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Abstract

A theoretical discussion is given of the solitary wave. Part T is concerned with the wave on a
water surface; Part II considers the solitary wave at the interface of two superimposed liquids of
different density, bounded above and below by rigid surfaces.

In Part I higher approximations are obtained for the speed of propagation, and limits to the
wave speed are derived from the momentum theorem. The results include a correction to the

second approximation of Weinstein,

In Part II the first two approximations to the wave speed are derived. The equations of the
second approximation yield limits on the wave amplitude.

Part I

THE SOLITARY WATER WAVE

I. Introduction

The solitary wave of elevation on a water
surface, shown schematically in Fig. 1, was
first studied systematically by RusseLL (1844).
His empirical formula for the speed of propaga-
tion, ¢, is

E=g(h+a), (1)

were ¢ is the acceleration of gravity, h is the
depth of the water at a great distance from the
crest, and a is the height of the crest above the
level h. This may be written

FP=1+g (2)

where F? is the Froude number, ¢?/gh, and «
is a/h.

Equation (2) was obtained theoretically by
BoussiNesQ (1871) and RayreicH (1876) as
a first approximation. Later McCowaN (1891)

1 This research was sponsored by the Office of Naval
Research under contract N-onr-248(31).

in an attempt to improve the approximation,
derived the following expressions defining the
speed:
Fi_ tan /3,
B

a:%gsinzﬂtangﬂ(l + o). (3)

It is easily verified that this agrees with the
Boussinesq-Rayleigh approximation to the
order . In the same paper, however, McCowan
chose as a “much closer approximation”,

2=tanﬁ
F 5
2 sin? 2 11 +a
a=ﬁsm ﬁ(l +3oc>tan2/3( +a) (4)

To the order o, this yields F2 =1 +o ~ 23 /60«2,
It is clear from McCowan’s method that his
coefficient of a? is too large in absolute value.
However, WEINSTEIN (1926) obtained F?=
=1+ —21/20a2, using methods rigorous to
the order «2. In addition to the conflict with
McCowan’s result, the Weinstein formula does
Tellus VIII (1956), 4
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not agree with the results of the present paper.
These two considerations led the author to the
discovery of a numerical error in the last step
of Weinstein’s development. His corrected
result is

2 " 3
FP=1+a o +0(o3). (s)

Numerous other studies have been made of
the solitary wave. McCowaN (1894) investi-

=3 J

Fig. 1. Schematic drawing of solitary wave

gated the highest wave possible. Assuming a
solution similar to that in his first paper, he
concluded that the maximum wave would
occur for § approximately equal to 1 in F2=
=tan (/8. This yields F2=1.56 and, from the
energy equation, «=0.78.

More recently PAckHAM (1952), using a
technique developed by Davies (1951), obtain-
ed an approximate formula for the wave speed
similar in form to that of McCowan. Finally
Keirer (1954) and Friepricus and Hyers
(1954) developed systematic approaches for
first and higher approximations to the solu-
tion. In the latter paper, the existence of the
wave for sufficiently small « was established
using methods differing from those of Lavren-
tieff! who is credited with the earliest proof
of existence.

The purpose of the present paper is to derive
higher approximations to the solitary wave.
By direct integration F? is obtained as a power
series in o as far as the a* term. An application
of the momentum theorem yields one addi-
tional term. The total result is

Frolto-——a?-Sad— -2 g
20 70 175
- 2427 45 4 o (ah). (6)

77 000

The momentum theorem is further employed
to obtain upper and lower limits on F? for
values of & up to that of the maximum wave.

1 See FriepricHs and HYERs (1954).
Tellus VIII (1956), 4
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2. Higher approximations to the solitary
wave

We assume the existence of a wave of
permanent form with a single crest (Fig. 1).
The height of the crest above the horizontal
bottom y=o0 is h+a. The free surface lowers
symmetrically on both sides of the crest to
the height y=Fh at |x|=oo. The fluid motion
is two-dimensional, irrotational and friction-
less. The density is constant in time and uniform
in space.

It we translate the axes of our coordinate
system with the wave, the flow becomes steady,
the wave motion superimposed on a basic
current, ¢. The dynamic equation at the free
surface is

g2=c®-2g(y;—h), (7)

where ¢ is the fluid speed and “s” denotes
quantities on the free surface. In view of the
irrotationality and incompressibility, a velocity
potential ¢(x, y) and a streamfunction y (x, y)
exist such that ¢ + 4y is an analytic function of
the complex variable x+iy and vice versa.
Therefore

2R SN - (@)

the suffix “s” denoting derivatives at the free
surface. Defining nondimensional quantities,

L ghx_ oy e ¥
PER=@ b = b= =9 g =%
. (9)
we may write (8) as
2(x,y)

[x-2p(i -0l 50m =1 (o)

We now assume solutions of the form used

originally by RavyreicH (1876):
@'z ) ys

_p_ FPy? FWyt

.. (11)

2! 4!
, , FOy's FOy's
y=1:u>¢-—'!”+ a e (12)

F is a function of ¢’ alone, and F® is its nth
derivative. Choosing %’ =0 at the bottom of
the channel (y'=o0), we have y'= —1 at the
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free surface and we satisfy the kinematic
conditions at both surfaces. Defining F(V = -1
-n(g), at the free surface,

Dxi=-1-cosD-pp=—-1-73+

- (14)

where D denotes the operator of differentia-
tion with respect to ¢’, and Q is the indefinite
integral of 7. Setting £¢=y; -1 we find from
equation (I0)

(1 —2pe) [(r +cos D-n)? +(De)?| =1. (15)

Using (14),
cos D-p=D cot D-e=
(&) IPICY)
=£_§__6_4__.__2_ 8(8)-- ..
3 45 945
BZ"_122A8(2n)
—Tfl)!—— PR (16)

where By, are the Bernoulli numbers. Equa-
tion (15) becomes

(1 —2pe) [(1 + Dcot D-¢)? + (De)?] = 1. (17)

This equation may be solved by successive
approximations by observing that ¢ is a quanti-
ty cf the order « (it is equal to « at the crest
where x =0), and assuming that the 2m* deriva-
tive, @™, is o(a*1). It is evident a posteriori
that such a solution exists provided the succes-
sive approximations converge. Assuming this
we begin by retaining in (17) terms of the
order 2, ie.,

26(1 - p) +£2(1 — 4p) —§6(2)=0(a3). (18)

Integrating

(Ds—s):sz(‘ -p) +83—3(I - 4p) +o(xt), (19)

where the constant of integration vanishes by
the condition that De=g=0 at |x|= oo, The
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condition that De=o0 at the crest where e=«
requires

(20)

I po: +a +o(a?).
p

Equation (20) is the Rayleigh-Boussinesq
approximation.

To continue the approximation we substi-
tute (20) into (19) to obtain

(De)? = 362 — 383 +0(a?). (21)

It is now useful to express equation (17) by
solving for D cot D-e and expanding all
terms in series. This yields

&2 @ 26(6) £(®
8———————-—————-————-:
3 45 945 4725
202 303 D 2 D 2
ey 302 5P (Do)t (D)t
2 2 2 2

+o0(o8),

(22)

4.4 (De)2p2e? 5g5

L 3spiet (De)p%e  63p’e
8 4 8

where terms of o(«®) are omitted. For the

next approximation we retain terms of o(«?)
in (22), substituting p =1 —ox + by

8(2) 8(4)
=g ——e(1 - a+ba?) -
3 45 ( )
I Y PO S (2 NP
e (1 —2a) e+ +o(at), (23)

We note that we can substitute for (De)? in
(23) by using (21), and commit only the same
error, o(x?). Furthermore, differentiating (21)
we obtain

I35

e = go2g — 12—5 oe? + —2—83 +o(a4), (24)
which may be used to eliminate ¥ in (23).
We now have a polynomial on the right of
(23). Integrating, the condition at the crest

yields by=21/20 or

p=1—a+§a2+o(a3),

(25)

F2=I+oc—ioc2+o(oc3),
20

in agreement with Weinstein’s corrected results.
Tellus VIII (1956), 4
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The above development illustrates com-
pletely the approximation procedure. At each
stage all derivatives in (22) except £ may be
eliminated by using the results of the previous
aﬁproximation. The resulting equation may
then be integrated by quadratures. Each step
is increasingly complicated but the difficulties
in proceeding to higher approximations are
merely numerical in nature. The method has
been extended to obtain the o and o coef-
ficients in the series for p or F2. The results
are contained in the following equations:

(D8)2=62<3“_I_5“2+2a3_7_6_22a4>+
4 2 1 400

+ gt <—£+8—7oc——-—482I a2>+

4 2 40
+£5<_£4_'+_?ﬂa)+
5 25
15090
+ 8 77 7
g ( 25 >+o(oc ), (26)
— — _ 2_3_z 3 3083 4+ 5
p=1 oc+20<x Ts 800 % o (),
(27)
6
TR I 3 — at+o0 (%)
70 175

(28)
All quantities in (27) and (28) are obtained as
by-products of the investigation in the next
section. This provides a check on the accuracy
of these two equations.

We note that the coefficient of &2 in equation
(26) must be positive. This may be used to
derive a maximum value of «. To the order of
the Weinstein approximation, the first two
terms yield amax =.800. Equating the full coef-
ficient to zero, omax=.813. These values are
slightly larger than that of McCowan (otmay =
=.78) and slightly smaller than that of Arté
(1953) (‘xmax = -844)-

3. Use of momentum theorem for additional
approximation

The momentum equation is

(29)

Y
J(p' + ou?)dy = constant,
o

Tellus VIII (1956), 4
4—607779
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where p’ is the fluid pressure, u is the horizontal
velocity and g the density. The constant in
{29) may be evaluated at a great distance from
the crest where the pressure is hydrostatic,
ys=h and 4 =c. Then, substituting for p’ from
the Bernoulli equation,

(-

p'+g—2—+9g(y—h)=o, (30)

and integrating the known terms in (29),

b

J (2 -v?)dy=g(ys= B2 -2 (y; - h) + %y,
(31)

In particular at the crest y,=h+a, v=0. In
addition we may express u along the vertical
at the crest as

—1u _—..__c_’:l_ ( 2)
u=u+w, u_h+a 3
Hence
h+a
Swdy=o, (33)
0

from continuity considerations. Equation (31)
becomes at the crest

1+a

2 2

w o
_..d'= (x2— .
fc2 ! =P I+o

0

(34)

We may express the perturbation velocity
along the vertical under the crest as

’ 2 yl 4
a) +a4(1+a> +... (35)

w Y
—=dgta
c ° 2(I+

in which a,, a,, ... are proportional to the
2nd, 4th, ... derivatives of u with respect to
y (or x) at the point (x =0, y=o0). Consistent
with our original assumption regarding de-
rivatives of ¢, ay, =0 (2" *1)(n>>0). If we neglect
a,, dg . . . We may compute d, and a, from the
conditions

1+a ,
Swdy'=o (36)
L]
L (i-ape) - (39)
€ ¢ I+a P I+a

where w; and u, in (37) are evaluated at the
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point (x=o0, y=h+a). Obviously (37) equals
—a?/2+0(o®). This and (36) lead to
o2
dy= -~ +0 («®),
(38)

3 s
ay= -t +o (a9).
Substituting in (34) we find

p= I—oc+z—c1)oc2+o(ac3).

(39)
This constitutes a simple independent deriva-
tion of the Weinstein approximation.

We will now show that (34) and (35) may
be used to derive one higher approximation
for p or F? than was obtained by the successive

approximation method of the previous section.
Thus we have from (11)

dx" , ,
I+%,= *“ig(}' =o0), (40)
or
Mo T _ I
¢ Tt Ot TIia (47)

where u, is the velocity at (x=o0, y=0) and %,
is evaluated at x=¢’=0. Higher derivatives
of (41) at (x=o0, y=0) are

N A W W>__ o
ax"\c/ dy"\c]  (1+n)t

2a
- —(I +Zc)2’ (42)
Rl CANNC N AV .
Ix"\¢c) dy*\c (1 +79)7 (1 +7,)8
4'la
=(I +o:)4’ (43)

The constants a,, 4,5, 4, in (35) may be com-
puted from (41) - (43) to order o® by using
the final approximation of the previous section
and substituting for 5 from (14):

Qp=cosecD-¢
D D D7

=DcosecD-e=¢+—+——¢e@) +

g 6 360 (44)

127

3T g0 4
604 000

15120

&® + 0 (x8).
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Equations (36) and (37) then determine a4 and
ag to this order. The result is

Z=a_2,_3_a3+2a4_ﬂa5_

¢ 4 1o 280 175
(N3 -9 yn 11T fu 26301 4

I+ 4 8 64 11200

4 4
(7 (zas_ﬂa4+wa5>_
I+« 8 32 640

( Y >“<£a4_ga5>_
1+ 320 16
Y N/ 279 |
(25) (2 ) o). (a3

Substituting in (34) we determine p to the
order o*. The method verifies the previous
results and adds the a5 term. The final result is

F2=1+oc——oc2——3—oc3—ioc4—
70 175
— 2427_ 5 6 6
770000: + 0 () (46)

4. Further applications of the momentum
theorem

The momentum theorem, equation (34) is
useful to obtain certain limits on the value of
F? for any value of a. For example, the left-
hand side of (34) is positive. The resulting
inequality can be written

FPcri+a, (47)

an upper limit to F? derived originally by
STARR (1947). This result is in harmony with
the negative coefficients of terms of greater
order than in equation (46). (We may guess
that the remaining coefficients are all negative.)
From equation (7), evaluated at the crest,
F?= 0. Combining this with (47),

FPea a<r, (48)
also derived by Starr.

Obviously (48) are weak conditions for the
speed and height of the maximum wave, since
the condition that the integral over w?/c? be

ositive is a weak condition for a wave of

arge amplitude. This observation is in accord
with independent indications that the maxi-
Tellus VIII (1956), 4
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mum o is about .80. Setting F?= 20ty in (46)
we obtain o,y =.891.

It is of interest to note that (48) holds for
the maximum elevation and Froude number of
any steady wave disturbance that vanishes as
x—>—oo. In particular it may be applied to
the so-called “undular jump” observed in open
channel flow (Rousg, 1938) in which a super-
critical flow (F? > 1) with horizontal free sur-
face changes downstream to a series of waves
about an increased mean level. Such a system
is observed without visible turbulence only
when F2? < 2. Above this, the waves break to
form a turbulent hydraulic jump. This connec-
tion between experiment and theory may not
be real, however, for BenjamIN and LiGHTHILL
(1954) believe that the undular type of jump
must always involve some energy loss.

A lower limit on the wave speed is obtained
in the following manner: we assume the
existence of a unique solitary wave for a given
value of a. The symmetry of the problem then
requires that 4 be symmetrical about x=o
(the vertical at the crest), v antisymmetrical
about x=0, and v=0 at x =0. Again denoting
quantities at the free surface by the suffix ““s”,
we have v,;=g¢, sin®, where 0 is the angle of
the surface to the horizontal. Assuming y;
decreases monotonically from the crest to |x]|
=00, @ =0 left of the crest and & <o right of
the crest. Therefore v,=o0 in the interval
(-o<x=0), v,<0 in (0=x< o). Since
v=0 at the bottom of the channel and along
x=0, v(x, y)=0 everywhere left of x=o,
v(x, y)=o everywhere right of x=o; for
v(x, y) is a harmonic function and cannot be
a maximum or minimum within the fluid.
We have therefore shown that

(49)

At the free surface

u , 2(u,7) 2[(7u dy Ju 9)']
S ) T9Ys =) 5o T 5 - \50
ax), 1 (@, y)s 1 s (s0)

dpdy Iy
Since # —iv and x +iy are functions of ¢ +iy,

M\ _ ,[dus dx dvs iil’]
)= |G mie) Y

Using #,=q,cos @, v;=¢,sin O and the pressure
equation at the free surface,
Tellus VIIU (1956), 4
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m\ 2. g2  gcos 20
§;€>s— —ESSIHQCOS@(’ +2 cos@)’ (52)

where r is the radius of curvature of the curve
of the free surface, given by

1 dO
P A (53)

In the interval (— oo <x <o0) the derivative
of # with respect to x (s52) will be negative if
r is positive. If r is negative (in the vicini
of the crest) (u/dx), will remain negative left
of the crest unless ¢?/|r| > g cos 2 @/2 cos 6.
Obviously this cannot occur unless the wave
has a large amplitude. However, for the maxi-
mum wave, in the vicinity of the crest and
along the vertical below the crest, g2=g(h+
+a—y), according to Stokes (LAMB 1932).
The radius of curvature of a streamline is
given by the vorticity equation

dq_4q

P (54)
This leads to

9 _ g

ERE G9)

Thus the quantity in parenthesis in (s52) falls
to zero at the crest in the maximum wave.
Elsewhere along the surface of the maximum
wave r=0 and (Ju/dx);, is negative left of the
crest and positive right of the crest. It seems
probable that for smaller waves ¢?/r+g cos
20/2 cos O is everywhere positive. Assuming
this

%)Ssoin (-—o<x<o0),
o (56)

ZC>;20 in (0 = x < o).

In addition du/dx =0 at x=o0 from symmetry
considerations, and Ju/dx= —dv[dy=o at
y=0 left of the crest, du/dx =0 at y=oright
of the crest. The harmonic nature of Jufdx
then insures that Ju/dx <o everywhere left of
x=0, Jdu/dx=0 everywhere right of x=o.
Therefore

%u u
—>0 0 =<0 at x=0.

oxe (7),2 = (5 7)
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Finally we can also show that the derivative
of u with respect to y is actually negative for
(0<y=h+a) at x=0: Suppose Ju/dy=o0 at
a point y, in this interval. Then, either Ju/dy =0
in the interval 0 < y=<y, or Ju/dy is negative at
a point yg, (0 < yo < yy). If du/dy =0oino=y=y,
the derivatives of u with respect to y all vanish
at the point (0,0). It is easify shown that this
would require u =const, v=o0 in the whole
field of flow. This is impossible for a finite
wave. On the other hand if Ju/dy <o at y,,
the mean value theorem shows that 9%4/Jy? > o
somewhere in 0 =<y, =<y,, contrary to (57).

These results require a velocity profile of
the form shown in Fig. 2. To the order of the
Weinstein approximation, equations (35) and
(38) define a parabola.

77 u u—

Fig. 2. Form of velocity profile u(y) along vertical
at crest,

Referring to Fig. 2 it is evident that

h+a h+a
h+a-y\?
20y < gy 2 _ 4 =
flvdy_wsf<1 h+a-—y*> dy
y* y*
2
=t—V’—(h+a—y*). (58)

Since y* = (h+4)/2,
h+a
w2
w2dy s?(h +a). (s9)
y*
To compute the remaining contribution to the
integral over w?, we define first

¥ y* A
xzojwdy, Azafwdy=ojdx.' (60)

If wy is the perturbation velocity at the point
(0,0),

y*

A
Swidy= fwdy <w,A, (61)
0 0
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since w, is the maximum value of w in the
integrand. Furthermore

E—+§£.IWSI>A>1—42-92?'—).‘, (62)
so that
v 242 (h+a~y*)
Jw%yg%Ag—F—swz—:?r—s
< wsZ (h :a) (63)

Combining (59) and (63) we obtain

h+a

Swidy < s[12w2(h +a). (64)

Using equation (34), inequality (64) leads to

B+C (65)

D Ll

F2>

where
B=220+6100+764a%+ 37403

C=120(x +oz)’/'(1 - -}6—Ia)1/1 (66)

D= 340 +340x +289a?

For « greater than 6/11 we have F?= 2. We
conclude that for the maximum wave

F2=1.0909, n=.5454. (67)

This is slightly stronger than a result by STARR
(1947), am=.s5000. Computations based on (65)
and (66) are shown in Table I, and the corres-
ponding curve in Fig. 3.

The numerical results of this paper as shown
in Table I specify the speed of a solitary wave
with extremely little uncertainty for values of
« less than .30 and with reasonable accuracy
up to .45. Above this the limits leave much
to be desired, although further considerations
of the general properties of the solitary wave
would probably permit considerable improve-
ment. For example, it seems ?uite likely that
an upper limit to the value of the integral in
(64) is given by a parabolic velocity profile
for w(y). If so, the coefficient in (64) becomes
1/s instead of §/12. If this could be proved, a
lower limit is obtained up to «=s/7 instead

Tellus VIII (1956), 4
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Table 1.

.1000
0985
.0988
.1000

.0500
1.0499
1.0497
1.0500

1.0000
. 1.0000
1.0000

-
-

-
[

-
-

4500
1.4340
1.3984
1.4500

.$000
1.4790
1.4193
1.5000

.5500
5258
.1000
.5500

-
-

F?> (Eq. 66.)...
F? < (Eq. 47) ...

-
-

-
]

Fi2q]

€ 1 J/ F ey

ol.00 110

120 130 140 150 160 170 180 18O 200 210

F

Fig. 3. Curve (a) is the lower limit of the wave
speed, (b) is the curve of equation (s).

of 6/11 and the uncertainty in the speed is
greatly reduced. Part of the proof may involve
showing that all derivatives of w with respect
to y are negative at the point (0,0).

Part II

THE SOLITARY WAVE IN A TWO-
FLUID SYSTEM

1. Equations of the two-layer model

The mathematical techniques of Part I may
be applied to a study of a solitary wave at the
interface of two superimposed layers of immis-
cible liquids of different density. Such waves
have been observed in experiments by Keure-
GAN (1953) and LoNG (1955). Recently As-
DULLAH (1955) has offered some evidence that
Tellus VIII (1956), 4

1500
.1488
1471
.1500

.6000
5657
.2000
.6000

.2000
.1976
1.1943
.2000

.2500 .3000
1.2401 1.2940
1.2403 1.2845
1.2500 1.3000

.3500
1.3415
1.3291
1.3500

.4000
1.3880
1.3649
1.4000

-

-

.8000
1.7217
1.6000
1.8000

.6500
.6073
.3000
.6500

.7000 .7500
1.6473 1.6854
1.4000 1.5000
1.7000 1.7500

.8500
1.7557
1.7000
1.8500

-

phenomena of this type may occur in the
atmosphere. Keulegan! derived the first ap-
proximation to the speed and form of the wave,
using the approach of Boussinesq (1871). In
the present analysis a second approximation is
obtained. This permits a discussion of the
maximum amplitude of the wave.

The model adopted for this investigation is
shown in Fig. 4. The two fluids are in a channel
of infinite length, bounded by two rigid planes
at y=o0 and y=H. We assume the existence
of a wave of permanent form with a single
crest (or trough) at the interface of two
immiscible superimposed liquids of density
0, and g,. The height of the crest above the
horizontal bottom is & +a. The fluids are in-
compressible and frictionless.

The dynamic equation at the interface is

01 (gt~ 1) — 2 (g3 - i) +

+2(01-e)g(ys—h)=o, (1)
where g is the fluid speed, ¢ is gravity, and y,
is the height of the interface above y=0. We

choose solutions for the velocity potential and

streamfunctions similar in form to those of
Part 1.

2 4
%=M—MW%+MW%—”q (2)

3 5
9y = MWy — M(ﬂ)?—l + M<s% - (3)

.

(4)

p =N_N<z)(L‘_H)2+N<4) (y-H)}_
2 2! 4!

1 Keulegan’s derivation was for the special case of
2ap/p small and 4; = u,.



Fig. 4. Theoretical model of a two-fluid system.

— H)3
vo=NO(y - ) - No O HE

+No Y =HP
!

5 —...—ulh—uz(H_h)’ (5)

where M, N are functions of x. These solu-~
tions satisfy the kinematic conditions at y=o0
and y=H. The kinematic condition at the
intert{cc yields

3
—ugh=M®y, - M(a)% +..., (6)

uy(H-h)=N®O(y,— H) -

_No s H)?

v +.... (7)
Defining the quantities
Yo _M®_
p Ti=e I i 7,
N® H
Tt 1y A (8)

equations (6) and (7) may be written
7@ 7@

1]=—a—ne+?(1+e)3—?!—(1 +eP+. ..,
(9)
t@
f(r-r)= —8—C8+~3~T(I—r+b‘)3—
)
~?(I—r+s)5+..., (10)

where superscripts now denote differentiation
with respect to x/h. We observe that ¢ is a
quantity of order a = a/h (it is equal to « at the
crest). We assume that the ntt derivative of ¢,

n and ¢ are of order « 2. With this assump-
tion we may solve for # and { from (9) and
(10) by successive approximations:

ROBERT R. LONG

—- 2 _3_ T L (@)
n=—etet-gt- TS
+ 0 (at), (11)
. € g? &3 e@ +
Sl e Rl il e i G
O
L @ (1 —4)3 4
T T 360° (1-rB+o(at), (12)

where terms of order of are neglected. We
now compute 47 and 4% in equation (1) by
differentiating equations (2) and (4) and sub-
stituting from (8). We obtain for example

2
Z?I,— I=2n+n2 -7 (1 +2¢) +

(13)

(4)
71—2 — @ + 7D + 0 (k)

Using (11) we may eliminate % in (13). This
procedure yields

:‘1—;— 1= —28+382—483+§6(2)—§8(1)'+
+f—5 e® —§88(2)+ o(a4), (14)
Z%- I=- szr+(13fi)z“(l4f3r)a+
+-§—s(2)(1 1) —‘iﬁ+f§s<4>(1 ~1)E -

(15)

- ?ss(z) + 0 (ad).

Substituting in equation (1)

2 I N
01uf[ —ze+362—483+§8("’)—§5“) +

2 2 2¢ 362
e 2@ | o2l - 2= 4 3%

5t 388] gzuz[ T-r (1-n
48

T

+ 2@ (x = r) -iesw] .
45 3

+2(0; — @o) ghe = 0 (o). (16)
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2. First approximation

We solve (16) by retaining first, terms of
order «2. The simplified differential equation
may be integrated by quadratures by using
¢ instead of x/h as the independent variable.
If we define

(17)

a4y = 010 — QgU3 (1 —1)",
this integral may be written
O a_, h
—=—1t%-—¢&%—(p, - —&% +o{at).
T T S e & e g et o)
(18)
In (18) the constant of integration vanishes by

the condition that e =g =0at |x| = 0. Defin-
ing

F§=__"f— 2=__L,
(91"92) h’ (91—92)h
g 51 g €1
R=DL_I & (19)
H r o ~

the condition at the crest, &) =0, e =a, yields

R R
Fi(1 —a)+IS_—RF§ <I+ ;a_—R) =1 +o0 (a).
(20)
Since the right hand side of (18) must be

positive

afo sR _, &R\ _
F(x e)+I_RF2(I+I_R>_I. (21)

Subtracting (20) from (21) we find

. sR2F?
e>o if ‘F?_(I—R2)3>O’ o
22
. sR2F}
E<O lfFf—(T:—R‘;—2<O

These are the criteria for the wave to be one of
elevation or of depression. If the density
difference is small s= 1. If, in addition, the wave
advances at a speed ¢ on the interface of two
fluids at rest at infinity, 4, =u,=cand F, =F,=
=F. Then, from (20)

F*=(1-R) [1 +a%] +o(a?). (23)

Tellus VIII (1956), 4

469

It this case (22) becomes:

. I
e>o if R<E

. (24)
e<o if R>5

Relations (23) and (24) were derived by
KEULEGAN (1953).

In the general case (22) shows that the
existence of a wave of elevation is favored by a
large density difference, high velocity in the
upper layer in the direction of wave propaga-
tion, and by a shallow lower layer. If thedensity
of the upper fluid is zero, only a wave of eleva-
tion is possible and the wave speed is given by

C2
—=1+a+o0(a?),

A (23)
in agreement with the Rayleigh-Boussines
approximation. Equation (25) also holds 1(%
the upper fluid is at rest.

If £ is finite and the total depth H of the
fluids is infinite, (19) becomes

(26)

Thus a wave on a very shallow lower layer
behaves like a water wave in a gravity field
(01— 02) / @ . .

Equation (18) may be integrated again to
yield the profile of the wave:

F=1+a+o(a?)

&= o sech? %ﬁ’ (27)
pepli=R I‘QR)
2=
4 SF2R? (28)
3Jx F]Z;_ (I _ R)2

3. Second approximation
To continue the approximation we write
(18) as

e =3 =2 (2 — £3) + 0 (at).
1

(29)

a—
a

Differentiating



2
A <9£oc2 _i; 2 + Ii—5£3> + 0 (o)

Using (20) and (30) we may eliminate all
derivatives in (16) (except where &2 occurs
alone) and commit only the same error o(et%).
The resulting equation may be integrated by
quadratures. This yields
ey 2 &

Ay—— =a_ 182 ~a_,€3 + a_38% — — a5 —5

1 3 1 2 3 45 3 a%
(—9- e - %e3oc+ IT%S e“) +@(83zx -t -

— (01— 02) ghe? + o (a%). (31)

The condition at the crest yields

., SBR { B ngRz}
Frr B nony”
. sFZR® _I_[ ., SF3(x —R)3J
+a Ff+(I_R)3+20 F1+—_R3
, SER ]2
|7

— R(1-R)? =1+0(x?). (32)
7]

If s=0,and u; =u,=¢, we find

2 o?
— =I+o—-—+o0(a?),
gh 20

which agrees with the results of Part I.

(33)
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Fig. 5. Limits on wave amplitude.

Limits to the wave amplitude may be obtain-
ed by noting that to the present order of
approximation the right-hand side of (31) must
be positive. This may be written

2
(x-¢) [a_z—a_3(e+a)+£a3a—;—2(35—a)+
4 ¢

Y .
4
In the case s=1, F2=F} this leads to
R(1—R)2|1-2R
I‘xlmaxsl“|g4 ( ) l | (35)

1-3R+3R?

The curves of this inequality are shown in
Fig. s.

Tellus VIII (1956), 4
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