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ABSTRACT

The formation process of circulatory motion of a tropical cyclone is investigated from a thermodynamic

viewpoint. The generation rate of mechanical energy by a fluid motion under diabatic heating and cooling, and

the dissipation rate of this energy due to irreversible processes are formulated from the first and second laws of

thermodynamics. This formulation is applied to a tropical cyclone, and the formation process of the

circulatory motion is examined from a balance between the generation and dissipation rates of mechanical

energy in the fluid system. We find from this formulation and data analysis that the thermodynamic efficiency

of tropical cyclones is about 40% lower than the Carnot maximum efficiency because of the presence of

thermal dissipation due to irreversible transport of sensible and latent heat in the atmosphere. We show that a

tropical cyclone tends to develop within a few days through a feedback supply of mechanical energy when the

sea surface temperature is higher than 300 K, and when the horizontal scale of circulation becomes larger than

the vertical height of the troposphere. This result is consistent with the critical radius of 50 km and the

corresponding central pressure of about 995 hPa found in statistical properties of typhoons observed in the

western North Pacific.
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1. Introduction

A tropical cyclone is a large-scale convection system driven

by a temperature contrast between the hot tropical sea

surface and the cold top of the troposphere and is cha-

racterised by a low-pressure centre and inward spiral

convergence of strong winds towards the centre. The typical

diameter is from 200 to 2000 km, wind speed is from 20 to

85 m s�1 and the typical central pressure generally ranges

from990 to 870hPa, corresponding to central pressure drops

of 20�140 hPa. As a conventional classification, tropical

cyclones with maximum wind speeds1 larger than 33 m s�1

are called typhoons in the western North Pacific, hurricanes

in the eastern North Pacific and western North Atlantic and

severe tropical cyclones in other regions. A comprehensive

review on this subject can be found in the articles by

Bergeron (1954) and Emanuel (2003).

Figure 1 shows a schematic cross-section of a tropical

cyclone. There is a large-scale circulatorymotion of air in this

system, with a convergence of the air mass near the sea sur-

face and a divergence of the air mass at the upper tropo-

sphere. Both the sea-level convergence and upper-level

divergence are associated with an ascending motion at the

centre, and a descending motion at the margin, respectively,

thereby closing the circulation. Through this circulation, the

air is heated at the hot sea surface and is cooled at the top of

the troposphere. With the heating and cooling processes, the

air expands near the sea surface with a supply of water va-

pour, and it contracts in the upper troposphere, with the

water vapour condensing to precipitation. Since expansion

takes place near the sea surface where the pressure is high,

and contraction takes place in the upper troposphere where

the pressure is low, part of the heat energy received at the

sea surface is converted into mechanical work through the

circulation of the atmosphere. The mechanical work thus
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1The maximum wind speed is defined as the maximum speed of

wind at an altitude of 10 m, averaged over 10 minutes.
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produced is stored in the background gravitational field as a

‘top-heavy’ density distribution that is gravitationally un-

stable. (Strictly speaking, this is a potentially top-heavy

density distribution, whose instability could be realised if the

atmosphere were in the isobaric condition.) The maximum

amount of mechanical energy that can be extracted from this

potentially unstable state was investigated by Lorenz (1955,

1967) and is called available potential energy. Part of this

available potential energy is converted into kinetic energy of

the fluid motion, thereby sustaining the circulation. In a

steady state, the kinetic energy is dissipated into heat (ran-

dom thermalmotion ofmolecules) by turbulent drag force in

the atmosphere with the action of viscosity, and the energy

conversion rate is balanced by the energy dissipation rate.

The remaining part of the available potential energy is dis-

sipated directly through irreversible transport of sensible and

latent heat in the atmosphere. This thermal dissipation pro-

cess is known to exist in the atmosphere, and its contribution

is estimated tobe about 70%of the total energydissipation in

the global-scale atmospheric circulation (Pauluis and Held,

2002; Ozawa et al., 2003). Thus, one can expect that the

thermal dissipation also plays an important role in the energy

conversion process in tropical cyclones.While several studies

have been carried out on the thermodynamic properties of

tropical cyclones (e.g., Emanuel, 1986, 1987, 1999, 2003;

Bister and Emanuel, 1998), the thermal dissipation process

seems to have been missing from the previous work. The

purpose of this paper is therefore to investigate the thorough

energy dissipation processes in a fluid system that exchanges

energy with its non-equilibrium surroundings. In this paper

we shall startwith the basic laws of thermodynamics (the first

and second laws), and present a set of equations that describe

the generation and dissipation rates of mechanical energy in

a fluid system. The derived equations are kept to be in a

general form so that one can apply this method to any type

of fluid system that interacts with its surroundings. This

method is applied to a tropical cyclone, and the formation

process of the circulatorymotion is examined from a balance

between the generation and dissipation rates of mechanical

energy. The relation of thermal and viscous dissipation to

entropy production is also discussed.

In what follows, we present a set of equations that express

the generation and dissipation rates of mechanical energy

in a fluid system from the basic laws of thermodynamics

(Section 2). These equations are applied to a tropical cy-

clone, and the formation process of the circulatory motion

is examined in Section 3. Results obtained from this study

are examined and compared with the statistical properties

of typhoons in the western North Pacific. Implications of

the results for general dynamical properties of non-linear

non-equilibrium phenomena are discussed in Section 4.

2. Thermodynamic equations

2.1. First and second laws of thermodynamics

Let us first consider a fluid system in which convective

motion will be produced and its surrounding system with

which the fluid system exchanges heat energy. Entropy of the

fluid system and its surrounding system will be changed by

the heat exchange process as well as by energy conversion

processes in the fluid system. Because of the additive proper-

ties of entropy, the entropy change of the whole system can

be expressed as a sum of the entropy change in each system:

dSwhole ¼ dSsys þ dSsurr; (1)

where dSwhole, dSsys and dSsurr represents the entropy

change of the whole system, that of the fluid system and

that of the surrounding system, respectively. The second

law of thermodynamics states that all spontaneous pro-

cesses proceed in the direction in which entropy of the

whole (isolated) system increases:

dSwhole ¼ dSsys þ dSsurr � 0; ½the 2nd law� (2)

where the equality sign refers to a reversible process with no

net increase of entropy, a process that requires infinite time

to proceed. All natural processes occur in a way that

increases entropy in the whole system. This is a consequence

of the second law of thermodynamics. It should be noted

that, since the entropy increase of the whole system is

associated with irreversible processes, we can call the term

dSwhole entropy production due to irreversible processes that

take place in the system. It should be kept in mind, however,

that entropy production is identical to the net entropy

increase in the whole system, and this increase is a driving

force for all spontaneous phenomena in nature. We shall in

due course discuss how this condition can account for the

emergence of convective motion in a tropical cyclone.

Let us next consider that a small amount of heat energy

is supplied from the surrounding system to a fluid parcel

p

Fs Ts

Tt

v

Fig. 1. A schematic cross-section of a tropical cyclone. The air

is heated at the sea surface with temperature Ts and is cooled at

the top of the troposphere with temperature Tt. The heated air

is ascending at the centre, and the cooled air is descending in the

margin, thereby forming a circulatory motion.
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through the system boundary, where the absolute tempera-

ture T is assumed in a local equilibrium state. In this case

the entropy of the surrounding system will decrease by

dSsurr ¼ �
dQ

T
; (3)

where dQ is the heat supplied from the surrounding system2.

The heat supplied to the fluid parcel in the system is changed

partly into internal energy of the fluid parcel and partly into

mechanical work by volume expansion of the heated fluid.

The internal energy of the fluid parcel will also be subject to

volume expansion or contraction through the movement of

the fluid parcel along its trajectory. Moreover, the internal

energy may be transferred to the surrounding cold fluid by

heat conduction, thermal radiation, or by latent heat

transport. Suppose that all of this internal energy is finally

transferred to the coldest region of the system with a

minimum reference temperature Tr. This reference tempera-

ture can be set to be that at the top of the troposphere (i.e.,

tropopause) Tt in the case of a tropical cyclone (Fig. 1).

When the fluid expands at the system’s surface where the

temperature and pressure are high, and it contracts at the

cold reference state where the pressure is low, part of the heat

energy supplied to the fluid can be converted intomechanical

work (dW�fpdV]0), even though the total volume change

is zero, and the fluid parcel returns to the initial state

(fdV�0). The heat transferred to the reference state is then

less than that gained at the system’s surface, because of the

first law of thermodynamics:

dQ0 ¼ dQ� dW ; (4)

where dQ? is the heat transferred to the reference state,

anddW is themechanical workdone by the fluid parcel. If we

assume a cyclic return of the fluid parcel to the initial state,

entropy of the fluid parcel remains unchanged. Entropy

increase of the fluid system is then given by the heat transfer

to the reference state divided by its temperature:

dSsys ¼
dQ� dW

Tr

: (5)

Equation (5) implies that the conversion of heat into

mechanical work reduces the entropy of the system, and

therefore, an enormous amount of mechanical work con-

version is prohibited by the second law [inequality; eq. (2)].

Substituting eqns. (3) and (5) into eq. (2), we can rewrite

the second law as:

dSwhole ¼
T � Tr

TTr

dQ� dW

Tr

� 0: (6)

The first term on the right-hand-side of the first equality

denotes entropy increase by the heat transport from T to Tr,

and the second term denotes entropy reduction by the work

generation. This inequality suggests that, although the work

generation reduces the entropy of the whole system, such a

process can proceed provided that a certain amount of heat

energy is transferred from a hot to cold temperature,

thereby increasing the entropy of the whole system. Inequal-

ity [eq. (6)] shows the condition for spontaneous emergence

of dynamic motion in a fluid system and is identical to a

thermodynamic proposition deduced to account for the

emergence of dynamic motions in non-equilibrium systems

(Ozawa, 1997).

We can rewrite eq. (6) to express the work generation

more explicitly as:

dW ¼ 1� Tr

T

� �
dQ�Tr dSwhole: (7)

The first term on the right-hand-side represents the maxi-

mum work attained through a reversible Carnot cycle,

whereas the second term denotes dissipation of the work by

entropy increase in the whole system due to irreversible

processes in the fluid system. Since in all natural processes

dSwhole�0, the actual amount of work generation is always

less than the Carnot maximum work. Notice that in the

derivation of eq. (7), we did not assume reversibility, but

assumed a cyclic return of the fluid parcel to the initial state

(i.e., a steady state). In a more general non-steady case, a

change of free energy of the fluid system appears in the

expression (e.g., Yoshida and Mahajan, 2008), although

the framework of the results remains unchanged.

Let us then evaluate the rate of change of mechanical

work per unit time in the entire fluid system by diabatic

heat exchange. To do so, the small changes in the variables

(dQ, dW) are replaced by time derivatives of these

variables, and eq. (7) is integrated over the entire volume

of the fluid system as

_W ¼ d

dt

Z
V

w dV ¼
Z
V

@w

@t
dVþ

Z
A

w vn dA

�
Z
V

1� Tr

T

� �
_q dV�Tr

_Swhole; (8)

where
.

W is the net rate of change of mechanical energy

(work) in the fluid system, w is the work done by the fluid

per unit volume, V is the volume of the fluid system, vn is

the normal component of fluid velocity at the system

boundary, A is the surface bounding the system, q
.
�1q/1t is

the heating rate per unit volume and S
.
whole is the rate of

entropy increase in the whole system. In eq. (8), we have

assumed that the fluid velocity normal to the system

boundary is negligible (vn:0), and advection of diabatic

2Here the sign d denotes a small change of a pass variable whereas

d denotes that of a state variable.
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heating is negligible compared to the heating rate itself

(v grad q « 1q/1t). The first term on the right-hand-side of

eq. (8) represents the maximum rate of generation of mech-

anical energy by a reversible Carnot cycle. This rate is

identical to the generation rate of available potential energy

due to diabatic heat exchange (Lorenz, 1955, 1967). The

second term denotes the dissipation rate of the available

energy through entropy production associated with various

irreversible processes in the fluid system.

2.2. Irreversible entropy production and energy

dissipation

In a convective fluid system, various kinds of irreversible

processes take place, and these processes lead to entropy

increase in the whole system, thereby reducing the mechan-

ical energy available for the system, as represented by

eq. (8). The irreversible processes relevant to atmospheric

convection include transports of sensible and latent heat

from hot to cold temperatures, radiation flux from hot to

cold materials and mechanical dissipation of kinetic energy

into internal energy by the turbulent drag force associated

with viscosity. By contrast, heat advection due to fluid

motion is, in principle, a reversible process without entropy

production if the process proceeds in a quasi-static manner,

although a rapid fluid motion often enhances irreversible

heat conduction and viscous dissipation around the moving

fluid (Ozawa and Shimokawa, 2014). We can take all these

irreversible processes into account and express the rate of

entropy increase in the whole system as a sum of each

contribution [see eq. (A10)]:

_Swhole ¼ _Sheat þ _Srad þ _Svis; (9)

where S
.
heat, S

.
rad and S

.
vis are the entropy production rates

by sensible and latent heat transports, radiation flux and

viscous dissipation of kinetic energy, respectively, as:

_Sheat ¼
Z
V

Fheat � grad
1

T

� �
dV ; (10a)

_Srad ¼
Z
V

Frad � grad
1

T�

� �
dV ; (10b)

_Svis ¼
Z
V

U

T
dV ; (10c)

where Fheat is the diabatic heat flux density due to

conduction and latent heat transport3, Frad is the radiation

flux density, T* is the effective radiation temperature and F
is the dissipation rate of kinetic energy into internal energy

by viscosity per unit volume of a fluid.

Substituting eq. (9) into eq. (8), we can rewrite the net

rate of change of mechanical energy in the fluid system as:

_W ¼ _WC � Tr
_Sheat þ _Srad þ _Svis

� �
; (11)

where _WC�f(1�Tr/T) _q dV is the Carnot maximum work-

ing rate achieved through a reversible process. The first and

second terms in the brackets [Tr( _Sheat� _Srad)] represent the

reduction of the working rate by irreversible fluxes of heat

and radiation from hot to cold temperatures, representing

thermal (non-mechanical) loss of the available energy that

could otherwise be extracted through a reversible process.

This thermal loss of available energy can be called thermal

dissipation. The last term (Tr
_Svis) represents irreversible

dissipation of the available energy by the action of

viscosity. This term may be called viscous dissipation. It

should be noted that the viscous dissipation rate (Tr
_Svis) is

slightly smaller than the pure mechanical dissipation rate

(F) when the temperature at the place of dissipation is

higher than the reference temperature, since Tr
_Svis�(Tr/T)

FBF when T�Tr. The reason for this is that the viscous

dissipative heating contributes to additional heating at the

place of T, and part of this heat energy can be converted

into mechanical work through a Carnot reversible cycle4,

so that the actual dissipation rate becomes less than F
by the amount of (1�Tr/T) F, that is, F � (1�Tr/T) F�
(Tr/T) F. This apparent reduction in the dissipation rate

and the resultant conversion to the available energy was

first pointed out for the case of tropical cyclones in an

implicit way by Bister and Emanuel (1998), who suggested

this conversion by assuming the viscous heating rate to

be an additional heat source in the boundary layer. The

validity of their arguments was questioned by Makarieva

et al. (2010), leading to a debate (Bister et al., 2011). Here

we confirm the validity of their arguments directly from the

energy balance equation [eq. (11)] deduced from the first

and second law of thermodynamics. The general expression

for the viscous dissipation rate [Tr
_Svis�Tr

R
F/T dV]

describes the direct reduction in the mechanical dissipation

rate, and this can be applied to any type of fluid system

with arbitrary distributions of F and T. The validity of this

expression [Tr
_Svis] and its application to tropical cyclones

will be discussed in Section 3.1.

We can consider the actual generation rate of mechanical

energy, which is actually extracted from the fluid system, as

3The reason that entropy production due to the latent heat flux is

expressed by Eq. (10a) is explained in Appendix [eq. (A14)].

4The additional working is also subject to thermal dissipation, and

the actual work generation rate is less than that due to a reversible

Carnot cycle. The amount of this reduction has already been taken

into account in the thermal dissipation rate [Tr ð _Sheat þ _SradÞ] in

eq. (11).
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the Carnot maximum working rate less the thermal

dissipation rate:

_Wact ¼ _WC � Tr
_Sheat þ _Srad

� �
; (12)

where _Wact is the actual generation rate of mechanical

energy. Using eq. (12), we can rewrite the net rate of change

of mechanical energy in the fluid system [eq. (11)] as

_W ¼ _Wact � Tr
_Svis: (13)

When the fluid system is in a steady state, there is no net

change of mechanical energy in the system: _W �0. In

this case the actual working rate is equal to the viscous

dissipation rate:

_Wact; st ¼ Tr
_Svis; st for a steady state; (14)

where the suffix st denotes the steady state. Equation (14)

represents the steady-state energy balance between the

actual working rate and the viscous dissipation rate.

For the sake of later convenience, we shall define a

relative efficiency factor as the ratio of the actual working

rate to the Carnot maximum working rate. Using eqns. (12)

and (14), we get

k �
_Wact

_WC

¼ 1�
Tr

_Sheat þ _Srad

� �
_WC|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

A

¼
Tr

_Svis; st

_WC|fflfflfflffl{zfflfflfflffl}
B

; (15)

where k is the relative efficiency factor (05k51). The

expression (A) shows that the relative efficiency is less than

unity when there is thermal dissipation ( _Sheat� _Srad�0),

and it approaches unity in the thermally reversible limit:
_Sheat� _Srad0 0. The expression (B) shows that the rela-

tive efficiency is equal to the ratio of steady-state viscous

dissipation rate to the Carnot maximum working rate.

Golitsyn (1970) called this relative efficiency factor a

utilisation coefficient and estimated it to be about 0.1 for

the global-scale circulation of the Earth’s atmosphere. We

shall evaluate this efficiency factor for tropical cyclones

using eq. (15B) in Section 3.2.

3. Tropical cyclones

3.1. Energy balance for tropical cyclones

We shall apply the proposed formula of mechanical energy

generation to a tropical cyclone. As shown in Fig. 1, the

circulating fluid is heated at the hot sea surface and is

cooled at the cold top of the troposphere so that the actual

working rate can be positive definite. The heating rate at

the sea surface per unit surface, Fs, can be expressed by the

empirical bulk formula (e.g., Bister and Emanuel, 1998;

Emanuel, 2003) as:

Fs ¼ q Chðhe � hsÞ v; (16)

where r is the air density near the surface, Ch is the heat

transfer coefficient, he is the specific enthalpy of saturated

air at the sea surface, hs is the specific enthalpy of the near-

surface moving air and v is the mean surface velocity. By

using eqns. (15) and (16), the actual generation rate of

mechanical energy can be expressed as:

_Wact ¼ k _WC ¼ k

Z
A

1� Tr

T

� �
FsdA

� qAeCh kðhe � hsÞ 1� Tt

Ts

 !
v;

(17)

where Ts is the sea surface temperature, Tt is the

temperature at the top of the troposphere (tropopause)

and Ae is the effective surface area covered by a tropical

cyclone. Here we assume that surface heating is dominant

for this system and the surface wind speed is uniform in

the effective surface area. The latter assumption may be

crude, but is practical for our simple approach, in which

the mean energy balance of a tropical cyclone that covers

the effective surface area is considered.

The mechanical energy thus generated in the fluid system

is stored in the density distribution of the system and is

converted into the kinetic energy of the circulatory motion

of the atmosphere. The kinetic energy is then dissipated

into internal energy by turbulent drag force, mainly in the

boundary layer near the sea surface. The turbulent drag

force can also be expressed by the empirical bulk formula:

fd ¼ q Cd v2; (18)

where fd is the turbulent drag force per unit surface and Cd

is the drag coefficient.

The viscous dissipation rate of the kinetic energy in the

fluid system is given by the second term in the energy

balance equation [eq. (13)] as:

D ¼ Tr
_Svis ¼ Tr

Z
V

U

T
dV ¼ Tr

Z
V

fd v

T
dV � qAeCd

Tt

Ts

v3;

(19)

where D is the viscous dissipation rate of the kinetic energy

in the tropical cyclone. As we have discussed in Section 2.2.,

the viscous dissipation rate is smaller than the pure

mechanical dissipation rate (f F dV) since the dissipation

takes place in the surface boundary layer whose temperature

is higher than the reference temperature at the tropopause

(Ts�Tt). Part of the energy dissipated in the boundary layer

can thus be converted into mechanical energy through the

energy transport process to the reference temperature. This

THERMODYNAMICS OF A TROPICAL CYCLONE 5



is a characteristic feature of a non-equilibrium system � one

cannot simply treat the mechanical energy balance when

there is an inhomogeneous temperature distribution in the

concerned system. In the case of tropical cyclones, the

reduction in the dissipation can be about 30% of the

pure mechanical dissipation rate, assuming typical values

of Ts�300 K and Tt�205 K in eq. (19). This reduction

yields an apparent increase in the mean velocity of about

20% according to the balance condition between eq. (17)

and eq. (19)5. This result agrees with an earlier estimate for

the increase of wind speeds by Bister and Emanuel (1998).

It should be noted that we have assumed in the formula-

tion of eq. (19) that the majority of dissipation occurs in the

thin boundary layer and neglected other possible dissipation

such as that due to falling rain (hydrometeors) or that due

to lateral momentum diffusion. While the former dissipa-

tion is known to make a certain contribution to total vis-

cous dissipation in the global-scale atmospheric circulation

(Pauluis et al., 2000; Lorenz and Rennó, 2002), we can

show that this is of a minor contribution in the case of

tropical cyclones. Suppose that 80% of the surface heat flux

Fs is caused by the latent heat flux. If the water vapour

condenses at a mean altitude of Hc, the dissipation rate due

to precipitation is approximately Dp:0.8 gHcFs/L, with g

being the acceleration of gravity and L the specific latent

heat of vaporisation. Since the total viscous dissipation rate

is equal to the actual energy generation rate in the steady

state, we getD:k (1�Tt/Ts)Fs from eq. (17). The ratio ofDp

to D is then Dp/D:0.8 gHc/[kL(1�Tt/Ts)]:0.08, using

typical values of Hc:5 km, Tt�205 K, Ts�300 K and

k�0.6 adopted from the observational data shown in

Section 3.2. This means that the precipitation-induced

dissipation is less than 10% of the total viscous dissipation

and can be neglected as the first order approximation. We

have also neglected energy dissipation due to momentum

diffusion in lateral directions. This contribution may be

important in the marginal regions where the mean velocity

gradient is very large. However, since we consider the mean

dissipation rate in the boundary layer whose horizontal scale

is much larger than the vertical convection scale, we have

omitted the energy loss through the side margins of a mature

tropical cyclone. The marginal energy loss becomes impor-

tant for an initial growth process of a small tropical cyclone

and this effect on the growth process will be discussed from

energy balance considerations as follows.

The net rate of change of mechanical energy [eq. (13)]

can be expressed by eqns. (17) and (20) as

_W ¼ qAeCh kðhe � hsÞ 1� Tt

Ts

 !
v|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_Wact

� qAeCd

Tt

Ts

v3;|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
D

(20)

The first term represents the actual generation rate of

mechanical energy ( _Wact) and the second term represents

the viscous dissipation rate (D). As shown in Fig. 2, _Wact is

proportional to the surface velocity v, whereas D is

proportional to v3. In the steady state ( _Wact�D), there

exist two solutions for the velocity v:

v ¼ 0;
vst ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðCh=CdÞkðhe � hsÞ Ts=Tt � 1ð Þ

p
:

�
(21)

The former (v�0) is a static solution with no motion,

whereas the latter (v�vst) is a steady moving solution. The

static state is possible but meta-stable since, if a small

perturbation shifts the state to that with a finite velocity,

the generation rate of mechanical energy exceeds the

dissipation rate. The net gain of the mechanical energy

then accelerates the growth of the velocity, leading to a

positive feedback loop. The growth of the velocity can

continue until the system reaches the steady state with the

steady velocity (vst). This steady state is stable since any

further perturbation results in negative feedback. A shift

to a larger velocity leads to excess dissipation over genera-

tion, whereas a shift to a smaller velocity leads to excess

generation over dissipation, thereby letting the system’s

state go back to the stable steady state (see Fig. 2). Thus,

the stable moving state of a tropical cyclone tends to be

produced in the tropical region when the sea surface tem-

perature (Ts) is much higher than that at the tropopause

(Tt) so that the gradient of _Wact against v is large enough to

5The energy balance condition is given by Ch k(he�hs)(1�Tt/Ts)�
Cd(Tt/Ts) v

2. When the energy generation rate (the left-hand-

side) remains unchanged, the dissipation rate with the reduc-

tion effect (Tt/Ts) should be equal to that without the effect

with a corresponding velocity (v0): Cd(Tt/Ts) v
2�Cd v0

2. Then,

v�(Ts/Tt)
1/2 v0:1.21 v0.

Steady moving state
[stable]

R

0

Wact

.

D 

Static state  [unstable] vst v

Fig. 2. The actual working rate _W act and the viscous dissipation

rate D as functions of mean wind velocity v at the surface.
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separate the moving state from the static state. The growth

process of a tropical cyclone in the transitional period will

be discussed in Section 4.1. Here it should be noted that the

above argument is valid provided that the dissipation of

mechanical energy takes place only in the surface boundary

layer and the height of convection reaches the level of

tropopause. This assumption may not be valid for an initial

developing stage of a small tropical cyclone whose height is

lower than the tropopause. In this case, the generation rate

of mechanical energy is then less than eq. (17) because the

reference temperature cannot reach the tropopause tem-

perature (Tr�Tt), and the dissipation rate can be larger

than eq. (19) because of additional dissipation at the side

margins of the convection cell. It therefore seems that a

critical size exists above which the convective motion of a

tropical cyclone starts to develop. Presumably, this critical

size should be larger than the vertical height of the

troposphere. The critical size of tropical cyclones and its

statistical significance will be discussed with observational

data in Section 3.3.

3.2. Central pressure and relative efficiency

We shall now estimate the central pressure of tropical

cyclones. In a steady state, we can expect a mechanical

balance between the centrifugal force of the rotating air

and the pressure gradient force exerted on the air as:

Dp

l
¼ q

v2st

l
¼ penv

RTs

v2st

l
; (22)

where Dp�penv � p is the pressure drop at the centre of the

tropical cyclone, p is the air pressure at the centre, penv is

that in the surrounding environment, l is the distance of the

rotating air from the centre and R is the gas constant of air.

Substituting the steady velocity of eq. (21) into eq. (22), and

eliminating the velocity, we get

Dp ¼ penv v2st

RTs

¼ Ch kðhe�hsÞpenv

Cd R

1

Tt

� 1

Ts

 !
: (23)

Equation (23) shows that the central pressure drop increases

with increasing the temperature contrast between the surface

and the tropopause. It should be noted that eqns. (21) and

(23) are similar to those obtained by Emanuel (1986),

Emanuel (1987), Bister and Emanuel (1998), Emanuel

(1999) and Emanuel (2003), except for the relative efficiency

factor k. This difference stems from the fact that they were

concerned with the maximum potential intensity (MPI) that

a tropical cyclone could attain through a reversible Carnot

cycle, whereas herewe consider the actual generation process

of mechanical energy in a fluid system where thermal dis-

sipation aswell as viscous dissipation take place. In addition,

the framework of their work is based on the thermal wind

equation that is applicable only to a tropical cyclone. By

contrast, the general equation for the mechanical energy

generation [eq. (11)] deduced from the basic laws of thermo-

dynamics is in a general form and is applicable to any type of

non-equilibrium system that interacts with its surroundings.

The general equation can also be applied to the growth pro-

cess of tropical cyclones, as we shall discuss in Section 4.1.

The maximum potential pressure drop at the centre,

Dpmax, is obtained by setting k�1 in eq. (23):

Dpmax ¼
Chðhe�hsÞpenv

Cd R

1

Tt

� 1

Ts

 !
: (24)

and the relative efficiency factor is thereby

k ¼ Dp

Dpmax

: (25)

Using eq. (25) we can estimate the relative efficiency

factor, when we know the actual central pressure drop (Dp)
by observations and calculate the maximum pressure drop

(Dpmax) from the temperature field with eq. (24). It should

be noted that the direct estimate of the efficiency factor is

difficult because of the uncertainty about thermal dissi-

pation due to turbulent mixing in the general expression

[eq. (15A)]. As we have discussed in Section 2.2, the ther-

mal dissipation rate can be replaced by the maximum

working rate subtracted by the viscous dissipation rate in

the steady state, and the alternative expression [eq. (15B)]

has been used to derive eq. (25) together with the empirical

bulk formulae of eqns. (16) and (18).

Figure 3 shows the relation between the observed pressure

drop (ordinate) and the maximum pressure drop (abscissa)

estimated with eq. (24) for 633 tropical cyclones (typhoons)

observed in theNorth Pacific Ocean. The observational data

are collected from the Regional Specialized Meteorological

Center Tokyo�Typhoon Center best track data, for the

period 1982�2005 (RSMC Tokyo�Typhoon Center, 2014).

The estimations are made with monthly mean temperature

and humidity distributions collected from the National

Center for Environmental Prediction (NCEP) reanalysis

and the National Oceanic and Atmospheric Administration

(NOAA) optimum interpolation sea surface temperature

(OISST) data sets (Shimokawa et al., in press). In these

estimations, the ratio of heat to momentum exchange

coefficients is set at Ch/Cd�0.9, being consistent with

observational results of Ch�1.15�10�3 and Cd�
1.3�10�3 at v:10 m s�1 by Fairall et al. (2003). Each

point in Fig. 3 represents an observed pressure drop and an

estimated maximum pressure drop averaged over a devel-

oped stage of a tropical cyclone that was observed for a time

period longer than 1.5 d (more than 6 data). The developed

stage is considered to be the time period when the central

pressure is lower than 995 hPa; the reason for this critical
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pressure will be discussed in the next section. We can see a

rather scattered distribution of points in Fig. 3, although

they are located roughly in a region between the gradients of

k�0.2 and 1 (dashed lines). This large scattering is mainly

due to the fact that these tropical cyclones are not in a

completely steady state; they show relatively small k values

(0.2�0.5) during the early accelerating stages, whereas they

show large k values (0.7�1.0) during the later decaying

stages. A similar trend was observed in the wind speed

analyses by Emanuel (2000). As the entire average of these

points, we get a relative efficiency factor of about 0.6 (solid

line) as the mean value. This value of k:0.6 shows that

the actual generation rate of mechanical energy ( _Wact)

is about 40% smaller than the Carnot maximum working

rate ( _WC) because of the presence of thermal dissipation

due to irreversible transport of sensible and latent heat in

the tropical cyclones. This explains the reason why the

observed wind speeds of tropical cyclones cannot reach the

maximum potential wind speeds estimated from the Carnot

reversible cycle (i.e., k�1), although the reason has been

attributed to overestimation of the ratio of the exchange

coefficients (Ch/Cd) or insufficient reduction in the surface

wind speeds (Emanuel, 2000). The value of k:0.6 obtained

here is larger than that of 0.1 estimated for the global-scale

atmospheric circulation by Golitsyn (1970), suggesting

rather higher relative efficiency for tropical cyclones than

the global-scale circulation. Although the reason for this

remains unclear, it seems to be related to the feedback

growth process of tropical cyclones discussed in the previous

section. To investigate this point further, we implement a

statistical analysis using the RSMC typhoon data as follows.

3.3. Statistical properties of tropical cyclones

The statistical properties of the intensity of tropical cyclones

are investigated using the RSMC Tokyo�Typhoon Center

data set, containing central pressures observed at 6-h

intervals of 633 typhoons over the period 1982�2005
(23991 data in total). Figure 4a shows the probability

density distribution of all typhoons as a function of central

pressure over bins of 5-hPa intervals. We can see a general

trend that the frequency of occurrence decreases with

decreasing central pressure (i.e., increasing intensity) over

a pressure range from 900 to 1000 hPa. This trend is

consistent with the natural tendency that the probability of

occurrence of an event decreases with increasing intensity

(free energy) of that event. Above 1000 hPa, the frequency

decreases with increasing central pressure (i.e., decreasing

intensity) because only strong tropical cyclones with tropical

storm intensity (10-minute mean wind speed v]17.5 m s�1)

are compiled in the data set. Apart from this decline towards

the high pressure limit, we note a slight decrease in frequency

at around 995 hPa; the frequency slightly increases with in-

creasing intensity from 995 to 990 hPa, showing an apparent

contradiction to the natural tendency. The same decrease

can also be found at 994 hPa in Fig. 4b (inset) in a more

precise probability density distribution over bins of 2-hPa

intervals for 990�1010 hPa, where the detailed observational
data are available. These results suggest that the probability

of occurrence of tropical cyclones increases when the cen-

tral pressure becomes lower than 995 hPa, suggesting the

existence of a critical pressure at around pc�995 hPa.

The superimposed line in Fig. 4a shows the best-fit

exponential distribution estimated by the least squares

method for the pressure range from 900 to 1000 hPa.

The exponential distribution can be expected when one

considers equilibrium probability density distribution of

an event with certain intensity (free energy). Kurgansky

(2006), for instance, suggested such exponential probability

density distribution as a function of diameters for ‘dust

devils’ observed in arid areas on the Earth and Mars.

We find a similar general trend for the probability distribu-

tion for the intensity of tropical cyclones. However, we

can also see that the observed probability distribution

deviates from the equilibrium distribution at around the

critical pressure pc�995 hPa, suggesting the occurrence of a

non-equilibrium growth process of tropical cyclones with

the central pressures below this critical pressure. This critical

pressure seems to correspond to the critical size, abovewhich

tropical cyclones tend to develop with a feedback process, as
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Fig. 3. Relation between the observational central pressure drop

Dp and the maximum central pressure drop Dpmax estimated from

temperature and humidity profiles of the atmosphere at the sea

surface. Each point indicates the relationship between Dp and

Dpmax averaged over a developed stage of a typhoon with an

observed central pressure of less than 995 hPa. The gradient

corresponds to the relative efficiency factor k in eq. (25). The solid

line indicates k�0.6 and the dashed lines indicate k�0.2 and 1,

respectively.
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we have discussed in Section 3.1. To confirm this point, we

investigate the relation between the sizes and the central

pressures of tropical cyclones using the RSMC Tokyo�
Typhoon Center data.

Figure 5 shows the relation between the central pressures

and mean radii of two strong wind regions, where the

maximum wind speed exceeds 15.4 m s�1 and 25.7 m s�1,

respectively, observed for 633 typhoons in 6-h intervals over

the period 1982�2005 (23991 data in total). We can see, in

both cases, themean radius increases with decreasing central

pressure (increasing intensity). A somewhat rapid increase in

the radius from 40 to 140 km can be seen with a pressure

change from 1000 to 995 hPa for v�15.4 m s�1. A similar

rise in the radius from 15 to 65 km can be found with a

pressure change from 985 to 980 hPa for v�25.7 m s�1.

These results suggest that tropical cyclones tend to grow

when the mean radius of the strong wind regions exceeds

a critical radius of about rc:50 km. This tendency is

consistent with the feedback growth process that can work

for tropical cyclones when the horizontal scale exceeds the

vertical height of the troposphere (:15 km)6, as pointed out

in Section 3.1. The range of central pressures that correspond

to this critical radius is from 980 to 1000 hPa (Fig. 5, shaded

region). This pressure range is also consistentwith the critical

pressure of 995 hPa found in the statistical distribution in

Fig. 4, below which tropical cyclones tend to develop. These

results suggest the existence of a critical radius and a

6The aspect ratio of the radius to the height is 50/15:3.3 for the

critical-size tropical cyclones. This aspect ratio is consistent with

those of 3�5 obtained from numerical simulations of cumulous

convection in a conditionally stable atmosphere by Asai and

Nakasuji (1982).
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Fig. 4. Probability density distribution of central pressures observed for 633 typhoons over 23 yr from 1982 to 2005. (a) Distribution of
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corresponding critical central pressure for the genesis of

tropical cyclones. Although the genesis process remains

unclear, it has been suggested that the amalgamation of

individual convective vortices and the resultant formation of

a large-scale circulatory motion with an order of 100-km

wide is important for tropical cyclogenesis (Fujiwhara, 1923;

Bergeron, 1954; Emanuel, 2003). The coalescence of small-

scale convective vortices and the genesis of a tropical cyclone

with the similar order were also observed in numerical

simulations by Nolan et al. (2007). It is therefore worthwhile

to investigate this point further when more precise observa-

tional data are made available.

4. Discussion and conclusion

4.1. Growth process and surface temperature

We have seen in the preceding sections that a tropical

cyclone tends to develop when the size of the circulation

exceeds the critical value (rc:50 km) and when the central

pressure becomes lower than 995 hPa. The tropical cyclone

that meets this threshold can be regarded as a developed one

after genesis, and it tends to grow with a feedback supply of

mechanical energy as discussed in Section 3.1. We can treat

the growth process of a developed tropical cyclone by

assuming that the net generation rate of mechanical energy

[eq. (20)] is equal to the rate of increase of kinetic energy of

the tropical cyclone:

_W ¼ _Wact �D ¼ d

dt

qAe Hv2

2

	 

¼ qAe Hv

dv

dt
; (26)

where H�(1/r)f r(z)dz is the density scale height of the

atmosphere. In eq. (26), we have assumed that the velocity

is nearly constant in the density scale height. Substituting

eq. (17) and eq. (19) into _Wact and D in eq. (26), we get

H
dv

dt
¼ Ch kðhe � hsÞ 1� Tt

Ts

 !
� Cd

Tt

Ts

v2: (27)

We can solve eq. (27) for v as a function of time with an

appropriate initial condition (v�0 at t�0)7 as

vðtÞ ¼ vsttanh
t

s

� �
; (28)

where vst is the steady-state velocity given by eq. (21), and t

is the characteristic time constant for the velocity growth

given by

s ¼ Hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cd Ch kðhe � hsÞ 1� Tt=Tsð Þ Tt=Tsð Þ

p : (29)

The characteristic time constant can be interpreted as a

waiting time that is needed for the velocity to be about 76%

of the steady-state velocity under the prescribed environ-

mental conditions8. We can see from eq. (29) that the time

constant depends mainly on the surface enthalpy difference

(he � hs) and the temperature difference between the sea

surface and the tropopause. It should be noted that a

similar equation for the growth of tropical cyclones was

obtained from the thermal wind equation and an entropy

budget equation in the boundary layer together with an

assumption of a critical Richardson number at the outflow

region by Emanuel (2012). Here we show that the growth

trend of tropical cyclones can also be derived from the

simple energy balance equation [eq. (26)] and the mean

velocity assumption. As before, we note a difference in the

existence of the relative efficiency factor (k) in the time

constant [eq. (29)], since we consider the irreversible

diffusion processes of internal energy, whereas an isentro-

pic (reversible) process was assumed for the integration of

the thermal wind equation by Emanuel (2012). We also

note the elongation of the time constant by the temperature

factor (Tt/Ts) in eq. (29), which is due to the viscous heating

in the boundary layer and the resultant reduction in the

total dissipation rate [eq. (19)].

Figure 6a shows the characteristic time constant for the

growth of tropical cyclones as a function of the sea surface

temperature Ts for different values of the surface relative

humidity Rh. Calculations are made with eq. (29) using the

following parameter values: Cd�1.3�10�3 and Ch�
1.15�10�3 (Fairall et al., 2003), H�7500 m, Tt�205 K

and k�0.6 taken fromFig. 3. The enthalpy difference he � hs
is calculated as a function of temperature and relative

humidity at the sea surface [eq. (A15)]. Each line shows the

result for the relative humidity of 0.7, 0.8 and 0.9, respec-

tively. We can see that the characteristic time shortens

rapidly with increasing the sea surface temperature; it is

longer than 10 d for Ts5260 K, whereas it becomes shorter

than 5 d for Ts]280 K. We can also see that the time

constant is shorter for lower relative humidity because of the

larger enthalpy difference, resulting in the larger latent heat

flux and the faster cyclone growth due to greatermechanical-

energy generation. The humidity effect is stronger for the

lower sea surface temperatures (Ts5260 K), but becomes

7For simplicity, the initial velocity is set at v�0. We can also treat

the growth process after the genesis by setting v�vc at t�0, with

vc being the critical velocity at the time of genesis.

8Substituting t�t in eq. (28), we get v(t)�vst sinh(1)�vst (e
2�1)/

(e2�1):0.762 vst.
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less significant for the higher sea surface temperatures

(Ts]280 K). When the sea surface temperature exceeds

300 K, the characteristic time constant is about 1�3 d, which
is nearly constant and insensitive to the change in relative

humidity. This result is consistent with the observational

tendency that tropical cyclones are seldom observed over

cold oceans whose surface temperature is less than 300 K,

whereas they frequently develop within a few days over

warm oceans whose surface temperature is larger than this

critical value (e.g., Palmén, 1948; Gray, 1968). While the

reason for the existence of this temperature threshold has

been explained from the depth and extent of a conditionally

unstable layer in the moist atmosphere in the static state

(e.g., Palmén, 1948; Bergeron, 1954), our result suggests that

the dynamical growth process towards the steady state is

equally important for the manifestation of the temperature

threshold, since the dynamic process and its time-scale are

to great extent determined by the sea surface temperature

[eq. (29)]. Also shown in Fig. 6b (inset) is the time evolu-

tion of the mean velocity of a tropical cyclone under the

prescribed environmental conditions. Although very simple

assumptions have been made in our calculation, the growth

trend shows a certain resemblance to those observed in

numerical simulations for the growth of tropical cyclones by

Nolan et al. (2007).

4.2. Implications for non-equilibrium phenomena

In this paper, a growth process of a tropical cyclone has

been examined from generation and dissipation processes

of mechanical energy in the non-equilibrium environment.

It is found that a tropical cyclone tends to develop within a

few days by a feedback supply of mechanical energy when

the sea surface temperature is higher than 300 K, and when

the horizontal scale of circulation exceeds a critical radius

of about 50 km. This result is consistent with the observa-

tional tendency of tropical cyclogenesis as well as the

statistical properties of typhoons observed in the western

North Pacific. The emergence of tropical cyclones can

therefore be seen to be a consequence of feedback growth

of dynamic motion in a fluid system under the large non-

equilibrium state. While the existence of such large-scale

instability was pointed out through linear stability analyses

by Ooyama (1964) and Charney and Eliassen (1964), the

actual feedback growth process of a tropical cyclone towards

its steady state based on the energy balance equation [eq. (26)]

has not been fully examined before.

The tendency to increase the generation and dissipation of

available energy has been observed in a variety of non-linear,

non-equilibrium phenomena, and has been referred to as a

principle of maximum entropy production (Ziegler, 1961;

Sawada, 1981; Dewar, 2003; Ozawa et al., 2003;Martyushev

and Seleznev, 2006; Ozawa and Shimokawa, 2014). The

phenomena include the general circulation of the atmo-

sphere (Paltridge, 1975, 1978; Ozawa and Ohmura, 1997),

those of other planets (Lorenz et al., 2001; Fukumura and

Ozawa, 2014), oceanic general circulation (Shimokawa and

Ozawa, 2002, 2007), boundary layer turbulence (Kleidon

et al., 2006), thermal convection, turbulent shear flow (Ozawa

et al., 2001) and granular flows (Nohguchi and Ozawa,

2009). Here we present a result that tropical cyclones tend to

develop towards steady stateswith higher rates of dissipation

through feedback growth of dynamic motion once the size

exceeds a critical value under the non-equilibrium state.

It should be noted that we have so far considered the

growth process of tropical cyclones under vertically in-

homogeneous distributions of temperature and humidity,

that is, vertical non-equilibrium. In this situation, tropical

cyclones tend to develop so as to recover the stability by

reducing available energy and producing entropy. It seems

therefore interesting to see how the trajectories of tropical

cyclones are determined under horizontally inhomogeneous

distributions of temperature and humidity. Our prelimin-

ary analysis suggests that tropical cyclones have a tendency

to move along trajectories with higher rates of entropy

production (Shimokawa and Ozawa, 2010). The statistical

tendency of trajectories of tropical cyclones over inhomo-

geneous temperature fields is a subject of future studies and

will be dealt with in future occasions.
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6. Appendix A

A.1. Irreversible entropy production in a fluid system

The time rate of change of entropy of a fluid system is given

by the following time derivative:

_Ssys ¼
d

dt

Z
V

qs dV

2
4

3
5 ¼ Z

V

@ðqsÞ
@t

dV þ
Z
A

qsvn dA; (A1)

where r is the density of the fluid, s is the entropy per unit

mass, vn is the normal component of surface velocity

(positive outward), V is the volume of the system and A is

the surface surrounding the system. The first term on the

right-hand-side can be expanded and rewritten by using the

equation of continuity [@r/@t��div(r v)]

@ðqsÞ
@t
¼ q

@s

@t
þ s

@q

@t
¼ q

@s

@t
� divðqsvÞ þ qv � grad s:

Substituting this in the volume integral of eq. (A1), and

transforming the second term by using Gauss’s theorem,

we get

_Ssys ¼
Z
V

q
@s

@t
þ v � grad s

	 

dV : (A2)

The expression in the square brackets is the substantial

time derivative of entropy per unit mass of a fluid mov-

ing about in space (ds/dt). This change rate of entropy

can be expressed by using the thermodynamic relation

[ds�dQ/T�{du�p d(1/r)}/T] as:

ds

dt
¼ 1

T

du

dt
þp

dð1=qÞ
dt

� �
; (A3)

where u is the internal energy per unit mass, and p is the

pressure. Substituting this in eq. (A2), and transforming the

substantial time derivative to spatial time derivative (du/dt�
@u/@t�v � grad u), we get

_Ssys ¼
Z
V

1

T
q
@u

@t
þ qv � grad uþ p div v

	 

dV : (A4)

Here the continuity relation [d(1/r)/dt��(1/r2) dr/dt�
(1/r) div v] has been used. The first and second terms in

the square brackets can be rewritten using the following

relation:

q
@u

@t
þ qv � grad u ¼ @ðquÞ

@t
þ divðquvÞ:

By substituting it in eq. (A4), we get

_Ssys ¼
Z
V

1

T

@ðqcTÞ
@t

þ divðqcTvÞ þ pdiv v

	 

dV : (A5)

Here the relation u�cT has been used, where c is the

specific heat at constant volume. This equation is valid

within the limits of an approximation that the temperature

and the velocity are constant in the small volume element

dV (Landau and Lifshitz, 1987, Sec. 49).

Entropy of the surrounding system will change by heat

flux from the fluid system through the boundary. Follow-

ing the definition of Clausius (1865), the change rate of

entropy in the surrounding system is given by a surface

integration of the heat and radiation fluxes divided by the

material and radiation temperatures:

_Ssurr ¼
Z
A

Fheat

T
dAþ

Z
A

Frad

T�
dA: (A6)

where Fheat and Frad are the surface heat flux and the

radiation flux defined as positive outward (to the surround-

ings), T* is the effective radiation temperature, dA is a

small surface element and the integration is taken over

the whole surface of the system. The effective radiation

temperature can be set to a colour temperature defined by

the frequency of radiation through Wien’s displacement

law, or a brightness temperature defined by the flux density

of radiation � both temperatures become identical for

black body radiation (Landau and Lifshitz, 1980, Sec. 63).

The rate of entropy increase in the whole system (i.e., the

entropy production rate) is given by the sum of eqns. (A5)

and (A6):

_Swhole ¼
Z
V

1

T

@ðqcTÞ
@t

þ divðqcTvÞ þ p div v

	 

dV

þ
Z
A

Fheat

T
dAþ

Z
A

Frad

T�
dA:

(A7)

The first volume integral represents the rate of change

of entropy of the fluid system, and the second and third

surface integrals represent that of the surrounding system.

The general expression eq. (A7) can be rewritten in a

different form. Because of the first law of thermodynamics

(the conservation law of energy), the terms in the square

brackets on the right-hand-side of eq. (A7) are related to

convergences of heat and radiation fluxes, and the rate of

heating by viscous dissipation (e.g., Chandrasekhar, 1961,

Sec. 7) as

@ðqcTÞ
@t

þ divðqcTvÞ þ p div v ¼ �div Fheat � div Frad þ U;

(A8)
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where Fheat is the diabatic heat flux density due to con-

duction and latent heat transport, Frad is the radiation flux

density and F is the rate of dissipation of kinetic energy

by viscosity per unit volume of a fluid. Here, the radia-

tion effect has been included in the energy balance equation

so as to extend our previous study (Ozawa et al., 2001;

Shimokawa and Ozawa, 2001). The surface integral in

eq. (A7) can be transformed to a volume integral by using

Gauss’s theorem:

Z
A

X

T
dA ¼

Z
V

div X

T
dV þ

Z
V

X � grad 1

T

� �
dV : (A9)

By substituting eq. (A8) in eq. (A7), and using the

relation eq. (A9), we get

_Swhole¼
Z
V

Fheat �grad
1

T

� �
dVþ

Z
V

Frad �grad
1

T�

� �
dV

þ
Z
V

U

T
dV :

(A10)

The first term represents the rate of entropy production

due to heat flux, the second term represents the rate of

entropy production due to radiation flux and the third term

represents the rate of entropy production due to viscous

dissipation. In this manipulation, the effective radiation

temperature is assumed to be identical to the local material

temperature (T*:T), that is, local equilibrium. For non-

equilibrium radiation, an additional term should be added

to the right-hand-side: �f div Frad (1/T�1/T*) dV, which

represents entropy production due to absorption of radia-

tion with a higher emission temperature (T*) by an

absorber with a lower material temperature (T).

It should be noted that the first term in the right-hand-

side of eq. (A10) can include entropy production due to

latent heat flux (vapour diffusion) in addition to sensible

heat flux. In order to show this, let us suppose a situation in

which a small amount of water molecules (n) is evaporated

from a place with higher local equilibrium temperature (T1)

to a place with lower local equilibrium temperature (T2)

where the water vapour condenses into water (e.g., clouds).

The amount of entropy production due to this water

vapour diffusion can be expressed by that of corresponding

vapour pressure from e(T1) to e(T2) as

DSdiff ¼ kn ln
eðT1Þ
eðT2Þ

; (A11)

where k is the Boltzmann constant, n is the number of the

water molecules, and e(T1) and e(T2) are equilibrium water

vapour pressure at T1 and T2, respectively (see, e.g., Pauluis

and Held, 2002). The equilibrium vapour pressure is related

to the local equilibrium temperature through the Clausius�
Clapeyron relation9:

ln
eðT1Þ
eðT2Þ

¼ L

k

1

T2

� 1

T1

 !
; (A12)

where L is the latent heat of evaporation of a water

molecule. Substituting eq. (A12) into eq. (A11), we get

DSdiff ¼ Ln
1

T2

� 1

T1

 !
: (A13)

We can see from eq. (A13) that entropy production due

to diffusion of water molecules from a place with higher

vapour pressure [e(T1)] to a place with lower vapour

pressure [e(T2)] is expressed by the latent heat flux (L n)

from the higher corresponding temperature T1 to the lower

corresponding temperature T2. We can also treat entropy

production due to evaporation of the water molecules

under an under-saturated condition as well as that due

to condensation under a super-saturated condition. Both

entropy productions result in reduction in entropy pro-

duction due to diffusion of the water molecules, since the

local vapour pressure becomes lower than the equilibrium

pressure at the evaporation place [e1Be(T1)] and it becomes

higher than that at the condensation place [e2�e(T2)]. The

total sum of entropy production (evaporation, condensa-

tion and diffusion) is, however, represented by eq. (A13) no

matter how the local irreversible processes may differ.

Equation (A13) can therefore be seen as a general expres-

sion for entropy production due to water vapour transport.

Now suppose a distribution of water vapour flux density jv

in a system with a certain distribution of temperature. The

rate of entropy production due to the water vapour flux in

the system is then given by

_Sheat; v ¼
Z
V

L jv � grad
1

T

� �
dV ; (A14)

where L jv represents the latent heat flux density in the

system.

A.2. Enthalpy difference at the sea surface

The enthalpy difference between the saturated air and the

unsaturated air near the sea surface can be expressed as

he � hs ¼ LðXe � XsÞ � 0:622 Lð1�RhÞ
eðTÞ

pa

; (A15)

9Here, we assume that the molecular volume of liquid water is

negligible relative to that of water vapour and that the ideal gas

equation is valid for the water vapour (cf. Callen, 1985).
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where Xe and Xs are the mixing ratios of the saturated air

and the unsaturated air near the sea surface, respectively,

Rh is the relative humidity, e(T) is the equilibrium water

vapour pressure and pa is the surface air pressure. In eq.

(A15) we have assumed that the water vapour pressure is

much smaller than the total air pressure (e(T) « pa). We

have used eq. (A15) to calculate the enthalpy difference in

eq. (29) with an empirical formula for the equilibrium

water vapour pressure as a function of temperature given

by Hardy (1998).
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