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Abstract

A general two-dimensional wind-pressure relationship is obtained as the first integral of
the so-called “balance equation” which requires the horizontal divergence to remain small
as compared with the vertical component of the relative vorticity for the large-scale motions.
This wind-pressure relationship is used in determining the initial conditions and in deriving
the governing equations. The use of this general system removes the error introduced by the

quasi-geostrophic approximation.

An influence function is computed for a normal atmosphere. This function represents the
reaction of the atmosphere to a point source perturbation and may be used to integrate the
three-dimensional governing equation for arbitrary initial disturbances. A set of such functions

may be computed, corresponding to different values of the parameter f’ cos? @/ I, to meet

different situations.

1. Introduction

The synoptically important large-scale mo-
tions of the atmosphere are characterized by
the fact that at every moment the air is in a
near-equilibrium state, with the forces acting
on any parcel of air nearly balancing each
other so that the wind is given approximately
by the geostrophic-wind relation, though not
exactly. The equations used in discussing the
properties of these large-scale motions and in
numerical forecasting are generally derived by
making use of the geostrophic approximation,
which eliminates the synoptically unimportant
but mathematically troublesome sound waves
and gravitational waves and lead to a non-
homogeneous partial differential equation in
the first time-derivative of the pressure or
geopotential, and can therefore be solved and
extended into the future by iteration. The
success of the application of simple equations
derived under the geostrophic approximation
Tellus VIII (1956), 3

in forecasting the motion of the upper atmos-
phere encourages meteorologists to try to
improve the simplification in order to obtain
still better results. (For references on quasi-
geostrophic prognostic equations see Kuo,
1953 a, CHARNEY and PHiLLips, 1953.) Experi-
ences show that the geostrophic approximation
becomes poor in regions of strong wind,
especially in the vicinity of intense cyclones
(anticyclones) where it gives too high (low)
wind and vorticity and therefore incurs ficti-
tious development that does not exist. Since the
problem of forecasting is usually more con-
cerned with the development of cyclones and
anticyclones, it would seem that the next
nontrivial improvement of the quasi-geo-
strophic approach is to seek an approximation
to the wind system better than the geostrophic
which, when used as a first approximation in
deriving the governing equations for the large
scale motions, also elimiates the sound waves
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and the gravitational waves. As is usually stated,
the synoptically important large-scale motions
are characterized by the small value of the ratio
between the horizontal divergence D and the
relative vorticity { while the sound waves and
gravitational waves are characterized by large
values of the ratio D/¢, and therefore the sma%l—
scale sound and gravitational waves will be
cxcluded if we require the individual change
of the horizontal divergence dD/dt to be small,
so that it may be neglected in the divergence
equation. This equation then reduces to the so
called “balance equation”, expressing a balance
between the horizontal wind and the pressure
distribution. Only when the nonlinear terms
of this equation are neglected does it reduce to
the geostrophic relation. Various attempts have
been made to derive forecasting equations
satisfying this balance equation: f%r example,
CHARNEY (1955) has proposed to integrate the
primitive equations with the balance equation
used as an extra condition.

The purpose of this study is two-fold: first
we shall obtain the integral of the balance
equation in explicit form and then derive the
governing equations by making use of this
solution, and second: we shall discuss some
general methods of integrating these equations.

In contrast to the quasi-geostrophic approxi-
mation, the dynamic equations we obtain
under the quasi-nondivergent approximation
become very complicated when expressed in
terms of pressure or geopotential. However, in
terms of the stream-function p, the equations
retain their simple forms. We shall therefore
take dy/ ot as the dependent variable. This also
partly removes the difficulty of using the
geostrophic relation at low latitudes, because
the large-scale motions can still be represented
by the y-field if it is nearly horizontal, which
is usually the case even near the equator, since
the normal atmosphere has a large stable
stratification.

In order to derive a single forecasting equa-
tion with dy/dt as the dependent variable alone
we also express the thermodynamic equation
in terms of y by making use of the integral of
the balance equation. When the absolute
vorticity is positive and the stratification is
stable, the equation thus obtained is of elliptic
type, similar in form with the quasi-geostrophic
equation in Jé/Jt. However, since both the
wind and the vorticity we use in the non-
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homogeneous terms are nongeostrophic, the
result we obtain represents the nongeostrophic
flow.

When the region under consideration is very
large, the integration of the three-dimensional
elliptic partial differential equation by relaxa-
tion or operational methoccils usually become
very difficult. It seems therefore more advan-
tageous to use Green’s method for such cases.
In numerical applications the advantage of this
method depends upon whether standard
influence functions can be obtained. The
variable coefficient of the elliptic equation
depends upon the static stability factor I" and
the latitude. However, experience shows that
the solution is not sensitive to variations of
these factors. It is therefore permissible to
replace the instantaneous distribution of I" by
a function representing a normal distribution.
It is then possible to obtain the analytical form
of the influence function by suitable transfor-
mations. Various sets of such influence func-
tions can be computed corresponding to
different values of I, which can be used under
different situations.

In case the variation of I' is irregular and
therefore cannot be replaced by a normal
distribution, the only way of solving the
equation is by numerical integration, which
amounts to replacing the differential equation
by a system of finite difference equations for
the various grid points.

2. Dynamic equations for the large-scale
motions

Assuming hydrostatic approximation to be
valid, and using the pressure p as the vertical
coordinate, the equation of motion can be
written in the following form

IV IV
74‘0)7};‘ +(f+C)k>< V=

I —>

= _vs<¢+£V2>+F (1)
Here V=ui+vj is the horizontal velocity
vector, 4 and v are the two components,
w =dp/dt is the individual change of pressure, i,
j and k are unit vectors in the directions of
increasing A (longitude), ¢ (latitude) and =z
(elevation), fis the Coriolis parameter, ¢ is the
geopotential of the isobaric surface. V= (a
Tellus VIII (1956), 3
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cos @)t i J[/IA+atj I/dp is the spherical
gradient operator, a being earth’s radius,
{=VsxV is the vertical component of the

relative vorticity and F is the frictional force.
For the sake of convenience we separate the
horizontal velocity vector V into a nondiver-
gent part V; and an irrotational part 7, such
that V="V, +V, and put
Vi=kx vy, V,=Vy (2)
where y serves as the stream function for V;
and y is the potential function for V,. The
vorticity { is then given by {=V 2y and the
horizontal divergence D (= V- V) is given by
D=v2y, where V= (a cos ¢)~2 92[IA%+
+a~2 (cos @)~ 3/Jp cos @ I|Ip 1s the surface
spherical Laplacian operator. The continuity
equation may now be written as

Jw
st2x=—a—p- (3)

Applying the Curl operator V,x to (1) we
obtain the vorticity equation

LS S L S A
dt  atcosp \JA dp I IA

-gr0r 2 (%) R
of

J
+£—v+kxvsw- —V+V2-VSC—VS><F=0
a dy dp

Instead of using the geostrophic approxi-
mation we assume V, to be always much
smaller than V; and that the individual change
of the horizontal divergence D may lg)c
neglected in the divergence equation (see
PETTERSSEN, 1953) which is obtained by
applying the operator V,. to (1). Thus our
approximate divergence equation is!

VN2 1 9f N vV
ot () - bdu-veg-va- &
_2tang , J [v) sectp .,

a%os«pu 7 <u) a® Vio (s)

1 This approximation implies that every term of

(—9— +Vvi+o 3 D is assumed to be small.
at op

Tellus VIII (1956), 3
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where

IV\2 o [ m\? v\?
o)~ () o) *
. du\? I\ 2

COSQP% + COS(p% .

Since V, < V;, we may replace V by V; in

this equation. The last three terms are also

much smaller than the other terms and may

Ee neglected. Using plane coordinates we then
ave

(f+C)C=V2<;S+<%V~1)2+%u1

n

(5a)
or
SV + 2 (W ¥y —¥y®) + fy9y=V2$ (5b)

where the subscripts denote differentiation.
This equation is identical with the so called
“balance equation” used by CHARNEY (1955),
and BoLN (1955). In this form the divergence
equation has lost its prognostic property; in-
stead it expresses a relation between the stream
function y and the geopotential ¢, or between
V; and ¢.
The first integrals of (s) are given by

where Vi2=u2+v2=9p,2+p2 It is readily
seen that this system represents a general steady
state two-dimensional nondivergent flow with
convective accelerations. It includes the gradi-
ent-wind relation as a particular case, which is
obtained by assuming the motion is along
circular isobars, such that V,=Ve=23y/or,
V,= dp[rd@ =0, where r denotes the radius of
curvature of the stream lines.

We note that —aﬁ+w2—ul— (f+ %) vy and

at p
%’:—1 +w 99—;1 + {f+ {) u, can be subtracted from
theleftsides of the two equations(6) respectively;
the resulting equations are still solutions of the
balance equation (s). Thus the balance condi-

tion (5), with V teplaced by V;, implies also
(9]0t +w 2] 2p) V, < ( )Vl, and

— 4w —

ot Ip
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therefore we are in essence using the modified
equation of motion

a a
<7f+w‘7—1’> Vi+(f+0) kxV=—

- —vs(¢+§ V2> +F ()
It can readily be shown that the equations (4)
and () can be derived from this equation.

The equations (5) and (6) can be used to
compute the wind and vorticity from the
observed pressure distributions. These winds
are needed in evaluating the initial transports
in the prognostic equations. Such computa-
tions of  and V; can easily be performed by
successive approximations, first using a rough
estimate of V; (for example, the geostrophic
wind or the gradient wind} in the right side of
(5 a) and obtain { =, as the first approximation
of £, then using {; and the rough estimate of
V; in (6) we obtain the first approximations of
#; and v,. The computation can be repeated
with the result that it will converge rapidly.

It may be remarked that if the motion is
exactly two-dimensional and nondivergent
(w=0, Vy=0), the vorticity equation (4) alone
is sufficient in determining the subsequent
motions. The initial data needed are computed
from (s5a) and (6) as discussed above, which
are more general than the geostrophic approxi-
mation. The simple form of the vorticity
equation is retained when expressed in terms
of the stream function y, in analogy with the
quasi-geostrophic vorticity equation.

3. The thermodynamic equation

However, we shall investigate the more
general case of three-dimensional motions with
horizontal divergence present. Since the vor-
ticity equation (4) involves two dependent
variables y and @ (V,=Vy is related to @ by
(3)), we need another independent equation in
these two variables in order to have a closed
system. Such an equation is furnished by the
first law of thermodynamics. Assuming that
the hydrostatic relation

¢ I RT
oo P

holds, the thermodynamic equation may be
written as

(7)
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] u Jd v d 9¢+Fw—

_P (2 L4422
R ((7t+acosq) (72.+a9<p> dp

Q

(8)
where I'=Td log ©/dp, O being the potential
temperature, R is the gas constant and Q is the
heat added to unit mass per unit time. Our
immediate problem now is to express also this
equation in terms of ¢ and w.

To express 9%¢/Ixdp and 9%¢|Jydp in terms
of p we simply differentiate (6) with respect
to p and obtain

bep =y +7‘; wy) ()

- —a—i,ﬂ«p, v (ob)

where J (a, b) = dajdx 9b|dy — 9b|dx daldy.
On the other hand, to express RPjIdp m
(8) in terms of v, we must integrate the
relation (6) once again. It is readily seen that
the integration of (6) yields,

é =.7"»U + f(’/’x Pry — ¥y "/)xy) ox +
+ f(wy Yux — Y wx}') oy

and therefore

Ip_zdy 9
@ ‘f% +‘7P (Wx Yoy = Py ¥oy) Ox +

(10)

J
+5I; S Wy Pxx — P2 Py) Oy (r02)

Here f is the average value of f over a large
area.

The last term of (10) do not yield to exact
integration except under particular circum-
stances. However, it can be shown that their
contributions in (10 a) are usually much
smaller than J¢/dp and therefore may be
neglected. To demostrate this, let us put

Pax = AP yy

and assume « to be a constant. For the large
scale motions we are considering in which
the horizontal divergence D is much smaller
than the vorticity £, o is usually positive and
is nearly equal to 1. In the case of a circular
vortex of uniform vorticity, we have exactly
a=1. On making use of this assumption in
(roa) we find

9% _7%

ap ap
Tellus VI (1956), 3
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2|1
+ 7 {;Ax R R (TR “'/’yz)}

? (10 b)

where A, and A, are the increments in the x
and yp-directions, respectively. To estimate the
order of magnitude of the last two terms,
let us take a strong increase of the horizontal
wind, from zero at sea level to s0 m sec~? at

500 mb, so that i IV,2/Ip=2.5 m? sec~2/mb.

On the other hand, taking T'=260° A, we
find Jdé/Jdp = ~ 100 m? sec—2/mb. Since (p,2 —
~ ay,?) is much smaller than V2( = 9,2+ 9,2,
the last two terms on the right side of (10 b)
must be very much smaller than dé/dp and
therefore may be neglected. The accuracy
of this approximation is certainly above that
of the other approximations. These arguments
apply also to the time derivative of equa-
tion (10b), since the change of the tempera-
ture itself at a point is ordinarily not related

to the change of %’ (v, — u,2) at that point.

Thus we obtain

(1)

Substituting (9 a), (9 b) and (11) in (8) we
obtain
Iy RQ Y RTI
-— + y + V * v + et ==
2t dp J@ "Pp) 2 Yo T f 7 w
(12)

where
Y (i3~ ) 7‘;1 (p) = (v +9) 9—‘;1 (91 5)
(13)

Since Y is a small correction, we may neglect
the terms containing u, and v, in it.

The vorticity equation (4) and the first law
of thermodynamics (12) are the two funda-
mental equations for the two dependent
variables y and w, while V, is related to w by
the continuity equation (3).

4. Governing equations in Jy/Jt and @

Although the equations (4) and (12) can be
solved as two simultaneous equations, their
integration will be greatly simplified if we
Tellus VIII (1956), 3
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eliminate w. We then obtain the following
forecasting equation in ;= dy/ ¢

sy AT 2 (2 20\ P I)
\Y Yr R ap <,'7P ap +vap v FWPI

- I+ 2 () -

1 Z -
- EV%-VT -V, VI+VxF (14)
where

Z=f] (v, pvo) +fVa V(pyy) + %9 +pY

and 7=f+v 2y is the absolute wvorticity.
Equation (14) 1s of elliptic type when # and
— I' are positive and when the horizontal
temperature gradient is below the critical
value for overturning or inertial instability.

We note that V, is involved in the right side
of (14) in the two terms V, - V and V, - Vy,
of Z. To include the effect of V,, we may
solve the equation for w, which is obtained by
eliminating y, from (4) and (12):

r p 2 I (o
r() k53 6)-
7 " Tp \n

= _%%{](w,v2¢+f)+V2~ vC—vxF}+
G w

Thus @ can be determined from the instan-
taneous velocity and temperature fields, after
which we can solve for yx from the continuity
equation (3) and obtain V,=Vy.

However, although the effect of the trans-
ports by V, in (14) can be included by the
procedure outlined above, too much extra
computation is required to incorporate this
small correction, since V, is assumed to be
much smaller than V/}. It seems therefore both
profitable and permissible to replace V, by a
certain approximation in these terms in (14).
Since V; is considered as the first approxima~
tion to the total horizontal velocity vector
and satisfies the equations (6) while V satisfies
(1'), we may take
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, J J d J

Jve= <at+“’ ap) Vixk= (a:”’ 9p> vy

(16)
as an approximation for fV,, which should be
sufficient for these transport terms. We note
that the first part of V,' is equivalent to the
isallobaric wind while the second part repre-
sents a motion in the direction of the horizontal
temperature gradient, toward regions of higher
temperature when the air is ascending and
toward regions of lower temperature when it
is descending. This second part is usually very
small and can be neglected, its inclusion in
Vy+ Vo, of (12) merely changes the stability
factor I' into I"=I" (1 - 1/Ri), where
Idln@ [IV,\2

Iz Iz
ber, which is usually much larger than 1.

The approximation (16) brings out another
interesting property of the large-scale motions.
Taken as a part of the horizontal wind, the
isallobaric wind represented by the first term
is irrotational, which is a pertinent property of
V. However, since this term is the local
acceleration in the equations of motion, the
motion produced by it at a later time will be
nondivergent. This represents a continuous
adjustment between the mass field and the
velocity field.

Substituting (16) in (14) we obtain

Ri=g is the Richardson num-

ey 122 P e AfrL
Vi R dpql’ (7p+ Rl"pva V¥t
o (2P Y. ou_Lor.
+Rv<(7p'r]F 7p Y- =VE¢- vy (17)
% d Z;
= —-J(@,V+f)+ 5 o — -
J v +f)+® 5007
Z —
—I%V%'VTI+VxF
where

Zy =f] (v, pwy) + RQJcy +pY.

Since no other dependent variable is involved
in (17), y can be extrapolated into the future
by solving this equation alone.

It may be remarked that this equation is
capable of representing the slowly varying
convective mean meridional circulation in the
atmosphere, as can be demonstrated by assum-
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ing 9 to be independent of A and replacing
Wy by — fv,. Theleft side of this equation then
becomes 1dentical with the equation governing
the slowly varying mean meridional circulation
(see Kuo, 1956).

We note that the second and third terms on
the left, which originate partly from the
divergence term and partly from the twisting
term Vo + Vy, of the vorticity equation,
represent an overturning or convective process
in a vertical plane perpendicular to the hori-
zontal isotherms. These terms are of some
importance in regions of strong horizontal
temperature gradient, but under normal con-
ditions are usually small and can therefore be
neglected or included through some approxi-
mation. They can also be incorporated in the
first term by using @ as the vertical coordinate
so as to measure the horizontal differentials
along the isentropic surfaces. However, because
of the rapid variation of @ such a coordinate
system is not very desirable. Since these terms
are usually small, their effect can be included
by successive approximations. Denoting the
sum of these terms by M and transforming it
to the right side of the equation we may write
equation (17) in the following form

dp d
o, SEOp v -
VR T Op H(, ¢, p) ,-fIH'
(172)
with
H, = ](%V 21/) +f)’
_ M op
Hz— _'K"apnr.]("/)’%)
7?9 1 (RQ ) 1
8 R9pnf< ¢ TPY ) VeV
H4=—VXF
L) M
foapady 1 _
+v<§?}3f p + 74_) V'l/);
fi2 2 p 2w
TR o (8)

The correction M can be included by first
solving equation (17a) with M omitted, then
Tellus VIII (1956), 3
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evaluating M from the solution and then
adding it to the right hand side and solving
again. Another way of including M is to replace
the time derivative in M by that of the imme-
diate past, ie., /) ene = { W)i=cnt -
—¥)i——nag/At; in this way M also be-
comes a known function of space and can
therefore be considered as a nonhomogeneous
term.

Equation (14) or (17) is linear in v, with
nonhomogeneous terms which also change
with v, therefore these terms must be deter-
mined at frequent time intervals. The stability
factor I" which occurs both in the coefficient of
9, and in the nonhomogeneous terms is also
related to y through the following relation

e L, v a2
r- R\ ", o)

In solving these equations over a large area,
it is more convenient to employ a nondimen-
sional horizontal coordinate-system defined by

d
x=2, y=fcosq?=log (tan @ + sec @) (19 a)

which represents a Mercator projection. In this
projection, a point on the surface of the earth
is projected from the center on a cylindrical
surface which is tangent to the earth along the
equator, with its axis parallel to that of the
earth. Denoting the differential operators in the
(4, @) system by the subscript s and those in
the new (x, y) system by the subscript e, we
then have

V. =i Jd .9 _
e—zax+1 ()y—acosqpvs,
_ oy day  day doy
Jelwe) =50 %~ oy =

= a2 cos? @ J; (), %)
2R

ﬁ+'(7—y2= a? COSz(p v (19 b)

V2=
Thus it is seen that these new operators have
the same forms as in a cartesian coordinate-
system and that the differentials J/dx and
d/dy are commutative. When the equations
(4), (12), (14) and (17) are multiplied by
a? cos? g, then all the horizontal differentiations
Tellus VIII (1956), 3
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are expressed in terms of the new operators. In
particular, eq. (17 a) becomes

P P _@fcoty 9 p D)
Ixt  Jy? R dp I' 9p L

= — He (x, Y P)’
atcoston? d Z,
- 2 7 -1
H, (x,y,p)=J v,V p +f) R dpnl’
+I_v AV, —Z—1+a cosp V X?—M (20)
R e¥p e]’ P Ve ¢

where all horizontal differentiations are with
respe)ct to the new (x,y) system defined by
19 a).

( Certain conditions relating the distribution
of y, or its normal derivative on the boundaries
must be specified in order that the solutions of
the elliptic equation (14) or (20) should be
unique. On the earth’s surface z=2* (x, y) or
p=p* (x, y) we must have

w=V- v2*

(212)

Substituting this w and V==V, =kx vy in

— P_ g If.
w¢ Obtain

f_%%’— WigY)=-o0 for p=p*  (21b)

I
@
where V¢* =gV (z* - h), V (2* - h) being the
slogc of the earth’s surface relative to the
isobaric surface. Substituting (21b) in the

thermodynamic equation (122), with the term
Vy+ Vdy/dp omitted, we obtain for p=p*,

v, R
(,—'; +sye+ J(p, vy) —fi.J(w, ¢*) + - ij=o
or9.
N (21 ¢)
e
e s==-9In6@/dp=-T|T.

On the top of the atmosphere p =0 we have

w|p—o=0. (22 2)
If we assume the kinetic energy per unit
volume vanishes there (92 —o0), we must
also have

(22b)

p—>o ehy=o.
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Since there is no natural side-boundary in
the atmosphere, any physical condition spe-
cified on such imaginary boundaries will
represent certain restriction on the motion.
However, for the investigation of some general
physical processes in the atmosphere we may
assume symmetry about the equator.

5. Integration by Green’s method

When the region under consideration is very
large, it is more convenient to integrate the
equation (14) or (17) by Green’s method.
For simplicity, we shall discuss equation (17 a).
The form of the Green’s function depends upon
the stability factor I', which usually remains
fairly constant in the troposphere but becomes
inversely proportional to p in the stratosphere.
We shall therefore represent I" by the formula

C
. (23)

° (prapg”
and choose a=o0 in the stratosphere and a~1/,
in the troposphere. The effect of the departure
from this mean I" can be taken into consider-
ation by transferring the correction to the right
side of the equation.

For this stratification, the substitutions

Pe=(p/pe+ta) %t
(24)

=1n I+ o
plpot+a

9

transfor (17a), (21¢) and (22b) into the
following forms

Pr Pr (P 1N _
Ix? 9y2+ (7q2_4 B
= —(p/po+ ) He= - H'(x, 7, ), (25)
It
%+hr=B for g=o, (25 a)
I
qi)moo-r:o. (25 b)

where H' is the transformation of H,

I2= a2 f2 cos?p/RC, h=1/2+ (1+a) p, 1 ®

ap

and B= - (1+a)*% (v, y,) +f% (1+2)%Q.

H-L. KUO

To solve this set of equations let us split =
into two parts, 7; and 7,, such that 7, satisfies
the nonhomogeneous equation (25) and the
homogeneous parts of the boundary condi-
tions (25 a) and (25 b), while 7, is a particular
solution of the homogeneous part of (25) but
satisfies the complete nonhomogeneous bound-
ary conditions (25 a) and (25 b). It is easy to
see that the sum 7, + 7, satisfies both the non-
homogeneous equation (25) and the complete
conditions (25 a, b). We shall assume that the
region of integration covers the entire atmos-
phere.

The solution 7, is readily obtained by Green’s
method, and is given by vy = [,GH'dV, where
the integration is to cover the whole atmos-~
phere. The function G has to satisfy the
following conditions:

7G2G (PG 1.\ _ .
T 773’—2—+l <9—q2 —ZG> =0 for all inte-
rior points, (26 a)
?g—i-h G=o0 for g=o, (26 b)
%
lim o, (26 0)
g—>o0
lim G(P, Q) ~ = (condition of unit source)
P-Q ’ 47T

(=gt -m)t 4 (g g0 (264)

[ being the mean value of I between the two
points P and Q. As has been pointed out
before, equation (20) is self-adjoint for all
forms of I, therefore the Green’s function G
also satisfies the reciprocity relation G(P, G) =
= G (Q, P). Because of this reciprocity and
condition (26 d), let us assume the principal
part of G to be a function of r alone. We then
find that the one fundamental solution which
Ir
satisfies both (26 ¢) and (26 d) is e 2/r, there-
fore we shall construct our Green’s function
by a manipulation of this “principal solution”,
requiring that G also satisfies the boundary
condition (26 b).

An intuitive and direct method of obtaining
G is the image method. From the form of the
condition (26 b) we notice at once that we
need not only an isolated reflected point

Tellus VIII (1956), 3
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source at q=—¢', but also a continuous
sequence of sources at all points g< ~¢". The
Ir
effects of these sources are given by Ae 2Jr
Ir
and [ b () :'TI;) dB, respectively, where 4 and
q
b(8)df are the yields of these sources and

f’2=(x—§)2+(y—n)2+-ll—2(q+ q7)%

) = (v ) (=) (g B

It is easy to see that these functions satisfy
(262, ¢) and the reciprocity requirement.
Since they are regular functions for all points
occupied by the atmosphere, the function

I

e 2 e_%, °°b e—%l(ﬂ)
G=——+A—,+f
471G =— 7t () @
"

rl

satisfies all the conditions (26 a, ¢, d, €). We

have only to determine the constant A and

the function b(B) to make it also satisfy (26 b),

which requires A=1, (1+A4)h=5b(¢) and

db/dB=hb. The solution of the last two

conditions is b=2 he- #8+a)  therefore the

result is

Ir _I-_r_’

e
r

2 e 2 ;
4aG="—-+ r—,+zhe—"<q+4) I (27)

where I =qj°Exp {h (q+8) - L (ﬂ)} LA This

2 Jr(g)y

influence function is similar to the one obtained
by the writer in the previous study (Kuo,
1953 a) under the assumption of a more re-
stricted form of stratification.

For numerical application, the influence
function G given by (27) can be computed for
different values of the stability factor C of (23)
and different latitudes. The first two terms of
G are easy to compute. To compute the integral
I, it is convenient to put it into another form.
Writing Aa for {(x—&)2+ (y -n)?}'s, we dis-
tinguish two cases:

(a) aa=o0 and (b) Aa >0, where A ais always
taken as positive.
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(a) Aa=0. We have r'(f)=q+p=¢ and

°° —(/a-h)e
1= [ e Ei (-2

, p (28 a)
a+4q
where }.l=£ (ﬂ) For the tabulation of
To\1 +a

the exponential integral — Ei (—x) see JARNKE-
EMDE (1943).

(b) aa > o. For this case we put g + f = [natan a,
t'(B) = oa sec a. The integral I then becomes

kg
2

I=fscc o exp {lAa (h tana—isec oc)} de,

" (28 b)
g+q

where ay=arc tan -1,
lra

easily be computed for given values of [ and h.

This integral can

It may be remarked that the first term of G,
Ir
ie., the principal solution e 2/r, decreases
more rapidly with increasing horizontal dis-
tance than the corresponding function in two-
dimensional motions, so does also the image
[
e 2/r'. However, the third term of G de-
creases more slowly with horizontal distance;
therefore it increases the importance of far
away points. The contribution from this term

depends largely upon the factor h =§~

— ————, and is smaller for an atmosphere
(14+a) T,

with very stable stratification near the ground.
‘We also note that since G is a function of the
distance between the two points P and Q in
the (x, y, q)-system, it is not symmetric in the
linear system (4, ¢, p). Because the north-south
distance Ag is magnified according to Ay=
= ap/cos @, G decreases more rapidly toward
higher latitudes. However, this effect becomes
appreciable only for the region beyond latitude
50°.

Some such influence functions have been
computed for an atmosphere with « =o,
C=C;=31.5° A for p>250 mb, and c=¢,=
=63° A for p<250 mb, Ih=1.26 and @,=45".
The values of this function are illustrated in
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The influence function K(P, Q) = G (P, Q)/I for ¢, = 31.5° C and ¢ = 63° C with source points

at p" = 1000 mb, 700 mb, so0 mb and so mb, respectively, and at @, = 45°.

the figures 1-4, in the form of K(P, Q)=
-G (P, Qi

The second part of the solution 7, can easily
be found by expanding 7, and the function B
in (25 a) into double Fourier series,

Ty= 22 CpNom (q) i (mx+ ny) (29)

Equations (25), (25 a) and (25 b) then require

Amn
h - }*mn,
Ny(q) = €71,

Cmn =

I m?24n?

PY (30)
mn -12

ki

A= 4’;':5_/‘[.8(5, 77) e—ilné+ny) d& dn

Therefore 7, decreases rapidly with elevation,
especially for the high wave-number compo-
nents.

We may now write down the complete
solution of our problem. Returning to the
variable y, we have

th”
>
d ’
=L IKPQH(Q L —dd,+
(p+apo) (p+o'py)?
+ 2002 A <£ + (x>1m_l/.e—i(mx+ny) (31)
m,n= -0 h “}“mn Po

where K(p, Q) =G(P, Q)/l and H; is the sum
of the nonhomogeneous terms given in (18),
computed in the surface spherical system, and
dA;=a? cos @l dA! dp! is the actual area over
the spherical earth. The triple integral can be
obtained numerically when H; has been
computed. Since the influence function K
decreases more rapidly with actual horizontal
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distance in higher latitudes, the last form of
this equation shows that the polar region has a
smaller influence area-wise.

In the treatment above no lateral boundary
condition has been assumed, therefore the
integral of (31) is to be taken over the entire
atmosphere. For some theoretical problems
certain lateral boundary conditions can also be
specified, even though no such actual boundary
exists. Thus if the difference between the two
hemispheres is disregarded, we may assume
symmetry about the equator, which requires
y or dp/ I to be zero along the equator. These
requirements are satisfied by using G*=G¥ G,
as the influence function, where G, is the

383

image of G about the equator, a function
obtained from G by changing y —7 into y +9.
When similar conditions are supposed for
another latitude circle near the pole, the
introduction of one more reflection will be
sufficient. On the other hand, if values of y; or
its normal derivative are specified along a
lateral boundary, then a surface integral has
to be added to the solution (32).

In actual computations, the nonhomogene-
ous term H can be calculated by finite iﬂ"er—
ences. The equations themselves may also be
written in finite difference forms and solved by
relaxation method (see HINKELMANN 1953,
Kuo 1955).
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