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ABSTRACT
This paper presents an atmospheric axisymmetric balanced model for a zero potential vorticity vortex that is vertically
confined between two frictional boundary layers. Zero potential vorticity has the consequence that the potential temper-
ature does not vary on angular momentum surfaces. This leads to neutrality with respect to symmetric instability. The
axisymmetric balanced model conserves this flow property when the diabatic heating and the torque also do not vary on
angular momentum surfaces. With these conditions and a transformation to the potential radius coordinates, the model
reduces to prognostic equations for the physical radii at the lower and upper boundaries. The knowledge of these radii
is sufficient to deduce all dynamic fields of the axisymmetric vortex. Analytical solutions can be obtained for vanishing
viscosity and a prescribed heating profile. However, these solutions may reveal a frontal collapse in a finite time. This
circumstance can be avoided by the inclusion of a horizontal diffusion term within the boundary layers. Then, the model
produces a vortex resembling a tropical cyclone for a typical heating profile. It is suggested that the model might be
used for a better conceptual understanding of tropical cyclogenesis.

1. Introduction

The potential vorticity (PV) theorem by Ertel (1942) proved to be
very useful for the understanding of fluid dynamics in balanced
models. An important implication is the invertibility principle,
which states that all dynamic fields in a balanced model can be
deduced from the PV distribution and the potential temperature
at the boundaries (Hoskins et al. 1985). Therefore, we can derive
dynamic fields solely by boundary values if the PV gradient van-
ishes everywhere. Perhaps the most significant analysis of such
a uniform PV case stems from Eady (1949) with his model of
baroclinic instability. Beside this work, there are many more illu-
minating studies on atmospheric uniform PV flows (e.g. Drazin
1970; Hoskins and Bretherton 1972; Hoskins 1976; Hoskins and
West 1979; Blumen 1978; Shutts 1981; Emanuel 1986; Davies
et al. 1991; Held et al. 1995).

The present paper deals with the special case of an axisym-
metric vortex with zero PV. Such a vortex was first studied by
Shutts (1981) to describe idealized hurricane structures. Zero
PV implies that the absolute vorticity vector directs tangen-
tially to isentropic surfaces. This condition is hardly fulfilled
in the real atmosphere. However, implications may be drawn for
convective vortices in which this condition is suitable for a PV
based on saturated moist entropy (saturated moist PV). Indeed,
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the steady-state hurricane model of Emanuel (1986) assumes a
zero saturated moist PV distribution. Furthermore, Hoskins and
Bretherton (1972) stated that saturated moist PV almost vanishes
in well-developed fronts. Shutts (1981) found that the essential
structure of a hurricane vortex can even be described quite well
for dry zero PV.

The condition of zero PV leads to neutrality with respect to
symmetric instability (e.g. Eliassen and Kleinschmidt 1957).
This condition is in accord with the so-called wind-induced
surface heat exchange (WISHE) instability theory by Emanuel
(1987), where the atmosphere is assumed to be always held in
a hydrodynamically neutral state so that the convective heating
is entirely controlled by surface heat fluxes. Therefore, a zero
PV vortex model might be suitable for a rudimentary investi-
gation of cyclogenesis by the WISHE mechanism. This issue
will be investigated in a future study. The present paper intro-
duces a balanced model of an axisymmetric zero PV vortex in
a more general context and presents some simple applications
where the convective heating is prescribed as an external forcing.
The paper is structured as follows. Section 2 outlines the basic
equations of the model, which are based on the transformed
Eliassen balanced vortex model derived by Schubert and Hack
(1983, hereafter SH83). In Section 3 these equations are dras-
tically simplified by the assumption of vanishing PV. Then, the
model consists of prognostic equations for the physical radii at
the lower and upper boundaries. One can deduce all dynam-
ical fields from the knowledge of the physical radii at these
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boundaries. Section 4 describes some simple solutions of the
vortex model for a prescribed heat source. In Section 5 moist
effects are considered by using the saturated moist entropy as
the thermodynamic variable. Section 6 summarizes the outcome
of this study.

2. Basic equations

The Eliassen balanced model (Eliassen 1951) describes a circu-
lar symmetric inviscid flow in a uniformly rotating atmosphere
and assumes hydrostatic as well as gradient wind balance. In the
present study, the inviscid atmosphere is coupled to horizontal
boundary layers which lie below and above. The basic model
equations are equivalent to those derived by SH83 with the ex-
ceptions that an upper boundary layer is introduced and that a
torque is not excluded. The derivation in this section closely
follows SH83.

2.1. Free atmosphere

The model uses the pressure-based pseudo-height coordinate in-
troduced by Hoskins and Bretherton (1972). This vertical coor-
dinate is given by

z =
[

1 −
(

p

p0

)(γ−1)/γ
]

Ha, (1)

where p is the pressure, p0 is a mean surface pressure and γ is
the adiabatic exponent. H a denotes the height where the pres-
sure vanishes for an isentropic atmosphere having the reference
potential temperature θ 0. As a result of the assumed circular sym-
metry, it is convenient to use cylindrical coordinates. Therefore,
all fields can be expressed as functions of time t, radius r and
pseudo-height z. The model equations for the free atmosphere
are given by the gradient wind balance, angular momentum, hy-
drostatic balance, continuity and thermodynamic equations:

v2

r
+ f v = ∂φ

∂r
, (2)

∂ M

∂t
+ u

∂ M

∂r
+ w

∂ M

∂z
= Svr , (3)

∂φ

∂z
= g

θ0
θ, (4)

1

r

∂

∂r
(ru) + 1

ρ

∂

∂z
(ρw) = 0, (5)

∂θ

∂t
+ u

∂θ

∂r
+ w

∂θ

∂z
= Q. (6)

Here, u is the radial velocity, v is the tangential velocity, w is the
vertical velocity, M = vr + 1/2 f r 2 is the angular momentum
per unit mass, θ is the potential temperature,φ is the geopotential,

Sv is the momentum source for v, Q is the potential temperature
tendency due to diabatic effects, f is the Coriolis parameter, and
g is the acceleration due to gravity. The so-called pseudo-density
ρ depends only on z and is given by

ρ(z) = ρ0

(
1 − z

Ha

)1/(γ−1)

. (7)

The free atmosphere lies between two horizontal boundary
layers at z = 0 and z = H . The coupling is established by the
kinematic boundary conditions

w|z=0 = wb, w|z=H = wt, v|z=0 = vb, v|z=H = vt, (8)

where wb (w t) is the vertical velocity and vb (v t) is the tangential
velocity at the top (bottom) of the lower (upper) boundary layer.

From the governing eqs. (2)–(6) one can derive the PV equa-
tion which is given by

dq

dt
= ζ·∇Q

ρ
+ eλ · ∇θ × ∇(r Sv)

rρ
with q = 1

ρ
ζ· ∇θ, (9)

where eλ denotes the unit vector in the tangential direction, q
is the PV and ζ is the absolute vorticity, which is related to the
angular momentum by

ζ = −1

r
eλ × ∇M . (10)

The latter equation states that the vorticity vector is directed par-
allel to the angular momentum isolines, which is a well-known
property of axisymmetric flows (e.g. Kleinschmidt 1951). The
PV equation for Sv = 0 has the same form as the Ertel theorem
Ertel (1942) applied for an axisymmetric vortex with the excep-
tion that in the Ertel law ρ and z are the real density and height,
respectively. The PV equation states that PV will be conserved
if the heat source Q and the torque rSv do not vary along isolines
of angular momentum and potential temperature, respectively.
The present study is restricted to the special case where the PV
vanishes always and everywhere. Therefore, isolines of angular
momentum coincide with isentropes.

2.2. Boundary layers

Following SH83, local time derivatives are neglected in the thin
boundary layers of vertical depth h. Furthermore, vertical in-
dependence of all variables except for the vertical velocity is
assumed. Then, the tangential wind equation reduces to

ζbub = Db, ζtut = Dt, (11)

where ζ is the vertical component of absolute vorticity and D is
the tangential frictional force. The subscripts ‘b’ and ‘t’ denote
that the variables are evaluated at z = 0 and z = H , respectively.

By integrating the continuity equation vertically, one can de-
rive the vertical velocity at the top (bottom) of the lower (upper)
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boundary

wb = −h

r

∂

∂r

(
r

Db

ζb

)
, wt = h

r

∂

∂r

(
r

Dt

ζt

)
, (12)

where the vertical variation of pseudo-density has been ne-
glected. These boundary conditions are needed for the coupling
to the free atmosphere.

2.3. Transformation of the radius coordinate

For the present analysis it is necessary to transform the radius
coordinate as in SH83. In this paper, the radius coordinate r is
replaced by the so-called potential radius

R =
(

2

f
vr + r 2

)1/2

=
(

2

f
M

)1/2

. (13)

The other coordinates remain unchanged but the letters T and
Z are used instead of t and z to stress that R is held fixed when
partial derivatives are applied.

The transformation leads after some algebra to the following
closed set of equations (see SH83 for more details):

∂r

∂T
+ 1

f

r

R
Sv

∂r

∂ R
+ 1

ρ

R

r

∂ψ∗

∂ Z
= 0, (14)

∂θ

∂T
+ 1

f

r

R
Sv

∂θ

∂ R
+ q

f

1

R

∂ Rψ∗

∂ R
= Q, (15)

− f 2 R3

r 3

∂r

∂ Z
= g

θ0

∂θ

∂ R
, (16)

q = f

ρ

(
r

R

∂r

∂ R

)−1
∂θ

∂ Z
. (17)

Here, ψ∗ denotes the mass streamfunction of a modified trans-
verse circulation given by (ρu∗, ρw∗) = (rρ/R(u − w ∂r/∂ Z ),
ρ f /ζ w) which is non-divergent in transformed space. This
holds even for Ṙ �= 0. Boundary values of ψ∗ are needed to
solve the system. The streamfunction vanishes at R = 0 and
R → ∞. The boundary conditions (12) can also be written in
terms of ψ∗:

ψ∗
b = −ρb

hr 2
b

f R2

∂rb

∂ R
Db, ψ∗

t = ρt
hr 2

t

f R2

∂rt

∂ R
Dt. (18)

The ratio r/R appears several times in the transformed equa-
tion set. For large radii this ratio can be approximated by 1. By
using this approximation and replacing 1/R∂(Rψ∗)/∂ R with
∂ψ∗/∂ R the model becomes equivalent to a semigeostrophic
slab-symmetric model. A comparison with the slab-symmetric
model may be useful to isolate the effects of curvature.

There are many more useful relations that can be derived in
the transformed system (see SH83 and Thorpe 1985) but these
are not needed in the present context. The conventional proce-
dure to solve the system is to eliminate time tendencies from

eqs. (14) and (15) to obtain a diagnostic equation for ψ∗. Solv-
ing this equation gives the velocity (u∗, w∗) that can be used to
calculate time tendencies. The present study restricts the model
to the special case of vanishing PV. Then, the equation set can be
simplified further as will become clear in the following section.

3. Zero potential vorticity vortex model

By assuming vanishing PV and non-zero absolute vorticity one
finds that

∂θ

∂ Z
= 0. (19)

Therefore, θ is vertically independent in transformed space and
the integration of the thermal wind equation gives

r 2 =
[

1

r 2
0

+ 2g

f 2 R3θ0

∂θ

∂ R
(Z − Z0)

]−1

, (20)

where r 0 denotes the physical radius at the height Z 0. There-
fore, angular momentum isolines have 1/r 2 shape in the physical
(r , z)-space where the contours slope outward (inward) for a
warm (cold) core vortex.

On the other hand, vertical integration of eq. (14) multiplied
with ρ r gives(

∂

∂T
+ Ṙ

∂

∂ R

)
F = R(ψ∗

b − ψ∗
t ), (21)

where

F =
∫ H

0

r 2

2
ρ dZ and Ṙ = rb Sv

R f
.

For the derivation of eq. (21) it was assumed that the radial
velocity in transformed space R does not vary along angular
momentum isolines in order to ensure PV conservation. The in-
tegral quantity F is proportional to the mass inside the respective
angular momentum surface. The mass can be changed by mass
fluxes at the upper and lower boundaries or by a change of angu-
lar momentum due to the torque rSv. Because of the integrated
thermal wind eq. (20), one can also express F as a function of
r0 = r |Z=Z0 and G(R, T ) = 2 g/( f 2 R3θ 0)∂θ/∂ R:

F(r0, G) = 1

2

∫ H

0

ρ

r−2
0 + G(Z − Z0)

dZ . (22)

This leads to the following prognostic equation for the phys-
ical radius r 0

∂r0

∂T
+ Ṙ

∂r0

∂ R
= 2g

f 2θ0 R3

[
1

R3

∂(R3 Ṙ)

∂ R

∂θ

∂ R
− ∂ Q

∂ R

]
∂ F

∂G

/
∂ F

∂r0

+ R(ψ∗
b − ψ∗

t )

/
∂ F

∂r0
, (23)

which can be integrated by knowing the upper and lower bound-
ary values of ψ∗. Therefore, it is suitable to evaluate this equation

Tellus 57A (2005), 1



58 T. FRISIUS

at the upper and lower boundaries. By doing this and noting that

G = 2g

f 2 R3θ0

∂θ

∂ R
= 1

H

(
1

r 2
t

− 1

r 2
b

)
= 1

H

r 2
b − r 2

t

r 2
b r 2

t

(24)

one arrives at the following two equations:

∂rb

∂T
+ Ṙ

∂rb

∂ R
=

[
1

R3

∂(R3 Ṙ)

∂ R

r 2
b − r 2

t

Hr 2
b r 2

t

− 2g

f 2 R3θ0

∂ Q

∂ R

]

× ∂ F

∂G

∣∣∣∣
rb

/
∂ F

∂rb

∣∣∣∣
G

+ R(ψ∗
b − ψ∗

t )

/
∂ F

∂rb

∣∣∣∣
G

,

(25)

∂rt

∂T
+ Ṙ

∂rt

∂ R
=

[
1

R3

∂(R3 Ṙ)

∂ R

r 2
b − r 2

t

Hr 2
b r 2

t

− 2g

f 2 R3θ0

∂ Q

∂ R

]

× ∂ F

∂G

∣∣∣∣
rt

/
∂ F

∂rt

∣∣∣∣
G

+ R(ψ∗
b − ψ∗

t )

/
∂ F

∂rt

∣∣∣∣
G

.(26)

These two equations form the zero PV vortex model and can be
integrated when Sv, Q, Db and D t are suitably parametrized.
For a realistic value of γ (γ is nearly 7/5 in the atmosphere) the
integral (22) leads to a rather complicated function. The neces-
sary integrals for γ = 7/5 are given in the appendix. The present
paper concentrates on the Boussinesq approximation where ρ is
assumed to be constant and coincides with the density ρ 0 at Z =
0. This simplification makes the model more transparent and is
satisfactory for conceptual purposes. Then, the model equations
take the form:

∂rb

∂T
+ Ṙ

∂rb

∂ R
=

[
1

R3

∂(R3 Ṙ)

∂ R

r 2
b − r 2

t

Hr 2
b r 2

t

− 2g

f 2θ0 R3

∂ Q

∂ R

]

× r 3
b r 2

t H

2r 2
b − 2r 2

t

[
1 − r 2

b

r 2
b − r 2

t

ln

(
r 2

b

r 2
t

)]

− h

H

rb

f r 2
t R

(
r 2

b

∂rb

∂ R
Db + r 2

t

∂rt

∂ R
Dt

)
, (27)

∂rt
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∂ R
=

[
1

R3

∂(R3 Ṙ)

∂ R

r 2
t − r 2

b

Hr 2
b r 2

t

+ 2g

f 2θ0 R3

∂ Q

∂ R

]

× r 3
t r 2

b H

2r 2
t − 2r 2

b

[
1 − r 2

t

r 2
t − r 2

b

ln

(
r 2

t

r 2
b

)]

− h

H

rt

f r 2
b R

(
r 2

b

∂rb

∂ R
Db + r 2

t

∂rt

∂ R
Dt

)
. (28)

The treatment of the first terms on the right-hand sides of
both equations becomes numerically difficult when r b → r t, i.e.
the temperature gradient almost vanishes. Then, it is suitable to
expand them in a Taylor series leading to the approximations

r 3
b r 2

t H

2r 2
b − 2r 2

t

[
1 − r 2

b

r 2
b − r 2

t

ln

(
r 2

b

r 2
t

)]
≈

−r 3
b H

2

[
1

2
− 1

6

(
r 2

b

r 2
t

− 1

)]
(29)

and

r 3
t r 2

b H

2r 2
t − 2r 2

b

[
1 − r 2

t

r 2
t − r 2

b

ln

(
r 2

t

r 2
b

)]
≈

−r 3
t H

2

[
1

2
− 1

6

(
r 2

t

r 2
b

− 1

)]
. (30)

These approximations are valid as long as | r 2
b − r 2

t | � (r 2
b

+ r 2
t )/2, and find application when the temperature gradient

becomes small or the physical radii are very large. In the case of
uniform PV, one can deduce all dynamic fields from boundary
values. In the present model the knowledge of the physical radii
is sufficient. The following relations can be used to calculate all
important dynamic fields:

r 2 =
[

1

r 2
b

+ Z

H

(
1

r 2
t

− 1

r 2
b

)]−1

, (31)

∂θ

∂ R
= f 2 R3θ0

2gH

(
1

r 2
t

− 1

r 2
b

)
, (32)

v = f

2

R2 − r 2

r
, (33)

ζ = f
R

r

(
∂r

∂ R

)−1

, (34)

θ = −
∫ ∞

R

∂θ

∂ R
dR + lim

R→∞
θ, (35)

ψ∗

ρ0
=ψ∗

b

ρ0
+ 1

2G R

[
∂ Q

∂ R

/
∂θ

∂ R
− 1

R3

∂(R3 Ṙ)

∂ R

]
ln(1 + Gr 2

b Z )

−
{[

∂ Q

∂ R

/
∂θ

∂ R
− 1

R3

∂(R3 Ṙ)

∂ R

]
r 2

b Z

+2

(
∂rb

∂T
+ Ṙ

∂rb

∂ R

)
rb Z

} [
2R(1 + Gr 2

b Z )
]−1

, (36)

ρ0w = ζ

f

1

R

∂

∂ R

(
Rψ∗) , (37)

ρ0u = − R

r

∂ψ∗

∂ Z
+ w

∂r

∂ Z
. (38)

4. Some simple solutions

4.1. Inviscid case

Further simplifications emerge when the boundary layers and
the torque are excluded. Then, the prognostic equations for the
physical radii take the form:

∂rb

∂T
= − gH

f 2θ0 R3

r 3
b r 2

t

r 2
b − r 2

t

[
1 − r 2

b

r 2
b − r 2

t

ln

(
r 2

b

r 2
t

)]
∂ Q

∂ R
, (39)
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∂rt

∂T
= gH

f 2θ0 R3

r 3
t r 2

b

r 2
t − r 2

b

[
1 − r 2

t

r 2
t − r 2

b

ln

(
r 2

t

r 2
b

)]
∂ Q

∂ R
. (40)

These equations do not include spatial derivatives except for the
term ∂ Q/∂ R. For a prescribed ∂ Q/∂ R, analytical solutions can
be found. However, this apparent advantage of the inviscid model
is accompanied by the possibility of a frontal collapse in a finite
time. This occurs when

∂r

∂ R
= 0, (41)

i.e. absolute vorticity becomes infinite. The possibility of a
frontal collapse is a well-known property of two-dimensional
models based on the geostrophic momentum equations. This
was found by Hoskins and Bretherton (1972) by investigating
frontogenesis in a horizontal deformation flow. The effect of this
‘external’ flow can be interpreted as a momentum forcing Ṙ �= 0
acting on the frontal-scale flow (see their eq. 3.6). They showed
amongst other things that a frontal collapse results for a zero PV
frontal-scale flow. Therefore, momentum forcing Ṙ �= 0 together
with Q = 0 may lead to a frontal collapse as well as differential
heating ∂ Q/∂ R �= 0 with Ṙ = 0. The latter will be demonstrated
in the following.

The analytical solution of the inviscid model can be obtained
by recalling that the mass term F will be conserved in the inviscid
case. F can be expressed as

F(rb, G) = ρ0

2G
ln(1 + Gr 2

b H ) (42)

or

F(rt, G) = − ρ0

2G
ln(1 − Gr 2

t H ). (43)

Therefore, one obtains

rb =
{

f 2 R3θ0

2gH

[
exp

(
4gF

ρ0 f 2 R3θ0

∂θ

∂ R

)
− 1

]/
∂θ

∂ R

}1/2

, (44)

rt =
{

f 2 R3θ0

2gH

[
1 − exp

(
− 4gF

ρ0 f 2 R3θ0

∂θ

∂ R

)]/
∂θ

∂ R

}1/2

, (45)

where θ = θ |T =0 + ∫ T
0 Q dT and F = ρ0

∫ H
0 1/2r 2 |T =0 dZ .

The occurrence of a frontal collapse can be estimated by the
radial derivatives of the squared physical radius. These are given
by

∂r 2
b

∂ R
= 1

G2 H

[(
2FG

ρ0
− 1

)
e2FG/ρ0 + 1

]
∂G

∂ R

+ 2

ρ0 H
e2FG/ρ0

∂ F

∂ R
, (46)

∂r 2
t

∂ R
= 1

G2 H

[(
2FG

ρ0
+ 1

)
e−2FG/ρ0 − 1

]
∂G

∂ R

+ 2

ρ0 H
e−2FG/ρ0

∂ F

∂ R
. (47)

The second terms on the right-hand sides of these equations
always take a positive value because the mass term F monoton-

ically grows with increasing potential radius. The factor before
∂G/∂ R has a positive value in eq. (46) and a negative value in
eq. (47). Therefore, a frontal collapse cannot take place both at
the lower and upper boundaries for the same potential radius.
The radial derivative of G takes the form

∂G

∂ R
= 2g

f 2 R3θ0

(
∂2θ

∂ R2
− 3

R

∂θ

∂ R

)
. (48)

Consequently, for a warm core vortex with ∂ θ/∂ R < 0 a frontal
collapse will be more likely at the upper boundary because
∂2 θ/∂ R2 and −∂θ/∂ R are both positive in the outer part of
the vortex, but negative values of ∂G /∂ R are less likely because
of the negative temperature gradient. For example, the heating
profile Q = Q0 exp(−R2/R2

0) cannot cause a frontal collapse
at the lower boundary. If, on the other hand, heating appears at
some distance from the vortex center (as, for example, in the eye-
wall of a tropical cyclone) a lower boundary frontal collapse will
be very probable. This has already been pointed out by Emanuel
(1997) who found that the inner edge of the tropical cyclone’s
eyewall is strongly frontogenetic.

In the following some simple solutions of the model are pre-
sented where the model constants are chosen to be

f = 0.5 × 10−4 1

s
, θ0 = 273 K and H = 10000 m.

Figure 1 displays the evolution of the upper and lower boundary
vorticity maxima for

Q = Q0 exp

(
− R2

R2
0

)
, (49)

where R0 = 250 km and Q0 = 1 K d−1. The solid and dashed
lines show the evolution when the initial flow is at rest, whereas
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Fig 1. Time evolution of vorticity maxima for the solutions with
maximum heating at R = 0. The solid and dashed lines show the lower
and upper boundary vorticity maxima, respectively, for the solution
without an initial vortex. The dotted and dot-dashed lines display the
corresponding results for the solution with an initial barotropic vortex.
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Fig 2. Radius–height cross-section in physical space for tangential
wind (thick lines) and potential temperature (thin lines). (a) Solution
without initial vortex at t = 10 h (contour interval 1 m s−1 for
tangential wind and 0.05 K for potential temperature). (b) Solution
with an initial barotropic vortex at t = 118 h (contour interval 5 m s−1

for tangential wind and 0.5 K for potential temperature).

the dotted and dashed lines represent the results for an initial
barotropic vortex withv =v0 R/R0 exp[−(R2/R2

0 −1)/2] where
v0 = 10 m s−1. A frontal collapse occurs at the upper bound-
ary at t = 11 h for the solution without an initial vortex and at
t = 118 h for the solution including the initial vortex. There-
fore, the presence of an initial vortex delays the frontal collapse
considerably due to the stronger inertial vortex stability. Fig-
ure 2 shows the tangential wind and potential temperature at a
time just before the frontal collapse takes place. The solution

without an initial vortex (Fig. 2a) only achieved a maximum
wind of 5 m s−1 at the surface at a physical radius of about
110 km. The maximum upper level anticyclonic flow lies at a
much larger physical radius and has a somewhat larger magni-
tude than the lower level cyclonic flow. The frontal collapse at
the upper boundary arises due the strong radial displacements of
the isentropes. For the solution with an initial vortex (Fig. 2b)
the cyclonic winds are much stronger than the anticyclonic
winds. Now, the wind structure much more resembles that of a
tropical cyclone vortex although the intensity is too weak. Simi-
lar heating profiles were used by Hack and Schubert (1986) and
Schubert and Alworth (1987) in the Eliassen balanced model
but with a stronger forcing. Nevertheless, they obtain a simi-
lar vortex amplification because their model starts with a stably
stratified atmosphere. Then, a larger fraction of heating will be
used up to generate potential energy that cannot be converted
to kinetic energy. They detect no frontal collapse, presumably
because they have a flexible tropopause instead of a rigid lid.

To see the effect of a heating maximum at a finite radius,
another solution is described here for which the heating is given
by

Q = Q0
R2

R2
0

exp

(
− R2

R2
0

+ 1

)
, (50)

where R0 and Q0 take the same values as before. Then, the
maximum heating is located at R = 250 km. Figure 3a displays
the evolution of the corresponding vorticity maxima. It can be
seen that the heating profile produces a frontal collapse first at the
lower boundary and afterwards at the upper boundary. In Fig. 3b,
showing tangential wind and temperature just before the front
collapses, it can be seen that the lower boundary front formed
just inside of the radius of the heating maximum. Because of
the positive radial temperature gradient, the flow is anticyclonic
at the lower boundary near the vortex centre. Such a pattern
is rather unlikely for real tropical cyclones because adiabatic
warming by subsidence in the eye of a tropical cyclone prevents
the development of a negative temperature gradient. In the zero
PV vortex model, adiabatic warming cannot take place due to
the neutral stratification at the vortex axis.

4.2. Effect of the density profile

This subsection examines the effect of a vertically decreasing
pseudo density given by eq. (7) for γ = 7/5. The expression for
F is given in the appendix. Because it is not possible to determine
r b and r t analytically, a Newton iteration method is used. The
absolute height H a of the atmosphere is chosen to be 28 000 m.
It appears that the upper (lower) boundary frontal collapse takes
place earlier (later) than in the corresponding Boussinesq ap-
proximated solutions. Such a behaviour results because the mass
conservation requires a stronger outflow and a weaker inflow for
the same vertical velocity profile when density decreases with
height. This is confirmed by Fig. 4, which displays the tangential
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Fig 3. Results for the solution with maximum heating at R = 250 km.
(a) The solid and dashed lines show the lower and upper boundary
vorticity maxima, respectively. (b) Radius–height cross-section in
physical space for tangential wind (thick lines) and potential
temperature (thin lines) at t = 3 h (contour interval 1 m s−1 for
tangential wind and 0.025 K for potential temperature).

wind extrema as a function of time for the heating profile (49).
Figure 4 also shows the results for the corresponding Boussinesq
solution. It becomes evident that the maximum tangential wind
is always weaker (stronger) at the lower (upper) boundary than
in the corresponding Boussinesq solution.

4.3. Effect of horizontal diffusion

It is useful to include a horizontal diffusion term to prevent a
frontal collapse. On the other hand, diffusion is not consistent
with the zero PV assumption when it acts outside the bound-
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Max. wind z=0, Ha=28km
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Fig 4. Time evolution of the tangential wind extrema for solutions with
maximum heating at R = 0. The solid and dashed lines show the lower
and upper boundary tangential wind extrema, respectively, for the
Boussinesq-approximated model. The dotted and dot-dashed lines
display the corresponding results for an atmosphere with γ = 7/5 and
H a = 28 000 m.

ary layers. Therefore, to avoid the generation of PV, diffusion
should be restricted to the boundary layer and contained in the
drag terms Db and D t. Nevertheless, in the real atmosphere,
turbulent diffusion might occur outside the boundary layer due
to deep convection or shear instabilities. Nakamura and Held
(1989) found that horizontal diffusion generates positive PV near
a frontal zone. However, the localized generation of PV is pos-
sibly not so relevant for the broad vortex structure so that the
zero PV assumption is quite acceptable for a simple conceptual
model. A simple formulation for horizontal diffusion at the lower
and upper boundaries is given by

D j = 1

r 2
j

∂

∂r j

[
kr 3

j

∂

∂r j

(
v

r j

)]

= f

2r 2
j

∂

∂r j

[
kr 3

j

∂

∂r j

(
R2

r 2
j

)]
for j = b, t, (51)

where k denotes an eddy diffusion coefficient. Because the mass
term F will not be conserved any more, the solution must be
obtained by numerical integration of eqs. (27) and (28). A nu-
merical solution will be presented in the following for a constant
eddy diffusion coefficient of k = 2 × 104 m2 s−1 and a radial
gridpoint distance of 3 km in transformed space. For lower values
of k, the numerical solution produces a frontal collapse. How-
ever, this event seems to result from the numerical scheme rather
than from the true solution of the model. First, the heating pro-
file (49) is considered. Figure 5a displays the evolution of the
upper and lower boundary vorticity maximum for the numerical
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Fig 5. Results for the solution with horizontal diffusion and maximum
heating at R = 0. (a) The crosses and the dashed line show the lower
and upper boundary vorticity maxima without diffusion, respectively.
The dotted and dot-dashed lines display the corresponding results for k
= 20 000 m2 s−1. (b) Radius–height cross-section in physical space for
tangential wind (thick lines) and potential temperature (thin lines) at t
= 240 h for k = 20 000 m2 s−1 (contour interval 5 m s−1 for tangential
wind and 2 K for potential temperature).

solution with diffusion and the analytical solution without dif-
fusion. With diffusion, the upper boundary vorticity maximum
reaches a value of about 23 f at t = 20 h and declines afterwards.
Surprisingly, the development of the lower boundary vorticity
maximum nearly coincides with that of the solution without dif-
fusion. Also, the lower boundary tangential wind profiles (not
shown) are very similar to the case without diffusion, except for
some differences in the outer part of the vortex. Therefore, the

Fig 6. As in Fig. 5b but for the solution with maximum heating at R =
250 km and a diffusion coefficient of k = 80 000 m2 s−1 (contour
interval 5 m s−1 for tangential wind and 2 K for potential temperature).

details of the upper boundary front do not have much influence
on the evolution of the lower boundary wind profile. Figure 5b
displays the tangential wind and potential temperature in phys-
ical space at t = 240 h. This vortex has a maximum tangential
velocity of 35 m s−1. The vortex structure is comparable to real
tropical cyclones with strong surface winds at a small radius
and a weak upper level anticyclonic flow in the outer part of the
vortex. Figure 6 shows the corresponding tangential wind and
potential temperature fields at t = 240 h for a simulation based
on the heating profile (50). Now, the eddy diffusion coefficient
amounts to ν = 8 × 104 m2 s−1. This high value was necessary to
prevent a frontal collapse at the lower boundary. For radii larger
than 60 km, the vortex also resembles the structure of a real trop-
ical cyclone. However, the inner core consists of a small-scale
cyclonic wind maximum at the upper boundary which does not
appear in reality (see, for example, Anthes 1982). This discrep-
ancy can be explained by the absence of adiabatic warming due
to subsidence at the origin in the present model. Therefore, a
temperature minimum always emerges instead of a maximum
when heating takes place at a finite radius.

5. Consideration of moist effects

Moist effects can be incorporated in the present model when a
saturated atmosphere is assumed and when saturated moist en-
tropy does not vary along angular momentum surfaces. Emanuel
(1986) found that the thermal wind balance equation in trans-
formed space can be written as

f 2 R3

r 3

∂r

∂ P
= ∂T

∂ P

∂s∗

∂ R
, (52)
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where ∂/∂ P is the derivative with respect to pressure along an
angular momentum surface, T denotes the temperature and s∗

is the saturated moist entropy. The latter quantity is approxi-
mately conserved in a saturated atmosphere. The transformation
to pseudo-height is straightforward because it is also based on
pressure. Therefore,

f 2 R3

r 3

∂r

∂ Z
= ∂T

∂ Z

∂s∗

∂ R
. (53)

For conceptual purposes one can treat 
 =: −∂T /∂ Z as a con-
stant. In the saturated moist model eqs. (14) and (15) remain the
same, with the difference that θ has to be replaced by s∗ and
Q is the source for moist entropy instead of diabatic heating.
Q would approximately vanish when air ascends in a saturated
environment. It can be imagined as the convective flux conver-
gence of moist air from the lower boundary layer. The PV must
be replaced by the saturated moist PV defined as

q = f

ρ

(
r

R

∂r

∂ R

)−1
∂s∗

∂ Z
, (54)

which becomes zero because moist entropy does not vary along
angular momentum surfaces. The final model equations take the
same form as eqs. (25) and (26) with the only differences that 


and s∗ replace g/θ 0 and θ , respectively.
Although the condition that saturated moist entropy does not

vary along angular momentum surfaces is reasonable for the
eyewall of a tropical cyclone, the moist model still has some
limitations. Real tropical cyclones contain an eye where dry un-
saturated air subsides. There, saturated moist entropy is not a
conserved variable and a source for saturated moist PV comes
into play. If the maximum convective flux occurs at a finite ra-
dius, the moist model will predict a temperature minimum at the
vortex centre as in the dry model. Normally, adiabatic warming
by subsidence in the eye prevents the temperature minimum.
Furthermore, much downward motion in unsaturated air occurs
also at other places than in the tropical cyclone’s eye. However,
Willoughby et al. (1984) found, in an axisymmetric tropical cy-
clone model, that the exclusion of ice-phase microphysics highly
suppresses such downdrafts but still allows the evolution of a
hurricane vortex. As a consequence, the atmosphere of the in-
ner part of the hurricane vortex is saturated nearly everywhere
except for the eye (see their fig. 6). Consequently, the assump-
tion of a saturated atmosphere outside the eye and outside the
boundary layer is reasonable for an idealized tropical cyclone
model.

6. Conclusion

This paper introduces a balanced vortex model based on the as-
sumption that PV vanishes everywhere. This assumption leads to
a drastic simplification of the governing equations to two prog-
nostic equations for the physical radii at the lower and upper
boundaries. For vanishing mass fluxes at these boundaries and

a prescribed heating profile, analytical solutions can be found.
Some simple examples reveal a likely appearance of a frontal
collapse for heating profiles that are typical for tropical cy-
clones. The timing of this collapse increases considerably when a
barotropic cyclone is initially present. The inclusion of horizon-
tal diffusion in the adjacent boundary layers prevents the frontal
collapse and makes it possible that the model generates a vortex
like a tropical cyclone. The assumption zero PV is somewhat
unrealistic because in real tropical cyclones PV has normally
a positive non-zero value due to the stable stratification. How-
ever, the model can also be interpreted in a different way when
saturated moist entropy is used as the thermodynamic variable.
Then, the atmosphere has a moist neutral stratification that corre-
sponds much better with the conditions in real tropical cyclones.
It is assumed that the atmosphere is saturated everywhere with
vanishing saturated moist PV. This assumption was also made
in Emanuel’s steady-state model of a tropical cyclone (Emanuel
1986). With the zero PV vortex model, one has the possibility
of investigating the development of an idealized tropical depres-
sion in a moist neutral environment. However, the model lacks
the dry adiabatic warming in the tropical cyclone eye. This lack
leads to the formation of a lower boundary anticyclone when
the heating appears at a finite radius. Possibly, this circumstance
might be prevented by introducing a pseudo-heating of the form
Q = −c/H

∫ H
0 w dZ to crudely represent the adiabatic warm-

ing in regions where the air is not saturated. Note that the dry
limit of the moist model does not agree with the dry model when
subsaturation would be allowed. This is explained by the fact
that the dry limit of saturated moist PV does not lead to the clas-
sical dry PV (Schubert 2004). Therefore, the model approach
is not useful for general applications where both moist and dry
dynamics are important. On the other hand, a PV based on moist
entropy or equivalent potential temperature has the correct dry
limit but is not invertible (Schubert 2004) and cannot be used in
the present model.

Emanuel (1989) – see also Emanuel (1995) – presented a
simple tropical cyclone model which has some features in com-
mon with the present zero PV model. Emanuel’s model includes
a thought-out parametrization of convection and can properly
simulate the development of a tropical cyclone in a moist neutral
environment. The model is also based on prognostic equations
for the physical radii at the lower and upper boundaries and as-
sumes zero saturated moist PV. In contrast to the present model,
the vertical derivative of the streamfunction is approximated with
a finite difference to calculate the radial velocity. Furthermore,
an elliptic equation to determine the streamfunction must still be
solved which is not necessary here.

To study cyclogenesis by the WISHE mechanism in the zero
PV model, one has to parametrize Q and Ṙ suitably. Surely, it
is necessary to include an additional equation for the boundary
layer temperature or saturation moist entropy as, for example,
in the model of Emanuel (1995). This issue will be treated in a
future study.
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8. Appendix

The mass term F can be integrated for a deep atmosphere when
γ = 7/5. Then, F expressed as a function of r b and G becomes

F(rb, G) =
∫ H

0

1

2

ρ0 [1 − (Z/Ha)]
5/2

1/r 2
b + G Z

dZ

= Haρbr 2
b

2

[
30 + 70Ab + 46A2

b

15A3
b

(√
1 − H

Ha
− 1

)

−
(

10 + 22Ab

15A2
b

− 2

5Ab

H

Ha

)

× H

Ha

√
1 − H

Ha
− 2(1 + Ab)5/2

A7/2
b

{
artanh

×
[ √

Ab√
1 + Ab

√
1 − (H/Ha) − 1

1 − Ab/(1 + Ab)
√

1 − (H/Ha)

]}]

(A1)

where Ab = H aGr 2
b. A similar expression results for F expressed

as a function of r t and G:

F(rt, G) =
∫ H

0

1

2

ρ0 [1 − (Z/Ha)]
5/2

1/r 2
t + G(Z − H )

dZ

= H ′
aρtr 2

t

2

[
30 + 70At + 46A2

t

15A3
t

(
1 −

√
1 + H

H ′
a

)

−
(

10 + 22At

15A2
t

+ 2

5At

H

H ′
a

)

× H

H ′
a

√
1 + H

H ′
a

+ 2(1 + At)5/2

A7/2
t

{
artanh

×
[ √

At√
1 + At

√
1 + (H/Ha) − 1

1 − At/(1 + At)
√

1 + (H/Ha)

]}]
.

(A2)

Here A t = H aGr 2
t , H ′

a = H a − H and ρ t = ρ 0 (1 − H/H a)5/2.
Note that the argument of the inverse hyperbolic tangent func-
tion may become imaginary. Then, one can use the relation-
ship artanh(ix) = i arctan(x). If the absolute value of the argu-
ment becomes larger than one, the inverse hyperbolic tangent
function must be replaced by the inverse hyperbolic cotangent
function.
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