2
P, =g(x)ed with |g(x)

Tellus IX (1957), 1

(e Ka+Knw _ g=Kux) | <

K, +K, _ 3K,
9a2<1 - ?) + (Ky + Ky)? 9a2<1 —?) +gK3

&1

In the same way one can show that the

same inequality holds for vy, and that y; is

for o < <2. Therefore small compared with vy, and p,. Now we

K| /1 =2 can decide under which conditions our ap-
| < C*| “—2:3 (§ + 2—7> proximation is valid.
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We accept the approximation if

Maximum | ;| maximum |flow ¢, —approximation @y + @y B

Maximum |@q|
Now

maximum | % | _h[K2 (1
maximum [@g| A o2f T \8

therefore the approximation is valid if

/o N
\ 'ISI+/32 —szz 4‘7
/ -

In the general case we get a similar result

4.
;s

+i>'C*lso.8¥I———
27/ |

maximum |“lincar flow” @q|

daz| A2 1+ p2

| KEahr g

=

(Examplc g=2; 50-275>

maximum | y; | Ao? I
TR W <061 -2 -
maximum | @q| KZ (|1 + e~ 25
1
About the factor K| see the next
-

section. takes its maximum if the

1+e- 2K
channel is so long that the corresponding free

I

oscillation has the period = . Then | ————
I+e 2K

can become quite big if § is small and it may
happen that the approximation for this length

is not useful. But

— > |can only become
1+e-2Ks

as big as 2 or 1.5 for values of § = 2 and 3
repectively.

5. Estimates of the linear part u; and the
nonlinear part u

In the first four sections it has been shown
that the flow distribution of tidal motions can
be approximated—under certain conditions—
as the sum of two terms #g and %3, the first
of which represents the solution of the line-
arized equation 2.4. We can interprete this
representation in the following way:

The tides in the open sea (boundary conditions

, A 27
Lo, )= 7 8
oscillation #,. This oscillation itself induces
the 1/2 - T-periodical oscillation uj.

t) induces the T-periodical

In this section we shall establish some rough
measures for u, and the ratio between the
linear part #, and the nonlinear part u; in

1 LI I A 1+ﬁ2} g
|1 +e-2K] " 3 |r+e-2K|) 4h? f2 4

order to get estimates for these quantities.
Besides we shall also obtain some important
information about the oscillations.

a) measure for u,
From 2.14, 2.15, 3.5 and 3.6 we get

= — realpart
Aiett I (
{(I +e72K) hK,

Therefore we can use as a measure for ug
) =| % T
M RR, (1 + e 2K

_ A 1
ah {1+ p2 |1 +e

eK,(x—2)_e—K1x)} S'I

5.2

This measure is quite good for not too short

channels. For short channels (that means short

compared with the wavelength of #g)! it is

bad because « is small compared with one

and therefore also eKxtx-1) — ¢~ Kilx-1) j5 small.
Quite interesting is the factor

_
|1+ e 2K

I

=3 -
V(1 + 2K cos 2Ky;)? + e~ *Kirsin? 2K ;

5-3

1 73, is the velocity in dimensional form; we get it
from the nondimensional velocity 4, by inverting the
transformation 2.3

Tellus IX (1957), 1
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. 1 -
Fig. 3. ]ITTIG} for different values of §.

This factor reaches its maximum value when
the channel is just of the length, for which the
corresponding free oscillation has the period
T. In Figure 3 we have plotted | 1 +e~2K: | -1

as a function of the ratio c_haﬂe_ljfggih__é =
wave length of #,
af

1= " ——

vz Vi +p2-1
of B that means for different values of frictional
influence, and we see:

for different values

in general | 1 +¢-2%| -1~ 1 but in the “neigh-
bourhood of resonance” | r+e~2K:{-I can be
quite big if the frictional influence is small.

From 5.3 we see that | 1t +e~2K1|~T reaches
its first maximum when

A2K2

cos 2Ky~ ~1

or
K= 8 7
\/z'\/\/1+,32— 1 2
now
_ 2mlL
Veh T

and thus resonance for the linear part occurs
when

LTZ,\Lffh.T.é.\/vlﬂi‘_I 5.4

As a mean value for m(u,) we get

I

I
ah’ VI+52

If we invert the transformation 2.3 we
get a measure for the mean velocity

o 1 F .
2T _jh #odz and we obtain

=7

b) measure for r=ct
Uy

From equation 3.9, 3.14, 3.I5 and 2.15 we
gCt:

I+e K

— _ Ao :
Y = realpart <I Kf) h2ﬂK2062 (I +e"2K‘)2(I +e‘2K‘)

K, (1 +e- %K) } .
Ka(x-2) _ p-Kax _ 2\~ "% = /(oK (x~2) _ o-2Kux
{e ‘ 2K, (1+e~4K59) (e € ) 5.6
and therefore we can choose as a measure for r =%}
0
m()—_I_. I_E A*KY |1 + e~ 4Ky 3
r "~ m () K2|2BIK,Jo® [1+ e 2KP1 + e 2K~
_}iz._‘fl_.\/l’*'ﬂz o J1+ B2 1 I+ e-4K1
K% 2 B B e [fre 57
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1+e-4Ki|

Fig. 4. |D|7T -

for different values of f.

1+e-2K:

Besides the already mentioned resonance
another resonance can influence m(r) strongly.
The length of the channel is such that the
corresponding free oscillation has the period
1/2 T. Then [ 1 +e-2Ks|-T takes its maximum.

Ao2

K2

14V1+& /1+&

V/

m(r) =

H. KREISS

However, the influence of | 1 +¢-2K:| - T cannot
become too strong, because | 1+e-4K:| then
I+e K

is small. In Figure 4 we have plotted ?—2—1?'

as a function of
channel length L

wavelength of the nonlinear part 4

. I+e- ¢k
for different values of 8. We see that | ———
1+e"2Ks

2i =

may become as big as two.

In the same way we can compute when
resonance for the nonlinear part u; occurs.
We must have

o

\/z \/\/I+——I
and therefore
\/\/1 +— -1

,2

Veh ..
8

Lyp,=

As a mean value for m(r) we get:

ANVI+B 1 +5 A+ 1)+ 6
T PV
VI+4

5.9

for small B-values we may approximate this expression by

zﬂl

A
S R

(example: T=12"=4.32-10* sec;p=2-10"3 [seﬂc] and therefore m(r) =

The last equation shows that for small values
of frictional influence m(r) is independent of
the depth and only dependent on the coefficient
of friction, the period T and the amplitude A.
Therefore the nonlinear part is also important,
when the depth is large and its influence is
ﬁartmularly strong when resonance occurs,
ecause the frictional influence is small.

But we can go one step further. In hydraulics

one uses the following fglctlon law:

* l“'

R(m)=o*7

because }3—— A=1

h’

07—
07 [meter]

If therefore the velocities are small we may
replace our friction law

by

From 5.5 we get |ima ~VghA and thus

) = o* mAu—ghwuhg g**\/gA

Tellus IX (1957), 1
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NONLINEAR OSCILLATIONS IN TIDAL CHANNELS 63

Using this expression for p in equation §.10
we get

wn , /h
m(r) =g%~V§

Now m(r) is also independent of the amplitude
A and proportional to yh. Even if the depth is
large and the amplitude is small the influence
of the nonlinear part might be relatively
strong. The reason why the influence of the
nonlinear part does not tend to o0 more rapidly
than the linear part when we let h—> o,
L - o and A — 0 is found from the equation
3.10.

The right side wy,wey of this equation
represents an oscillaion which converges
towards a free oscillation of 3.10 when f
tends to o. Therefore also wgywg.x must tend
to o if w, is to remain finite.

Now we are also in the position to say
something about the influence of the term
ﬁﬁﬁx. We can regard #j=u3(4) as a function
of .. We want to compare the influence of
this term and the term ghl(,. Therefore we

W(A=1) - (A=0)

examine the ratio _ . From
ul (l = 0)
5.6 we get
p@=1)-w@=0_ 1
1 (A=0) V1+pe

g . 1
if B is small compared with one —— ~1.

Y1+ p
In this case the influence of the term ﬁﬁﬁx is

as big as the influence of the term gh{{,. But
for f=3 its influence is only 30 % of the
influence of gh{(..

6. Discussion of the solution for different
cases

In the previous sections we have seen that
the flow ' is composed by two harmonics
g, uy which have the Periods T, 1/2 T re-
spectively, and that the “nonlinear influence”
is particularly strong when resonance occurs.
We have also seen that in general only the
first resonance is pronounced, which is due to
the frictional influence. Therefore we can

Tellus IX (1957), 1

divide all channels into different classes, with
respect to their lengths.

1) The length is small compared with the
“resonance length” L1y, (5.8), where reso-
nance for the nonlinear part occurs.

2) The length is in the “neighbourhood” of
Ltp.

3) The length is in the “neighbourhood” of
Ly, where resonance for the linear part
occurs. (5.4)

4) The channel is so long that the reflected
wave is negligible.

We are therefore going to discuss the
following four important cases:
a) short channels
b) infinitely long channels (the reflected wave
is negligible)
¢) the length is equal to Ly,
d) the length is equal to Lt

a) Short chaunels

For a short channel « is small compared
with one and we may therefore approximate
e2Ks sufficiently well by 1+2K;+2K3 From
5.1 and 5.6 we then get:
et

#y = — realpart %—-—K—z- (x-1)
(1 + f)

4A2K%(x — 1) 3t
k(2 +K;)?(2 + K3}

u, = realpart

if |K;| <0.3* then |[Ky|<0.6 and we may
2

neglect 71 against 1.

Therefore:
= 2n
Yo _'le_IISIHTt
= 6.1
|“1 A
— =7 < 0.06 —
max [ug| h
b 2l ¢
,1K=oc\/1+ 2 = ——~. V14 B if K<
|K B T Vi+ g K|
<03 then L < _©3 VghT
27 \/I + g
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Thus we see that we can neglect u) even

A i .
when — =0.3. From the continuity-equation

h
2.4b we get

, A 27
¢ =, cos Tt thus "

From 5.1 and 5.6 we get

- A )
= 1 it (pKa(x-2) _ p- Kax
u’ = realpart {(I+e“2K1)h l{w (e e )+<I

(1 +e 1K)
(1+e2Ki(1 + 2K

Thus for short rivers with varying cross-

. d .

section ome can put —==0 and determine u
x

from the continuity equation.

Before discussing the other three cases we
shall derive a formula for the flow u and
discuss some general properties of this ex-
pression.

A\ A K}
K3/ hf Kyn?

- K2
) e2it (eK.(x—z) — e~ Kwx _ & M_) [ezK.(x~2) _ e—zle])}} 6.3

2K, (1 + €Ky

writing
K =|K e  K,=|K, e (1 - I%) = |E]ei®s
! 6.4
I ;i (I +e*4K1) i I+€72K’ ;
1 +e~2K‘1=lB(eb; (I +8’2K‘)(I +e~21<,):(C!€ 5 WZ‘D"M
we get
-, AiB AlK, |3 K
i Zﬁl%i realpart {11( - Ky + ﬁj‘(ﬁ IE||C] [12( Ky) - J‘é’ﬂ D/, (- 2K1x+d)]} _

A[K, P

K|

- % realpart {11 [Ky(x~2)] + WIEHC[ [12 [K,(x - 2) - 2K, |D|l,[2K, (x — 2) + d]]}

where [, (s) = ei(

k4
t+5—19,+b+s>

[2(5)=ei(2t+201~-9,+c+b+z9,+s) 6.5

In genecral we may put d=o, K, = K,, Ky =2Kj;, without introducing too large errors.

Using the abbreviation t*=¢-¢, — K;x +b we get

- A B

H = ——__— - Kux,
! h [Kll '
. EA\K,P K.

. {sm t* 4 ‘h‘ﬂlszllL—E ICI COS [Zt* + (4’191 — ”192 - 180) + 193] <I —l|é|1| . |D[€_K"x>} +

4 @ Ku(x-2) | ) N EAIK P |

+Z]_Kl|e 2 {sm [£*+ 2Kpi(x - 1)] 4 WKy o “2‘C]

cos [26* + (40, — ¥, — 180) + P53+ 4K, (x - 1)] - (1 - Z’IIE'[ | D|eXr (’"2))>} 6.8
1

From the last equation we see that u’ is com-
posed of two waves which are of the same
structure and only differ in magnitude and
phase. The first part represents the entering
wave while the second part represents the
reflected wave. Both waves consist of a linear
part and a nonlinear part and there are two

extreme cases for the superposition of the non-
linear parts.

i) if 2Ki(x - 1)= - 7—; both parts are of the

same form with respect to time and have
the same sign.

Tellus IX (1957), 1
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i 2 3 4 5 6

-20°1" 47/|-|eo-.1,;-1rz—z£

Fig. 5.

i) if 2K;(x—1)=—n the parts are of the
same form with respect to time but have

different signs. We thus find that the non-
linear influence is strongest in the case i)
while in case ii) it is much reduced. A
closer examination follows.

1) 2Ky(x - 1) = —g
From 3.4 we get
2K1,(x—1)_1_<i,_\/1+/32—1

) K f
now 2Ky(x-1)= —g
and therefore 2K, (x-1)= _g\/l_"'gz___l

Introducing this value into 6.8 we get

A|BI _1@:
uw=- AE] e~ K {sin t*+e 2 P .cos t*+ H cos [2t* + (4, — J, — 180) + 03]} 6.9
with
_ EAIKlla IK2| - Kux !K2| Kir(x-2) ) ,2Ki(x-1)
H= i P~ g 1Ple o+ (2 3 IDlese -0 )]

therefore we can write 6.9 in the form
_,  AlB|
u

= - e—Knx
h|Ky
{Fsin (t* + &) + Hcos [2¢* + (49, — &, — 180) +
+ 9]} 6.10

From figure 5 we see that | 49, — &, —180° +
+9, — 26 | < 90°. Now two cases are possible:
1) H>o then we have for all f-values

maximum #p > maxium g

One can see this from figure 6—7 where we
have plotted the curves

~[sin £+ 0.2 cos (2¢+ 90°)]; 611
~ (sin £+ 0.2 cos 2t) '

and we see that if ¥’ = — [sin £* +a cos (2t* +7)]
with 0 < | 7| < 90°% a > o the last inequality
holds and that the unsymmetry is most pro-
nounced for % =0° while it vanishes for 7 =90°.

Fig. 6.

———-—= —0.2 cos (2t + 90)

= — (sint + 0.2 cos (2t + 90))
Tellus IX (1957), 1
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Fig 7.

———-—= —0.2C05 2¢

= — (sint + 0.2 cos 2f)
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2) H<o

Then: maximum #r < maximum ug. [This
can only happen for extreme values of §.
With aid of Fig. 3 one can compute that

_,_ _AlB
h|K|
with
K | Kl
M=1 +e2Kv(®-1) N=—|—l——— C{I— 2
hﬂlelo‘zl | 2Ky

In the previous case we found that in general
maximum #p > maximum ug
but now

maximum ¥p < maximum ug 6.13

at the mouth of the channel. Then 2K;;~ =,
e~Kvx~ 1, |D|> 1, and with the aid of Fig. 3,
one can compute that

Ky (1
21k, 1P ( K|

for not too big values of # (for ex. f=1.3)
and therefore N<< 0. We get the inequality
6.13 since Figure s showsthat 49, - &, — 180 +9,
is varying between 90 and — 20° while § is
changing from o till 5.

1

ID! e—zK”) e 2Kvc g

b) Long channels

We may neglect the reflected wave and put
|B|=|C|=|D|=1; b=c=d=o.
Then

_ A . A|K,?
W= — e KuxlsinF+ E. N
1Ky { hp| Kyl o®

cos [2£* + (40, — P, — 180) + P}

L )}
I- e~ Kux
( 2Ky
From this equation and Fig. 5 we get for
tidal currents in long channels

6.14

maximum #p > maximum g

when friction is taken into account, because
_ 1K

2K .
the relatively strongest influence of the non-

1 e-Kiv* > o Furthermore we see that

e~ K {M sin t*+ N cos [2t* + (39, — 180) + B;]}

H>o for 8=o0.5 and this condition for 8
is usually fulfilled.]

i) 2Kyi(x —1)= -7
Now

6.12

Ve
| D]~ Kix — (1 Kyl

— D eKlr(x_2)> eZKlr(x—l)}
ZIKII l [

linear component occurs at the end of the
channel and that this component takes its ab-

solute biggest value ¥ when e~ Xv* =1 — :LI?]!
2
W EA?|K,J? . 1K\ (3 Kyl | 2L
Bh? | K,| a2 Ko/ \2 2Kyl/ T
6.15§
Examples:

h=sm B=2 A=15m W=o0.11 m/sec.
h=sm f=3 A=15m W=o0.2 m/sec.

¢) Channels with length equal to Lt
Here 2K1;=7§ (see 5.8) and for x=0 we

get the case that has been discussed earlier
(see 6.10). The nonlinear components of the
two waves (see 6.8) are of the same form with
respect to time and have the same sign.
Because of resonance these components are
relatively large and therefore the nonlinear
influence is particularly strong. With aid of
equation 6.8 one can show that also for the
pomnts 0 <{x < I

maximum #g > maximum #g

d) Channels with length equal to Lt

We have 2K,;=n. For x=0, x=1/, we
get the cases discussed in connection with
equation 6.10, 6.12 respectively. Therefore we
get for the first part of the channel

maximum #p < maximum ug
For x=1/,, the inequality changes into
maximum #g > maximum 4g

and one can show that this last inequality holds
for all points with 1 >x >1/,.
Tellus 1X (1957), 1
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Fig. 8.
km long channel. Mean veloci B
: 20 km long channel. Mean velocity #, = ———— in
8 VT A T
the points x; =i km. x; = distance from the mouth.

The positive values represent the flood current.

7. Some numerical computations

For comparison with our theory we shall
discuss some numerical solutions of the
equation 2.1 which have been obtained using
the method of finite differences (cf. HANSEN,
1956.) The friction term is changed to

2.0+

3
t2h

~1.0+4

~2.04

"Fig. 9. : 50 km long channel. Mean velocity «; in the
points x; =i km.
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and it is interesting to see that this does not
change the structure of the solutions.

In Figure 8 we have plotted the tidal
currents in a 20 km long and 10 meter deep
channel.? Our theory is confirmed because at
every point the deviation from the theoreti-
cally expected value is < 0.02 mfsec (sec
equations 6.1, 6.2).

In Figure 9 the tidal currents in a so km
long and 10 meter deep channel have been
plotted. According to our theory we have
resonance for the nonlinear part and the nu-
merical computation shows the same: very
pronounced nonlinear influence.

In Figure 10 the tidal currents in a 98 km
long and 10 meter deep channel is shown.
Also here theory and computation give quali-
tatively the same result: resonance for the
linear component occurs and we get a flow
distribution as theoretically obtained for
channels with length equal to L.

In all cases is p=1-10"3,

Fig. 10. 98 km long channel. Mean velocity ; in the

points x; =i km.
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