
Some Aspects of the Flow of Stratified Fluids 
111. Continuous Density Gradients 

By ROBERT R. LONG, the Johns Hopkins University' 

(Manuscript received April 5 ,  1955) 

Abstract 
The investigations of Parts I and I1 are extended to include experiments and theoretical 

considerations relating to the behavior of fluid systems with continuous gradients of density. 
The general equation of steady-state motion derived in Part I is integrated to yield the flow of 
a stratified fluid over an obstacle of finite dimensions. The results indicate a more or less compli- 
cated laminar wave motion for obstacles of maximum height below a certain value. Larger 
barriers cause an overdevelopment of the waves to a point where closed circulations and negative 
horizontal velocities appear. It is shown that this is accompanied by locally unstable distributions 
of density and eventual turbulence. If the height of the barrier is further increased, the velocity 
increases indefinitely in some parts of the field, becoming infinite for an obstacle of a certain 
size. No steady-state solution exists for larger barriers. The two critical values of the obstacle 
height depend primarily on the Froude number: If this number exceeds I/Z the solution exists 
and is stable for all obstacles; for small Froude numbers the barrier must be small if the solution 
is to exist or be stable. 

If the obstacle is small enough to permit laminar or moderately turbulent motion, the ac- 
companying experiments verify all important features of the theory with remarkable fidelity. 
Larger obstacles cause considerable turbulence and blocking effects which propagate upstream, 
causing alternate maxima (jets) and minima of horizontal velocity in the vertical. 

I. Introduction 

Part I of this series of papers (LONG 1953) 
contained a theoretical analysis of the steady- 
state flow of a stratified fluid over a barrier. 
Part I1 (LONG 1954) represented an attempt to 
investigate experimentally the simplest 
ble system of this ty e: the flow o two 
superimposed layers o f  different density over 
a smooth boundary of finite dimensions. In 
the latter investigation it was possible to 
present an accompanying theory which ex- 

possi- 
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plained rather well the observed behavior. In 
general shock waves or internal hydraulic 
jumps in the lee of the barrier are the only 
phenomena of any great importance and these 
occurred as predicted by the theory. 

In many applications of stratified theory to 
natural phenomena, it has been assumed that a 
fluid s stem with continuous density gradient 
may Ze approximated by layered systems 
(ABDULLAH 1954, TEPPER 1952). There is really 
no evidence to sup ort such an assumption 

other reasons, to extend the theory and ex- 
periments to systems with continuous density 
stratification. It is the purpose of this paper to 
present the results of this investigation. 

and it appeared to E e desirable, for this and 
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2. Preliminary theory 

In Part I it was shown that the steady-state 
motion of a stratified fluid in a channel was 
governed by the equation 

R. L O N G  

I d v2yo +; [( r y,)2- I ]  - ln(U2,n) - 
dY 0 

n dc 
U 2 ~  dyo 
-A - ( y  - )- 

0 Y -0 

where yo is the height of a streamline far 
upstream, and U(y,), @(yo) are the velocity 
and density distributions far upstream. The 
assumptions in the derivation of this equation 
are the following : 
(I) The fluid is incompressible. 
(2 )  The flow is steady and two-dimensional. 
(3) Sufficiently far upstream from the source 

of disturbance (obstacle), yo = y and the 
velocity and density hstributions (U,  e) 
are known functions of the vertical 
coordinate. 

The significance of assumption (3) should 
be emphasized. In effect it is assumed that the 
flow and density are initially given by U(y) ,  
,&). An obstacle is then inserted in the stream 
and a steady state is awaited. It is not only 
assumed that the flow reaches a steady state but 
that the velocity and density fields approach 
U(y)  and e(y)  if we go sufficiently far upstream. 
It is conceivable that the obstacle could cause 
an alteration of the basic distributions U, e to 
propagate indefinitely far upstream. In ths  
case either the flow would never come to a 
steady state or else it would approach a new 
distribution U’(y), p’(y) upstream. 

Equation (I)  is highly non-linear if U(yo),  
@(yo)  are assigned arbitrarily. If, however, we 
su pose that we deal with a model in which e 
is P, ‘near in yo and U2e = const we obtain the 
linear equation 

In ( 2 ) ,  6 represents the variation in height of the 
streamline yo = const about its equdibrium 
(upstream) height. A model with a linear 
density gradient is, of course, of considerable 
interest physically, but it is perhaps unlikely 
that we will encounter the condition U2e= 

= constant in practical applications. In gco- 
physical problems involving stratification e 
varies very slowly with height (the analogous 
quantity in the atmosphere is potential density). 
U2e= const will then imply a very small 
increase of velocity with height. It may be 
hoped then that the present model will contain 
the essential features of a statified fluid with 
constant density gradient and uniform velocity. 
This is the viewpoint adopted in this paper; 
the experiments show that no sensible crror 
results from the approximation. 

3. Theoretical, flow of a stratified fluid over 
an obstacle 

The solution of equation (2)  for flow in an 
infinite channel with rigid, parallel, upper and 
lower boundaries is straightforward provided 
the obstacle at the bottom of the channel is 
considered to be infinitesimal in height. The 
solution turns out to be indeterminate if u 
exceeds a certain value, but it has long been 
recognized that this indeterminancy may be 
removed by introducing viscosity1 (RAYLEIGH 
1883). The simplest possible equation for such 
motion with damping is 

a 
ax 
- ( v 26’ + a26’) =pd’ (3 )  

The solution of (3) for the same boundary 
conditions is unique and when p approaches 
zero, 6’ approaches a solution of (2) .  The only 
effect of friction that remains when ,u vanishes 
is the absence of wave motions upstream. 

W e  are, however, interested in flow over 
an obstacle of finite height and this makes the 
standard approach by Fourier integrals so 
complicated that it is practically impossible. 
Lacking a better method, a finite solution was 
derived in the following manner: The solution 
was obtained first for an infinitesimal obstacle 
of some convenient shape. This solution is of 
the form 

d=af(x ,  y ;  (7, b) (4) 

where 6 relates to the length of the barrier and 
u is the maximum height of the infinitesimal 
barrier. If in (4) we arbitrarily assign a finite 

1 Recently STOKER (1953) has shown that in the flow 
of a liquid with free surface, the indeterminancv is also 
avoided by solving the problem from an initial state, thcn 
letting I + CQ. 

Tellus VII (195J). 3 
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value to a the resulting solution still satisfies 
(2) exactly. When the solution is plotted, the 
material curve yo = o lies on the line forming 
the bottom of the channel everywhere except 
in the vicinity of the origin of x, where it 
rises into the channel, reaching a maximum 
height and then returning to the line y = 0. If 
we take the yo = o curve as the new channel 
bottom, (4) represents, in effect, flow of the 
stratified fluid over a certain obstacle whose 
height and shape are obtained in the above 
indirect manner. A disadvantage of this method 
is that the resulting obstacle is not always sym- 
metric about the line x =o. The asymmetry is 
usually slight, however, and the height and 
length of the barrier can be varied by varying 
a and b. 

We assume as the solution of (2) the follow- 
ing : 

00 

~ ( X S  -b)=6,= A,eaflxsinnny ( 5 )  
f l = n 1 + 1  

The integer n1 is the last for which (u2- 
-n2n2) is a positive quantity. The assumed 
solution satisfies equation (2) and the kine- 
matic conditions at the top of the channel 
y = I, at the bottom, y = o and, with the 
assumption that f ( x )  is infinitesimal, the kine- 
matic condition at the obstacle. Moreover, 
there are no upstream waves. The constants 
A,, B,, C,, D,, F,,, G,, H,, M, are available 
to establish continuity at the lines x = 5 b. 
They are determined by requiring that 6 and 6, 
be continuous at these lines. Omitting this 
straightforward procedure, and choosing a 
special obstacle 

f ( x ) =  (I + c o s y ) ,  - b S x <  b 

f ( x )  = o elsewhere (9) 

we obtain 

+ (F,, cos a,x + G, sin a,x) sin nny + 
n =  I 

n2 ' l a  a cos - 
+ x 8 (Hneanx+M,e-anX) sin nny (6) - I - -  b sin (uz-p)  (1 - y) + 

fl=fl,+ I 2 sin (uz-;)'" 
fl, 

6 ( x r  b)=6,= 2 (B, cos U,X+ 
la= I 

+ C, sin a,x) sin nny + 
ce 

+ D,,e-aflxsinnny 
n = 111 t I 

n, 

+ a  1 yn cos a,(x+b) sin nny+ 
I t =  I 

In these expressions the height of the channel 
is taken as I, and the obstacle has a height 
y3 = f ( x )  for - b 5 x I b, y3 = o elsewhere. 

E,=- I ] j ( x )  cos __ b dx, n I 

nl 

n - 1  
6, = - a Z: 2 y, sin a,b sin anx sin nny - 

The quantities En and a, are W 

- a 2: ?!! [ean(x-b)-e -a,(x+ b ) ~  sin my (12) 

The coefficient y, is 

nnx n = n l + l  2 

bsin ( uz-- n:2)'1.b 

nn n z  
y n =  z _ q 2 -  76% (13) 

=2-n2n2---, x) dx, u,, = I u2 - n2n2 I 'L (8) 
' - 2  bsinu b - b  

Tellus VII (1955). 3 
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The combined solution 6 has the following 
properties : 
(a) 6 and its first derivatives with respect to x 

and y exist and are continuous for all x 
and y in the field of flow, except when 
u2 =p2n2, p = I, 2. . . .  

(b) Second derivatives of 6 with respect to x 
and y (u, z p2nz) exist for all x and y in 
the field of flow, except at the points 
(b,  o), (- b, 0). Equations (10)-(12) 
represent, therefore, a solution of (2) for 
flow in an infinite channel over an in- 
finitesimal obstacle (9). The non-existence 
of the second derivative at the two bounda- 
ry points is simply an expression of the 
non-existence of f ” ( x )  at these points. The 
significance of the exceptional values of u 
will be discussed in section 6. 

As previously indicated we may assign a 
finite value to a and obtain thereby the solution 
for flow over a certain finite obstacle. Since 
6 = y-yo ,  the equation for the obstacle 
y = h(x)  is 

If u < 7c it is easily shown that 6 has no nodal 
lines within the fluid running along the direc- 
tion of the channel. (POCKELS 1891). Therefore 
the maximum height of the obstacle varies 
monotonically, being I when a = 00. If 
u > 7c, however, such nodal lines exist1. In 
this range the height of the obstacle approaches 
the height of the first nodal line above it as 
n -+ 00. Therefore, it is clearly impossible to 
obtain a steady state flow over an obstacle 
higher than this. The computations based on 
equations (10)-(12) indicate that the maxi- 
mum obstacle may be varied somewhat by 
varying b, but for any reasonable value of b, 
including an indefinitely large half width, 
there is a maximum obstacle height when 
0 > 7c. 
4. Solution for a very long obstacle 

The solution for infinite b is very simple 
and illuminating. We are then only interested 
in the solution 6, (equation I I), which reduces 

h(x)  - 6 [x, h(x)]  =o (14) 

R. L O N G  

to 

(15) 
a sin u(1-y) 

sin u 
6= 

~ 

1 It is apparent from equation (4) that the equation 
of the nodal curves is independent of 0. 

If the (nearly) constant height of the barrier is 
B (4 9 

sin u (  I - y )  
sin u(1 - B )  d=#?(x) 7- 

It may be noted that this is the solution of the 
partial differential equation 

which is derived from (2) by assuming infi- 
nitely slow variations of 6 in the direction along 
the channel. This is analogous to the hy- 
drostatic assumption made in Part 11. The 
singularities of this equation are the straight 
lines in fig. I. We note again that if u < n, 
the height, /I, ma have any value between 

larity for infinitesimal barriers when u = pn, 
p = I, 2, 3.. . . Aside from these values of u 
there is a maximum barrier for every u > n 
given by the distance from the /? = o axis to 
the first straight, sloping line above it (denoted 
by Ri = - m). In general the larger u the 
smaller the maximum obstacle. 

For the solution (16), and for the full 
solution, non-existence corresponds to an 
infinite velocity at some points of the fluid. 
If the obstacle is near its maximum size we 
will have very high velocities and therefore 
ver high shears. It is to be expected that this 

that the solution may exist but be unstable. 
Moreover, in (16) a high obstacle means a 
negative velocity (u > n) at some level and 
t h s  corresponds in the full solution to closed 
circulations above or in the lee of the barrier. 
Since the density is constant on a streamline, 
such a closed circulation implies, necessarily, 
local regions in which density inneases verti- 
cally. This may be shown analytically as 
follows: Since e = eo (I -kyo), 

o and I. As in the t? ull solution there is a singu- 

wil r lead to a breakdown into turbulence so 

However, the local velocity along the channel is 

so that 

Tellur V I I  (1955). 3 
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Fig. I. Graph of solutions for flow over very long obstacle of height (x). The 
solid, straight lines (R; = -00) represent the singularities of the solution (16). 
At the given Froude number, the distances from the abscissa to the first line, 
Ri = -to, above it is the maximum height of the barrier. The solution does not 
exist for a higher barrier. If the extreme height of the obstacle is the distance 
from the abscissa to the solid curve labeled Ri = 0, the velocity, u, is just zero 
somewhere in the fluid above the barrier. For a higher obstacle, closed cells 
appear and the solution is unstable. If the extreme height of the barrier is the 
distance to the dashed curve labeled Ri = I, the Richardson number (24) falls to 
one somewhere in the fluid. For higher barriers Rj < I, and shearing instability 

may arise. 

The density increases with height (overturning 
instability) if u < 0. The exact criterion may 
be derived from (16): 

Differentiating with respect to y, the necessary 
and sufficient condition for overturning in- 
stability is 

An investigation of (22) shows that the mini- 
mum occurs at nodal surfaces of the function 
6 = y - y o .  If (T < ?G the velocity u exceeds U 
everywhere and can never become negative. 
Hence no overturning instability can occur for  
(T < n regardless of the size ofthe barrier. 

When n < (T < 27d the minimum occurs at 
the top of the channel where yo = y = I and 
this minimum will be negative if 

0 

It is easily seen that (23) is the criterion for 
instability for all Q > n. The inequality (23) 
corresponds to the area above the curves 
marked Ri = o in fig. I .  We note that the 
lower the Froude number, the smaller the 
barrier must be to avoid the overturning 
instability. There is thus a considerable ran e 

It is possible, of course, that the fluid system 
may break down for even smaller obstacles 
than the ones indicated by the curves of (23), 
due ossibly to shearing instability. We have 

an obvious choice is to plot the maximum 
obstacle for which the minimum Richardson 
number in the field is just equal to one, i.e. 
we assume for stability that 

in which the solution exists but is unstab B e. 

no c P ear guide for this investigation, although 

-g ae -- 

Since U is practically constant, the Richardson 
number then becomes 
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[sin B( I - ,B) + Do cos B( I - y ) ]  
B'B~ sin2 B ( I - y )  (25) = sina(1-,4) _____-- 

Furthermore, min Ri(y) = Ri(yJ where 

These relationships define ys by the equation 

cos (T ( I  - ys) = - - sin B ( I -a) rt 
I 

OB 

Since the two terms on the right in (27) must 
be of opposite signs, 

I .  cos (T (I - ys) = - - sin (T(I - B) + 
a@ 

Therefore 

5 .  Discussion of solution for flow over ob- 

Returning to the more important case of 
barriers of finite length, the problem of 
obtaining the pattern of flow, and information 
similar to the above, is one of laborious 
computation. This has been done for a number 
of values of B and b, and for values of a yielding 
well-developed wave motion. The results are 
contained in figs. 6-1 3 in which the theoretical 
and comparable experimental flow patterns 
are shown together. In many of the calculated 
flows the obstacle is so large that closed cells 
appear. It need only be remembered that 
smaller values of a will eliminate these cells 
and yield a somewhat smaller barrier. Other- 
wise the pattern of flow will be unaffected. A 
discussion of the most important features o 
the motion is presented in the next section 
where a comparison is made with the experi- 
ments. 

Computations were not performed for very 
small values of b. Such flow would be over 
very abrupt obstacles and in actual experiment 
boundary layer separation effects would domi- 
nate, rendering the theoretical solution almost 
useless. 

We  may observe from the computations 
leading to the above figures, and adhtional 
computations, the maximum obstacle for 
existence and for eliminating closed circula- 
tions. If the parameter a is given such large 

stacle of finite length and height 

Defining values that the obstacle approaches its maxi- 
mum height for existence, the barrier obtained 
is very asymmetric, rising sharply on the up- 
wind side and dropping very rapidly on the lee. 
The calculations were restricted then to ob- 
taining the maximum obstacle for overturning 
stability (no closed circulations). The results are 
presented in fig. 2.  They are analogous to the 
curves marked Ri = o in fig. I. W e  note that 
the latter, based on the assumption of an 
infinitely long barrier, are: very similar and 
provide a close approximation. Except near 
the singular values of the Froude number, the 

sino(r -Is> 
OB 

(30) "y = ~ - _ _  

the condition that min R 2 I is 

- 1 X I  + 2  +I 2 0  (31) 

This is satisfied in the regions below the curves 
marked Ri= I in fig. I. W e  note that the 
Ri = I curves and the Ri = o curves are quite 
close, so that for practical purposes either may 
be chosen as the stability criterion. 

- 

Tellus VII ( 1 9 5 5 ) .  3 
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Fig. 2 .  Maximum obstacle heights for overturning 
instability in flow over a barrier of half length .2 ,  .4, 
1.0. The three curves give the maximum height of the 
barrier at a given Froude number. Higher obstacles will 
be associated with the appearance of turbulence at sonic 
points of the fluid. Smaller barriers will have laminar 

flow over them. 

curves indicate, roughly, 
turning instability begins. 

Fi when over- 

6. Experiments with a stratified fluid 
The fact that the solutions in section 5 satisfy 

the frictionless equations of motion exactly, 
eliminates one of the major deficiencies of 
prior investigations of such systems, namely 
the assumption of infinitesimal obstacle heights. 
On the other hand, the basic velocity and 
density distributions U2e = const, Q linear, are 
not likely to be encountered in natural phe- 
nomena or experiment and the practical 
question arises as to the applicability to real 
systems in which the distributions of velocity 
and density are only approximations to these 
relationships. One system which can be 
produced experimentally is a basic velocity 
distribution U = const and e nearly linear and 
very slowly decreasing with height. In such a 
case the 0 of equation (2) is nearly constant 
and any other terms that enter the complete 
equation ( I )  are small compared to the terms 
of (2). This type of system was investigated and 
a comparison made below between experi- 
mental results and the theory of section 3. 

The physical set up is a long channel (fig. 3) 
containing a mixture of water and salt with a 
smooth density-height curve. An obstacle is 
towed by a motor drive at a constant speed 
along the bottom. The percentage density 
gradient from top to bottom is small (10 per 
Tellus VII (1955). 3 

Fig. 3 .  Channel used for stratified fluid experiments. Thc 
entire channel is 20 f t  long, 6 in wide and 2.5 f t  high. 

cent or less). The density-height curve is 
rou hly linear except at the top and bottom 
o f t  f e channel where the fluid tends to have a 
uniform concentration of salt. Using the speed 
of the barrier, the depth of the water and a 
representative density difference, we may 
compute for each experiment a Froude number 

which is of the form of I /O in equation (2). 
Considerable question arises regarding the 

computed Froude number of the experiments. 
The uncertainty is in the value of dele. If the 
density gradients in the experiment were linear 
this would be simply the measured difference 
in density from top to bottom divided by the 
mean density. Actually the density gradients 
resemble that shown in fig. 4. As mentioned 
earlier, there is a considerable tendency to have 
a homogeneous layer at top and bottom. An 
explanation for this was suggestcd to the writer 

1 2s 

Cm. 

P 
Fig. 4. Density-height curve for fig. 5 
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Fig. s Sinc waves In flow over barrier. Fj = .220, = ,137, b = .59. The length of the wales is approxiniatcly I 90. 

by Sir Geoffrey Taylor, who remarked that if 
the mixing of the salt by turbulent diffusion 
be regarded as Fickian diffusion, the absence of 
flux of salt through the bottom and top 
surfaces would require the vanishing of the 
normal derivative of salt concentration, and a 
tendency for homogeneous layers at top and 
bottom. 

The observed density dmribution offers two 
possibilities for computing d Q: the difference 
in density at top and bottom, or the dp 
obtained by extrapolating the mean slope of 
the curve in the interior of the fluid. The flow 
pattern associated with the density curve in 
fig. 4 suggests an answer. Fig. 5 is the photo- 
graph of this flow. If de is taken as the density 
difference from top to bottom, the computed 
Froude number is 253; using the average 
gradient in the interior we obtain .zzo. Since 
the theoretical wave length is 

we obtain A = 2.64, 1.94 respectively. Since 
the measured length is 1.90 (approximately), 
the fluid system seems to behave as if it had a 
linear density gradient equal to the average 
slope of the density curve in the interior. 
Because of this, the computed values of Fi in 
this paper are based on slope of the density 
curve in the interior of the fluid. It is perhaps 
of some importance meteorologically that a 
lower homogeneous layer (adiabatic layer) has 
no sensible effect on the phenomena. 

The obstacles used in the experiments are of 
various sizes but all have an “easy shape” to 
reduce the effects of boundary layer separation. 
The ratio (p) of maximum obstacle height to 
the total depth is varied by using different 
obstacles and different fluid depths (H) .  
Observations are made by recording the 
motion of aluminum tracer particles by a time 
exposure on a photographic plate. The camera 
is moved on a track at the speed of the obstacle 
so that the recorded flow is approximately 
steady. 

The main features of the experiiiient are 
revealed in figs. 6-13 in which the flows are 
shown in the order of decreasing Froude 
number. Fig. 6 is flow at a very high speed. 
The motion involves only a symmetrical 
elevation of the streamlines over the barrier. 
Experimentally it resembles potential flow very 
closely. Theoretically, it is obvious that the 
density gradient generates some negative 
vorticity as the fluid rises over the barrier. This 
eliminates the need for the strong decrease of 
velocity with height that accompanies potential 
flow. As a result the vertical velocities extend 
to greater heights and the horizontal compo- 
nent increases by about the same amount at 
all levels. For purposes of comparison with the 
atmosphere we note that if we relate the total 
depth of fluid to the height of the tropopause, 
the Froude number of .350 corresponds to a 
mean velocity of 45 mjsec. The theoretical 
flow is for a somewhat higher Froude number 
but since both are above the critical number 
x-l they are very similar. 

Tcliur \‘I1 (1955). 2 
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.;. , , ~  

Fig. 6 .  Observed and calculated flow over an obstacle. Theo- 
retical: Ff = ,500, p = .IOO, 6 = .4, a = .14. Experimental: 

Fi= .350, p = .ogz, 6 = .42. - 
f - 

Fig. 7. Observed and calculated 
flow over an obstacle. Theoretical: 
Fi = .zso,p = . r ~ o ,  tr = .4, a= .30. 
Experimenta1:Fi = 233, p = . I S I ,  
b = .57. 

Tellur VII (19SS). 3 
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Fig. 7 shows a flow pattern at a Froude 
number in the range (27r-l < F < rl. A 
long wave appears in the lee. The theoretical 
wave length, at the Fi of the experiment 
(somewhat smaller than the Fi of the drawing), 
is 2.1 H, which is very close to the observed 
length. According to fig. 2 the B of the experi- 
ment is just below the value calling for zero 
horizontal velocities at some places in the field. 
We see in the photograph that a large region 
in the upper part of the channel just in thelee 
contains fluid at rest with respect to the 
barrier. There is no evidence of turbulence in 
this region; we would anticipate its onset for 
a somewhat larger value of B. The turbulencc 
appearing near the bottom under the first crest 
of the wave is not due primarily to overturning 
or shearing instability but to boundary layer 
separation. In all experiments this effect tends 
to cause turbulence beneath the first crest in 
the lee. This is to be expected because this area 
corresponds to a minimum of velocity and 
therefore a maximum of dynamic pressure. 
The resulting adverse pressure gradient just 
upstream will cause separation. The fluid in 
the boundary layer is then carried into the 
body of the fluid to form a large turbulent eddy. 

Fig. 8 is another example of flow in the 
range of a single sine wave in the lee. The 
obstacle is quite large; the waves have de- 
veloped beyond the point of overturning 
instability. This is shown by the appearance of 
turbulence in the reversal region at the free 
surface just in the lee. This, and the turbulence 
below the first crest (due partly to boundary 
layer separation and partly to overturning in- 
stability), has removed so much energy that 
the waves further downstream are greatly 
weakened. The size of the obstacle is such that 
a theoretical solution exists although it is 
unstable. We  see, nevertheless, that the obstacle 
is causing a blocking action upstream. This is 
evidenced by the shortness of the streaks in 
the fluid near the bottom ahead of the barrier. 
We have in this an indication that an alteration 
of upstream density and velocity distribution 
takes place in tbe range where a steady-state 
solution exists but is unstable. 

Fig. 9 is flow below the second critical 
number, Fi = 1j2z. As shown in both theory 
and experiment the streamlines tend to open 
up in the region midway between top and 
bottom and just in the lee. At the Fi of the 

experiment fig. 2 indicates a reversal of 
velocity above a #? of .075. Since the #? of the 
experiment is well above this we have definite, 
turbulent eddies. The resultant loss of energy 
prevents the appearance of a second eddy 
downstream as predicted by the theoretical 
drawing, although there is evidence of a 
velocity reduction in the appropriate region 
downstream. 

Fig. TO represents a further reduction in Fi 
to the range (452-l < F; <: (3n)-l, and shows 
a remarkable array of eddies downstream, 
whose positions and distances correspond very 
closely to those in the theoretical drawing. The 
discrepancy in the two Froude numbers leads 
only to a shortening of wave length in the 
observed flow. Fig. 2 indicates a ,!? of .087 for 
overturning instability at the Fi of .084. This 
is verified by the experiment, since the eddies 
appear slightly turbulent but not enough to 
prevent repetitions of the pattern downstream. 
It is interesting to note that the “S”-shaped 
streamlines above the barrier appear in both 
theory and experiment. 

Fig. 11 is another example of flow in the 
range ( ~ ) - l  < Fi < (3n)--’. The obstacle is 
very large and the flow is therefore very 
turbulent. An outstanding feature is the 
exaggerated crest in the lee where the flow is 
strongly affected by boundary layer separation. 
In other respects the experiment and theory 
agree closely. 

Fig. IZ is an example of flow in the range 
(jn)-l 5 F, < (@)-’. The theoretical flow is 
for a Froude number very close to the critical 
value (47r-l. The result is a well-developed 
wave motion for a very small barrier. The 
observed flow is at a Froude number corre- 
sponding to a B of .048 in fig. 2. Since the B 
in the experiment is .056 we would expect the 
definite turbulencc in the eddies seen in the 
photograph. Moreover the tendency for 
blocking the lower fluid ahead of the barrier 
is very evident. The eddies just in the lee 
appear in the same position in the theoretical 
and experimental flows, and the other details 
correspond very closely. 

Little effort was made to investigate the 
singular points of the theoretical solution in 
sections 4 and 5 ,  i. e., the values of CT = pn. 
These singularities are expressions of the fact 
that a long wave of undetermined amplitude 
can exist at those values of IT in a channel with 
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Fig. 8. Observed and calculated 
flow over an obstacle. Theoretical: 
FI = .ZOO, /!I = .ZOO, 6 = 1.0, 
Experttnctital: Fi = ,204, = .zoo, 
6 = .M. 

= .3 j. 

Fig. 9. Observed and calculated 
flow over an obstaclc. Theoretical: 

Experittiental: F i =  . 1 3 1 ,  @ = .ass, 
F i =  .I43, /!I = .IOO, 6 = .4, 

b = .50. 

= .IS. 
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Fig. 10. Observcd and calculated flow over an 
obstacle. Theoretical: Fi = ,091, p = ,090. b = .4, 
n = . I S .  Experimental: Fi = ,084, /? = ,085 ,  
b = .30. 

Fig. 11 .  Observed and calculated flow o w r  an 
obstacle. Theoretical: Fi = ,083, ,!3 = .1z4, h = .4, 
n = .IS. Experimental: Fi= ,083 ,  ,!3=.138, b-.6z.  
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-c 
Fig. 12. Observed and calculated flow over an 
obstaclr. Theoretical: Fi = .077,8 = ,030,  /I  = .4, 
(r=.o6. Experimental: Fi= .070,/?= ,056, b =  . 3 3 .  

plane top and bottom. The same phenomenon 
occurs in the flow of water with a free surface 
over an obstacle at the critical Froude number 
F? = U2/gH = I. The singularity is removed 
by introducing friction as in equation (3) but 
the flow patterns remain exaggerated at a = pn 
unless the frictional coefficient is large. 

It appears to be impossible to seek for these 
singularities in the experiment for several 
reasons: The foremost is the uncertainty in the 
calculated Froude number. The range of 
uncertainty is at least as large as the range of 
a, on either side of pn, in which exaggerated 
wave patterns are indicated for small obstacles. 
Secondly, the experimental model has distri- 
butions of density and velocity u stream 
which differ from the theoretical mo B el, and 
if the same kind of singularities exist for the 
actual conditions of the experiment, they will 
doubtless occur at Froude numbers sensibly 
different from (pn)-’. Thirdly, the time 
period, from the beginning of the experiment 
until the recording of the motion by visual or 
photographic means, is finite and the corre- 
sponding time dependent solution may not 
possess any singularities. Finally it is likely that 
Tellur V I I  (1955). 3 

slight adjustments of the upstream velocity and 
density fields by blocking effects or other 
wave propagations upstream will be able to 
change the “Froude” number to a non- 
singular value. Such adjustments may not be 
observable. 

An effort was made to investigate the 
singular value u = n by taking a number of 
photographs in a small range about this value. 
In this case the quasi-unsteady nature of the 
experiment made the effort unsuccessful. 
When a was slightly less than n, a wave formed 
in the lee which simply became longer and 
longer as the experiment progressed. Pre- 
sumably, it could be made arbitrarily long, 
and of vanishingly small amplitude, if a channel 
of very great length were available. Another 
investigation at values of a near zn simply 
indicated a gradual transition from a simple 
sine wave pattern for u < t i z  to the more 
complex double wave system for a > tn. 

7. Other experimental results 

When the obstacle is very large, in the sense 
that the solutions of section 3 either do not 
exist or are unstable, the experiments tend to 
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Fig. 1 3 .  Jet formation ahead of a largc barrier. Fi = .141, j? = .16s. b = .71. Note the stagnation of fluid a t  top 
and bottom with jet in bctwccn. 

indicate that a stable steady-state solution 
cannot be obtained theoretically even if we 
drop the assumption of unaffected flow far 
upstream or include viscosity. As the obstacle 
is raised in height impulses are sent upstream 
which lead to alternate jets and stagnation 
regions in the vertical (fig. 14). At the same 
time turbulence sets in over the obstacle and 
in the lee and this persists, at least down to 
very low Froude numbers. Obviously, this is 
not a steady state since turbulent fluctuations 
of velocity are, by their nature, non-steady. It 
thus appears hopeless to improve on the solu- 
tion obtained in this paper either by dropping 
some of the assumptions or by including 
viscous terms. It is conceivable, of course, that 
a solution could be obtained as an initial value 
problem and that it should reveal develop- 
ments for short time intervals from the initial 
instant. It is scarcely to be hoped, however, 
that a solution with viscosity included, is 
within the realm of possibility even using 
present hgh speed electronic equipment. This 
follows from the fact that the turbulence 
appears to set in as a large eddy (involving, 
initially, locally unstable density gradients) and 
then breaks down rapidly into smaller and 
smaller cells which would soon become 
smaller than the distance between grid points 
in any numerical integration. 

It would be well, however, to examine the 
tendency for jet formation more closely. The 
fact that jets form and seem to move far 
upstream is of great importance to meteorology 

and oceanography. Experiments with homo- 
geneous rotating fluids (LONG 1954) indicate 
that rotation also favors jet formation so that 
it is likely that atmospheric and oceanic jet 
streams are due to these two effects. While 
this is not a new idea (ROSSBY 1951), it is not 
known just how rotational and gravitational 
stability work in creating these velocity 
maxima. Since the experiments show that the 
presence of gravitational stability alone is 
sufficient, it may be argued that a detailed 
understanding of this simpler phenomenon is 
a prerequisite for a physical understanding of 
atmospheric jets. 

Such a detailed study has not been made for 
the purposes of this paper. We  may note, 
however, that a Froude number of less than 
I/n is a necessary requirement, and that the 
jets become more numerous as Fi is decreased. 
Fig. 13 is an example of a single jet, forming 
upstream in the interior of the fluid. The value 
of (.165) is considerably larger than the maxi- 
mum for stability at this Froude number. 
Pronounced eddies therefore are formed in the 
lee. At the same time the large obstacle blocks 
the flow of fluid ahead of it both at the bottom 
and top; to preserve continuity the fluid speeds 
up in the interior forming a jet. For lower 
Froude numbers the jets increase in number; 
as many as 8 or 10 may be seen visually at 
values of Fi around .or. The ones in the upper 
part of the fluid are usually weak in such a 
case and not easily recorded by streak photog- 
raphy. Fig. 14, however, gives some indica- 
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Fig. 14. Multiple jets ahead of the large barrier. F; = ,017, = .ISO, b = .56. Note the complete blocking of the 
lowest layer of fluid and sharp velocity shear between this layer and the jet above it. 

tion: four jets are visible just over the obstacle, 
in a depth of about .4 H. All but the lowest 
one weaken upstream. In many cases the jet 
nearest the bottom can be seen very easily at 
distances of 10 H ahead of the barrier, termi- 
nating at the end of the channel. The discon- 
tinuity of velocity at the bottom of the jet in 
fig. 14 is extremely sharp. Using the density 
gradient from top to bottom a local value of 
the Richardson number at the lower edge of 
the jet was computed. It is a maximum of 
-34, and probably smaller, yet no turbulence 
has appeared in the photograph. However, it 
is certain that the formation of the jet was 
accompanied by a very considerably intensi- 
fication of the density gradient by vertical 
stretching in the lowest layer of fluid and 
vertical shrinking in the jet. It is likely that 
this has increased the Richardson number to a 
value above 1.0, permitting stability. Thus, 
the very process by which jets are formed in 
a stratified fluid presents an agency for their 
maintenance against turbulent dissipation. 

The experiments shed considerable light on 
the behavior of stratified fluids with other than 
linear density gradients. If the gradient is 
confined to a discontinuity or near discon- 
tinuity of density across an interface, the 
phenomena may be expected to be those 
discussed in Part 11, i. e., hydraulic jumps or 
shock waves in the lee at the interface. In the 
experiments of this paper the density gradients 
are obtained by putting first a layer of fresh 
water in the channel. Another layer of salt 
Tellur VII (1955). 3 

water is then inserted at the bottom. Initially 
a very sharp discontinuity of density exists in 
the interior. This is destroyed by repeated 
motions of an obstacle along the bottom. The 
first run reveals the same phenomena encoun- 
tered in the flow of two immiscible layers: 
subcritical motion with little or no disturbance 
at low Froude numbers, followed by hydraulic 
jumps at the interface and finally supercritical 
flow at high Froude numbers. After a few 
more runs the wave motions typical of 
continuous gradients begin to appear; the 
hydraulic jump begins to take on the appear- 
ance of the turbulent reversal areas observed 
in the cases of “linear” gradients. The transition 
is quite cleat if the obstacle is ke t at a s eed 
appropriate to the Froude numier (.I47 of 
fig. 9. The hydraulic jump develops continu- 
ously into the single large eddy in this photo- 
graph just downstream in the interior of the 
fluid. At the same time the more laminar wave 
motions of fig. 9 begin to appear. 

An accompanying theor of non-linear 

a near-discontinuity of density exists the theory 
of Part II is available to predict and explain the 
major features. If the slope of the density curve 
is smooth the experiments of this paper suggest 
that the gradient may be considered linear 
with litde error. An intermediate situation 
involving a general gradient interrupted by 
one or more inversions (near-discontinuities) 
is a common one in the atmosphere. Such a 
model is still governed by equation (2), if we 

density gradients is necessari K y incomplete. If 
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Fig. 15.  Obstacle in channel yielding new basic current. 

assume a steady state, but this equation is now 
highly non-linear and intractable. The experi- 
ments suggest that the shock-wave phenom- 
enon will dominate if the inversions are very 
strong, the phenomena of this paper if they 
are weak. 

8. Stratified model with shear and non-linear 
density gradient 

We conclude this paper with a brief dis- 
cussion of a more general model of a stratified 
fluid: one that possesses a certain shear of 
velocity with height in the basic current. In 
section 4 the solution (16) is valid for the 
motion of the stratified fluid in a channel whose 
bottom rises (or falls) very gradually at A in 
fig. IS, from = o to y = @ = const. The 
streamlines and? density surfaces will become 
parallel to the new bottom, but with a velocity 
and density distribution which we may com- 
pute from (16). If, further downstream at B, 
we disturb the new current in some way, say 
by inserting an obstacle of finite dimensions, 
equation (2)  will still hold if 6 is the variation 
of the streamline about its old equilibrium 
height, say yoo. However, 

( 3 4  ,4sina(I - y o )  
yoo= Y o  - sin a ( I - @)- 

where yo is now the equilibrium height of the 
streamline above y = 0, upstream of the 
barrier B but well dowiistream of A. 

This concept leads to another model of a 
stratified fluid for which equation (I) is linear : 
In terms of the usual notations of this paper, 
if we specify a velocity and density distribution 
in a channel between y = o and y = I as 

U2e = a [ I  + A  cos q o + B  sin ayo]2 (33)  

dp - 0 2 ~ .  
[ I  + A  cos uy, + B sin uyO] (341 -- 

dy,- 6 

we find that equation ( I )  reduces to 

A .  B 
yo - y +; sin ay, - a -cos ay,) =o (35)  

In this model (which includes U2e = const., 
e linear as a special case), a, A, B, u may be 
varied to obtain currents with various shears 
of wind with height and density gradients. 
For example, in the range of 2n > u > n, an 
obvious choice of A and B yields a basic 
current that is a maximum at the top of the 
channel and decreases to a minimum some- 
where near the bottom. The accom anying 
density distribution is one of high sta bp ility in 
the upper part of the channel and low stability 
in the region of weak velocities. Evidently we 
must require that the velocity in the basic 
current be of one sign if we are to avoid 
regions of unstable density gradient. We note 
also that the disturbed configuration of the 
streamlines is independent of K. 

Equation (35) may be solved for flow over 
a given obstacle in the manner of section 3.  
In addition the model may be produced 
experimentally by use of a long obstacle 
resembling that in fig. IS. Both the theoretical 
and ex erimental investigations are major 
undertalings and are outside the scope of ths 
paper. 
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