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Abstract

A general discussion of multiple parameter models of the atmosphere for forecasting pur-
poses is given and various ways of arriving at such models are presented. For some two-parameter
models it is possible to derive a simple graphical method of integration which may be used
before high-speed electronic computors are available. A numerical example is given. Finally
the accuracy of a two-parameter representation is investigated more closely and a comparison
is made with the accuracy of the radiosonde data. The conclusion is reached that a two-
parameter model is adequate for representing the field of pressure-heights with an accuracy
which is only slightly less than the accuracy of the radiosonde observations themsclves. Hence
models of three or more parameters are of interest merely to the extent that they are
capable of describing in a more satisfactory manner the processes of the atmosphere.

1. Introduction

The barotropic model of the atmosphere has
proven to give a very useful first approxima-
tion to the actual motion of the atmosphere
for computational purposes. The few complete
numerical forecasts that have been published
up to now show that the success of the baro-
tropic model is comparable with the success of
standard methods for forecasting at use in the
weather services. However, the computations
arc extremely voluminous as is seen for
example from the article by CHARNEY, Fjor-
TOFT and VON NEUMANN (1950). Therefore
the method seems not applicable in preatice
until we have large-capacity high-speed elec-
tronic computors at our disposal.

One of the main reasons for the large
amount of computations required is the necess-
ity to fulfil the Courant-Friedrich-Lewy’s cri-
terion for computational stability. This defines
the maximum time interval A¢ over which
extrapolation in time may be carried out,
when the grid size 4s is given. In order to have

1 This work has been supported by grants from the
Knut and Alice Wallenberg Foundation, Stockholm
and the U. S. Weather Bureau, Washington D. C.
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a fairly good resolution the grid-size must
not be chosen too large and At turns out to be
1—2 hours. This seems to be a surprisingly
short time period to a practical meteorologist,
who is accustomed to extrapolate over periods
of 24 hours with considerable success. It is
quite obvious that thesc time extrapolations are
done in different ways. In the former case a
strict Eularian method is adopted and no direct
use is made of the fact that the absolute vor-
ticity is conserved. In the practical extrapola-
tion, on the other hand, certain quasi- conser-
vative fields are moved over the map and the
local effects are computed by integrating in
time at various points on the map. The ques-
tion arises if a similar method of integration
can be advised for the barotropic model. This
has lately been done by FjorToFT (1952). By
his method one person can make a complete
24-hour forecast for an area of about 107 km?
in three hours using nothing but graphical
methods of addition and subtraction. The ex-
trapolation in time is carried out in one
time-step through the introduction of a certain
mean stream field which varies slowly and in
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which the vorticity field may be advected. One
might expect, however, that even if the vor-
ticity field is advected by the actual wind this
may be done over time periods of 6—12
hours before it is necessary to compute a new
stream field. The forecast equations of the
barotropic model may be written.

M

o~ ) (1
-4 *z + 2
n(t + Ay =n(t— A1) + g—? 24t (3)

where z is the height of the pressure surface
defining the motion, # is the absolute vorticity,
¢ is the acceleration of gravity, fis the Coriolis
parameter and J(ay, ay) = Jx,/dx Jay[dy —
— day/Ix Jay[dy. In order to obtain Jn/dt we
must know the two fields of 7 and z. However,
the relative changes with time of z are con-
siderably slower than corresponding changes
of 5 and it may therefore be possible to use
(1) and (3) alternatively over a few time steps
without computing new values z from (2) at
every instant. This procedure in which the
vorticity field is advected in the initial
wind field over several elementary time
steps may be utilized for computations with
a 2-parameter model. In this case it does
not seem be possible to derive a slowly vary-
ing mean field in which some invariant
quantity is advected, as was done by Fjor-
TOFT (1952), but we may thus try to use the
actual wind field itself and extrapolate over
6—12 hours before deriving the new stream
field. Such a method will, of course, not be
of immediate practical value in the way
Fjortoft's method for the barotropic model is,
since we cannot make a 24 hour forecast in
one step but have to use two or three, and
each time step will mean 8—r10 hours’ work
for one person. Still, it may be of some interest
for preliminary computations before high-
speed electronic computors are avarilable and
a few examples will be given here.!

1 The reader is referred to an article by CuARNEY
and PHiiies (1953) for a detailed discussion of these
probiems.
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Before we discuss this method in detail it
is of some interest to approach the multiple-
parameter models of the atmosphere for
computational purposes in a somewhat more
general way than has been done previously
(PriLies 1951, ELIASSEN 1952, EADY 1952,
ARNASON 1952).

2. Multiple-parameter models

In all models of the atmosphere advanced
so far for computational purposes, one makes
use of the geostrophic approximation in order
to express the wind field in terms of the pres-
sure field in the vorticity equation. A set of
dynamically consistent equations incorpora-
ting the geostrophicapproximation was derived
by Cuarney (1948) which implies essentially
an elimination of oscillations of the inertia-
gravity type that develop in connection with
the adjustment of the wind and pressure fields
to each other. This is probably a good approxi-
mation when we deal with large-scale quasi-
barotropic phenomena, but becomes more
questionable when we try to incorporate
baroclinic processes which are of a smaller
scale. We shall, however, in this analysis adopt
this approximation and leave the question of
the goodness of the geostrophic approxima-
tion for further investigations We shall here
also neglect effects of friction and non-adia-
batic processes.

The multiple-parameter models now es-
sentially represent attempts to simplify the
complicated  three-dimensional atmospheric
structures and behavior patterns by intro-
ducing simple assumptions about the distri-
bution of the dependent variables with res-
pect to the vertical coordinate. The name of
the model indicates the number of param-
eters used in order to describe the field of
motion. This representation is used partly
to simplify the computations and partly to
get more accurate expressions for the deriva-
tives along the vertical than finite diffe-
rences will give, in particular if only a few
gridpoints are used. As our vertical coordinate
we may choose z (height), p (pressure) or ©
(potential temperature) or any function of
these three. The dynamic and adiabatic equa-
tions become considerably simpler if p or &
are chosen. In the former case dz/dt and w (=
dp/df) will be the unknown quantities, which

Tellus V (1953). 2
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are determined from the vorticity equation
and the adiabatic equation, in the latter case
dp/dt (where y= ¢, T + ¢z) is our only de-
pendent variable and may be determined from
the vorticity equation. The adiabatic equa-
tion is automatically fulfilled by our choice of
coordinate system. It is well-known, how-
ever, that the boundary conditions at the
ground become considerably more compli-
cated in that case. We shall use p as the vertical
coordinate in the analysis below.

The two basic equations that govern the
motion are the vorticity equation and the
adiabatic equation

bz
V(x,y,p,t)=(7—;7 + v

(s)

v is the horizontal velocity, and k denotes the
vertical unit vector. The continuity equation
has aiready been used to eliminate the diver-
gence term from the vorticity equation. The
boundary conditions at the top and at the
bottom of the atmosphere are (o denotes
density)

w=0 at p=0 (6)
% v Te—2 —oatp— (7)
2 T 0 ETROU

Equation (5) may be transformed with the
aid of the hydrostatic equation and we obtain

J [dz dz w J
Z)('a—t)-Fvv%—ﬁg—P(ln@):O
(8)

where, of course, Jln 0/dp also is a unique
function of z.

In order to solve the two equations (4) and
(8) with the boundary conditions (6) and (7)
we may now follow the procedure used by
EriasseN (1952) and EADY (1952) and assume
certain parametric representations of z and
w and thus also of Jz/d¢:

Tellus V (1953), 2
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A (x, 7, 1) - Au(p)
(9)

(10)

Soyp) = Hip + X

M

z W (.\‘, Y {> ' B'“(P)

m=1I

wx, ypt)=

2, and w,, are functions to be determined from
the field of motion, while A, (p) and B, (p)
are power expressions of p given once an
for all. H (p) is the height of the various
ptressure surfaces in the standard atmosphere.
Both Eapy and Ewassen use N =2 and
M =1 (however Eapy has z as the vertical
coordinate instead of p). The boundary con-
ditions are simplified to @ = 0 at p = p, and
p =0 in ELASSEN’s model and EApY puts
w =0 at the top and the bottom of the
atsmosphere. The simplest function B, (p)
satisfying this boundary condition is a parabolic
function of the vertical coordinate.

Another possibility is to solve for @ from
equation (8) and introduce in (4) which then
contains only one unknown function dz/dt.
The boundary condition (6) must be trans-
formed in a similar way in order to eli-
minate w. It is now sufficient to introduce
one assumption such as (9), which has to
satisfy the vorticity equation and the boundary
conditions. It is of course also possible to
eliminate dz/df, but in that case we have to
use both assumptions (9) and (10). We shall
proceed as EADY and ELIASSEN.

It is quite obvious that the approximate
expressions for dz/Jt and w given by (9) and
(10) cannot satisfy the equations at all levels.
At each level where we require them to be
satisfied we obtain one relation containing
92,/dt and w,, but N + M represents the maxi-
mum number of conditions we may derive
from the two equations (9) and (10) and the
two boundary conditions without overdeter-
mining the problem. It is also seen from equa-
tion (4) that the expressions we finally obtain
for dz/dt cannot give an exact solution. The
nonlinear terms in the equations will contain
products of the functions A, (p) and B, (p).
Thus dn/dt and also dz/d* as well as w cannot
be represented by the functions A, (p) and
B, (p) originally chosen. Higher powers of p
will appear but are automatically excluded by
the method of representation. However, this is
true for any numerical solution of a not.-linear
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equation of this type. The very fact that the
function z according to the differential equa-
tions very soon will contain all possible powers
represents one of the major reasons why this
equation cannot be solved by known analyti-
cal methods at present.

From a physical point of view it is not
unreasonable to disregard these higher powers
of p. It means that we assume that the energy
originally contained in the large perturbations
dissipates via the small ones but that no ener-
gy transfer takes place in the opposite di-
rection. Of course the same thing is true in
the horizontal dimensions where we dis-
regard the small perturbations which cannot
be caught by the grid we use. Even if these
harmonics were important for the develop-
ment of atmospheric disturbances of the scale
we observe in the atmosphere, it is very
unlikely that for example the geostrophic
approximation would be valid in this case.
This assumption does not permit us to consider
the detailed structure of the motion.

It was indicated above that one way to
obtain a sufficient number of equations for the
determination of Jz/dt and w is to assume
that the two equations (4) and (8) as well as
the boundary conditions are satisfied at a pro-
per number of levels. However, this is not the
most rational way, in particular not when
M and N are small. Instead we may proceed
in the same way as Eapy and devide the
interval p = p, to p =o into a sufficient
number of intervals and require that the two
basic equations are satisfied if integrated over
these intervals. Two conditions are again
obtained by satisfying the two boundary
conditions. Another method was employed by
EriasseN who required that certain weighted
pressure means of the vorticity equation and
adiabatic equation should be satisfied if inte-
grated over the whole interval p = p, to
p = o. The question of how to determine the
appropriate equations is important particularly
when the number of parameters is small.

In the case of the barotropic or one-parametric
model it is quite obvious that the single equation
needed has to be obtained from the dynamics,
in other words from the vorticity equation.
This is done by satisfying the equation at one
level approximately in the middle of the
atmosphere (the equivalent barotropic level)
or by demanding that the vorticity equation
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be satisfied after integration over the vertical.
This model does not permit any conclusions
concerning conditions at the upper and lower
boundaires.

The next model is one where two parameters
are used to describe the field of motion, N = 2.
M can be chosen arbitrarily to some extent,
but little is gained if M > 2. (Eiassen, and
similarly Eapy, puts M = 1. The 2 + M cqua-
tions needed to determine the time-derivatives
of the parameters may again be derived in
various ways. ELIASSEN (and also Eapy) has
chosen his B, (p) so that the two boundary
conditions at the top and the bottom of the
atmosphere are automatically fulfilled and
all three equations needed (N + M =3 in
this case) are derived from integral require-
ments regarding the vorticity equation and
the adiabatic equation as was indicated in a
previous paragraph. In this way the model is
fitted to the observed structure of the atmos-
phere. However, it can be shown (see sec 3)
that these integral conditions are equivalent to
the requirement that the equations be valid
at certain levels. These levels may not be
chosen arbitrarily, but are determined by the
character of the functions A, (p), 4, (p) and
B, (p). The two levels, where the vorticity
equation is satisfied, may then be called the
equivalent-baroclinic levels for a two-parameter
model of the atmosphere.

It is true that the two-parameter models
described above permit unstable waves to
develop, which have many characteristics in
common with actually observed disturbances,
but some essential features seem not to be
accounted for. The assumption introduced
both by Eapy and ELiassEN regarding the
distribution of the vertical velocity means
that the level of non-divergence is a horizontal
or quasihorizontal surface which does not vary
with time. It is easily seen from equation (8)
that in order to remove this restriction we
must use a more detailed field of z. If & denotes
any of the variables x, y, t we obtain from (9)

J (d=z
& \dp
If only one function dA,/dp # o as Eliassen
assumes, nothing is gained by introducing

more than one function B,,(p). If on the other
Tellus V (1953), 2
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hand both 4, (p) and A4, (p) are mutually in-
dependent functions which vary with p we
may incorporate a more realistic field of ver-
tical motion. Since at least one of these func-
tions contains second powers of p the static
stability may vary horizontally in this model,
even though only two parameters are needed
in order to describe the field of z. Now being
able to introduce two parameters for describ-
ing the field of vertical motion we need a
fourth equation to determine the problem.
This fourth equation may be obtained in many
different ways but it seems most natural to
the author to try to allow for a more refined
lower boundary condition by assuming that
B, (po) # B, (po) % o0 und by using equation
(7) to obtain a relation between w, and w,.
If we extend the model in this way it does
not seem possible to derive a similar corre-
spondance between the finite difference method
and the parameter representation similar to
the one indicated above. This is intimately
related to the fact that the level of non-diver-
gence now is not necessairly an isobaric sur-
face. However, further discussion will have to
be deferred until more experience has been
gained through actual computations.

As yet very few attempts have been made
to use more than two parameters for de-
scribing the field of motion. ArRNAsSON (1952,
1953) has discussed such models and it is
clear from the presentation above that such
models can be derived in many different ways.
However, the work involved increases very
rapidly, mainly depending upon the fact that
the non-linear terms of the type v - </ will
be split up in N* terms when the expressions
(9) and (10) are introduced. It is therefore
questionable whether this is the most practical
way to proceed if we want to incorporate
additional details. It may be better to use finite
difference methods also along the vertical
axis, an approximation that becomes the better
the more layers are used.

If using a parametric representation of the
kind discussed here it is quite important to
choose the parameters in such a way they are
not correlated to each other since otherwise
the full descriptive capacity of the multiple
parameter representation is not utilized. This
criticism applies to both Eriassen’s and EADY's
2-parameter models as to ARNASON’s multiple-
parameter model. In principle this is the reason
Tellus V (1953), 2
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why a more detailed field of motion may be
described by means of only two parameters than
is the case in the models mentioned above.

3. A simplified graphical method for
forecasting with a two-parametric
model

The following analysis is based on the model
suggested by ELiasseN, but may also be
applied to EApY’s model. It seems not possible,
however, to extend it to more detailed models.
We shall neglect the vertical advection of
vorticity as well as the term k - Vw x dv/dp
and finally assume that { < f in the divergence
term of the vorticity equation. The definitions
of h and A (p) are arbitrary to a certain degree
and will be stated at a later stage. The two
forecast equations derived by EriasseN (1952)
are

L S VE L) +ave Tir=o (13
Hr = _
5 +vr V(A f)+V Vi +bvr
o _
- Ver—rf ((7—; +v-Vh> =0 (13)

where
z(x,y,p,0) = Z(x,p,0) + H(p) +

+ A(p) [h(x, y, 1) — hi]
‘7=‘j—€v5xk VT=§<Vth (14)
TN

f f

a, b, and r are constants determined from
Ay (p) and By (p) and h, is a constant = nor-
mal value of h. These two equations were
obtained from (4) by assuming

Po Do
S Vxyp)dp=0; [ p-Visypt)dp=o
(13)

Except for the constants these equations are
identical with those derived by EADY using a
method similar to the one outlined in the
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previous section. The differences in the
constants are insigniﬁcant from a principal
point of view.

In order to be able to use a graphical com-
puting method similar to the one advanced by
FiorTorr for the barotropic case we must
transform (12) and (13) into two conservation
theorems (cf CHARNEY, PHILLIPS, 1953). In fact
it is possible to find two quantities each of
which are invariant at one level. ELIASSEN
pointed out that if two levels p, and p, are
chosen so that A (p,) and A (ps) -are the two
roots of the equation

[A(p)l*—bA(p)—a =0

we may write

f)_E + Alp) i —A(p) J:
2 A(p) — A(p)

(19

(17)

T Sl .
a  A(p) — A(p)
: (% + v-w) s (18)
where

Jo=[v +A(p)ve] - V[T +f + A(p) t1]
Jo= [V + A(p)vr] - V[T +f + A(ps) La]
(19)
Multiplying (18) with A (p,) and A (p,) and
addiiig Zo (gI7() Z)ives tiis res(pic)tively (P2
Gt N—Ap)-rof(F +v-vh) —o
(20)
j_:(lz +f)—A(Pz) ff(gtﬁ -I-v-Vh> =0
(21)

where the individual derivatives d,/dt and d,/dt
refer to the levels p, and p, respectively. Ac-
cording to the definitions vr - \/k =0 and
thus (20) and (21} may be transformed into

S n-ae) s i -0 =12
&
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Introduce the finite difference expression for
¢; according to

_4gmE

b= E—a) (-r) )

where m is the scale factor for the map pro-
jection used, d is the gridsize used in computing
z;, which represents the mean value of z in the
four neighbouring points. We now define 4 to
be the difference in height between the two
levels derived above. Thus also A (p) is de-
termined. Introducing a function J () as
FjortoFT (1952) does we obtain

2 a2 — Kip) (s —2)] = —vi-

NVl zi—z + J(@)] =K (@) vi - V (21— 23)

(24)
where

(25)

To bring K; (g) inside the \/-operator with a
minimum of error we introduce a quantity G
being a constant and defined as the mean value
of z, — z, over the area. Thus we obtain

Ki(p) vi -V (z1—2) = Ki(p) Vi -
V(zi—2:—G) = vi -V (Ki(g) -
'{zl—zz—ci)*’(zi_zz_c)'vKi((p)

(26)

where the second term may be neglected. We
finally obtain

{%[E;—z,' + (@) —Ki () (21— 23— G| =
=—v; - V]zi— =z + J(p) — Ki(g) -
m—a—G) (=12 @)

These two equations are well suited for
graphical solution.

We shall now compare these equations
with those obtained by using finite differences
in order to evaluate the derivatives along the
vertical (cf. CHARNEY, PHiLLIPS, 1953). We then
choose three levels at equal distances: level a:
250 mb; level b: s00 mb; level ¢: 750 mb. At

Tellus V (1953), 2
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level a and ¢ we get by applying the vorticity
equation

for

%t g) - (28

2-A4p
Geen-—1m

{dp = 250 mb in this case). The finite differ-
ence form of the adiabatic equation at level b
gives

3—t (2e—zg) + V-V (2e—z,) - ;)—be 5 =
(30)

s being the vertical stability. If we introduce
certain mean values for s, and g, which are in-
dependant of time and put v, = 1/, (v, + v,) we
can express wp In terms of quantities at the two
levels a and ¢ and introduce in (28) and (29).
The two equations obtained in this way will
be of exactly the same form as (22), except for
the numerical constants. However, in deriving
(22) to be valid at p = p, and p = p, we have
considered the normal stratification of the
atmosphere, while the three levels chosen in
the finite difference procedure were chosen
more or less arbitrarily. By defining A (p)
from actual soundings we can derive the two
levels where the vorticity equation preferably
should be applied in finite difference form.

The interpretation of these two levels may
be expressed as follows: If the wind field is
assumed to vary with height in the manner
expressed by (14) there are two levels (but
only two, depending upon the non-linear
variation of the vorticity advection) with the
aid of which the mean vorticity advection of
the atmosphere and the differential vorticity
advection within this atmosphere may be
expressed.

4. Discussion of numerical values and
accuracy of representation

a. Determination of the levels p, and p,

EuiasseN  (1952) has given approximate
expressions for the empirical constants that
enter the equations and that determine the
two levels p; and p,. As far as the author
Tellus V (1953), 2
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knows one month’s radiosonde observations
were used and A (p) was determined with the
aid of equation (14) using the method of
least squares. It should first be pointed out
that this function may be determined in
many different ways and ultimately it should
be chosen to give the best possible forecasts.
However, the following remarks will be given
already here.

Equation (14) is used in various ways in the
equations (12) and (13) namely in order to
compute the density or temperature, the
geostrophic wind and the geostrophic vor-
ticity. In order to obtain these quantities one
or several differentiations of z have to be
performed. If now A(p) is determined by
fitting the observed z-values according to (14)
we cannot be certain that this will be the
best function A4 (p) to represent the wind field
or the vorticity field with the aid of two param-
eters. We have determined A (p), first by,
fitting equation (14) directly to the observed
values of z, secondly by computing a series
of hodographs at different points on the map
using in each case three radiosonde observa-
tions, then determining the variation of the
thermal wind with height and finally de-
termining the function A4 (p) which will give
the smallest error of

Vazs—NVz=A(p)-Vh (31

In both cases z was first determined from

_ )
z = I;_ S/ zdp, (32)

which integral was evaluated by finite differ-
ences using Ap = 100 mb. As h we have here
chosen the observed difference of z between
200 mb and 1,000 mb to represent the ther-
mal structure of the whole troposphere.
Admittedly a fairly small amount of data has
been used for these determinations: about 50
radiosonde observations in a winter situation
and about the same number in a summer
situation. In both cases the material covers
the whole North American continent. The
function A (p) has been computed for win-
ter and summer separately and is given in
table 1 column 2 and 3 respectively and
graphically in fig. 1. The method first indi-

cated above has been used to obtain these
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Fig. 1. A (p) computed for a winter and a summer situ-
ation. A4, (p) and A, (p) for the summer situation.

values. Practically the same results are obtained
if equation (31) is used. Some differences be-
tween summer and winter are observed as is
to be expected, however, mainly at high
altitudes. The variations between tropical and
polar regions probably are larger, but are
difficult to take into consideration since the
same value of A (p) must be used over the
whole area in the equations (12) and (13).
The values given here differ considerably

from those given by ELiasSEN (1952). Because
of this the values of a and b also become differ-
ent. We obtain a = o.10, which corresponds to
a = 0.30—0.35 with Eliassen’s definition of k.
b seems not to be significantly different from
zero. From equation (16) and (14) we then
obtain

[ p1~ 350 mb

| p: ~ 825 mb

which thus are the approximate pressures at
the equivalent-baroclinic levels of this two-
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b. Accuracy of a two-parameter representation

There are two different factors that have to
be considered when going from simple to
more complicated models of the atmosphere
for forecasting purposes. Primarily, how would
it be possible to treat the hydrodynamic
equations more exactly without increasing the
computational work too much, secondly, how
much details may we incorporate in our mo-
dels without going beyond the accuracy of the
input data, the temperature soundings? It is
therefore of particular interest to investigate
the accuracy of the representation given by
equation (14) or more generally by assuming
N =2 in equation (9). A few estimates have
therefore been made using the summer case.
Column 4 of table 1 gives the standard devia-
tion (o) of the value of z; (x, y, p,t) — H(p)
and in column s the standard deviation (o,)
is given of the errors of z (x, y, p, t) if
using the representation proposed by Eliassen.
The standard deviation of the corresponding
temperature error (o7, at various levels 1s
given in column 6. It is clearly seen that con-
ditions near the ground are not very well
described, while the temperature field in the
rest of the troposphere is represented with an
accuracy of about 2.5° C. Between 200 and
300 mb the accuracy is again slightly less,
obviously depending upon the variation of
the height of the tropopause. It should be
remembered that the function A (p) used here
has been determined to fit this particular case,
and thus these figures probably become
slightly larger if the application is made to

parameter model of the atmosphere. another weather situation. However, the
Table 1.

1 | 2 | 3 4 5 6 7 8 9 10 II 12
Alp) A(p) Oy O2 T3 Gy
mb winter | summer | I0 10 O;T’ A, (p) A, (p) 10 O-To‘ o f’" 10

case case feet | feet C feet C Cj1o0 feet
1000 | —0.53 | —0.47 18 10 0.11 — 0.47 8 6 1
900 —o0.41 | —o0.38 17 6 7'(5) 0.27 —0.36 4 -5 0.50 2
800 -—o0.30 | —o0.27 23 4 4'0 0.49 —o0.25 4 2'5 0.30 3
700 —o0.19 | —o0.16 31 5 g'o 0.70 —0.16 5 z'g 0.25 4
600 —o0.05 | —0.03 42 6 I' 0.96 — 0.06 6 1. 0.10 5
500 0.08 0.10 53 7 2'2 I.21 0.05 7 1'5 0.10 7
400 0.24 0.27 68 9 2'0 1.55 0.18 8 zlg 0.15 9
300 0.41 0.47 82 10 {7 7 1.94 .33 8 : 0.15 12
200 0.47 0.53 88 10 45 1.99 0.56 8 3'?) 0.15 15
100 0.28 | —o0.07 39 21 35 0.77 0.20 19 3 —

Tellus V (1953), 2
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values of A (p) scem to vary only a small
amount from one case to another as can been
seen from a comparison between the winter
and summer cases {col. 2 and 3). Normally
we therefore may expect these values to be
perhaps 10—20 % larger, at 200 and 100 mb
maybe still somewhat more.

In section 2 it was very briefly indicated
how a somewhat more adjustable 2-parameter
model might be obtained by trying to de-
termine two empirical functions A, (p) and
A, (p) instead of just one as in Eliassen’s mo-
del.  Before developing the equations that
would govern such a model it is of some in-
terest to see if such an attempt would give a
more accurate representation of reality. In
the columns 7 and 8 of table 1 these two
functions are given as obtained in this par-
ticular case (cf fig. 1). As our parameter z,

we have chosen Z — H (p) and for the other
parameter z,

2, (%, p, 1) = [z (x, y, 200, 1) — H (200) —
— A, (200) * 2 (%, 7, )] — [200s (, y, 1000, ) —

— H (1000) — 4, (1000) - 2, (x, 9, 1)]

[n the columns 9, 10 and 11 the standard de-
viations of the errors in this representation of
z (x, y, p,1),[03], and the corresponding standard
deviations of the errors of the temperature
(or5) and static stability (o) are given. A
slight improvement is obtained if compared
with the representation proposed by Eliassen,
but it is surprisingly small. The error of the
determination of stability is quite large in the
layers close to the surface of the earth but varies
between 0.10 and 0.15° C/100 m in the middle
and upper part of the troposphere. However,
the errors of this representation still show
certain systematic characteristics that probably
are real. This cannot be judged, however,
until we have made a comparison with the
accuracy of the various radiosondes in use at
present.

A comparison between six different kinds
of radiosondes has recently been made in
Payerne, Switzerland (cf. e.g. NYBERG, 1952).
From this investigation we have determined
the standard deviation of the error in com-
puting the height of various pressure levels
and these values have been entered in column
12 of table 1. Above 600 mb the errors in the ob-
Tellus V (1953), 2
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servations are as large as or larger than the errors
introduced by a two-parameter representation.

In relatity the situation is somwehat better
than these figures indicate. In USA for example
the same kind of radiosonde is used over the
whole continent which reduces the errors,
in particular when computing gradients of
z. However, these figures clearly indicate that
the exactness of the dynamic equations must not be
carried too far but must also be determined from
the accuracy of the observations.

The fact that the errors in the representation
of z remain comparatively small up to about
200 mb depends upon our choice of the second
parameter as the difference between 200 mb
and 1,000 mb. In order to increase the accuracy
at lower levels, where the observations justify
it, this second parameter should be chosen as
the difference between for example 300 mb
and 1000 mb or may be even 400 mb and
1000 mb.

5. An example of a baroclinic forecast

We shall finally give an example of fore-
casting with the two-parameter model using
the graphical method indicated in section 3.
We have chosen a case over USA in which a
marked baroclinic development took place. The
300 mb and 700 mb maps have been used since
the heights of the 350 and 825 mb levels were
not available. The variable Z has in this case
been computed from z = 0.4 [z (x, y, 300, ¢)
+ z (x, y, 700, t)], while & has been assumed
to be h = (2 (x, y, 300, f) — z (2, y, 700, t)).
As a comparison a barotropic forecast with
Fjortoft’s method has been made using the
500 mb map. The initial maps as well as the
observed and forecasted 12-hour changes are
shown in figs. 2—10. The effects of the
mountains have been included in a way that
was described by BouN, CHARNEY, (1951).
In tables 2 and 3 some figures are given to
express the success of the forecasts.

Table 2. Correlation coefficients between observed
and computed 12-hour changes

Obs.  s00o-mb change — Comp. barotropic
change....... ... 0.72
Obs. 300 + 700-mb  change — Comp. baro-

clinic z; + z, change........................ 0.79
Obs. 300 — 700-mb  change — Comp. baro-
clinic 2, — 2z, change ...................... 0.72
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Fig. 2. Contour-field of the 700 mb surface Feb. 6, 1951,

15 GMT. Lines are drawn for every 100 feet.

Fig. 3. Contour-field of the 300 mb surface Feb. 6, 1951,
15 GMT. Lines are drawn for every 200 feet.
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Fig. 4. Computed 12-hour change of the 700 mb surface
from Feb. 6, 15 GMT—Feb. 7, 03 GMT 1951. Unit

100 feet.
Table 3. Standard deviations of observed and
computed 12-hour changes (100 feet).
f Obs. soomb change ........................ 2.3
\ Barotropic forecast (using soomb) ........... 1.9
{ Obs. change of 300 + 700 mb ............... 4.6
\ Comp. change of 2y, + 2 ................... 4.4
§ Obs change of 300—700 mb................ 2.0
} Comp. change of 2, — 2, ..oo.ovvviuno..... 1.7

A slight improvement is obtained if com-

Fig. 5. Observed 12-hour change of the 700 mb surface
from Feb. 6, 15 GMT—Feb. 7, 03 GMT 1951. Unit
100 feet.

pared with the barotropic forecast and in
particular the intensification of the trough
over the Middle West is better described by
the 2-parameter model. When inspecting the
maps more closely there are two facts that
should be brought out.

1. The computed centre of maximum fall is
systematically displaced to the north of the
observed centre, an observation that has also

Tellus V (1953), 2
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Fig. 6. Computed 12-hour change of the 300 mb surface
from Feb. 6, 15 GMT—Feb. 7, 03 GMT 1951. Unit
100 feet.

Fig. 7. Observed 12-hour change of the 300 mb surface
from Feb., 6, 15 GMT—Feb. 7, 03 GMT 1951. Unit
100 feet.

Fig. 8. Computed 12-hour change of the s00 mb surface
from Feb. 6, 15 GMT—Feb. 7, 03 GMT 1951. Unit
100 feet.

been made in Princeton (CHARNEY, PHiLLIPS,
1953).

2. The observed changes are considerably
more concentrated into sharp maxima than
is computed. This seems to be an indication
that the influence between different points is
too large in the way the forecast is made. It
Tellus V (1953), 2
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Fig. 9. Observed 12-hour change of the soo mb surface
from Feb. 6, 15 GMT—Feb. 7, 03 GMT 1951. Unit
100 feet.

may also to some extent depend upon using
too large a grid-size, which will smooth the
field. Some smoothing is also introduced by
the graphical method.

However, the final judgement cannot be
made until a series of forecasts has been
made, preferably by using a machine.
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