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Abstract 
A method to obtain a series solution for the barotropic non-divergent, vorticity equation is 

given and is applied to the case of a vortex. 
A formula that gives the development of a symmetrical vortex as a function of radius, maxi- 

mum velocity and latitude is obtained. A numerical example is worked out. 
The convergence of the series solution for the general case is discussed and shown to depend 

on the scale of motion to be forecast and conclusions are drawn regarding time-steps used in a 
forecast and the smoothing of the initial map. 

The possibility of improving a forecast and reducing the number of time-steps used in it by 
the application of this series solution, follows as a general conclusion. 

Finally, a theorem that gives the scaling of the variables in an experimental model of a 
barotropic flow is obtained. 

I. Introduction 
In order to describe the behaviour of the 

complex atmosphere in the form of equations 
which can be solved in a practical way, it is 
necessary to search for the main mechanisms 
responsible for the atmos heric changes and 

account these mechanisms. 
The barotropic model of the atmosphere is 

the only model up till now, which has been 
extensively tested and subjected to a detailed 

formulate a theoretical mo s el, which takes into 
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study and the reports about it (BOLIN, 1955, 
1956) are encouraging. In this model the primi- 
tive e uations of motion can be combined into 
a sing 4 e forecasting equation, the well known 
vorticity equation, which was apparently used 
for the first time in meteorological applica- 
tions in 1939 by Rossby and his collaborators. 

When considering the integration problem 
from the point of view of practical a plica- 

version of the forecasting differential equa- 
tions. Consequently, although very much use 
has been made of the vorticity equation, very 
little, for example, is known about the nature 
and properties of its solution from the point 
of view of differential equations. 

tions, one is forced to use the finite di B erence 
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A technique has been developed in this paper 
bv which a forecasting equation or system of 

" 1  

equations can be integrated and it has been 
applied to the specific case of the non-divergent 
barotropic equation. The solution obtained by 
this method is a series in the time variable 
and should be particularly useful when one 
wishes to obtain approximate analytical solu- 
tions. The method should therefore lead to a 
better understanding of the influence of the 
different parameters that enter in a forecast. 

The method is specially useful in the study 
of atmospheric vortices. The paper contains an 
example of its a plication in the case of a 

In the last part of this paper a t eoretical 
study of the nature of the solution of the vorti- 
city equation and its dependence on the scale 
of motion has been presented and some of the 
results arrived at have been applied to get in- 
formation of practical value in numerical fore- 
casting. 

R cyclone embedde i in a resting atmos here. 

n. The solution of the Poisson equation 

The solution of an equation of the type 
D 2 2  = F(x, y) (1) 

where v 2 is the La lace operator a2/ax2 + 
+ 2 2 / + 2  and F(x ,y f )  is a function of two 
variables x, y is of fundamental importance in 
numerical forecasting. We shall start by deriv- 
ing a solution to such an equation in a form 
that can be useful to obtain some analytical 
solutions. 

Writing (I) in polar coordinates (r, 0) and 
considering that the function F ( x , y )  can be 
expressed as a sum of terms of the type 
F,(r) sin nO and F,(r) cos nO where n is an 
integer, we shall deal with an equation of the 
type 

A solution to this equation is 

III. Series solution for the barotropic non- 
divergent vorticity equation 

Let1 u = - yy and v = yx where u and v 
are the components along the x- and y-axis, 
respectively, of the horizontal wind, the x-axis 
points to the east and the y-axis to the north. 
Substituting these values of u and v in the 
non-divergent barotropic vorticity equation 
we obtain 

v 2Yt=](D 2v, Y )  - B v x  (4) 
w h e r e / ( ~ ~ y ,  Y)= y y ( V 2 ~ ) x - ~ x ( ~ 2 ~ ) y  and 
/3 is the variation of the Coriolis parameter. 

Given the stream function y and boundary 
conditions for the tendency p, one can com- 
pute y t  from (4, by solving a Poisson equa- 
tion. 

Differentiating (4) with respect to t one 
obtains 

v 2Ytt =I@ 2Yf, Y )  + I ( V  2Y, Yt) - BYtx (s) 
in which y t  can be computed from (4) and 
which is also a Poisson equation in yon. 

Similarly, by successive differentiation with 
respect to t, we can obtain the equations giving 
the derivatives of higher order 

v2yIft=I(v 2yft, y )  + 2(v 2yt, Yt) + 
J(V 2y, ytt) - B Y I t X  

3](V %I, Ya) +,(v 2Y, Yttt) - BYlft 

(6) 

(7) 
V Vtmt =I( V 2 ~ t t t ,  Y )  + 3]( 7 ' ~ t t  9 YI) + 

We have therefore a possibility of obtaining 
a series solution for the vorticity equation by 
solving equations (4, (s), (6), (7), . . .which are 
all of type (I) in the highest derivative with 
respect to t. 

The solution is obtained as a Taylor's series: 

ay 1a2y I a3y 
at 2 at2 3 !  a t 3  

Y = y + - t + - -  t 2 + - -  f 3 +  ...( 8) 

where y is the stream function at the initial 
time, and !P the stream function at time t. 
A general discussion of this solution will be 
given in section V of this paper. 

z = ['sr-n+x F,(r)dr - c'/rn+l Fn(r)dr] - [ cos nO ] 
2n 2n sin nO (3) 

as can be easily checked by direct substitu- 
tion in (2). 

In this section the subscript notation for derivatives 
will be employed. For example, yt = 2y/2t. 'pI, = 
=aay/2xat, etc. 
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IV. Series solution for a barotropic vortex 

Let ( r ,  0) be a polar coordinate system, and 
the stream function y(r) initially be only a 
function of r, and such that at r 2 r, it is equal 
to zero. W e  assume that y(r) and its three 
first derivatives are continuous differentiable 
functions. 

Substituting y ( r )  in (4) we obtain 

V2y1= - p cos 0- dY 
dr (9) 

from which yt  can be obtained at once by 
applying formula (3) and specifying some 
boundary conditions. If we assume that yI is 
zero at r = R, we get 

Y t =  -7 Bcos @ s y ( r ) r d r  + 

W e  shall assume throughout the rest of this 
paper that R, Z- ro so that the last term of 
the second member of (10) can be neglected. 

Substituting y(r), (9) and (10) in ( 5 )  we 
obtain, after simple manipulation 

V2Yl1 = 

0 
r 

0 

which, by applying again (3) and boundary 
conditions of the type used to determine yl ,  
yields yll.  

In a similar manner, one can obtain the 
derivatives of higher order. For example, yltl 
contains p cos 0, j32 sin 2 0  and /P cos 3 0 terms. 

If in the above computations we consider 
numerical values within the range of those 
corresponding to the actual atmospheric mo- 
tions which we want to study, it can be seen 
that the terms in higher powers of B are small 
compared with those in the first power; for 

example, in (11) the term is, for practical 
purposes, negligible compared with the /3 
term. For the purpose of this investigation, it is 
enough to consider only the j? terms. 

When solving ( 5 )  the terms ](v 2y,, y )  and 
J ( ~ z y ,  yl) give rise to a B term, and Bytx 
to a B2 term. 

In (6),  similarly, the only B terms are 
](V%, YII) and ](V2yIt7 Y ) ;  in (7) the B 
terms are ]( v 2y, ylll) and ]( v 2yltI, y )  ; and so 
forth. 

solution can be written in the form 
It is not difficult in this way to find that the 

Y(Y, 0, t )  = y(r) + 

1 F , t + 5 t 3 + - t 5 +  F5 . .  . .  . .  
3! 5 !  

  sin^ - t  + - t  F4 4 + - t  F6 6 + ....I+ R [? 4! 6! 

(12 )  

where 

F,, = - 2r F$r2dr + ti F t d r  

and where R represents the sum of the terms 
containing /3 to a higher power than one (i.e. 
B”’, rn>I) .  

Let 

and y(r) = o 

This stream function represents a cyclone of 
radius ro when yo< o (and an anticyclone 
when yo > 0). 

The maximum velocity vm,, = (dy/dr)max 
is at (r/ro)2 = 11, and yo is given as a function 
of the radius and of the maximum velocity by 

max 
yo = - 0.525 Yo($) 

Tellus VIII (1956), 3 
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o x  1 0 - 3  

- I 2  
- 18 
- 19 

Table I 
Terms in series (14) for fi  = 1.7 x 10-l~ sec-1 cm-'. yo = 1000 km, urnax = 30 m/sec, t in hours. 

o x  10-3 

- 24 
- 36 
- 38 

.o 

.2 

.4 

.6 

.8 
1.0 

.o 

.z 
4 
.6 
.8 

1.0 

.O 

.2 

.4 

.6 

.8 
1.0 

.o 

.2 

4 
.6 
.8 

I .o 

o x  10-8 

- 36 
- 54 
- 56 

Bt term for sin 0 = I 

o x  I O - ~  o x  10-3 

- 48 - 60 
- 72 - 90 
- 76 - 95 

o x  10-4 

15 
2 0  

4 
I 2  

0 

ox 1 0 - 4  

60 
80 

I6 
48 

0 

- 75 - 60 - I5 - 30 - 45 
- '3 1-26 1-38 L - 5 2  1-65 

f i t2  term for cos 0 = I 

0 x 1 0 - 6  

5 
8 

I 3  
I 0  

0 

0 x 10-6 o x  10-4 o x  10-3 o x  1 0 - 3  o x  I O - ~  0 x 10-8 
40 I3  3 6 I0 I7 
64 21 5 I0 I6 27 
80 26 6 I2 21 34 

'04 33 8 16 26 44 
0 0 0 0 0 0 

I 2  

3 4 9  

o x  1 0 - 3  

- 72 
- 108 

- 90 
- 1 1 2  

- 76 

I4 

o x  I O - ~  

- 84 
- 126 
- I33 
- 105 

91 - 

0 x 10-8 I 0x10-t I 0x10-3 I o x  10-3 I 0x10-3 

14 
18 
11 

2 
0 

24 
32 
19 
18 
0 

37 
50 
30 
I0 
0 

5 4 
70 
43 
1 0  
0 

73 
98 
59 
2 0  
0 

.n 

Substituting (13) in (12) we obtain 

_ = _  Y + r o B , , s @ ~ , 1 + 6 , ( l ) 2 t 3 +  
Yo Yo 

+ G5( 7 ) ' t 5  + .:I + ro sin @ ~ 2 ( ~ ) P  + 

(14) 
- 

+ G4(?),t4+ . . .I + R 

where G,, G,, G,, . . . are functions of the 
non-dimensional variable r/ro. 

This solution can be written also in the form 
Tellus VIII (1956), 3 

6-60522 I 

where G?, G t  , . . . are functions of the non- 
dimensional variable r/ro and t = (vmax/ro)t 
(or t = (yro/ri)t)  is a nondmensional time and 
A = r,8B/vmax (orA = r,"Blwo). 

Solution (14) expresses the behaviour of a 
vortex as a function of latitude, maximum 
velocity in the vortex and radius of the vortex, 
and lends itself to a comparative study of 
vortices by varying these three parameters. 
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Figure I. The line I represents the initial stream func- 
tion used in the example of a vortex as a function 
of d r 0 ;  the lines I1 and IV represent the ptS terms of 
the series for 1 cos 0 1 = I and t = 10 hours, and 111 
the term evaluated for sin 0 = I and the same 
time t = 10 hours. The ;nitial stream function is re- 
presented with a vertical scale one fifth of that used 

for the other terms. 

Let B= 1.7 x 10-l~ sec-l cm-I, y o =  1,000 km 
and vmax= 30 m/s 

Some of the results of the computation 
using these data are summarized in Table I, 
which gives the values of the pt, pt2 and ,!It3 
terms for different values of r/ro and different 
times. 

The results are also shown graphically in 
Fig. I, in which the lines I1 and IV represent 
the /?t and pt3 terms of the series evaluated for 
for lcos 01 = I and t =  10 hours. The line 111, 
the j3t2 term for sin 0 = I  and the same time 
t = 10 hours. Finally, the line I represents the 
initial stream function drawn with vertical 
scale one fifth of that used for the other terms. 

These calculations show that a forecast using 
only the pt term can be obtained up to approxi- 
mately 2 hours; afterwards the pt2 term also 
becomes important, and up to 6 or 8 hours 
these two terms are the only important ones; 
afterwards the pt3 term can no longer be 
neglected and up to t = 10 or 12 hours one 
can obtain a solution using only these three 
terms; afterwards other terms become in- 
creasingly important. If one wants to continue 
the forecast, one has to use the above solution 
up to, for example, 10 hours, and then start 

again a new series solution now withstream 
function at t = 10 hours as the initial field. 
This new initial y is a sum of terms of the type 

and therefore the integration can be continued 
using the same formula (3) obtained above. 

The forecast for ~ = I O  hours is shown in 
Fig. 2. Fig. 2-a represents the initial stream 
function and Fig. 2-b the forecast for t = 10 
hours. 

The center of the vortex has moved 65 km 
in 10 hours, that it to say at the rate of 1.80 mjs. 

We have used only the pt, /3t2 and pt3 terms 
in this forecast. Fig. 3-a shows the pt term, 
Fig. 3-b the pt2 term, Fig. 3-c shows the sum of 
the pt and /?t2 terms and, finally, Fig. 3-d the 
sum of the pt, #?t2 and pt3 terms. Comparison 
of 3-d and 3-c shows that for t = 10 hours 
the pt3 term is still not so important. Fig. 3 
has been drawn with a scale different from 
that for Fig. 2. 

The following general conclusions can be 
drawn from formula (14) and from the previous 
example : 

Due to the variation of the Coriolis param- 
eter p, a barotropic non-lvergent cyclone 
embedded in a resting atmosphere moves 
north-westwards. 

Initially, before the symmetrical cyclone gets 
deformed, it moves westwards and its motion 
is given by the term r0pG,t cos 0 in (14); as 
time increases, it gradually begins to move 
also northwards the component in this direc- 
tion being given by /3G2t2vmax sin 0. The 
initial westward component is, therefore, pro- 
portional to the radius of the vortex and the 
northward component is proportional to the 
maximum velocity in the cyclone. 

It is interesting to note that in our solution, 
the fit3 term has sign opposite to that of the pt 
term, and although we have computed only 
the terms up to the pt3 term, it seems as if the 
terms in the series (14) have alternating signs. 

The above results suggest the following 
physical interpretation: 

The variation of the Coriolis parameter 
induces a resultant acceleration an the cyclone 
(ROSSBY, 1949) that tends to drive the material 
particles northwards ; this northward transla- 
tional motion combined with the rotational 
motion of the vortex produces the westward 

Tellus VIII (1956), 3 
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2 9  zb 
Figure 2. Forecast for a cyclone with a maximum velocity of 30 m/s and a radius of I ooo km. 2-a is initial 

stream function and 2-b the forecast for t = 10 hours. 

movement of the vortex. This fact was pointed 
out by ROSSBY (1949) and can be seen by 
adding graphically the stream lines from 
Figs 2-a and 3-a. The initial westward dis- 
placement of the cyclone, apparently, induces 
the northward displacement represented by the 
P t 2  term in the series, that in turn induces the 
eastward component represented by the pt3  

term, and so forth. 
The solution for an anticyclone can be 

obtained by substituting in the above solution 
a positive value for yo instead of the negative 
one that corresponds to a cyclone; and from 
(14) it can be shown that an anticyclone moves 
south-westwards and that the above results for 
a cyclone appl to an anticyclone if the word 

Solution (14’) shows that the time up to 
which the series can be used with the first n 
terms depends on the ratio umax/ro (or yo/r:);  
and because z = (vmax,hJ t ,  there exists a linear 
relation between the ratio ro/umax (or /yo) 
and the time up to which the solution using 
the first n terms is valid. 

In Fig. 4 we have plotted lines s=constant 
in a t ,  ro/umax (or r:/yo) diagram, t is the 
ordinate and rO/umax is the abscissa. By the side 
of each line we have written three numbers 
which are proportional to the magnitude of 
the maximum velocity that appears in the pt, 

“north” is rep T aced by “south”. 

Tellur VlII (1956). 3 

812 and bt3 terms when evaluated for the cor- 
responding constant value of z. 

In this diagram, times 2,  8, 12 hours of our 
revious example, correspond to 8, 32  and 48: 

Eours respectively for a vortex with ro=2,000. 
km and vmaX= 15 m/s. In other words, in 
this case, a forecast with only the pt term cam 
be obtained up to 8 hours, instead of 2 hours; 
up to 32 hours instead of 8 hours using only 
two terms and up to 48 hours instead of 12 
hours, using three terms. On the other hand 
for a vortex of radius ro = 500 km and v,, = 
= 40 m/s. one gets I hour, 3 hour and 5 hour 
respectively. 

V. Solution for a general non-divergent 
barotropic flow 

the form 
A stream function can always be written in 

Y =Yo Pl (x/ro, Y b o )  (1s) 

where Pl is a function of the non-dimensional 
variables x/ro and y/ro; yo and r0 are scaling 
factors from a normalized height of the stream 
function and a normalized x-y plane respec- 
tively. yo and ro will be considered as variable 
parameters. For example in the case of a vortex, 
we have chosen ro as the radius of the vortex 
and yo as the value of the stream function at 
the center of the vortex. 
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3 c  3 d  
Figure 3. Graphical representation of the first terms of the series solution for a vortex of radius r = I ooo km. 
and maximum velocity equal to 30 mls., for t = 10 hours. 3-a is the Bt term, 3-b the P!' term; 3-c is 
the sum of the bt and Bf* terms; 3 4  the sum of the /?t. Pf* and Pt* terms. The scale is different from 

that used in Fig. 2-a. 

We shall use also as a variable parameter 
the variation of the Coriolis parameter p, 
which for the sake of simplicity is considered 
as a constant. 

where P3 and P4 are functions in the non- 
dimensional variables x/ro and y/ro. 

If we assume that (yo/r$) = fured constant, 
when integrating (16) we obtain 

Substituting (IS) in (4) one obtains 

Tellus VIII (1956). 3 
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where s=yo/r,” and P6 is a function of x/ro 
and y/ro. 

In a similar way, one can obtain, under the 
same assumption (yo/ri p) = constant, 

. . . . . . . . . . . .  
t A  

40-- 

38.- 

36.- 

34.. 

32.- 

30-- 

28-’ 

26.- 

24.- 

22.- 

20-- 
18.- 

16.- 

14.- 

12.- 

lo-- 
a--  
6.- 

04,73,44 

/72,54,26 

Figure 4 Time-scale of motion, diagram. The ordinate 
represents the time in hours and the abscisa the ratio 
r,,/v,,,,x where v,, is the maximum velocity in the 
vortex and r,, is the radius; in general, the abscisa can 
be taken as r$po where y,, and ro are scaling factors 
for the stream function and the x -y  plane respecti- 
vely. The straight lines represent lines of constant 
non-dimensional time z = (vo/ri)t  of the series solu- 
tion. Note that when r:/yo increases, the permissible 
time step in a forecast increases. The three numbers 
on the right hand side of each of these lines are pro- 
portional to the magnitude of the maximum velocity 
that appearts in the Bt, Pt’ and PI“ terms of the 
series evaluated for the corresponding constant value 

of z, for the case of a vortex. 
TeIlur VIII (1956). 3 

where P,, P,, . . . are functions in the non- 
dimensional variables x/ro and y/ro. 

Substituting the above values of Jy/Jt, 
Py/a t2 ,  a”ly/aP, . . . in the series solution (8) 
we obtain the following result: 

In an incompressible, non-divergent baro- 
tropic flow let the initial stream function y 
be given by (IS) and let be a constant. If 
we choose the variable parameters yo, r, and f i  
such that (yo/r:p) = constant, then the stream 
function !P at a later time can be written as 
series in the non-dimensional time t = (yo/ri t )  
in the form 

Y 
Yo 
- - P 1 + P , t + P 3 z 2 +  . . . .  

where Pl,  P,, P3, . . . are functions of the non- 
dimensional variables x/ro and y/ro. 

Since the solution is independent of the 
arbitrary choice of yo, ro and p, we can, without 
losing generality, always choose such values 
that (yo/rip) = constant, but still vary yo, ro 
and p for a com arative purpose. We see, 

be drawn showing that the time to which the 
n first terms of the series can ap roximate the 

therefore, that a P igure similar to Fig. 4 can 

stream function is proportion a9 to the ratio - -  
I: /Yo. 

As a corollary of the above non-dimensional 
time series solution the following result can 
be obtained: 

Let y = y,,F(x/~o, yhO, Po) represent an 
initial stream funcoon, where yo, r, represent 
the scahg of normalized quantities and Po 
the variation of Coriolis parameter; then the 
normalized stream function Flyo at t = to is 
identical with the one correspondin to an 
initial stream function y,F(x/r,, y/rl, P j a t  time 
t = tl, where t, =(Boro//31rl) and (r:P1/yl) = 

(rVo/YJo). 
This result can be of imDortance in the con- ~~ 

struction of experimental Lmodels. 

VI. Applications to numerical forecasting 
Since the solution is a series in the non- 

dimensional time z=(yo/r i ) t ,  it is evident 
that the smoothing of a map from which a 
forecast of large scale motions is to be made, 
is a necessity from the point of view of the 
nature of the solution of the vorticity equation. 
In fact the smoothing will eliminate small 
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scale disturbances and motions for which 
r5/yo is smaller than a certain value of C and 
we then forecast large scale motions and 
disturbances such that ro2/y0 2 C. 

An important conclusion that can be drawn 
from our discussion is the dependence of the 
time step used in a forecast on the scale of 
motions or disturbances that one wants to fore- 
cast. To forecast large scale systems, one needs 
to forecast from a smoothed initial stream 
function such that ro2/yo 2 C and use a certain 
time step which depends on the value of C; 
while to forecast small scale systems, one needs 
shorter time steps, since in this case, C is 
smaller . 

There are two meteorologically important 
cases in which r:/yo is small; the case of a 
tropical cyclone, in which one has large velo- 
cities concentrated in a small radius; and the 
case of a jet in which also large velocities are 
concentrated in a small cross section. 

In the case of a cyclone as has already been 
pointed out when r, = 500 km and vmax= 
=40 m/s the forecast with one term is valid 
up to one hour, while when r, = 1,000 km and 
vmax=30 m/s it is valid up to 2 hours; and 
when r, =2,000 km and urnax= 15 m/s it is valid 
up to 8 hours. 

An important conclusion that can be drawn 
from our analysis is the possibility of using 
longer time steps in a forecast by including 
in the computational scheme of the forecast 
the azy/2t2 term (and also the higher derivative 
terms) of the series expansion. In fact, in our 
example of a vortex of r,=~,ooo km and 
vmax=30  m/s a forecast using only the ay/Jt 
term is valid up to 2 hours, while by considering 
also the a2y/at2 term the forecast can be ex- 
tended up to 6 or 8 hours, in a single time step. 

It may, therefore, be worth suggesting that, 
instead of using 

Y = y + -  aY a t  
at 

with time steps of 2 hours (for example), we 
may solve for &plat and Py/a t2  from the 
Poisson equations (4) and ( 5 )  and then use 

ay I a2y 
Y = y + -  at at+--(nt)Z 2 2t2 

with larger time steps (for example 6 or 8 
hours). 

Another alternative is to use the series solu- 
tion with as many terms as possible and reduce 
the number of time steps to a minimum. 

Of course the above considerations have not 
taken into account the limitations set up by 
the actual practical procedure of using fmite 
difference equations. For example, we know 
that the distance between grid-points in an 
actual case sets up a limit to the time ste s 
used in a forecast, and requires special stu B y 
(BOLIN, 1955, p. 28). 

In conclusion, it may be stated that this 
technique for obtaining a series solution for 
the barotropic non-divergent vorticity equa- 
tion can also be applied to other forecasting 
equations or systems of equations. It should 
thus find application in a wide variety of pro- 
blems in numerical forecasting. 
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