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Abstract 

A few suggestions for improving the barotropic model presented in a previous article (BOLIN, 
1955) have been tested. The results show that replacing the geostrophic relation by a more 
general balance equation improves the forecasts over 24 hours in certain respects. Further- 
more the incorporation of the effects of a stratosphere in a very approximate way gives a 
better description of the behaviour of the largest scales of motion in the atmosphere. 

The application of the balance equation in numerical forecasting is extended to three-dimen- 
sional baroclinic flow. It is shown that the criterion of integrability of the balance equation to 
obtain the stream function from a knowledge of the pressure field has to be satisfied in the 
course of the computations to maintain elliptic character of the equations. 

I. Introduction 

In a recent article by the author (BOLIN, 
1955, hereafter denoted by 111) a number of 
forecasts for 24, 48 and 72 hours with the 
barotropic model were presented. The results 
showed that this model has a definite prognostic 
value up to and possibly beyond three days. 
Some difficulties appeared, however, when 
trying to extend the forecast period in this 
way. For example large anticyclones (and to 
some extent also cyclones) were forecast, which 
had little correspondence in reality and it was 
noticed that in general phenomena of middle 
scale were better forecast than those of a 
planetary scale. An activation of very small- 
scale waves in the course of the computations 
was often observed partly being a result of the 
non-hear character of the forecast equation, 
partly depending upon truncation errors. These 
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Tellus VIII (1956). 1 

as well as other errors were apparently not due 
to the neglect of baroclinic effects and led 
us to the conclusion that unsolved fundamental 
problems still remained within the frame- 
work of the barotropic model and that some 
further improvements of the forecasts still 
might be obtained without incorporating the 
baroclinicity of the atmosphere. Furthermore, 
such difficulties as the effect of the boundary 
assumptions are preferably studied with the 
aid of the sim lest model. A number of 
modifications o P the barotropic model were 
discussed in this article. W e  shall here re ort 

modlfications one by one into the simple 
barotropic model. 

The attempts to eliminate the geostrophic 
approximation resulted in a more general 
balance equation between the pressure and 
wind fields (cf. CHARNEY 1955; BOLIN 1955). 
Recently THOMPSON (1955) has generalized this 
balance equation to apply to the more general 
three-dimensional flow of the atmosphere. The 
author will give a somewhat different analysis 
of this problem in the last section of this paper. 

on the results of incorporating some of t E ese 
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2. The use of the balance equation between 
wind and pressure in the non-divergent 
barotropic model 

It was suggested in 111 that replacing the 
geostrophic relation by a more general balance 
equation might improve the barotropic fore- 
casts, in particular in areas with large cyclonic 
or anticyclonic vorticity or in regions with a 
strong deformation field. Representing the 
(non-divergent) wind field by the stream 
function y and the pressure field by 4 ( = gz, z 
being the height of a pressure surface) we 
arrived at 

wherefis the Coriolis parameter and v denotes 
the two-dimensional (horizontal) nabla oper- 
ator. It is now our problem to determineyand4 
so that equation (I)  is satisfied and the observed 
wind and ressure fields are described in the 

pressure field is quite well described by the 
contour field of a constant pressure map in 
spite of the fact that the observed winds are 
used as a guide in the analysis. We can then 
determine the corresponding stream function 
field with the aid of (I). It was shown that this 
equation is of the elliptic type if 

best possib f e way. It was considered that the 

!Y-Ivf.vy> -._ f f f  2 

Prescribing some boundary values for y we 
can in such cases obtain the interior distribution 
of y by an iterative method similar to Lieb- 
mann's scheme for solving a Poisson equation 

One important modification in the scheme 
outlined in 111 turned out to be necessary. 
The non-linear term in (I) should be evalu- 
ated by the finite difference expression (m is 
a scale factor, cf BOLIN, 1955) 

(cf. 111). 

Otherwise a systematic error is introduced 
due to the fact that the first and second term 
are evaluated as finite differences with a 
different gridsize. 

It was first decided to investigate the im- 
portance of the non-linear terms in (I) and 
neglect the variation of the Coriolis parameter. 
This is, however, not permissible. It is true 
that the simplified relation 

is used for evaluating the vorticity, when 
a plying the geostrophic approximation, and 

of the variation of the Coriolis term are 
neglected here. The corresponding y-field is, 
however, not used for obtaining the wind. 
Instead the geostrophic wind vg = -f-'v$ x k 
is applied. Denoting the stream function of 
the non-divergent part of the geostrophic wind 
by y* we notice that 

t K at both the non-linear terms and the effect 

I f+* + - vf. v+ = v%$ f 
Comparing this equation with (I) we find 
that they are very similar except for the non- 
linear terms. The geostrophic approximation 
has merely been used in evaluating the term 
in (I) depending upon the variation of the 
Coriolis parameter. In view of the fact that 
5f- v y  mf-l-vf. V+ is proportional to the 
zonal velocity and thus predominantly positive 
it is clear that a systematic and large error is 
introduced if the variation of the Coriolis 
parameter is neglected in (I) when determining 
y and the wind field. 

Having obtained the initial y-field, the 
forecasting proceeds in the usual manner with 
the aid of the vorticity equation in the form 

Here] denotes the Jacobi o erator. At the end 

of equation (I), which merely means solving a 
Poisson equation with proper boundary con- 
ditions. The procedure thus briefly described 
has been tested and the results are reported here. 

of the forecast 4 can be eva B uated with the aid 

Tellur VIlI (1956). 1 
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It is obvious that y(1) satisfies the criterion 
v%$1) > - J if (2) is satisfied.1 

y must be prescribed on the boundary of 
the region in order to solve (I) for p in the 
interior, i.e. the flow across the boundary 
should be given. We shall here apply the 
geostrophic relation in the following way. Let 
us assume that 

The Soo-mb surface is used in barotropic 
forecasts approximately to depict the mean 
motion of the atmosphere. For the same reason 
the Soo-mb surface will be used in these 
considerations1. It was found that the criterion 
(2) usually is not fulfilled everywhere on an 
ordinary soo-mb map. Regions where (2) is 
not satisfied on an average constitute 3-5 % 
of the total area in middle or high latitudes 
(based on maps from Se tember and October 

not converge if (2) is not satisfied, which was 
readily seen by actually attempting a solution. 
Some modification has to be introduced. Since 
very little is known about methods for solving 
a differential equation which is elliptic in some 
regions and hyperbolic in others, it was decided 
to change the +field slightly to eliminate the 
hyperbolic areas. By this we also prescribe 
that [ > -f everywhere. Our main purpose 
here is to get a preliminary idea of the im- 
portance of using the balance equation (I) 
instead of the geostro hic approximation. Ths  
slight modification o P the data field is probably 
not important for getting a first answer to this 
question; certainly not in areas of strong cyclonic 
vorticity. In more than 50 % of the 
it merely meant smoothing out smal-scale 
irregularities due to imperfect interpolation 
in reading off the data from the map. In no 
point a height calue had to be changed by 
more than 15 m, usually only 5 m or less. 

In applying the iterative scheme outlined in 
III it is not sufficient that (2) is fulfilled, but the 
approximate solutions y(flj obtained in the 
course of the relaxation must always be such 
that [(n) = v2y(") > -f' in order to secure 
convergence. This was continuously checked 
during the computations which is articularly 
important if over-relaxation is u s e l  As a first 
guess we used y(n) given by 

1954). The iterative met K od given in III does 

points 

(4) 

y(1) was obtained by solving (4) applyin the 
same boundary conditions as for (I) (cf. be Ig ow). 

In justifying the use of the Soc-mb surface in the 
barotropic model the idea of an equivalent barotropic 
atmosphere is introduced in which the wind (or pressure- 
field) varies linearly with height. A similar discussion can 
be carried through for the balance equation. 
Tellur VIII (1956). 1 

where s denotes a coordinate along the bounda- 
ry and y is a constant, which we determine 
from the additional requirement that v - (k x 
x VY) = 0. Thus 

S denotes the total length of the boundary. 
Having determined y from (6) we can integrate 
( 5 )  and obtain y except for an irrelevant 
constant. Usually y is very small and the roce- 

strophic flow across the boundary. The 
boundary assumptions during the following 
forecast will therefore be practically the same 
as in the forecasts made with the geostrophic 
a proximation. It should be remarked here 
t K at this procedure is somewhat inconsistant 
due to the variation of the Coriolis parameter 
as can be seen by integrating the basic equa- 
tions of motion over the area. This will be 
left for a more detailed discussion by Dr 
J. Adem at the International Institute of 
Meteorology in Stockholm. 

Computations have been made for an area 
21 x24 gridpoints with a gridsize of 300 km 
at 50' lat. (a stereographic map projection was 
used). Because of the fact that the criterion of 
ellipticity (2) is barely satisfied in some regions 
the rate of convergence is quite slow when 
solving !I). The maximum residual decreases 
by a factor of two in 25-40 iterations (no 

dure in effect means an assumption o P geo- 

It turned out that a better first approximation 
would have been obtained by using 

since then the major part of the first harmonic of the 
final solution is obtained in yW, whereby the rate of 
convergence of the following relaxation becomes better. 
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Fig. I a. decameter. 

Fig. I b. The streamfunction in unit 1.28 X 106 m2 sec-' 
as derived with eq. (I) from the contour field given 
in fig. I a. The observed winds are given in con- 
ventional notations: a full barb denotes 10 knots and 

a triangle so knots. 

over-relaxation) and it therefore was necessary 
to perform 1 0 0 - 1 5 0  iterations to obtain 
satisfactory accuracy. This takes 40 minutes 
with the Swedish Computor BESK. It is 
quite important not to discontinue the itera- 
tions too early. Already small errors will 
have an appreciable effect in the following 
forecast, since they will effect the first harmonic 
and give rise to an erroneous circulation around 
the area. Since the rate of convergence 
decreases quite rapidly when extending the 
area, the present scheme is not suitable for 
routine forecasting for an area of the size 
used in 111 and also in sec. 3 of this article. For 
the limited number of forecasts made here the 
procedure worked satisfactorily. 

Three 24-hour forecasts have been made 
using the procedure outlined above. They were 
based on maps from 28 and 3 0  September and 
2 October, 03 GMT, 1954, and covered an 
area somewhat larger than the one shown in 
fig. I b. We  shall denote these forecasts by 
BB in the following discussion. Ordinary 
barotropic forecasts using the geostrophic 

Tellur VIII (1956). 1 
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Table I 

24'-forecasts. .............. 
28 Sept.-54, 03 . . . . . . . . . . . .  0.91 0.96 47 39 87 93 I04 3 
30 Sept.-g4, 03 ............ 0.96 0.92 30 43 61 52 80 5 

2 Oct.-gq, 03 ............. 0.89 0.96 49 38 108 93 98 19 

- 10 

-22 -3 
o 26 

Fig. 2 a. 24-hour barotropic forecast of joo mb contour field from October 2, 0300 GMT to October 3 ,  0300 GMT, 
1954 using the geostrophic approxiination. 

approximation (denoted by B) were also 
prepared for this area. These forecasts were 
exceptionally good (cf. 111). This is of some 
importance, since we thereby can study the 
effect of the present modification without 
serious interference with other sources of 
errors. The verification was made inside an 
area covered by 10 x 12 gridpoints and some- 
what shifted towards the eastern portion of 
the area. 

The results are shown in table I. Here r 
denotes the correlation coefficient between 
observed and computed changes using the 
geostrophic approximation, while rB in- 
dicates the corresponding coefficient for the 
changes computed with the aid of the balance 
equation. E and EB denote the errors in the 
B and BB forecasts respectively and u,, and 
a B  the root mean squares of the computed 
changes, while u is the root mean square of 

5-511478 
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Fig. z b. a4-hour barotropic forecast of 500 mb contour 
field from October 2, 0300 GMT to October 3 ,  0300 

GMT, using the streamfunction given in fig. I b. 
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Fig. z c. 500 mb contours on October 3. 0300 GMT, 1954. 

the observed changes. 7 and ys denote the 
average changes in the two forecasts and 3C, 
finally the observed change. 

W e  observe: 
a) The small scale features of the map (900- 

1,500 km) are better forecast using the balance 
equation. This may be quite important in some 
cases. An interesting example is shown in the 
forecast from October 2. Figure I a shows 
the initial +field and figure I b the corre- 
sponding stream-function y obtained from 
eq. (I). Notice here in particular the over- 
estimation of the winds in the vicinity of the 
low in the Atlantic if using the geostrophic 
a proximation. In the B-forecast for 24 hours 
(Eg. 2 a) this caused the development of 
comparatively high +-values just to the east 
of Iceland. The ridge becomes unsymmetrical. 
The BB-forecast (fig. 2 b) shows considerably 
better agreement with reality (fig. 2 c). It is of 
some interest to oint out that this error in the 

following 48 hours (cf. 111) and gave quite a 
bad forecast in most parts of the Norwegian 
Sea. The details of the forecasts from Sep- 

B-forecast deve f oped stiU more during the 

tember 28 and 3 0  were also better forecast 
using y, than was obtained with the geo- 
strophic approximation, which is shown by 
considering the changes of the wind. 

b) The large-scale flow pattern is quite 
sensitive to good accuracy in the solution. 
Systematic errors due to fcr example an 
inaccurate evaluation of the non-linear term 
in (I)  may sometimes cause significant errors 
(as was found by actual computations). This 
would be still more the case if forecasting 
over a larger area and also if extending the 
forecasting eriod because of the activation 
of small sca P e features in the flow. 

We  may conclude that the use of the balance 
equation instead of the geostrophic relation 
between wind and pressure, improves the 
forecast of certain details of the map that may 
be im ortant. It seems therefore desirable 

of solving the balance equation. Furthermore 
the boundary conditions need further con- 
sideration as well as the question of the im- 
portance of the divergence (cf. sec. 3) .  

to deve 7 op a more rapidly converging method 

Tellur VIII (1956). 1 
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3. An approximate way of incorporating the 
effect of the stratosphere on the mean 
motion of the troposphere 

One of the most obvious defects of all models 
for numerical forecasting advanced so far is 
the very crude descri tion of the vertical 

existence of a tropopause is usually completely 
neglected. It is well-known that the high 
vertical stability aloft has a marked influence 
upon the processes in the troposphere. We 
indicated in III how the effect of such a stable 
stratosphere could be incorporated into the 
barotropic or one-parameter model in a very 
simple way. On top of the homogeneous fluid, 
which is supposed to represent mean conditions 
in the troposphere, we ace an infinitely deep 

(x ’ )  of the density difference between these 
two layers and the density of the lower fluid 
is chosen in such a way that the variations in 
the hei ht of the interface depicts the variations 

simplicity the upper fluid is assumed to be in 
rest. By this last assumption the problem 
remains one-parametric. It is obvious that this 
model is extremely crude, but it at least 
permits an average convergence or divergence 
in the troposphere, which is of great importance 
for the study of the longest waves. 

A homogeneous fluid with a free surface 
has previously been studied by ROSSBY (1945) 
and YEH (1949). and the rocedure outlined 

order to arrive at the present forecast equations 
(cf. 111). We obtain the following formula: 

structure of the atmosp hp ere. For example, the 

fluid of somewhat sma PI ler density. The ratio 

in the f eight of the tropopause in reality. For 

by these authors can be fo P lowed in detail in 

2D (v2  - A2)  - =J(q,  D) 
at 

where 

(7) 

Here D is the depth of the bottom fluid and 
Do is the average value of D. The model 
studied by Yeh (model B, free surface) is 
obtained as a special case by putting x‘ = I 
and the ordinary barotropic model corresponds 
to x’ = bo. To depict actual height variations 
of the tropopause we shall put x‘ = 118. 

Before presenting the results of numerical 
forecasts with this model, we shall discuss some 
Tellur VIlI (19J6), 1 
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principle features of it with the aid of the 
corresponding linearized equations. We assume 
a basic current U, neglect variations in the 
north-south (y )  direction and denote the 
perturbations of the interface by D’. (This is 
obviously somewhat inconsistant. U = - 
--g .f-’. 2D/+ and is finite and D must 
therefore become zero if going sufficient1 far 
north. Permitting a finite extension oYthe 
wave in the north-south direction would not 
change the results in principle; cf. CHARNEY 
and ELIASSEN, 1949.) We get 

The phase velocity c and the group velocity 
cg are given by 

U - p / k z  c = -- 
I +A21k2 

p = and k = 2n/L, where L is the wave 
length. c and cg are given as functions L in 
fig. 3 .  The following values of the parameters 
have been used: U = 15 rn/sec,x’ = 118, Do = 

= 8,000 m, g = 9.81 m/sec2, f and ,!? are 
evaluated at lat. 45O. For comparison c and c, 
for waves in a zonal current governed by the 

I \ 

Fig. 3. Phase velocity c and group velocity cg as a 
function ot wave length for divergent and non-diver- 

gent model. 
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non-divergent barotropic model are also 
shown. It is clear that only waves larger than 
some 3,000 or 4,000 km are essentially in- 
fluenced by the divergence term. The values 
obtained by Yeh and those given here differ 
considerably. We obtain for example I cg I < 20 
mlsec which is very reasonable in comparison 
with the values given by Yeh. 

Yeh also studied the behaviour of a solitary 
wave in course of time to simulate a blocking 
ridge. We have here reconiputed some of his 
pattern with x' = I /8. The initial solitary wave 
re resented by D'(x,  0) = A exp (-xz,'ilz), 
w K ere 1 was chosen in such a way that D ' ( I o ~  - 
*v2 ,0 )  = 1/2 D'(o, 0). Fig. 4 shows <he 
character of the wave after 18 and 36 hours 
and also the changes of such a wave using the 
non-divergent barotropic model (x  -+ a). It 
is clear that the dismrsion has been decreased 

- 

considerably in ou; present model. Qualita- 
tively Yeh obtained the same result but because 
of the large value of x the effect was only no- 
ficeable for very long waves, indeed. - It is 
interesting to compare these results with those 
obtained by numerical forecasting with the 
aid of the non-linear equation (7). 

In using (7) for numerical computations we 
notice that 2D/& and D can be replaced by 
2z/at and z ,  where z is the height of any 
pressure surface in the lower layer of our 
model. We shall again assume conditions at 
500 mb to be representative for mean condi- 
tions in the troposphere and use them as 
initial conditions for our computations. We 
rhen proceed as follows: 

Let i a n d j  denote the gridpoints in a rec- 
tangular grid covering the area over which a 
forecast is going to bc made. zij and q; are 
given at time t as well as one time step (4t) 
earlier, (T - I).  Here 

mij is a scale factor of thc map projection used 
and v/ denotes the finite difference Laplace 
operator. Then Ji j  (v", 2') is evaluated at all 
interior points, JG being the finite difference 
form of the Jacobi operator. Transforming 
.equation (7) into finite difference form gives 

Fig. 4. The development of a solitary wave in an in- 
finite basic current incorporating the effect of the 
divergence above and according to a non-divergent 

model below. 

which can be solved by Liebmann's method 
of iteration using 2.zi-l/2t as a first approxima- 
tion. On the boundaries we assume &?/at = o 
in accordance with the assumptions for the 
ordinary barotropic model. Extrapolation in 
time yields 

qi+1 is finally evaluatcd from 27 1 with the aid 
of ( I  I) in all interior points, while qZ" =q:; on 
the ' boundaries. We- are then ready for" the 
next time step. At the initial time t = 0, we 
have to use uncentered differences in the time 
extrapolation. To get better accuracy, the 
first time step was only half of the value used 
in the following stcps. 

We notice that the new vorticity field at 
each instant is evaluated from z (eq. 11) ,  
whch in turn has been obtained by solving 
(12). In ordinary barotropic forecasts, on the 
other hand, the vorticity change is directly 
given by the vorticity advection. To  avoid 
cumulative errors in the present procedure it 
is therefore necessary to have somewhat more 

Tellur VIII (1956). 1 
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qh-forecasts 

13 Dec.-51, 0 3 . .  
17 Febr.-48, 0 3 . .  

3 Dec.-54, 0 3 . .  . . . . . . . . . .  
8 Dec.-54, 0 3 . .  .......... 

.......... 
......... 

Mean 
Mean error 

48h-forecasts 
3 Dec.-54, 0 3 . .  . . . . . . . . . .  
8 Dec.-gq, 03 . . . . . . . . . . . .  

13 Dec.-51, 0 3 . .  . . . . . . . . . .  
17 Feb.-48, 0 3 . .  . . . . . . . . . .  

Date 

0.84 
0.86 
0.75 
0.54 
0.75 
- 

0.67 
0.80 
0.58 
0.35 

I r  
Table 2 

0.75 I04 - - 

0.60 207 
0.63 I34 

0.59 169 
0.73 212 

severe demands on the accuracy of the solution 
of (12) than on the solution of the Poisson 
equation in the ordinary barotropic model. In 
solving (12) the maximum residual was not 
permitted to be more than half of the value 
previously used. On the other hand the rate 
of convergence is more rapid for a Helmholz 
equation than for a Poisson equation. The 
ridsize used in these computations was 300 

Em in a polar stereographic projection at 
50' lat. and a time step (At )  was one hour. 

Four forecasts have been made for 24 and 
48 hours covering an area of the same size as 
in 111. Two of those were chosen to illustrate 
the large scale behaviour of the atmosphere 
(February 17, 1948 and December 13, 1951). 
The results are summarized in table 2, where 
also the results of ordinary barotropic forecasts 
for the same area are given. r denotes the 
correlation coefficient between observed and 
computed changes with the ordinary baro- 
tropic model (again denoted by B),  TD is 
the corresponding coefficient for the forecasts 
with the divergence included (in the following 
discussion denoted by BD). E and ED are the 
mean errors in these two forecasts and oy and 
UD are the root mean squares of the changes 
respectively. (T denotes the root mean square 
of the observed changes. and are finally 
the average changes over the verification area 
with the two models and Z is the correspond- 
ing observed value. The verification has been 
made inside the dashed line as shown on fig. 
I in 111. In all these cases x' = 1/10. Later the 
Tellus VIII (1956). 1 

forecasts for December 8, 1954 were repeated 
with x' = 1/8. 

It is quite clear that a significant improve- 
ment of the forecasts has been obtained with 
this modification of the barotropic model. A 
significant difference of the correlation coef- 
ficient is hardly obtained on an average, but 
the average errors are considerably smaller if 
using the BD model. Also the root mean 
square of the changes are in much better 
accord with reality as obtained with the BD- 
model. We observe, for example, that the 
ratio a D / a x  is almost constant, while ay/ux, 
varies considerably. oD/u, is, however, less 
than one indicating.that the value for x' used 
in these computations is somewhat too small. 
Repeating the forecast with xf = 1j8 for one 
case brought O D  in close agreement with ux 
but did not change rD and ED appreciably. Too 
few tests have been made to determine the 
best value of xf, but x' = 1j8 is probably close 
to the optimum value. The mean change over 
the verification area, finally, is considerably 
better forecast with the BD model. All this 
clearly indicates that essential1 the largest 
scales of motion are influenced B y this modi- 
fication of the barotropic model as is also 
obvious from inspecting the change pattern 
themselves. 

It is of interest to study some of these 
forecasts in detail in particular in view of the 
discussion of dispersion for the linearized model 
that has been given above. 

The synoptic situation of February 17, 1948, 
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Fig. 5 a. 500 rnb contours on February 17, 03 GMT, 1948. 

Fig. 5 b. @-hour B-forecast of 500 mb contour field 
from February 17, 0 3  GMT to February 19. 0 3  GMT, 

1948. 

has previously been described in detail by the 
author (BERGGREN, BOLIN, ROSSBY, 1949). A 
very intense blocking ridge had been formed 
over and to the west of the British Isles and 
was still intensifying on the initial day of the 
forecast. The initial map used in the compu- 
tations is reproduced in fig. 5 a. Of course, 
the few radiosondes over the Atlantic makes 

I \ 

Fig. 5 c. 48-hour BD-forecast of 500 mb contour field 
from February 17, 0 3  GMT to February 19, 0 3  GMT, 

1948. 

the analysis somewhat uncertain in particular 
in the area of the trough at long. 40" W. The 
conclusions to be drawn are based upon the 
difference of the forecasts made with the 
B-model and the BD-model and are pre- 
sumably valid even if the initial map is changed 
somewhat. Fig. 5 b shows the 48-hour B- 
forecast and fig. 5 c the corresponding BD- 

Tellus VIII (1956). 1 
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Also in the forecast from December 13,  1952 

a similar difference in the pro nosis of a 

pronounced as in the case studied above. 

The barotropic forecasts from December 3 
and 8, 1954 were characterized by strong 
anticyclogenesis in the southern part of the 
area whch had little counterpart in reality. 
This is the most disastrous error when fore- 
casting with the barotropic niodel and often 
makes it impossible to extend the forecasts 
beyond 48 or 72 hours. Undoubtedly the fact 
that constant values of y and 5 are imposed as 
boundary conditions is one main source of 
these errors (cf. 111). Some experiments in 
which the values orescribed 011 the boundaries 

blocking ridge was obtained, % ut not as 

Fig. 5 d. 500 mb contour field on February 19, 
0 3  GMT, 1948. 

forecast. The actual flow on February 19, 03 
is given in fig. 5 d. It is obvious that the neglect 
of barochic processes causes considerable 
errors in both forecasts. Thus the intensification 
of the trough, that is located over Labrador on 
February 19, is completely missing. This in 
turns may be the reason for the fact that the 
anticyclogenesis between Iceland and Southern 
Greenland is not forecast to be as intense as in 
reality. Also over middle Europe some errors 
very likely depend on the neglect of baroclinic 
processes. A comparison of how the blocking 
ridge is forecast by the two models is, however, 
interesting. A marked improvement is here 
obtained with the BD-model. The contour 
value in the centre is forecast to decrease by 
about 3 0  my while it remains unchanged in 
reality. The B-forecast, on the other hand, has 
errors of more than 200 m in this area. The 
difference can be interpreted in terms of 
different rates of dispersion as discussed above 
for the linearized model. The scale of the 
solitary wave was chosen to be about the same 
as the size of the ridge on February 17. A 
definite difference in the rate of dispersion 
was obtained with the two models. A closer 
agreement between the one-dimensional linear 
case and the two-dimensional non-linear 
treatment is not to be expected. The similarity 
is. however, suggestive. 
Tellur VIII (1956), 1 

were altered and Bttempts to forecast for the 
whole northern hemisphere north of the 
subtropic anticyclones (GATES, personal com- 
munication) show that the boundary assunip- 
tions are not solely responsible for these errors. 
Forecasts with the BD-model show a marked 
improvement in t h s  respect. Partly this may 
be the effect of a more correct description of 
the dynamics of large scale phenomena in the 
atmosphere, partly it probably is the result of 
the smaller speed of propagation of influences 
of large-scale systems that is valid for this model 
and that prevents the large scale boundary 
effects to spread rapidly into the centre of the 
forecast area. Indeed, the improvement may be 
very large. For example the maximum height 
of the subtropic anticyclone on December 3, 
1954 was forecast to increase from 5,920 m to 
6,180 m two days later with the B-model, 
while the actual height was 5,940 m. A 
maximum height of 5,981 m was forecast with 
the BD-model. 

From the discussion above it seems highly 
desirable to extend the forecasts to the whole 
northern hemisphere and thereby to a large 
extent eliminate the effect of erroneous as- 
sumptions on the boundaries. However, already 
from the few forecasts made so far it seems 
justifiable to draw the followin conclusion. 
It seems necessary to include the &ct Ofa  tropo- 
pause and its variations into any modelfor numerical 
forecasting to be able to forecast phenomena of a 
planetary scale sutirfctorily. The method used 
here is admittedly very approximate, but still 
seems to give an important correction in the 
right direction. 
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4. On the generalization 
tion between wind 
to three-dimensional 

We have previouslv 

of the balance equa- 
and pressure fields 
flow 

studied the balance 
equation betGeen the A n d  and pressure fields 
for two-dimensional non-divergent flow in 
some detail. It is possible to show that a similar 
balance equation is valid also in the three- 
dimensional case (cf. THOMPSON, 1955). The 
underlying hypothesis is that gravity-inertia 
waves are not of any interest in the study of 
the large scale behaviour of the atmosphere and 
should be eliminated. Thompson then has 
shown that it is necessary and sufficient to 
omit the total derivative of the horizontal 
divergence in the divergence equation to filter 
out these oscillations. This was shown for a 
linearized model of the atmosphere. The same 
is true in the non-linear case without any 
further approximations as will be shown 
below. However, the question still remains, 
if it is desirable to eliminate these oscillations 
under all circumstances, 

The period of gravity-inertia oscillations is 
equal to or less than twelve pendulum hours, 
i.e. 12-24 hours to the north of lat. 30' N 
(in the northern hemisphere). This is about 
one order of magnitude less than the period 
of the large scale planetary waves in middle 
latitudes. On the other hand, one frequently 
observes wave-cyclones with a characteristic 
time-scale of a little more than 24 hours (cf. 
part I, BERGGREN, BOLIN, ROSSBY, 1949). 
Furthermore, the speed of propagation of 
the zero mode of the gravity-inertia waves is 
about 3 0 0  m/sec., which is at least one order 
of magnitude greater than that of the weather 
systems. The internal waves, however, move 
considerably slower (cf. BOLIN, 1953) and their 
speed is again only a few times larger than for 
example the speed of waves in the westerlies. 
These comparisons indicate that the elimination 
of gravity-inertia waves probably is well 
justified for the zero (or barotropic) mode and 
for the largest scales of motion in tho atmos- 
phere. On the other hand, when studying 
phenomena of the scale of ordinary cyclones 
with the aid of multiple-parameter models, in 
particular in cases of rapid development, it is 
more questionable if the internal gravity- 
inertia waves are irrevalent. With these 
reservations in mind we shall for the time 

being accept the hypothesis that the possibility 
for gravity-inertia oscillation to occur in ow 
equations may be excluded. 

Let us use a semi-Lagrangian coordinate 
system with 0, the potential temperature, as 
our vertical coordinate. In this way we 
automatically incorporate the assumption of 
adiabatic flow. This transformation is possible 
provided hydrostatic balance exists, i.e. the 
atmosphere should have a stable stratification. 
The equations of motion then are 

where 
Y = C, Tigz (4 

the so-called Montgomery's streamfunction. 
The hydrostatic equation is 

a!P I 
z = ; P X  

and the continuity equation becomes 

-( 3 3  )i-V.($V)=O (18) 
at ao 

u and v are the two components in the x and 
y-axes respectively of the wind vector v in an 
isentropic surface, f is the Coriolis parameter, 
T is temperature, ,q is acceleration of gravity, 

p is pressure, z is the height of an isentropic 
surface, x = cp/cu where c, and r, are the 
specific heat of air at constant ressure and 

tions with respect to t ,  x and y are made 
keeping 0 constant and v denotes the two- 
dimensional nabla operator in an isentropic 
surface. Let us decompose the wind vector 
into one rotational and one divergent field 

Thus 

constant volume, respectively. A1 P differentia- 

v =  - v y x k + v a  (19) 

(20) { ..:I:: (21) 

5 is the relative vorticity. The two components 
of the deformation field A and B 3re defined as 
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1 . au av 

They are functions of both y and a. 
Equations (14) and (IS) can be replaced by 

the divergence equation and the vorticity 
equation 

dt ax ay ax 2y 

+fyu - fxv - J4 = - V 2 Y  

- (C+f)+(C+f) v *v = 0 

(23) 

(24) 
d 
dt 

Subscript indicates differentiation. In the linear 
case it was necessary and sufficient to neglect 
the first term in equation (23) in order to 
eliminate gravity-inertia oscillations from our 
system of equations: (17), (IS), (23) and (24). 
We shall see that this is also possible in the 
non-linear case. It is clear from (23) that this 
approximation is permissible if 

v . v <  5 (4 
where the inequality sign means at least one 
order of magnitude difference. To the extent 
this inequality is fulfilled gravity-inertia oscil- 
lations are unimportant. Already CHARNEY 
(1948) pointed out that t h i s  is an important 
feature of the large-scale motion of the atmos- 
phere. With the further assumption that Ce f 
Charney could show that the geostrophic 
approximation is permissible in relating the 
wind and pressure fields to each other. This is, 
however, a more serious restriction and is 
usually not satisfied in moderate or intense 

gravity-inertia oscillations, i.e. applying (25 7 cyclones and anticyclones. Only eliminatin 

transforms (23) into the following relation 

f { - ’ ( A Z + B 2 - { 2 )  2 -f,u+f,v=v2!P (26) 

this system of equations and devise a feasible 
(numerical) method for this solution. It is 
furthermore of interest to show that inertia- 
gravity waves are excluded from this set of 
equations. Thereby the maximum speed of 
propagation of waves is presumably reduced 
permitting larger time steps in the finite 
difference time extrapolation.’ 

It is interesting to notice that the state of 
the atmosphere is determined with relatively 
good accuracy by the three quantities y ,  !P and 
p, which can be determined by observations, 
while a only means a comparatively small 
correction to the ma’or part of the wind field 

magnitude as the errors of the observations. 
This does not mean, however, that the a-field 
and thus the (v - v)-field is unimportant for 
determining the changes of the state of the 
atmosphere as can be seen from our set of 
equations. Hence first we are faced with 
problem of determining the initial field of a 
from the quantities that are observed. Knowing 
y7, !P7, p7 and a7 at a given instant (r) we can 
obtain (2[/G’t)7 and thus  at)^ from (24). 
Extrapolation in time yields y7+1. An approxi- 
mate value of Y7+1 can be obtained from (26), 
if neglecting a in evaluating the left side of 
the equation, by solving a Poisson equation 
with pro er boundary conditions. p7+l is then 
evaluate B with (17) and we are back to the 
problem of determining a from a knowledge 
of the three other variables. To do this one 
can proceed as follows: 

Let us introduce the vertical velocity w = 
= dp/dt as a new variable instead of +/at. 
Equation (18) can then be written 

given by y and is t il us of the same order of 

- l  av  v . v = v 2 a =  ($) [Jo-vp-*] ao (27) 

Thus a knowledge of a w will permit us to 
evaluate v2a and b proper integration a. 

neglect the small effect of the variation of the 
Coriolis parameter in (26) and thus use 

For simplicity we shal Y in the present discussion 

f; - (A2+B2 - p) = v2Y (28) The equations (17), (IS), (24) and (26) now 

0 and t with the dependent variables y ,  a, !P 
constitute a complete set of equations in x, y ,  2 

and p .  Our problem is to design the proper 
boundary and initial conditions for 
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Charney has suggested to solve the simultaneous 
system of equations directly. The quesdon of integrab- 
ility as discussed below is still of interest. 
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Ths is not necessary but merely done for 

is useful to replace the vorticity equation (24) 
in our system by another equation also derived 
froni the two basic equations (14) and (IS). 
By proper differentiation and making use of 

we obtain. v2 at - 2G (2) (p l -xso  z) = 

(36) 
JY  

p x - l o =  -v .v-  a 3Y 
convenience. For the following derivation it ao at ao _ . _ _  

We can now eliminate 60 or a ~ / / a t  between 
these two equations and obtain 

the definition.; of A and B according to (22) J Y  -12  a aY 

2A 
3t 
- + v - v A  -fB+Av - V  - fxv'-  fp+ -1 a 

= H + 2 G .  (2) a. (p1-'v.v $) (37) 
a2Y a21Y 
ax2 Jy2  (29) and 

+ - - - = o  

e + v - v B + f A + B o . v  at - f y v +  

Multiplying (24), (29), and (30) by (C +f), 
- A and - B respectively and adding we 
obtain with the aid of (28) 

2G -+v .vG+2Gv - v + F l + F 2 = o  (31) 
at 

where 
I I 

2 2 
G = - [(C+f)2 - A2 - B2] = 02Y+-f2 (32) 

denotes the Jacobi operator and K = 'i2 
(112 + v2) being the kinetic energy per unit 
mass. With the aid of (27) and (32) we can 
transform (31) into 

a -1 ao, 
v2px-10 - ao - [,G (2) z] = 

= ?+ ao V 2  (V 7 $) (38) 

We shall restrict the following discussion to 
equation (38) since a knowledge of w will 
enable us to evaluate cc with the aid of (27). 
Equation (38) is a second order differential 
equation in w. The right side is a function of 
Y, y and p ,  but also of cc, whch is related 
to o by equation (27). One can, however, 
verify that no other terms are of second order, 
than those retained on the left side. Thus the 
character of the equation is directly determined 
from (38). We find that it is elliptic provided 

G ( % ) - ' < o  (39) 

We  have already assumed that the atmosphere 
should be stable, i.e. 2p/ao < o and in that 
case the criterion of ellipticity becomes 

I f TZY' - 2 - 

in view of (32). This is the same criterion as 
the one that has to be satisfied in order to solve 

- v * v G - F1- F, - 

- zG (3) % * = 

(28) for y as a boundary value problem, when 
YJ is known and cc is neglected in evaluating 
A and B (cf. CHARNEY, 1955 and BOLIN, 1955). 
It is easy to show that (40) implies that > -f 
but not vice versa. 

It was already pointed out that the right side 
of equation (38) is a function of a. Now 

- I  av 
(3s) 

Furthermore we differentiate (17) with respect 
to t and obtain 
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I va 14 I ~y I as implied by (zs), and thus the 
terms depending upon a are small compared 
to those only being functions of y, Y and p .  
Since the character of the equation is de- 
termined by the left side it should therefore 
be possible to determine o by successive ap- 
roxiniations. First the right side is evaluated 

Ey putting ct = o and we solve the equation 
(38) for o. The corresponding a-field can be 
used for a better estimate of the right side, etc. 
Probably already the first approximation is 
sufficient for our purpose. 

Equation (38) is a difkrential equation for 
o that does not contain any derivatives of time. 
It is well-known that the vertical velocities can- 
not be obtained by merely knowing the mass 
and windfields a t  a given instant if gravity- 
inertia waves can occur in the system, but it is 
necessary to know also the rate of change of 
these fields. The very fact that we can get an 
equation for LO of the type (38) proves that 
gravity-inertia waves are excluded from our 
system of equations (cf. BOLIN, 1953). 

It was pointed out in section z that (40) is 
usually not satisfied all through the atmosphere 
in middle and high latitudes, in particularly not 
at hgher levels. Thus equation (38) is hyper- 
bolic in such regions. It is well-known that 
boundary conditions cannot be prescribed for 
a hyperbolic equation. In this case, however, 
the equation is hyperbolic only within small 
areas and it is not known to the author in 
which way the boundary conditions can be 
prescribed. Furthermore, even if (40) is 
satisfied everywhere a t  one instant the question 
arises whether it will remain so in the course 

of time1. It is clearly seen from (31) that G 
may become negative even if being positive 
everywhere at one instant because of the 
existence of the two terms F, and F,. Thus it 
also follows that h perbolic regions may develop. 

balance equation (26) in numerical forecasting. 
The hysical meaning of the criterion (40) is 

the linearized case or in the case of a circular 
vortex it is similar to the criterion of inertia 
(or dynamic) stability. 

It might be worth while to attempt an 
integration and force the criterion (40) to be 
satisfied in the course of the computations. 
It seems to the author, however, that we 
need a better understanding of the physical 
processes involved to use the balance equation 
in treating the three-dimensional flow of 
the atmosphere. 

This is a basic di. 2 iculty inherent in using the 

not c 9 ear but it is interesting to notice that in 
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