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ABSTRACT

The impact of developments in weather forecasting is measured using forecast verification, but many develop-
ments, though useful, have impacts of less than 0.5 % on medium-range forecast scores. Chaotic variability
in the quality of individual forecasts is so large that it can be hard to achieve statistical significance when
comparing these ‘smaller’ developments to a control. For example, with 60 separate forecasts and requiring a
95 % confidence level, a change in quality of the day-5 forecast needs to be larger than 1 % to be statistically
significant using a Student’s z-test. The first aim of this study is simply to illustrate the importance of sig-
nificance testing in forecast verification, and to point out the surprisingly large sample sizes that are required
to attain significance. The second aim is to see how reliable are current approaches to significance testing,
following suspicion that apparently significant results may actually have been generated by chaotic variability.
An independent realisation of the null hypothesis can be created using a forecast experiment containing a
purely numerical perturbation, and comparing it to a control. With 1885 paired differences from about 2.5 yr
of testing, an alternative significance test can be constructed that makes no statistical assumptions about the
data. This is used to experimentally test the validity of the normal statistical framework for forecast scores, and
it shows that the naive application of Student’s #-test does generate too many false positives (i.e. false rejections
of the null hypothesis). A known issue is temporal autocorrelation in forecast scores, which can be corrected by
an inflation in the size of confidence range, but typical inflation factors, such as those based on an AR(1)
model, are not big enough and they are affected by sampling uncertainty. Further, the importance of statistical
multiplicity has not been appreciated, and this becomes particularly dangerous when many experiments are
compared together. For example, across three forecast experiments, there could be roughly a 1 in 2 chance of
getting a false positive. However, if correctly adjusted for autocorrelation, and when the effects of multiplicity
are properly treated using a Sidak correction, the r-test is a reliable way of finding the significance of changes in
forecast scores.

Keywords: statistical significance, forecast verification, Student’s t, temporal autocorrelation, paired differences,
multiple comparisons

comes from the flow of smaller developments like model
parametrisation upgrades or newly launched satellites.
These changes often have less than 0.5 % impact, which
is hard to detect with forecast verification (note also that

1. Introduction

Forecast verification is central to the ongoing development
of weather prediction. Every year, a Numerical Weather

Prediction (NWP) centre will trial dozens of scientific de-
velopments before they are merged into an upgrade of the
forecasting system. The quality of medium-range forecasts
in the northern extratropics is improving by around
10-20 % per decade at centres such as the European Centre
for Medium-Range Weather Forecasts (ECMWF; e.g.
Simmons and Hollingsworth, 2002; Magnusson and Kaillén,
2013). Although some of that comes from step-changes
like the introduction of variational data assimilation (e.g.
Andersson et al., 1998), most of the improvement likely
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improvements do not necessarily add linearly, so it takes
many smaller developments to achieve a 20 % improve-
ment per decade).

The central problem is that chaotic error growth leads
to large differences in skill between any two forecasts
(e.g. Hodyss and Majumdar, 2007). Even when verification
from hundreds of forecasts is combined, these chaotic
differences are large enough to cause appreciable differ-
ences in average forecast scores. As will be shown, two per-
turbed but otherwise identical model configurations can
differ by 1% in forecast error when computed from a
sample of 60 forecasts. A real change in error of 0.5% is
undetectable in this context. To verify any scientific change
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at ECMWEF, it is now routine to use at least 360 forecasts.
One aim of this study is to investigate the size of sample
required to reliably test a development in a high-quality
forecasting system. A broader hope is to encourage better
practice in evaluating scientific developments in forecasting
which are still sometimes documented without considering
the possible impact of chaotic variability on the results.

Statistical significance testing is becoming more wide-
spread in meteorology (Ebert et al., 2013) and the statistical
background is given by Jolliffe (2007) while textbooks
cover all the fundamentals (von Storch and Zwiers, 1999;
Wilks, 2006). However, although forecasting centres tend
to rely on a Student’s ¢ significance test applied to paired
differences in forecast errors, this is not much examined
in the literature. The textbook on forecast verification by
Jolliffe and Stephenson (2012) devotes only a few pages to
the subject of significance. Rather, the focus has been on
the development of more sophisticated verification techni-
ques that do not always see widespread use (Casati et al.,
2008). At ECMWEF, the paired difference approach was
set in place by Mike Fisher (1998), though only in an
internal publication. It is hoped the current work will help
to address the documentation deficit, so it will summarise
the basics in Section 3.

Even when significance testing is applied, scientists ques-
tion its reliability: some think the significance tests are
over-cautious but others wonder if some unusual statistical
property of forecast scores might cause significance to be
overestimated. This author’s suspicion was that too many
results were simply the result of chaotic variability. In a
recent example, a set of 360-sample experiments needed to
be repeated after the discovery of a compiler bug. The code
generated by the improved compiler was not bit-reproducible
with before, leading to chaotic divergence (e.g. Lorenz, 1963)
between the original and the new experiment. Statistically
significant impact at day 7 moved from the Northern
Hemisphere (NH) to the Southern Hemisphere (SH), sug-
gesting at minimum that no significance was associated
with the hemisphere in which the impact appeared (Geer
et al., 2014, discussion of their Fig. 20). Although the
compiler bug might have affected forecast quality, it is
most likely that the tests of statistical significance were too
generous. Hence a second aim is to explore the validity of
the current approach, which has not been fully established.
Fisher (1998) showed that temporal autocorrelation was
important and introduced a correction for the z-test. The
current study will also investigate the issue of multiple com-
parison (e.g. Benjamini and Hochberg, 1995) as a possible
explanation. However, we should also question the as-
sumptions of Gaussianity, randomness and independence
built into the Student’s ¢-test.

At the heart of significance testing is the null hypothesis.
In the case of forecast verification, we would like to test

the null hypothesis that a perturbation to the forecast-
ing system gives no improvement or deterioration in fore-
cast error, on average. The null hypothesis built into the
Student’s ¢-test is just a model of this, and it assumes that
forecast error differences are independent and distributed
randomly with a Gaussian distribution. However, a fore-
casting system is not random but chaotic, and its errors are
not independent from one forecast to the next; there is no
guarantee that its statistics will be modelled correctly in the
t-test. The example of the compiler upgrade that affected
the experimental results of Geer et al. (2014) is a more
practical model for the null hypothesis, and it motivates the
central idea of the current work: that it is totally feasible, if
expensive, to explicitly compute a null population using
perturbed but otherwise identical experiments. The results
of this study will be based on a sample of 1885 pairs of
forecasts covering 2.5 yr of experimentation. This indepen-
dent realisation of the null population can be used to
experimentally test the assumptions that are being made
in the classical approach. It can also be used to create an
entirely non-parametric significance test, that is, one that
makes no assumptions on the distributions of forecast
scores. These are the new tools to be used in this study.

This study will be restricted to medium range (day 3 to
day 10) extratropical forecast scores of which the quintes-
sential example is the root-mean-square (RMS) error in
500-hPa geopotential height (e.g. Lorenz, 1982). As will be
illustrated in the next section, these scores are mainly
sensitive to large-scale errors in the location of the low- and
high-pressure features of extratropical Rossby waves. The
quality of modern synoptic analyses is very good, but over
a 10-d forecast the errors grow rapidly. Since the errors that
are being measured are large compared to the errors in the
reference (i.e. the analysis) and little affected by small-scale
features, these traditional extratropical scores are robust
measures of synoptic-scale error. For example, the stan-
dard deviation and the RMS error are almost identical,
demonstrating there is little systematic error, and the exact
scale of the verification grid is unimportant (unpublished
work by the author). To limit the scope of the problem, this
study will explicitly exclude situations where errors in the
reference are closer in size to those of the forecasts being
verified, that is, verification of the stratosphere, the tropics,
and the first few days of the forecast. The difficulties
of forecast verification in these situations will hopefully
be the subject of further investigation, and of course such
problems have motivated much work in the past (e.g.
Murphy, 1988; Thorpe et al., 2013).

The error of synoptic forecasts is not the only measure of
forecast skill: many users of forecasts are more concerned
with variables like near-surface temperature, cloud and
rain. However, it is still important to check that upgrades
do not cause harm to the large-scale forecast. Problems can



SIGNIFICANCE OF CHANGES IN FORECAST SCORES 3

come through scientific oversights, unforeseen interactions
or simply from coding errors. The intention is not to ex-
clude other valuable approaches in forecast testing and
verification, but forecast quality at most ranges and scales
is dependent on the synoptic forecast, so these basic scores
will always be important.

2. Experiments

This study is based on full-cycling data assimilation and
forecast experiments covering 1 January 2011 to 31 July
2013. 1885 forecasts are available, initialised twice-daily
from analyses at 00Z and 12Z. Experiments use ECMWF
cycle 38r2 which was operational during 2013 and has 137
vertical levels. A horizontal grid T511 equivalent to about
40-km resolution has been chosen, lower than the opera-
tional resolution but far cheaper to run, and only a little
less skilful at the medium range. Forecasts are verified at
ranges from 12 h through to 10 d, against the experiment’s
own analysis, so some forecasts at the end of the period
cannot be verified. The precise number of forecasts verified
varies from 1885 to 1866 for the 12-h to 10-d forecast.
Table 1 summarises the three experiments used in this
study. The perturbation experiment will be explained in
Section 4. As well as the control and perturbation experi-
ment, routine scientific testing is illustrated by removing
one Advanced Microwave Sounding Unit (AMSU-A, on
the satellite Metop-A; Robel, 2009) from the global observ-
ing system. AMSU-As measure temperature in broad ver-
tical layers across the vertical extent of the atmosphere
and AMSU-As on seven satellites are the most influential
group of observations for medium-range forecasting (e.g.
Radnoti et al., 2010). But the typical decision being made at
an operational centre is not whether this type of observa-
tion should exist at all, which would cause a large impact
on scores, but whether to add one extra satellite. Borrowing
an economics concept, what matters is marginal impact.
As will be shown, going from six to seven AMSU-As gives
a 0.5% improvement in forecast scores at day 5, which
would be a useful contribution to the (roughly) 2% per

Table 1. Experiments used in this study

Name Description

Control ECMWEF operational configuration (cycle 38r2)
with all observations but with T511 horizontal
resolution.

Perturbation Scientifically identical to the control, but with a
technical modification that results in numerical
differences in some operators in the data
assimilation, compared to the control. See Section 4.

AMSU-A The AMSU-A on Metop-A has been removed

denial from the observing system.

year improvement in scores from all developments in data
assimilation, modelling and the observing system.

3. Basics

Forecasts are generated from a set of assimilation experi-
ments and verified against the best estimate of the true
atmospheric state, which is usually an analysis. For a field
of m model grid-points j, forecasts f; are compared to
analyses a; valid at the same time. The RMS error r can be
computed as:

(1)

Weights w; sum to 1 and are proportional to the area of
the grid-box. Statistics are usually computed over set
regions of the globe, here the Northern Hemisphere and
Southern Hemisphere (excluding the tropics) defined as
20°N-90°N and 20°S-90°S. Atmospheric fields are inter-
polated to a regular latitude—longitude grid, in this case
2.5°, before computing the RMS error. This study con-
centrates on RMS scores which are the simplest to compute
and most popular; other choices such as anomaly correla-
tion or standard deviation can be used, but when consider-
ing midlatitude synoptic scores the results are very similar —
this will be justified later.

Figure 1 shows forecast minus analysed 500-hPa geopo-
tential height on a typical day in the northern winter. These
are the f—a; available to eq. (1), though note the weighting
term w; reduces the influence of the errors at high latitudes
compared to their visual prominence in this projection, par-
ticularly poleward of 75°. Errors are spatially quite smooth
and contiguous across areas at least 1000km in extent.
It is clear that day 5 forecast errors in 500-hPa height mea-
sure inaccuracies in the large-scale synoptic forecast in the
midlatitudes. Small-scale errors have little impact on the
RMS and there is no need to use a higher resolution than
2.5° to compute these scores. Tropical regions exhibit little
variability in geopotential, hence the relative lack of errors
there. The situation is similar through the medium range
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Fig. 1. Day-5 forecast minus analysed geopotential height at
500 hPa in the control experiment, at 00Z on 31 January 2012.
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but in the short-range, errors are generally on scales of
500 km or less (not shown). Interestingly, day-5 wind errors
exhibit smaller scales (e.g. 500 km, not shown) but as will
be seen, regional wind scores are highly correlated with
geopotential height errors.

The RMS error as a function of lead-time (Fig. 2) illus-
trates the rapid baroclinic error growth in midlatitudes.
As mentioned, the experiment’s ‘own analysis’ has been
chosen as the verification reference. Where the experiments
are comparable in skill and close in quality to the best
available, the own analysis is a reasonable choice of refer-
ence because it avoids various possibilities of biasing the
comparison in the early forecast range (e.g. Geer et al.,
2010; Bowler et al., 2015). However, the forecast error at
the initial time is by definition zero, which is unsatisfactory
and incorrect. Nevertheless, issues of short-range verifica-
tion are not the subject of the current study. All results
and figures in this study have also been repeated using the
ECMWF operational forecast as the reference. However,
such a change in the reference has negligible effect on this
study. Appendix A gives further details.

A noteworthy aspect of the typical statistical framework
is that each forecast is verified individually, and then the
scores are averaged arithmetically. Figure 2 shows the
mean of the RMS over the n forecasts (1875 at day 5 in this
example) with i representing each forecast:

Z;’:l T

n

F= 2)
One reason to treat the r; as separate samples is to pro-
vide a population to which the Student’s ¢-test can be
applied. An alternative approach would be to compute the
RMS [eq. (1)] across all grid-points and forecast times
simultaneously, but that would make it more difficult to
devise a hypothesis test, and the results would likely be
dominated by large winter errors (in the same way that an
RMS computed globally over Fig. 1 would be dominated
by errors of the NH winter.)
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Fig. 2. RMS error of NH geopotential height at 500 hPa in the
control experiment, as a function of forecast lead time, for the
control experiment, aggregated over 1 January 2011 to 31 July 2013.

Figure 3a shows the evolution of day-5 RMS error
of Northern Hemisphere (NH, 20°N-90°N) geopotential
height in the control run. The most obvious feature in RMS
error is the seasonal cycle, with errors reaching 65m
winter and sometimes reducing to 20m in summer. This
reflects the larger amplitude of Rossby waves in winter. It is
clear that forecast scores tend to be correlated from one
day to the next, with periods of smaller or larger errors
persisting for at least a week, reflecting the amplitude and
predictability of the evolving weather patterns. Autocorre-
lation between RMS scores of successive forecasts (every
12 h) and every second forecast (every 24 h) are 0.76 and
0.6, respectively. For this reason, scores are highly corre-
lated between different experiments, as illustrated in panel b.
The scientific components in these experiments (e.g. fore-
cast model, the vast majority of observations) are mostly
identical and that must also contribute to the correlation
between them. Still, the denial of an AMSU-A is a fairly
important scientific perturbation of the system but it seems
to make little difference to the forecast scores. There is
little hope of applying a t-test to these results: control and
experiment are highly correlated, and (not shown) their
PDFs are not Gaussian, having a fat tail in the direction of
higher errors, that is, towards forecast ‘busts’. This reflects
the non-linear, chaotic nature of synoptic forecasts.

The solution (Fisher, 1998; von Storch and Zwiers, 1999;
Wilks, 20006) is to look at the paired differences, that is, the
time series of:

d,- — VFXP _ V?ONTROL (3)
This is shown in Fig. 3¢c; seasonal variability and forecast-
to-forecast correlation appear to have been removed.
Figure 4 shows the time-autocorrelations at various fore-
cast validity times. At day-5 these are 0.15 for base times
separated by 12 h, 0.07 for separations of 24 h and es-
sentially zero for any longer period. As shown by Fisher
and later in this study, to get the statistical testing exactly
right, it is important to deal with the autocorrelation. How-
ever, for now we will assume that taking paired differences
has created a statistical population that has sufficiently
little autocorrelation that a normal #-test can be used to test
for statistical significance.

We want to know how the forecast scores of the experi-
ment differ from the control and the usual way is to compute
the mean of the paired differences across the n forecasts:

LY

n

“)

In this example, d = +0.18m, so eliminating one AMSU-A
appears to degrade the scores, that is, it makes RMS errors
slightly larger. However, this is small in comparison to the
standard deviation s of the paired differences, which is
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Fig. 3.

Time series of (a) RMS error of 500-hPa NH geopotential height at day 5 in the control experiment (black), verified against an

own-analysis reference. (b) As (a), but covering a shorter period of time and including scores from the AMSU-A experiment (red). (c)

Experiment minus control over the full time period.

1.76 m in this example. The question is whether this 0.18 m
increase in error is statistically significant.

The usual null hypothesis in forecast verification is that
forecast-to-forecast variability in d; is purely random and
centred on zero. The null hypothesis gives rise to a null
population, which is an infinite set of random differences
between forecast scores d;. As explained earlier, we are
attempting to represent a different and more precise null
hypothesis: that there is no mean difference in scores and
that any sampling error in mean scores computed from
finite samples comes from the chaotic variability of paired
differences in forecast quality, which may or may not be
independent, random or Gaussian.

Given the mean d and standard deviation s of the paired dif-
ferences, a test statistic z can be computed (e.g. Wilks, 2006):

d —
z=2"H (5)

k(s/v/n)

If the null hypothesis is true, z can be shown to follow a
t-distribution (Student, 1908) which varies according to

the population size n but for larger n it tends towards a
standard Gaussian (i.e. one with unit standard deviation
and zero mean). In the paired difference test, the mean
of the null population 4 is zero, so it will not be written
explicitly from now on. k is an inflation factor to account
for autocorrelation or other effects that might affect the
results. This will be useful later but for the moment we assume
no inflation so k=1. The f-test recognises that a mean
computed from a finite sample is an uncertain estimate
of the true mean of the population. z is essentially the
ratio of the mean of the population (e.g. d) to an estimate
of the sampling error in that mean, that is, (s/v/n). For
smaller 7 (e.g. less than 50), the ¢-distribution is broadened
compared to a standard Gaussian because of the un-
certainty in s as an estimate of the population standard
deviation.

By comparing the test statistic z to the z-distribution, we
can determine the consistency of the result with the null
hypothesis. For large sample sizes, 95 % of the z-distribution
falls within +1.96. In our example, z =4.52, which is far
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Fig. 4. Time autocorrelation of paired differences (AMSU-A

Denial minus control) in RMS error of NH geopotential height at
500 hPa, as a function of forecast lead-time. Autocorrelations are
shown for forecasts separated by 12 h (black), 24 h (red) and 48 h
(blue). This pattern is representative of all tropospheric levels in
the NH and for other choices of forecast score, such as anomaly
correlation, or the RMS error in temperature or vector wind.
However, autocorrelation becomes very significant in the strato-
sphere, where systematic errors dominate RMS forecast scores, and
it is slightly larger in the SH. Error bars have been estimated with
a Monte-Carlo approach: they are represented by the standard
deviation of a large number of lag-1 autocorrelations estimated
from samples of 1885 normally distributed random numbers.

outside the usual range of the f-distribution. Even though
eliminating one AMSU-A increases forecast errors by only
0.18 m, this is still a highly significant result in the context
of 2.5 yr of experimentation. If the null hypothesis were
true, the probability of this occurring, p, would only be
2x 107> It is usual in forecast verification to declare
as statistically significant any result which has less than
p =0.05 chance of being consistent with the null hypothesis.
Although many scientific fields refer to this p value, in
forecast verification we typically call this a 95% (i.e.
(1 — p) x100 %) confidence level. It is worth noting that
normally a ‘two-tailed’ test is applied, that is, that we are
interested both in situations where the forecast scores get
worse or better.

The difference in forecast scores d is usually presented
against forecast lead-time (Fig. 5) by normalising with the
forecast score of the control, that is, fmf’rm. Statistical
significance testing is conventionally represented using an
‘error bar’ illustrating the 95 % probability range of the

t-distribution. This can be labelled +2z9s (i.e. for larger
samples, +1.96 in z-space). To convert this to a normalised
difference in forecast error, we first obtain the equivalent
confidence range +dys by substitution into eq. (5):

Fdys = £z k(s/\/ﬁ) (6)
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Fig. 5. Normalised change in RMS error of NH geopotential

height at 500 hPa (AMSU-A denial minus control) as a function
of forecast lead-time, aggregated over 1866—1885 forecasts
between | January 2011 and 31 July 2013. Vertical bars (which
should not be confused with regular error bars) give the 95%
confidence range.

(note how k gives a way of inflating the confidence range
if needed, but it equals 1 for the moment). The range =+ dos
can then be normalised by Froyrror and centred on the
forecast score to produce the range plotted in Fig. 5.

To be strictly correct, the confidence range should be
centred on the zero line (this style of plotting will be dem-
onstrated later) and not on the forecast score. Centring on
the forecast score makes it easy to conflate the confidence
range with a typical error bar, which is something very dif-
ferent, that is, the standard error of an estimate. However,
the score-centred confidence range is widely used, maybe be-
cause when several forecast experiments are placed on the same
figure, it becomes possible to judge (in an approximate way)
the statistical significance of differences between the experi-
ments as well as between those experiments and the control.

Figure 5 shows the forecast impact of removing one
AMSU-A from the global observing system. Though im-
possible to identify in Fig. 3, this has a statistically sig-
nificant impact of around 0.5 % increase in forecast error
from day 3 through to day 8. But the random variability (s)
of forecasts beyond day 8 is so large that even with our very
large sample it is impossible to confirm whether eliminat-
ing one of seven AMSU-As affects the scores. There is also
some strange behaviour up to day 2, which relates to prob-
lems in short-range verification including systematic error,
but is not the subject of this study. In most routine veri-
fication, it is impossible to achieve a sample size remotely
as large as used in this example. For verification over a
couple of months with n =120, the confidence range would
be /1866/+/120 = 4 times larger, as inferred from eq. (6).
There would be no statistical significance in any of the
results in Fig. 5. The issues of interest in this study are
first, to see how far these confidence ranges can be trusted
and second, to demonstrate the size of sample required to
generate significant results.
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4. The null distribution

As explained in the introduction, it is possible to generate
a real null population by making an ‘upgrade’ to the fore-
casting system that has no scientific impact. This will be
called the ‘perturbation experiment’ and it can be achieved
by making a purely technical change that alters the numeri-
cal reproducibility of the forecasting system without alter-
ing any of the science. Appendix B gives the technical
details of how this is done. Normal chaotic error growth
causes a rapid divergence between any two assimilation
experiments into which even the slightest numerical per-
turbation is introduced — just as seen by Lorenz (1963).
Although the observations are the same in both experi-
ments and they keep the analyses on a similar path, the
analyses can still take a range of plausible solutions within
the range of error of the observations and the model first
guess. The forecasts made from those analyses will also
vary. The control and the perturbation experiment could be
seen as a crude two-member ensemble of data assimilations
(EDA). An EDA is used operationally at ECMWEF to esti-
mate flow-dependent background errors for the main
analysis, and the additional ingredients are broadly just
more members, plus perturbations to the observations and
to a few model parameters (Isaksen et al., 2010; Bonavita
et al., 2015). Due to the additional perturbations applied,
the spread of a true EDA is likely to be larger than that
between the perturbation and control experiment, so it
would not be an appropriate representation of the null
distribution we are interested in here.

Figure 6 shows histograms of the paired differences
between the AMSU-A experiment and the control (as
shown in Fig. 3c) and between the perturbation experiment
and the control. The histograms are both very similar,
and close to a Gaussian in shape. They are not the smooth
curves we might hope for, because even with 1876 samples
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Fig. 6. Histograms of paired differences in NH RMS 500-hPa
geopotential height errors at day 5. A Gaussian is plotted that has
the same standard deviation as the perturbation minus control

population. The integral of this histogram is normalised to 1 (it is a
PDF). Bins are 0.5m in size. Each population has 1876 members.

Table 2. Statistical properties of the paired differences in NH
RMS 500-hPa geopotential height errors at various forecast ranges

Name Day Mean [m] Std.dev.[m] Skewness Kurtosis
AMSU-A- 3 0.07 0.55 —0.10 2.67
control 5 0.18 1.77 0.47 3.60
7 0.26 3.90 0.21 1.92
10 0.38 8.43 —0.06 1.27
Perturbation- 3 —0.01 0.48 —0.13 1.76
control 5 —0.04 1.62 —0.12 1.61
7 0.12 3.63 0.14 1.10
10 0.35 8.30 0.08 0.51

there are sampling errors in the PDF, compared to one
generated from an infinite population. However, the greater
errors in the AMSU-A denial experiment show them-
selves as a general shift to the right compared to the null
population. Forecast degradations of greater than 6m
occur on eight occasions in the AMSU-A denial experiment
and on just one occasion in the perturbation experiment.
These might be cases where the AMSU-A observations
that were removed were particularly critical to forecast
skill, perhaps because they observed an area associated
with rapidly growing forecast errors. However, it is hard to
ascribe statistical significance to that, and the main effect of
removing one AMSU-A is to increase forecast errors by a
small amount on average. Apart from this rightwards shift,
the PDF of AMSU-A differences looks very similar to
that from the perturbation experiment. Hence, most of the
variability in the AMSU-A differences (e.g. Fig. 3c) must
come from the same source as that in the perturbation
experiment: chaotic variability in the quality of forecast
scores.

Table 2 summarises statistical properties of the samples in
Fig. 6, as well as those at other forecast times. As is indicated
by the confidence ranges plotted in Fig. 5, at longer forecast
ranges it is harder to be sure that the AMSU-A experiment
has genuinely larger forecast errors than the perturbation
experiment, because the chaotic variability of scores is
so much larger. To underline this, at day 10, the AMSU-A
denial and the perturbation experiment both apparently
cause an increase in error, of very similar magnitude (0.38 m
or 0.35m). The standard deviations of the paired differences
for the AMSU-A experiment are similar to those from the
perturbation experiment, supporting the normal approach
of using the standard deviation of the population under test
to represent that of the null population.

The skewness and kurtosis in Table 2 indicate minor
deviations from Gaussianity, and it appears that kurtosis
becomes smaller in the longer forecast ranges. Bigger samples
should give more reliable results, and this can be achieved
by combining populations at different forecast ranges and
also from the Southern and Northern Hemisphere, noting
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Fig. 7. Histograms of paired differences in RMS 500-hPa geo-

potential height errors, standardised by dividing by the standard
deviation of four sub-populations (day 4 and day 10 in both
SH and NH). This gives a population of 7464 in each histogram.
The dashed line is the standard Gaussian. Bin size is 0.2 and the
integral of the PDF across all bins is 1.

that the shapes of the PDFs are similar at different time
ranges and in the different hemispheres (not shown).
However these scores must be independent, otherwise the
combined PDF will be artificially broadened (see Wilks,
2006). Using correlation to estimate independence, Section
7 will show that paired differences in forecast scores are
correlated to about 5 d in forecast lead-time and across
most of the vertical extent of the troposphere. Having
excluded the tropics, the stratosphere and the early forecast
range (up to day 3 here, for safety) there are only around
four independent sets of hemispheric scores available to
make a bigger sample: day 4 and day 10 in the SH and NH.
These sets are standardised by dividing by their standard
deviation and Fig. 7 shows the results, which are very
similar to Fig. 5. Both the AMSU-A and the perturbation
differences have skewness and kurtosis relatively close to
those expected from a true Gaussian (Table 3). However, a
chi-squared test (see Wilks, 2006) would reject the hypoth-
esis that these curves are Gaussian. It will be shown later
that this level of non-Gaussianity has no real effect on the
significance testing of forecast scores, presumably due to
the central limit theorem.

Table 3. Skewness, kurtosis and chi-squared of the populations
shown in Fig. 7

Name Skewness Kurtosis Chi-squared
AMSU-A- control 0.145 1.39 1045
Perturbation- control —0.053 1.30 168.9

A Gaussian will have a skewness of 0 and kurtosis of 0 by the
definitions used here. Chi-squared is computed against the
Gaussian on the 47 bins between —4.6 and +4.6, and would
have to be less than 60.4 to confirm Gaussianity at the 95%
confidence level.

It is worth restating the most important conclusion from
this section: the differences in forecast scores between any
pair of experiments show a lot of variability, but almost all
of it is down to chaotic variations in the quality of forecast
scores. The average changes in forecast quality resulting
from a typical upgrade to an operational forecasting system
are many times smaller than the standard deviation of this
variability. Identifying small genuine changes in forecast
scores is difficult.

5. Establishing significance in shorter
experiments

So far we have examined the results from 2.5 yr of forecast
verification, which is unaffordable on a routine basis. What
if only 1 month of experimentation, that is, 60 forecasts,
were available? There are 31 different non-overlapping,
contiguous blocks of this length in the long experiments, so
it is possible to compute the mean change in forecast scores
for each of them. Figure 8 shows a histogram of the results
from each block, at day 5 in the NH as usual. Over the
complete period with 1876 forecasts, removing an AMSU-A
has been seen to increase forecast errors by 0.18 m com-
pared to a 95 % confidence range of +0.08 m, based on
Table 2 and eq. (6) (still assuming k =1). The 95 % confi-
dence range for 60 forecasts would be +0.44m. At this
confidence range, removing one AMSU-A would only have
given statistically significant results in 5 of the 31 blocks.
The 26 results that did not reject the null hypothesis
illustrate ‘type-II” failures of the significance test. Here, the
null hypothesis is in fact false (as we have shown over the
full set of 1876 forecasts) but there is insufficient statistical
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Fig. 8.  The uncertainty of forecast differences computed over

one month (i.e. 60 forecasts). The figure shows histograms of the
mean of paired differences in NH RMS 500-hPa geopotential
height errors at day 5. There are 31 different contiguous 60-
forecast samples available in the 2.5-yr experimental period. Bin
size is 0.1 m. The dashed line shows the 7-distribution transformed
into the space in which we are computing means.
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‘power’ to distinguish that. There might be a temptation
to reduce the size of the confidence range, for example, to
80 %, which would result in a significance threshold of
+0.29m. However, the 60-forecast blocks from the per-
turbation experiment illustrate why this could be a bad
idea: there are 3 of 31 blocks significant at the 95 % level
and 13 of 31 significant at the 80 % level. The perturbation
experiment — changing the number of parallel processors
used in the ECMWF forecasting system — is not a real
scientific change and should not appear as such. Rejecting
the null hypothesis when it is actually true is a ‘type-I’
failure of the test. The philosophy in the rest of this work
is to focus on correctly limiting type-I errors to the 95 %
confidence level, assuming that type-II errors can be
reduced by extending the length of the forecast testing
and better designing our forecasting experiments (how to
achieve this practically will be discussed later). At a broader
level, the point of Fig. 8§ is to illustrate how hard it is to
identify, in any statistical way, the difference between small
samples drawn from the perturbation and the AMSU-A
experiment.

If the r-test is valid for forecast scores, then the block-
means computed from the explicit null population should
exactly follow a t-distribution. The number of blocks in
Fig. 8 is too small to test this robustly, but more blocks can
be found by looking at a combined sample of scores from
the NH and SH, day-4 and day-10 as in Section 4. Taking
samples of 60 contiguous and non-overlapping forecasts,
there are then 124 different independent -tests that can be
performed on the explicit null population. The z-scores
from each of these tests are summarised in Fig. 9a. Making
allowances for what is still a small sample, they appear
to be distributed according to the s-distribution. However,
there are too many z-values in the tails, that is, with magni-
tudes greater than 2. The #-test, as it has been applied so far
without accounting for autocorrelation, is too generous
and gives more false positives than expected. The cumula-
tive distribution function (CDF) of these z-scores is shown
in Fig. 9b and could be used to construct a significance test
free from any of the statistical assumptions needed for the
Student’s ¢ approach. The 95 % confidence limits would
be at about +2.5 rather than +2.0 in the #-test. Account-
ing for this using the inflation factor k in eq. (6), k =2.5/
2.0 =1.25. Assuming that this result is valid for all sample
sizes, the confidence ranges presented in Fig. 5 should be
increased in size by 25 %. A more rigorous examination of
this result will be made in Section 6 which shows that the
need for an inflated confidence range can be explained by
temporal autocorrelation, as originally proposed by Fisher
(1998). For now, we will concentrate on the even more
important issue of the impact of chaotic variability on the
scores computed from ‘smaller’ samples.
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Fig. 9.
explicitly generated null population, that is, the differences
between the perturbation and control experiments: (a) PDF of z-
tests generated from blocks of 60 paired forecast differences (solid)
and the Student’s s-distribution (dashed); (b) CDF of the same.
Dotted horizontal lines indicates the 2.5 and 97.5 % quantiles,
the limits of the 95% confidence test. Based on a total of 124
independent blocks, 31 from each of the SH and NH at day 4 and
day 10. Bin size is 0.25.

The result of performing r-tests on samples from the

It is now rare to present results from forecast systems
based on only 1 month of testing, so we can examine a
more typical sample size of 230 forecasts, which is nearly
4 months of experimentation, and divides the 2.5 yr experi-
ment period into eight separate non-overlapping, contig-
uous blocks. Also it is more typical to present normalised
changes in forecast scores against forecast validity time, so
the results from the eight blocks are shown in this way in
Fig. 10. Two confidence ranges are included, one based on
a t-test without inflation and a broader one with the 25 %
inflation factor suggested by Fig. 9. For the AMSU-A
minus control experiments in panel a, only four of these
blocks give statistically significant results at day 3 or
beyond according to the inflated #-test. Even a 230-day
AMSU-A denial experiment will have too little statistical
significance to give reliable conclusions: type-II error still
dominates.
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Fig. 10. Normalised change in NH 500-hPa height RMS
forecast error: a) AMSU-A minus control; b) perturbation minus
control. Separate lines are shown for eight independent blocks of
230 forecasts. Change in error is normalised by the RMS error of
the control experiment. The shading indicates the 95 % confidence
range estimated in the normal way (no inflation, dark grey) or with
the 25 % inflation factor estimated from the explicit null popu-
lation (light grey). To compute the confidence range, the standard
deviation of paired differences computed from all 2.5 yr of samples
in the null distribution has been used. It is centred on zero, which is
more statistically correct than centring on the experimental result
(the method used in Fig. 5). This approach gives less visual clutter
when many experiments are presented on the same figure.

The perturbation experiment should not be mistaken for
a genuine change in forecast scores, but if the z-test were
done without inflation (the narrower confidence range
in Fig. 10b), five of the eight perturbation experiments
would show at least one instance of ‘statistically significant’
improvement. This illustrates how important it is to get the
confidence range exactly right, and why narrowly signifi-
cant results should be treated with caution. More generally,
comparing both panels of Fig. 10, even with 230 samples, it
would be hard to identify any difference in the results
between many of the AMSU-A denial experiments and
many of the perturbation experiments.

6. The inflation factor and temporal
autocorrelation

Section 5 has shown the need for an inflation factor of
around 25 % when using the #-test, using the explicitly gen-
erated null population and making no statistical assumptions.
Possible statistical explanations for this are the violation of
assumptions of Gaussianity, independence and randomness
in the f-test. The main aim of this section is to explain the
inflation factor and find how best to estimate it in practice
using normal statistical tools, and finally to validate those
tools against the experimentally derived null distribution.

Before coming back to the populations of real forecast
scores, these issues can be investigated using Monte-Carlo
simulations. The analysis performed in Fig. 9 can be
repeated with distributions made from normally distributed
random numbers and is shown in Fig. 11. As seen earlier
(Table 2, 3 and Fig. 7) the paired differences of forecast
scores have appreciable kurtosis, more outliers than might
be expected, and high chi-squared values. It was found that
a non-Gaussian PDF with such features could be simulated
by shuffling together two distributions: a) putting 1000 000
random numbers into a ¢-distribution with 8 degrees of
freedom (using the z-distribution here simply as a con-
venient way of generating non-Gaussianity); b) to boost the
tails of the PDF, 40 000 additional random numbers from a
constant (rectangular) distribution between —4 and +4.
This generated a population with a kurtosis of 1.3 and chi-
squared of 36399, similar to the real scores, though with
the non-Gaussianity slightly exaggerated. However, the
PDF and CDF of the means computed from 60-sample
blocks was essentially no different from that predicted by
the z-distribution (used conventionally, with 59 degrees of
freedom). This is consistent with the central limit theorem:
averages computed from a population are expected to be
normally distributed even if the population distribution is
not Gaussian itself. Hence the minor non-Gaussianity of
the real forecast score differences can already be ruled out
as the likely cause of the inflated error bars.

Figure 4 shows that paired forecast differences at day-5
have an autocorrelation of 0.15 across 12-h separations
samples and 0.07 across 24 h forecast spacing. This auto-
correlation can be simulated by convolving a normally
distributed random number sequence with an appropriately
chosen kernel, as described in Appendix C. Figure 11 also
examines the influence of this temporal autocorrelation on
the results of z-tests. This broadens the sampling distribu-
tion so that the confidence range would need to be inflated
to +2.5 in z-space. The autocorrelation problem could be
reduced by only including forecasts every 24 h, rather than
every 12 h. Simulations have been made for this too,
showing that an inflated confidence range of perhaps +2.1
would be required (whether spacing forecasts more widely
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Fig. 11.  As Fig. 9, but based on randomly generated popula-
tions representing a true Gaussian (dashed), an uncorrelated non-
Gaussian population with a kurtosis of 1.3 (solid black, barely
distinguishable from the Gaussian), a Gaussian population with
0.07 autocorrelation, representing forecasts made 24 h apart (red)
or with [0.15, 0.07] autocorrelation, representing forecasts made
12 h apart (blue). Results are based on 16666 non-overlapping
blocks each containing 60 samples.

in time is a good strategy is examined in Section 9). Overall,
it looks like the temporal autocorrelation of paired
differences is sufficient to explain the broadening of the
t-distribution observed with real forecast scores in Fig. 9;
there does not appear to be any other problem with the
randomness or Gaussianity of paired differences generated
from forecast experiments, even if they are generated from
a chaotic rather than a random system.

As shown by Fisher (1998), and more generally by, for
example, Wilks (20006), in the 7-test of the paired differences
in forecast scores, it is possible to account for the effect of
temporal autocorrelation using autoregression (AR) mod-
els. Temporal autocorrelation increases the variance of the
sampling distribution of the mean relative to the variance
of the sample, which can be represented with an inflation
factor k where

Varld) = ™

and the sample mean d, sample standard deviation s and
sample size n have already been introduced in Section 3.
The t-test, in eq. (5), computes the ratio of the sample mean
to its estimated sampling error, so the inflation factor k
describes the increase in that expected sampling error.
Assuming an autoregression model fits the data, it can be
used to compute the inflation factor k as a function of the
population autocorrelation, as outlined in Appendix C.

Table 4 shows estimates of the inflation factor k using
the autoregressive approach. The lag-1 and lag-2 auto-
correlation of the day-5 NH paired AMSU-A minus con-
trol differences from Fig. 4 have been used, based on the
complete population of 1866—1885 samples (autocorrela-
tions from the perturbation-control population are not sig-
nificantly different from the AMSU-A-control population).
There is appreciable sampling error in the autocorrelation
and this propagates into the inflation factor estimates (see
Appendix C). Using the AR(1) model applied to forecast
scores with 24 h spacing would give an inflation factor of
k=1.0740.02, consistent with the results of Fisher (1998).
Since then, many scientists have moved to using forecasts
separated by 12 h; applying the AR(1) model in this
situation gives k =1.16+0.02, which is an underestimate
because it does not correctly take into account the lag-2
autocorrelation. The AR(2) model gives k=1.2240.04,
consistent with the results generated from the simulated
null population in Fig. 9.

To test this conclusion more rigorously, the method of
estimating k from the explicit null population has been
automated. It can be applied to sample sizes other than the
60-forecast blocks used in Fig. 9 and it can be applied to
the individual components (e.g. NH, SH, day-4 and day-
10) as well as to combined samples. To reduce quantisa-
tion in the results, the bin size used for computing the CDF
is 0.01 in the automated approach rather than 0.25 as
shown in the figure. Further, assuming that the distribution
should be symmetric, zos is estimated as the average of
the 0.025 and 0.975 quantiles. Nevertheless, the results
are insensitive to these details (not shown). It is possible
to estimate the sampling error in this technique using a

Table 4. Estimates of k using autoregressive models and the
autocorrelations for day-5 NH geopotential paired differences
from Fig. 4, either for 12 or 24 h separation between forecasts

Autocorrelation
Model Forecast separation Lag-1 Lag-2 k
AR(1) 24 0.07 N/A  1.0740.02
AR(1) 12 0.15 N/A  1.16+0.02
AR(2) 12 0.15 0.07  1.2240.04

A Monte-Carlo technique has been used to estimate the standard
deviation of error in the k estimate (see Appendix C).
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Monte-Carlo approach. For 124 blocks, the standard devia-
tion of sampling error in k£ is 0.09 and it becomes un-
acceptably large for smaller samples (e.g. for 31 blocks it
is 0.17). To validate the estimates of k& using the AR(2)
technique in Table 4, k was estimated using day-5 forecast
scores, a 30-forecast block size (31 blocks across the 2.5-yr
experimentation period) and combining results from NH
and SH to give a large-enough sample size of 124. This
gives a best estimate of the day-5 inflation factor of k =1.19+
0.09, so the results of the two approaches are indeed
consistent.

The automated technique was also used to explore
the sensitivity of this k estimate to different choices of
block size, hemisphere and forecast validity time. Block size
mainly affects the size of the sampling errors, though at
very small block sizes, e.g. 10 forecasts, the k estimates are
significantly lower than those from the AR(2) estimate (e.g.
1.14+0.04). Appendix C speculates that very small blocks
may naturally exhibit less autocorrelation due to the in-
creasing dominance of the start and end samples. It is not
possible to see any substantial difference between hemi-
spheres, but for forecasts valid at day 8 and beyond, there
may be a discrepancy between the autocorrelation approach
and the non-parametric estimates, illustrated in Fig. 12.
The autocorrelation estimates decline markedly at this
forecast range (Fig. 4) leading to smaller estimated infla-
tion factors, but the block method indicates a need to
inflate the confidence range at all forecast validity times.
At forecast days 3—7 we can be confident that temporal
autocorrelation using an AR(2) model is sufficient to
reproduce the inflation factors observed in the simulated
null population. At days 8—10 there may yet be some
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Fig. 12.  Estimates of the inflation factor k for forecasts separated

by 12 h made using the AR(2) technique with autocorrelations
from Fig. 4 (black) or using the non-parametric technique applied
to blocks of 30 paired differences from the explicit null population
(red).

unexplained property of the forecast scores, for example
smaller but longer-range temporal correlations that are not
modelled by AR(2) approach.

There remains the issue of how the inflation factor should
be determined practically. Appendix C shows that estimates
of the lag-1 and lag-2 autocorrelations from typical popula-
tion sizes are affected by sampling error and that this pro-
pagates into quite large errors in the k estimate. For example,
an estimate of k based on autocorrelation computed from
360 samples would have a 1-standard deviation range of
40.09; for the 12 h data, that could mean that the inflation
of the z-test confidence range could easily fluctuate between
12 and 31 % from one experiment to the next. Hence, unless
the sample size is very big, as in this study, it is not reliable
to generate autocorrelation estimates from the population
under test. An alternative would be to use an explicitly
generated null population, if available, to provide fixed
estimates of k. These could be estimated either using the
non-parametric CDF method of Fig. 4, or using the auto-
regressive method and a table of autocorrelation parameters
estimated from the null population. However, the standard
errors of the non-parametric approach are substantially
larger than those from the autocorrelation approach, even
after blocks from day 4 and day 10, SH and NH have been
combined. Further, autocorrelation can be estimated for
different hemispheres, different forecast times, and it can be
extended to areas that this study has not examined, such as
the stratosphere. The AR method makes it easier to tailor k&
to the situation and this approach is now being trialled in
one of the ECMWF forecast verification packages, based on
pre-tabulated autocorrelation estimates from the null po-
pulation in this study. Any underestimate of the inflation
factor at day-8 and beyond (e.g. Fig. 12) is of less practical
consequence given how hard it is to show any statistical
significance in changes in forecast quality at this range.

7. Correlations in forecast scores

So far the focus has been on RMS errors in 500-hPa geo-
potential height. It is also common to verify other dynamical
fields (e.g. wind, temperature and relative humidity) and
other vertical levels, from the surface to the stratosphere.
Another popular measure of error is the anomaly correla-
tion (AC or ACC, e.g. Jolliffe and Stephenson, 2012).
Figure 13 shows linear correlations of the paired differences
[d;, eq. (3)] from these scores against the day 5 RMS errors
in 500-hPa geopotential height. These results are for the
null distribution (perturbation minus control) but they
would be the same for the AMSU-A denial (not shown).
RMS geopotential scores are well-correlated across the
troposphere though correlations decline towards the
boundary layer and into the lower stratosphere. Anomaly
correlation of geopotential height and RMS vector wind
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Fig. 13.  Correlation of paired differences in NH day-5 RMS
500-hPa geopotential height error with paired differences in other
measures of forecast error on the same forecast day for the same
hemisphere. Anomaly correlation of geopotential height error
(AC) has been transformed to (1-AC) to give positive rather than
negative correlation.

errors seem to bring little extra information — they are
likely to be measuring rather similar kinds of errors in the
large-scale synoptic patterns of the atmosphere (remember
that the tropics are excluded from this study, where these
scores might give more independent information). Only the
RMS errors in relative humidity seem to be measuring
something different, with around a 0.5 correlation to RMS
errors in geopotential. A broad conclusion is that results
based on geopotential height are likely to be replicated in
any midlatitude medium-range score focused on tropo-
spheric dynamics.

Forecast error differences are also correlated across
forecast day. If one forecast is better than another at day
5, it is natural to expect the advantage to continue at day 6.
That appears to be the case, but correlations across longer
time ranges become quite weak. The correlations for RMS
500-hPa geopotential height error are shown in Fig. 14.
The correlations of day-5 error differences (the solid line)
drop to 0.1 or less at day 1 and day 10. Ignoring correla-
tions less than 0.1, forecast error differences are correlated
over about 2 days in the early forecast range and for 4-5
days in the medium range. Hence, even if one forecast is
better than another at day 1, as measured by RMS error
difference, this says nothing about the RMS differences in
the medium range (at least as far as linear correlations are
concerned). A hypothesis to explain this is that the large-
scale synoptic errors that dominate the RMS errors in the
medium or longer range have grown from much smaller,
localised errors that are not an important contribution to
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Fig. 14.  Correlation of paired differences in NH RMS 500-hPa

geopotential height error across forecast day, for forecasts with the
same base time. Examples shown for day 1, day 3, day 5, day 7 and
day 10.

the RMS errors at earlier ranges. Further, as has been
shown, the daily variability of the paired RMS differences
is dominated by chaotic variability.

It is also interesting to look at the consistency of the
averaged change in scores [d, eq. (4)] across forecast time.
This analysis has to be performed on blocks of forecast
scores like those in Fig. 10. Surprisingly, for blocks con-
taining, for example, 60 or 230 samples, the correlations
look a lot like Fig. 14 whether computed from the AMSU-A
denial or the perturbation experiment (not shown). It
should not be misunderstood from these results that initial
condition error is not important in controlling the medium
range error. Even small changes in the size of the initial
condition error do affect the medium range, as can be
shown when statistics are computed over long periods as
exemplified by the AMSU-A denial in Fig. 5. However, the
day-to-day variability in paired differences in forecast
scores is dominated by chaotic variability in most typical
experiments.

The effect of chaotic variability on forecast score cor-
relations is best seen in Fig. 10. Panel a shows blocks from
the AMSU-A denial experiment. Some blocks show an
increase in RMS error across all forecast times, but with
varying amplitude through the forecast range, likely due
to sampling error. In panel b, the perturbation experiment
does not show so much consistency across forecast time.
However, results can still be consistent across 3—4 forecast
days. It is tempting to think that if a few forecast days in a
row show consistent changes in the scores, even if these
changes are not statistically significant, that makes the
results somehow more reliable. Such runs of consistent
but not significant changes in scores can be generated by
chaotic forecast variability.
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Another aim of this correlation analysis has been to
make an estimate of how many independent statistical tests
are being made when we verify a full suite of scores across
different hemispheres, different levels and different para-
meters. This will be particularly important later when
trying to understand the impact of statistical multiplicity.
Looking at the range over which linear correlations drop
to 0.1, and excluding the tropics, stratosphere and early
forecast range, there are only two uncorrelated tropo-
spheric scores in one hemisphere: mid-range (day 3—6) and
long-range (day 7-10). There is no correlation between
paired differences in the SH and NH (not shown). We
cannot necessarily assume that a lack of linear correlation
indicates full statistical independence, but making that
assumption would give a total of four independent scores.

8. Multiple comparisons

It has been shown that when the small temporal auto-
correlation in paired differences is taken into account, an
individual z-test is statistically robust. However, scientists
often run multiple experiments and they usually look at
more than one forecast score. So the issue of multiple
comparison (multiplicity) can contribute to the excessive
number of false positive results in forecast testing. The
95 % confidence range applies only to a single statistical
test where it means there is only a 5% chance of a type-I
error (i.e. incorrectly rejecting the null hypothesis). How-
ever, once many tests have been made, the chance of a false
positive becomes much greater. The issue of multiplicity is
much better known in the medical sciences (e.g. Benjamini
and Hochberg, 1995). In the atmospheric sciences, it has
only received attention where it is most obvious, when
trying to compute a significance test for each location in
a latitude—longitude field (e.g. Livezey and Chen, 1983;
Wilks, 2006). In forecast verification, the problem is most
apparent when trying to compute changes in forecast scores
as a function of latitude and pressure. Geer et al. (2010)
found it was necessary to make a Bonferonni correction
(e.g. Abdi, 2007) of the significance level from 95 to 99.8 %
to counter the tendency to assign excessive statistical sig-
nificance across one latitude—height diagram. There, an
assumption was made that there were about 20 indepen-
dent statistical tests being made across the diagram. It has
to be recognised that the number of independent statistical
tests is generally much less than the number of tests being
made, as neighbouring points in a spatial field are usually
correlated. Much of the difficulty of dealing with multi-
plicity is in trying to understand how independent the tests
are and correcting appropriately.

The explicit null population can be used to demonstrate
the effect of multiple comparisons on forecast testing,
based on the 31 independent blocks of 60 forecasts. To gain

extra samples, we combine what we assume are indepen-
dent tests at day 4 and day 10, SH and NH, making
124 independent tests. Performing a ¢-test on each block
using k =1.22 inflation, there are six rejections of the null
hypothesis. We know the null hypothesis is true, so these
rejections are incorrect, that is, type-I errors. The chance of
type-1I errors across multiple tests can be calculated using
the binomial distribution as explained in Wilks (2006).
Table 5 gives the probability of type-I errors for certain
numbers of tests at 95% confidence. For N =124 inde-
pendent tests, we would have a 59 % probability of getting
between four and seven type-I errors. Hence results com-
puted from the explicit null population are consistent with
statistical expectations. This also helps confirm the estimate
from Section 7 that the NH and SH at day 4 and day 10
constitute four independent statistical tests. If they were
all dependent, this would be an N =32 situation, but the
presence of four or more type-I errors would be quite
improbable in this case (see Table 5, only 0.07 probability).
Further, had the same 132 tests been performed without
inflation, that is, k =1, there would have been 14 type-I
errors (not shown in the table, only 0.4 % probability).
Hence, to control these false positives, it is necessary to
inflate for autocorrelation and to understand the effect of
multiple comparisons.

As far as hemispheric scores are concerned, it is unlikely
to find so many independent tests being made in one
scientific study (although there could be many times this
number of tests being made across all the experiments
being performed at one forecast centre.) However, even in a
single study it is quite typical to examine the results from
two or more experiments compared to a control. If there
are about four different independent tests being made per
experiment in the extratropical troposphere, across two
experiments that would be N =8 independent tests. The
table shows that at the 95% confidence level there is a
34 % chance of one or more type-lI errors across this
testing, for example, roughly a 1 in 3 chance of a type-I
error. If three experiments had been tested, that is, N =12,

Table 5. The probability of a particular number of false results
(type-1 errors) being generated by N significance tests computed
using a 95 % confidence range

0 1 2 3 4 5 6 7

N=4 081 0.17 0.0l 0.00 0.00 0.00 0.00 0.00
N =38 0.66 028 0.05 0.01 0.00 0.00 0.00 0.00
N=12 0.54 034 0.10 0.02 0.00 0.00 0.00 0.00
N=16 044 037 0.15 0.04 0.01 0.00 0.00 0.00
N=32 0.19 033 027 0.14 0.05 0.02 0.00 0.00
N=124 000 0.0l 0.04 0.08 0.12 0.16 0.16 0.15

Generated from the binomial distribution following Wilks (2006).
Bold type indicates the most probable number.
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there would be a 1 in 2 chance of a type-I error. This clearly
highlights the danger of ‘trawling” — of experimenting with
a variety of different strategies for improving an NWP
system and picking the strategy that gives the apparently
significant result.

The normal way to control multiplicity is the Sidak
correction (e.g. Abdi, 2007) which seeks to control the type-
I error rate across a whole ‘family’ of statistical tests. If a
single test is at 95 % confidence and the null hypothesis is
true, it has a ¢=0.95 chance of correctly confirming the
null hypothesis. Given N independent tests, the chance of
correctly confirming the null hypothesis in all of them is
simply ¢". If we want to set the ‘family-wise’ confidence
interval to some value cz4a/71y, then the confidence range
to be applied to each independent test, ¢g;p 45, must be

1/N
Csipak = CEaMILY (8)

For example, if we want a 95% family-wise confidence
interval, that is, no more than a 5% chance of a type-I
error across two experiments compared to a control, with
N=12, then crqpy=0.95 and cspsx=0.996. Each
individual test must be made at a 99.6 % confidence level
to give a 95% confidence level across all testing. This
affects the size of the confidence interval in eq. (6) through
the t-distribution’s zgs being replaced by the equivalent for
a 99.6 % confidence level. In this example, the threshold z
would increase from 1.96 to 2.87, giving a 46 % increase in
the size of the confidence bars. Hence, in situations when
several experiments are being compared together, the issue
of multiple testing can become more important than that of
temporal autocorrelation.

Applying the Sidak correction in this way, using an
estimate of the number of independent tests in each ex-
periment, appears a good strategy for controlling multi-
plicity in forecast testing. If rigorously applied in the
forecast verification packages used for development testing
at weather centres, this can help diminish the appeal of
‘trawling’ because the more hypotheses being tested at once,
the lower will be the statistical power of any individual
test. The more precisely formulated the hypothesis, the
higher the statistical power available. For example, ‘better
high orography screening for AMSU-A improves day-5 NH
geopotential height errors’ is an N =1 hypothesis whereas
‘one of three possible new versions of the AMSU-A high
orography screening will potentially improve forecast scores
anywhere at any forecast range’ would be an N=12
hypothesis.

9. Minimum sample size needed for significance

It has been shown that paired differences in forecast quality
between an experiment and control are dominated by

chaotic variability in forecast error and that the real improv-
ement from a typical scientific upgrade is a small signal on
top of this. The inflated confidence limits (k =1.22, both
with or without multiplicity correction) will be used to
explore how this affects the size of sample required to verify
a typical upgrade to an NWP system. As illustrated by the
similarity of the distributions of paired differences from the
perturbation and AMSU-A denial experiments (e.g. Fig. 6),
the explicitly generated null population is valid for any
experiment performed with the same forecasting system, so
based on the standard deviations of the null population
(Table 2) it is possible to predict the size of the 95%
confidence range for a typical experiment.

Figure 15 shows the results. It is hard to achieve statis-
tical significance in short experiments unless a very large
change is made to the quality of the forecasting system.
Even without multiplicity correction, with 40 forecasts, the
confidence range at day 5 would be +2 %. It is rare to see
genuine improvements of this size in medium-range fore-
cast skill. One of the most significant developments in
ECMWEF history, the introduction of 3D-Var, generated
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Fig. 15.  95% confidence range for 500-hPa geopotential height

in the NH, expressed as a percentage of the RMS error of the
control, and as a function of the number of forecasts in the sample
used to compute the scores: (a) without correction for multiplicity;
(b) with an N =4 Sidak correction for multiplicity. If dos is the
range read from this figure, the full confidence range is + dys.
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improvements in day 5 errors of 5% in the SH but just
1% in the NH (Andersson et al., 1998). The example of
removing (or adding) a single AMSU-A instrument is more
typical, with its impact of around 0.5 %, and on average
ECMWEF scores are improving each year by about 2 %,
based on dozens of different scientific contributions. As
mentioned before, the problem is that we are typically
making small developments in what is already a very good
forecasting system. Though it can be illustrative to make
experiments where, for example, the whole satellite obser-
ving system is discarded, such experiments do not precisely
address the question of how to make progress.

The ‘typical’ 0.5 % impact will begin to show statistical
significance at day 5 with a sample of 424 forecasts, or 674
if N =4 multiplicity is taken into account. The extra cost of
taking multiplicity into account should strongly motivate
efforts to better design the experimentation and refine the
hypotheses that are being tested, so as to reduce N. This
result also suggests that even the recent ECMWF practice
of demanding 6 months of testing for any proposed up-
grade is likely to be insufficient (with two forecasts per day,
this is about 360 forecasts in total). However, there is a
greater problem of verifying scientific changes that have yet
smaller impacts, particularly in preventing changes that
make small degradations from entering the system. Even
with 730 forecasts, a whole year of experimentation, at day
5 it would be impossible to distinguish a 0.2 % improve-
ment from a 0.2 % degradation and in fact around 3000
forecasts would be required to give statistical significance.
That is not a practical sample size: to create the 1880
forecasts used for the current work required a major effort
that lasted nearly a year, that took advantage of the instal-
lation of a new supercomputer, and that was suspended
during busy periods. For the longer-range scores, such as
day 10, a real 0.5% change in scores will not generate
statistically significant results even with greater than 1000
forecasts, as illustrated in Fig. 5. There seems no justifica-
tion for extending the forecast range used in the verification
of typical experiments beyond 10 d, since very few results
will be statistically meaningful.

Given that the temporal autocorrelation between paired
differences requires us to inflate the confidence range, and
this is worst when forecasts are made only 12 h apart, it
might be thought better to verify forecasts spaced further
apart, to minimise the autocorrelation and hence reduce the
inflation required. However, this would be counterproduc-
tive, as shown in Table 6 (for simplicity concentrating on
results without multiplicity correction.) Forecasts spaced
24 h apart still require a confidence range inflated using
k=1.07. A 48 h spacing would probably remove all auto-
correlation, which would allow the #-test to be used without
inflation. The number of samples required to identify a
0.5% change with statistical significance would reduce

Table 6. In order to give statistically significant results at 95%
confidence range for a certain change in the NH 500-hPa
geopotential height forecast sores at day 5, the top section shows
the number of samples required, and the bottom section the
number of days of experimentation required

Change in scores [%)] 2 1 0.5 0.25

Number of samples required
Forecasts every 12 h (k=1.22) 29 108 424 1690
Forecasts every 24 h (k =1.07) 23 84 327 1301

Forecasts every 48 h (k=1) 20 73 286 1136
Days of experimentation
Forecasts every 12 h (k =1.22) 14 54 212 845
Forecasts every 24 h (k=1.07) 20 84 327 1301
Forecasts every 48 h (k=1) 40 146 572 2272

Results are shown using confidence limits inflated appropriately
for forecast separations of 12, 24 and 48 h.

from 424 to 327 or 286 respectively. However, this can only
be obtained with 327 or 572 d of data assimilation, as
opposed to 212 if the forecasts are made every 12 h. The
best choice depends on the relative computational cost of
the forecast versus the data assimilation, but usually the
cost of data assimilation is substantially greater. Hence it is
most efficient to generate forecasts every 12 h but to inflate
the confidence range accordingly.

10. Conclusion

This study is a response to the difficulty of testing small
improvements in forecast quality in the context of an
already high-quality operational forecasting system. There
is a natural desire among scientists to somehow ‘go beyond’
statistical significance and to draw inferences based on
non-significant results. One aim of this study was simply
to demonstrate how dangerous that is. The extent that
chaotic variability affects forecast scores may not be fully
appreciated. It has been shown how easy it is to generate
apparently ‘statistically significant’ results by making a tech-
nical perturbation to a forecasting system, while keeping
the science identical. However, even with statistical sig-
nificance testing based on the Student’s z-test, these happen
more regularly than would be expected. In the differences
between the technical perturbation experiment and the
control, we would hope to generate very few statistically
significant results, in line with the aim to have only 5%
chance of a false positive (type-I error); in fact using a
simple f-test where no correction has been made for
autocorrelation or multiplicity, we would generate false
positives too frequently, confirming the anecdotal evidence
that we are sometimes interpreting chaotic variability in
NWP systems as a real scientific impact.
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The need for a correction to the simple z-test has been
demonstrated with an explicitly generated null population
of thousands of paired forecast differences representing the
true null population. Using a non-parametric technique in
which the population is divided into contiguous, non-
overlapping blocks and the r-test is applied to each block, it
is demonstrated that an inflation factor of k =1.19+0.09 is
required in the #-test for geopotential height scores at day 5,
when forecasts are separated by 12 h. Non-Gaussianity
has been ruled out as an explanation; the effect can be
attributed to temporal autocorrelations in the paired
differences as originally demonstrated by Fisher (1998).
Using a good estimate of the null population’s temporal
autocorrelation, an autoregression model can be used to
derive k without having to go to the trouble of applying the
non-parametric approach on which this study is based.
However, there are a number of important limitations to
this approach:

o In the past, where autocorrelation corrections have
been applied, they have been based on an AR(1)
model. This is fine for forecast base times separated
by 24 h but insufficient if the forecast base times
are separated by 12 h, as has become increasingly
popular. In that case, an AR(2) model is required.

o Estimates of the autocorrelation from the sample
under test can be subject to substantial uncertainty.
Using a Monte-Carlo approach, it has been shown
that the k estimates based on AR(2) autocorrelation
computed from 360 samples would have a standard
error of +0.09. Where possible, it is better to use
fixed autocorrelation estimates derived from a much
larger sample, such as the thousands of paired
forecast differences used in this study, which brings
the error down to +0.02.

o At forecast days 8—10, the AR(2) model is not
capable of reproducing the observed k inflation
factors, which remain at around 1.2 while the auto-
regression model tends towards 1. A possible ex-
planation is that small autocorrelations exist over
much greater time ranges than are captured in the
lag-1 and lag-2 autocorrelations treated by the AR(2)
model. It may be difficult to make further progress
understanding this issue, as any such correlations
will be difficult to estimate accurately from the data.

e [t is sometimes assumed that because forecast scores
are correlated in time, it is safer to verify only
forecasts that are well-separated, for example, to use
only one forecast every 24 h, or indeed every 10 d.
However, this is a poor strategy if testing involves
running the data assimilation system, because it
reduces the number of samples available without
much reducing the cost of the testing, which is

usually dominated by the assimilation component.
With forecasts every 12 h, the confidence range
needs to be inflated to take account of autocorrela-
tion, but this is outweighed by the reduction in
sampling uncertainty brought by the extra samples.
It is always easier to detect changes in the quality of
the forecasts using forecasts every 12 h than with a
less frequent spacing.

The problem of multiplicity occurs when scientific studies
examine the results from many different experiments and/
or from many different scores. It is typical to generate an
exhaustive set of forecast scores on many different levels
and parameters, for different regions and views (e.g. zonal
cross-sections and maps) and for different parameters, and
this is vital for catching problems and for in-depth under-
standing of a forecast upgrade. Necessary as this is, it
somewhat violates the scientific philosophy of making
the hypothesis before performing the test, and it runs the
risk of generating spurious results through multiplicity.
However, for medium-range synoptic scores (ignoring
the short-range, the tropics and the stratosphere) it has
been estimated that there are only about four independent
statistical tests being made in each experiment (in the mid-
range, e.g. days 3-6, and the long-range, e.g. days 7-10,
in the SH and NH). All dynamical scores are strongly
correlated (whether computed as anomaly correlation or
RMS, whether applied to geopotential, temperature or to
the wind fields) and they are correlated across much of
the troposphere. Changes in forecast scores are correlated
from one forecast day to the next (even in the perturbation
experiment) so even if a run of a few days appears statis-
tically significant, this still counts as just a single result.
Even before thinking about multiplicity, this suggests it
is sufficient to pick, in advance, a set of scores that will re-
present these four independent tests, and on which the most
rigorous statistical evaluation is to be based. However,
there are still enough independent tests being made to cause
problems of multiplicity. For example, when three experi-
ments are being compared to a control, there are 12 inde-
pendent tests of the medium-range synoptic scores being
made. With a 95% confidence range for the individual
tests, that brings a 46 % chance of getting one or more false
positives across all the synoptic testing. Hence, scientists
should be sceptical of isolated results (e.g. without a
correction for multiplicity, if forecast scores are improved
only at day 4 in the SH in one of a set of three experiments,
that should definitely be ignored). The recommended
approach is to apply the Sidak correction based on an
estimate of the number of independent tests being made.
Another aim of this study has been to give guidance on
the sample sizes required to reliably test a small scientific
change. Only the most significant developments demonstrate
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impacts on medium-range forecast scores of around 1-5 %,
and something smaller is typical. The example here has
been the 0.5 % change in scores resulting from the addition
or removal of a single AMSU-A instrument (where six
others are still assimilated). A steady flow of smaller
changes like this has contributed significantly to the
improvement of scores over the last few decades, and in
any case, even the minor developments need scientific
testing to prove they are not making scores worse. But to
reliably test a 0.5 % change requires at least 400 forecasts,
which would be computationally very expensive at any
forecasting centre.

Are these results, based on perturbations to the ECMWF
system, applicable to other forecasting centres? Apart from
the sample size n, the size of the ¢-test confidence range is
principally determined by the standard deviation of paired
forecast differences s [refer to eq. (6)] which can be seen as a
measure of the chaotic divergence (the dynamical inst-
ability) of the forecast system under test. The corrections
for autocorrelation and multiplicity make additional infla-
tions on top of this basic confidence range. Recent results
from continued testing with the ECMWF system also show
that s may not be that constant, and that it may perhaps
be affected by choices such as the resolution of the NWP
system (recent testing done at the T639co resolution,
equivalent to 15km, gives s ~3.16m at day 5 compared
to the s =1.62m seen in the current experiments in Table 2).
Further analysis of these new results will have to wait, but
this suggests it would be necessary to check the s applicable
to a particular forecasting system before determining the
exact number of forecasts required to verify any parti-
cular level of impact. However, it is possible to estimate this
reliably from a relatively small sample of paired forecast
error differences. There may be some differences in mag-
nitude when applied to other NWP systems, but the patterns
shown in Fig. 15 are clear: it is very hard to distinguish small
changes in forecast skill from the chaotic variability of a
perturbed forecast system.

In the situation where traditional medium-range scores
cannot always be used as a guide to the quality of scientific
developments in forecasting, what do we do? We could
just assume a priori that something that improves the
science will improve the forecasts. However, bugs can creep
into the system and science can be less well-understood
than anticipated, so it is not realistic to abandon testing
altogether. It is probably best to test fewer configurations
but to do it more rigorously, generating many more
samples and accepting the additional cost. A particularly
wasteful strategy is that of making various minor changes
to the system in various different experiments and then
trying to decide between them using the forecast scores.
This is basically ‘trawling’, and sets up a situation where
the effect of multiplicity, unless corrected, will generate

misleading results. One of the candidate developments may
be chosen almost at random. Instead, it is better to care-
fully assess those minor changes before starting long fore-
cast runs, and then to take just the best candidate forward
into a full experiment. For example, when choosing among
three different improved cloud screening schemes, it should
be possible to find detailed evidence to distinguish the best
among them (perhaps, in this case, by comparing to inde-
pendent cloud retrievals.) Then the hypothesis that better
cloud screening improves forecast scores can be taken
forward in a single, long, high-quality forecast experiment.
There are a number of other strategies that may help.
First, ensembles are one way to generate additional samples,
though there are statistical challenges in interpreting the
results and in generating confidence intervals. Second, in
some cases, it might be appropriate to use substantially
lower resolution for testing so as to generate more samples
for less cost. However, the applicability of results from
relatively low resolution compared to those from a full-
resolution model requires confirmation. A third possibility
is to concentrate on short-range forecast testing, where
statistical significance is apparently easier to achieve.
However, there are many pitfalls in short-range verifica-
tion, particularly when using analyses as the reference, so
often observation-based verification can be more reliable.
Another issue with the short-range strategy (from the point
of view of medium-range forecasting) is that it assumes
that improvement in forecasts in the very short range will
actually lead to improvement in the medium range. That is
clearly true in general, averaged over many cases, but if it is
only very small areas (whose locations change continu-
ously) that control the growth of baroclinic errors, these
areas are likely to get lost in hemispheric scores. Finally,
innovative methods for diagnosing observation impact
such as adjoint sensitivity (e.g. Baker and Daley, 2000) or
ensemble spread (e.g. Harnisch et al., 2013) could be useful
but because they are usually only applied to short-range
verification, they face exactly the same issues. Short-range
forecast verification has been excluded from the current
study, but it is of great interest to understand it better.
Overall, medium-range dynamical forecast scores remain
the simplest, most direct and reliable tools for evaluating
scientific improvements, but they do require sufficiently
large samples along with rigorous statistical evaluation.
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12. Appendix

A. Results using operational analysis as the reference

The results presented have been based on own-analysis
verification. However, the entire study has been repeated
using ECMWF operational analyses as the verification
reference. The results are generally very similar and lead to
very similar conclusions. Results and figures in Sections 3,
4 and 7 are nearly identical except for the changes in fore-
cast scores in the early range (day 2 and earlier) of Fig. 5.
Later sections rely on results that are themselves affected
by sampling noise in their finer details. So where results are
based on a limited number of blocks, details of the figures
do differ with operational analysis as the reference, but all
the conclusions are the same, including that the #-test is
overly generous without an inflation of the confidence
range of about k =1.22.

B. Creating the perturbation experiment

In the ECMWF assimilation system, two otherwise iden-
tical experiments will exhibit small numerical differences
when the number of parallel processes is changed. In the
variational data assimilation, observations and grid-points
are distributed differently, and where floating-point sum-
mations are made across the results from different ob-
servations, they are made in a different order, resulting in
very slight numerical differences at the level of precision of
the 64-bit floating-point arithmetic. However, these small
differences grow during the analysis process, resulting in
visible differences between analyses, which also propagate
through forecasts. There is a regularly maintained test
procedure where the parallel distribution of observations is
instead preserved and an option called LREPRO4DVAR is
activated that recodes the key areas of code in ways that
can preserve numerical reproducibility (such as doing sums
using integer rather than floating-point arithmetic). This
comes at additional computational expense, so it is only
used for testing, and with these options set the ECMWF
assimilation system is completely bit-reproducible when
the number of parallel processes is changed. Because we
can turn this numerical difference on and off, we can be
confident that it is well understood and causes no knock-on
bugs or other unknown scientific effects.

The areas that generate numerical differences in the
analysis when different numbers of processors are used are
the following:

o When computing the scalar product of the 4D-Var
control variable.

e When computing the observational cost function.

e In the variational bias correction scheme, the
accumulation of adjoint sums and the accumulation
of bias predictor statistics.

e In the observation operator for all-sky microwave
radiances, an optimisation that gives slightly differ-
ent results depending on the exact order in which
observations are processed.

e In the adjoint of the model-to-observation inter-
polation operator, which can sum adjoint contribu-
tions from many different observations onto the
same model variables.

Experience shows that the source of the numerical pertur-
bation is unimportant: any pair of experiments based on
the same system and same resolution appear to exhibit a
similar level of chaotic divergence, as demonstrated in this
study by the very similar standard deviation of paired
differences in the AMSU-A denial and the perturbation
experiment.

C. Modelling variance inflation with autoregression models

Fisher (1998) and Wilks (2006) show how to specify an
inflation factor & in eq. (6) to account for autocorrelation,
under the condition that the autocorrelation can be
modelled using an autoregression (AR) model. The day-5
NH 500-hPa geopotential height forecast score differences
have a 12 h autocorrelation r; =0.15 and 24 h autocorrela-
tion r, =0.07 (Fig. 4). Modelling this autocorrelation with
an AR(2), k can be computed using:

by = (r(1=r))/(1—17) (C1)
¢y =(ry—r1)/(1=r7) (€2)

pr=¢1/(1—¢y) (C3)
pr =y + 7 /(1—¢,) (C4)

= (1= —pa) /(L= =) (CS)

The AR(1) solution can be obtained by setting r, =ry.
A more general solution for any AR(N) can be found in
Wilks (2006). For the NH example, k£ =1.22 which is quite
similar to the implied inflation from the revised confidence
limits suggested in Section 5. Rather than compute a null
population explicitly, as is done in this work, it is possible
to estimate the inflation factor directly from autocorrela-
tion estimates of the population of paired forecast score
differences, for example, Fig. 4. This enables the inflation
factor to adapt flexibly to different forecast-spacings (e.g.
every 12 h versus every 24 h) and to any variations there
may be in different parameters and regions of the globe.
The main problem is that estimates of autocorrelation are
themselves subject to sampling uncertainty. Table 7 ex-
plores the effect of this on estimates of k using a similar



20 ECMWF

Table 7. Sampling uncertainty of inflation factors k generated
from autocorrelation parameters r; and r,, which themselves have
been estimated from a sample of finite size

Sample size Mean Std. dev. Min Max

Statistics of inflation factors generated from forecasts every 12 h
(simulated by [0.025, 0.065, 0.82, 0.065, 0.025] convolution)

10 0.869 0.324 0.22 2.14
60 1.161 0.219 0.65 1.98
360 1.214 0.090 0.96 1.59
1885 1.223 0.038 1.11 1.35

Statistics of inflation factors generated from forecasts every 24 h
(simulated by [0.035, 0.93, 0.035] convolution)

10 0.811 0.305 0.21 2.02
60 1.025 0.190 0.56 1.77
360 1.065 0.077 0.85 1.37
1885 1.071 0.033 0.98 1.17

A Monte-Carlo method is used: sequences of normally distributed
random numbers are made autocorrelated by applying a
convolution function; r; and r, are estimated and from these k is
computed. 1000 randomly generated blocks of 10, 60, 360 or 1885
samples have been used.

Monte-Carlo method to that used to estimate the error bars
for Fig. 4. For the typical sample sizes used in forecast
verification, this will add considerable uncertainty to the
estimates of the confidence ranges themselves. Only for
very large samples, such as with the 1885 forecasts avail-
able in this study, does the estimate of k& become reliable
enough. Another interesting effect is that when small
sample sizes are used, even beyond the large sampling
error, the estimate of k has a clear low bias; this parallels
the low bias in the non-parametric estimates of k in
Section 6. A possible explanation is that the samples at
the beginning and end of the block may contribute less to
the autocorrelation and hence start to dominate the results.

D. Using bootstrapping to sample the null distribution

The results in the main study are limited by the num-
ber of samples that can be generated for comparison to
the r-distribution whilst requiring contiguous and non-
overlapping groups of forecasts. A larger set of samples
could be computed using the moving block bootstrap
resampling technique described by Wilks (2006). The basic
unit is a small contiguous block of paired differences which
is long enough to preserve most of the autocorrelation
in the data but short enough to allow the population to be
resampled in many different combinations. Here, a block
length of four forecasts is used, which can be justified
following Wilks (1997), based on the 0.15 autocorrelation
between subsequent paired differences (from Section 3).
These blocks are randomly drawn from the null popula-
tion, with replacement, and assembled to create a sample
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—— day4NH —— day 10 NH
— — t-distribution
Fig. 16.  (a) PDF of z-tests generated from bootstrapped samples

of 720 forecasts (solid) and the Student’s z-distribution (dashed).
Based on a total 10000 for each of the four independent
populations.

of data from which a mean can be computed. Also, to gain
the largest and cleanest sample, the four independent
populations (NH and SH at day 4 and day 10, as used in
Section 4) can be used. From each of the four null popu-
lations, 10000 samples of size n are created by boot-
strapping and their mean d and standard deviation s are
computed. These can be transformed into z-space via
eq. (5). The results are shown in Fig. 16.

However, it looks like even bootstrapping cannot beat
the limitations of a relatively small sample. For example, at
day 10 in the NH, even over 1885 forecasts, the perturba-
tion experiment has RMS errors that are on average 0.35m
larger than in the control (Table 2). This must be purely
an effect of chaotic variability, as the experiments have
no scientific differences. Bootstrapping creates a smoother
histogram based on samples from these 1885 forecasts, but
it can do nothing about these biases. Distributions like
those in Fig. 9 can be generated but, although they are
smoother, for the larger-size samples they are generally just
as lopsided. Removing the bias would be incorrect, as that
is part of the chaotic variability. There does not seem much
to be gained from bootstrapping for the present work.
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