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ABSTRACT

The linear, asymptotic work of Belcher and Wood (Belcher, S. E. and Wood, N., 1996. Q. J. R. Meteorol.
Soc. 122, 863-902), for the surface pressure drag over orography of small amplitude, is revised and
expanded. A new equation is obtained that incorporates the pressure drag due to gravity waves (wave
drag) and pressure drag due to turbulence (form drag) and shows how these mechanisms operate
together. In its general form, the equation is in the Fourier space and can be solved numerically for any
orography. An analytical example is given for sinusoidal orography.

1. Introduction

The effect of the turbulent boundary layer on drag
calculations for stably stratified flow over orography
has been of interest for some time, i.e., Chimonas
(1999) and references therein. The type of response
when stable air flows over orography depends on the
airflow characteristics as well as the dimensions of
the orography, and is characterised, in general, by a
number of non-dimensional parameters that describe
the relative importance of inertia, buoyancy, non-linear
effects, rotation etc. The basic parameter for the dis-
cussion in this paper is the Froude number based on
the hill’s width, F=U/Na. U and N are the wind
and buoyancy frequency of the flow, respectively, and
a is a characteristic horizontal scale of the hill that
for a sinusoidal orography is related to wavelength by
A=2ma. A schematic diagram of the basic flow
regimes categorised by F is shown in Fig. 1. Although
this view does not include Coriolis or non-linear ef-
fects, such an approach is consistent with the analy-
sis of this work, where orography of gentle slope and
horizontal dimensions up to a few tens of kilometres
is considered.

With this point of view in mind, two main and
somewhat distinct regimes are identified depending on
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whether F < 1 or F > 1. F =1 corresponds to a pole
in the equation that describes the flow response over
orography, the Taylor—Goldstein equation [eq. (3) in
the next section], and has effectively divided the scien-
tific community into two somewhat distinctive groups.
As a result, the problem of air flow over complex ter-
rain has traditionally been approached from two op-
posite directions, depending primarily on the scale of
the orography involved.

For typical winds and stratification, the F > 1
regime is associated with small mountains and hills.
The vertical perturbations in this case are evanescent
and gravity waves are not sustained. Very large num-
bers of F are equivalent to neutral flow. This is the
boundary layer view or approach to the problem. In
this case, neutrally stratified turbulent flow over small
hills embedded within the boundary layer is usually
considered, with extensions to moderately stable strat-
ified flow.

On the other hand, a larger-scale point of view of the
orography examines stably stratified flow over larger
orography, i.e., mountains that penetrate the boundary
layer. In this case, the effects of the boundary layer
are usually either assumed negligible or enter through
friction at the lower boundary without explicit con-
sideration of the interaction. This is the F < 1 regime,
where gravity waves are sustainable. The horizontal
and vertical wavelengths of the waves relate to the
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Fig. 1. Schematic diagram of flow regimes, categorised by
F, the Froude number based on the horizontal dimensions of
the orography.

orography that generates them, being proportional to
L, ~aand L, ~ (U/N)(1 — F?)7'/2, respectively.
When F <« 1, Ly > L, and the gravity waves are
hydrostatic, with all the wave energy confined above
the orography. For larger values of F, but still F <1,
the waves have progressively smaller horizontal wave-
lengths and propagate downstream as well as upwards
of the mountain.

It might be helpful at this point to briefly introduce
some basic concepts to facilitate the discussion later
in the paper. With any type of orographic flow, a force
is felt on the mountain that has contributions from the
integral over the mountain of (a) the tangential stress
at the mountain’s surface (acting in a direction paral-
lel to the mountain’s surface) and (b) the normal stress
(acting perpendicular to the mountain’s surface). The
former acts in a direction opposite to that of the fluid
and is termed friction drag, since it is wholly and di-
rectly a consequence of viscosity or internal friction
of the fluid. The force due to the normal stress at the
surface of a body has a more complex origin. It re-
sults from pressure differences over the surface of the
mountain and is termed pressure drag [Massey (1989)
and similar textbooks]. The total surface force per unit
area can therefore be written:

E()KZFI+AFp=Fr+Fp+Fw (1)

where F, = pu? is the friction stress and AF,, is

the contribution due to surface pressure perturbations
whose integral over the hill does not become zero.
Pressure perturbations on the surface of the hill can
arise due to different mechanisms and hence result in
different types of drag, not always independent of one
another. In principle, the surface pressure drag AF,
can further be decomposed into wave drag F, and
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form drag F,. The wave drag F, is due to vertically
propagating gravity waves that produce a surface pres-
sure profile that is out of phase with the orography. This
is aninviscid process. On the other hand, there isno F,
for inviscid flow. This is because the surface pressure
profile, in the absence of gravity waves, is in phase
with the orography (Durran, 1986), so any drag in this
regime has to come from other mechanisms, i.e., flow
separation, turbulence etc. In the linear regime, with
no wakes or flow separation, the form drag F, is due
to turbulence, according to the sheltering mechanism
of Belcher et al. (1993).

For inviscid flow in the gravity wave regime
F <1, AF,=F, only, whereas for turbulent, neu-
tral or weakly stratified flow over hills with F' > 1,
AF,=F,. The F < 1 regime therefore has tradition-
ally been associated with larger orography, gravity
waves and wave drag, while the F' > 1 regime has
been associated with small hills, turbulent flow and
form drag. For turbulent, stratified flow in the F < 1
regime both wave and form drag mechanisms can, in
principle, coexist, and examination of their relation is
the scope of this paper.

It is important to appreciate one’s view of the prob-
lem, because friction affects the flow differently, de-
pending on the regime under consideration. From the
large-scale point of view, the notion is that friction
reduces the amplitude of the waves and suppresses
wave breaking. This is true because studies in that area,
Olafsson and Bougeault (1997) for example, concen-
trate in the non-linear regime where wave breaking
occurs. The effects of turbulence in the linear wave
regime (F < 1) have received less attention.

Approaching the problem from the smaller-scale,
boundary layer view, Belcher and Wood (1996; BW
hereafter), obtained an analytical formula for the pres-
sure drag due to stably stratified turbulent flow over
two-dimensional ridges of small slopes. They divided
the flow into an inner and an outer region, with the
outer region further subdivided into a middle and an
upper layer. Appropriate scaling was applied on each
layer. Solutions for the flow behaviour were sought
in each layer, then matched across the layers. They
showed that the perturbations to the flow and the
surface pressure drag depended on whether F < 1 or
F > 1, and that the appropriate height for the parame-
ters’ scaling was the middle layer height, 4,,. For sta-
ble, turbulent flow in the F > 1 regime, BW showed
that the same mechanism as for neutral flow leads to
an asymmetry in the flow very close to the surface,
resulting to form drag on the hill. The difference from
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neutral flow is that in stratified flows, the form drag
varies with stratification. When F < 1, in the absence
of turbulence and friction, the surface pressure drag
is due solely to the gravity waves, whereas for stable
turbulent flow, wave and form drag can coexist. The
BW results suggest that in this case the form drag is
negligible and the wave drag increases with increasing
stability.

Weng et al. (1997), starting from the inviscid flow
equations and constant U and N, obtained the same
formula as BW for the F <1 regime, with the free
stream wind U replacing BW’s U ,, the wind at middle
layer height. The difference at first glance between
eq. (54) of BW and eq. (34) of Weng et al. is because
BW consider pressure drag per wavelength while the
equation of Weng et al. is for the pressure drag. Weng
et al. compared their equation with results from their
mixed spectral finite-difference model and found that
stratification and turbulence gives values very close
to inviscid theory, for about F > 0.6. For F' < 0.6, the
difference between the analytic solution and the model
increased with decreasing F.

In this work, the drag equation of BW is re-
examined. Following the basic analysis of BW, the
same expression is obtained for F > 1. For F <1
though, the analysis of this work shows an extra term
in the drag equation that sheds new light on the rela-
tion between wave and form drag in the gravity wave
regime. Moreover, some results for flow over sinu-
soidal orography using the new equation might help
to explain the differences in drag between theory and
the numerical results observed by Weng et al. (1997),
for small Froude numbers. The structure of the rest of
this paper is as follows. Section 2 contains the rele-
vant mathematical analysis. The new equation is dis-
cussed in Section 3, for flow over sinusoidal terrain.
Moreover, some comparisons are made between the
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complete equation and the analytical inviscid solution
that predicts only wave drag for F' < 1. A summary is
given in Section 4.

2. Mathematical formulation

In this work, only the parts of the analysis of BW
that are essential for the derivation of the new equation
are rewritten, since the purpose here is to reproduce
only the necessary arguments and equations leading to
the point of interest. For the full analysis and general
discussion, the reader is referred to the original paper
of BW. To facilitate the discussion though, the same
notation as that of BW has been used as far as possible.

The BW analysis starts with an approaching flow,
having the usual log-linear profiles, and flowing over
gentle hills whose surface is described by some func-
tion z = z(x), Fig. 2. Perturbations to the mean flow
are taken to be small and linear analysis is assumed.
The dependent variables are expressed in their Fourier
transforms, shown with a tilde, and are functions of
height z and wavenumber k. A reference wind speed
U =U(hy) is defined as the wind speed in the ap-
proach flow at the middle layer height A,,.

The pressure perturbation is assumed constant with
height to leading order across the inner region and
equal to its surface value, thus from BW:

Ap(k,0) = pUpé )

where & is a dimensionless coefficient.
In the outer region, the flow at leading order is de-
scribed by the Taylor—Goldstein equation,

PAd N U
dzzw - <k2 A —> A = 0. 3)

Fig. 2. Schematic diagram of the hill, approaching flow and the various regions.
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In the upper layer, the curvature term U”/U is
smaller than the other terms and eq. (3) becomes

dAD 2 (1 N? A~_d2Aﬁ)
2 o) ST Ta

1
_k2<1_ﬁ>20' “)

The latter can be solved with the WKB method, pro-
vided that F varies slowly with height in the upper
layer. The slowly varying wavenumber —iM, depends
on the sign of Q(z) =1 — 1/F? in the following way:

— |kl 1OI"* for F>1
M) = 1 5)
ik 0| for F <1.

The signs are chosen to satisfy the boundary conditions
at large z, i.e., when F > 1 the vertical velocity pertur-
bation decays with height, whereas for F' < 1 gravity
waves are possible and a radiation upper boundary
condition is assumed.

By matching the solutions across the regions, BW
were able to evaluate the surface pressure coefficient
G as:

I /S . Zs M 4¢?
6 =7 +i— —
1 —haMy k(1 —haMy)? y*

+s.r.t. + s.i.t. (6)

where s.r.t. = smaller real terms, s.i.t. = smaller imag-
inary terms, € = u, /U, u, being the friction velocity,
and y ! = [U, /U, Uy, being the velocity at the in-
ner layer height 4;.

Equation (6) above, which is the same as eq. (40) of
BW, shows that the Fourier transform of the surface
pressure always has an imaginary part, and hence the
pressure at the surface of the hill has a component
that is asymmetric with the hill and leads to pressure
drag. The magnitude of the dimensionless pressure
coefficient & is determined by the value of M, i.e.,
M at the middle height 4,,, which in turn depends on
whether F > 1or F <1.

In BW the terms O(hy,M,,) are neglected, and
eq. (6) is simplified to:

5 2
& =2 My +io M2 2 (7)
ko Myt
Substitution of & from eq. (7) to eq. (2) gives the
Fourier transform of the surface pressure perturbation
as:
4¢?

~ = : z
Ap(k,0) = pU3zMu +ipU, M, S ®
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2.1. F > 1 regime

In this case

1 1/2
My = —1k[1Q]"* = — |k (1—ﬁ> ©)

and

1
= (1 4.
m F2

Substitution of eqgs. (9) and (10) in eq. (8) gives the
Fourier transform of the surface pressure perturbation
in this case as:

10)

} . 1 1/2
Ap(k,0) = —pUpzk (1 —~ ﬁ)

1\ 42
+ip U2z k (1 - —2> = (11)
2]y

The part of the surface pressure that will account for
the pressure drag is the imaginary part of eq. (11),
form drag only in this case. Equation (11) is the same
as eq. (41) of BW for F > 1.

2.2. F< 1 regime

In this case

1 1/2
M, =ik |0|'? = ik (ﬁ - 1) (12)
and
2 2 1
M2 = —k ﬁ—l . (13)

Now, substitution of egs. (12) and (13) in eq. (8)
gives:

1/2
Ap(k, 0) = ikp,U2Z, (— - 1)
1 4¢?
—ikp U2z, (— - 1) -
4

In this case, both terms in eq. (14) are imaginary
and will contribute to the surface pressure drag. The
first term in eq. (14) is the same as eq. (41) of BW
for F < 1. The second term in eq. (14) is the same as
the imaginary part of eq. (11) for F > 1, but with the
opposite sign. This second term is the one overlooked
in the final analysis of BW, eq. (41) for F < 1.

Equation (14) is the fundamental contribution of this
work. It shows the relationship between wave drag and

(14)
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form drag and describes the way these two drag mech-
anisms operate together in the wave regime. Equa-
tion (14) will be discussed in more detail in Section 3.

Furthermore, to facilitate the physical discussion of
the new equation, the surface pressure drag is eval-
uated for sinusoidal terrain. This also enables direct
comparison with part of the analysis of BW and also
with the results of Weng et al. (1997).

3. Drag on sinusoidal terrain

In this case the terrain profile is simply given by
7o =hR{e**} =h cos(kx), where / is the maximum
amplitude of the hills, and k the wavenumber. To fa-
cilitate the derivation, eqs. (11) and (14) are written in
more concise forms, defining

4
AEps|Q|4ui<Um) (15)

Upi

and using the definitions of € and y given previously.

3.1. F> I regime

Equation (11) is rewritten, using eq. (15), as
Ap(k,0) = —p U2 | Q1" kz, + ikz, A (16)

and the pressure perturbation at the surface of the hill
is obtained from
Ap(x,0) = —A kh sin(kx). a7

The surface pressure force per wavelength A =27 /k
is then given by

AF, I/AA( 034 (18)
= — x,0)—dx
=), TPV
which, using eq. (17), becomes:

1 272
AF, = S AR (19)
or

1 Un\'

AFb:k%Q%<1_;3>mﬁ<Um>. (20)

This is the same as eq. (54) of BW for sinusoidal terrain
in the F > 1 regime.
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3.2. F <1 regime
In this case, we get from eq. (14) and using eq. (15),
2D

and the surface pressure perturbation is obtained for
this regime from

Ap(k,0) = pUp | Q' ikZ, — ikZ A,

Ap(x,0) = —p, U2 | Q] hk sin(kx) + Ahk sin(kx).

(22)
The surface pressure drag is then
k 2 /k
AF, = 2_/ s U2 | Q1" W2k sin®(kx) dx
T Jo
k [k
~ 5 Ak>h? sin®(kx) dx
T Jo
1 h*k*A
— U022 A
P Un |0 2
or
22, 2l (1 v
1 Un\*
272 2 ( Ym

This is the analogue of eq. (54) of BW for the F' < 1
regime. The difference between eq. (23) above and
eq. (54) of BW is the second term in eq. (23). This
is the form drag contribution to the total surface drag
in the gravity wave regime, for flow over sinusoidal
terrain. The first term is also the same as the Weng
et al. (1997) equation, with U replacing U ,. Not sur-
prisingly, the equation of Weng et al. (1997) does not
have a second term, since their analysis excludes the
effects of turbulence and therefore form drag.

‘We now proceed to discuss the new equation in more
detail. To do that, we define a drag coefficient A,

AF, AF,

= = 24
h?k2p, U2 o?pU2 @

A m

where ¢ = hk is the maximum slope for sinusoidal
terrain. The surface pressure drag is scaled by the same
factorforboth F < 1 and F > 1. Moreover, it should be
keptin mind that the scaling velocity U ,, is the same as
the free stream velocity when the middle layer height is
greater than the boundary layer depth, z;, defined here
as the height where the Reynolds stress is an order of
magnitude less than its surface value. Equations (20)
and (23) are then written:
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F>1

(25)

Cy C

For F > 1, A, is similar to the sheltering coefficient
o of BW, except for the (u,/U m)? term, due to the fact
that the scaling velocity in BW is u, in this regime.
The expression for the form drag is the same to that
for neutral flow, apart from the additional presence of
the (1 — 1/F?) factor.

For F <1, Ay, consists of two parts which in the
following discussion will be termed C; and C, for
convenience. C is the formula for inviscid flow, and
gives the normalised wave drag on the hill due to prop-
agating gravity waves. With decreasing stratification,
i.e., increasing Froude number, C; decreases mono-
tonically [Fig. 6 of Weng et al. (1997)]. The second
term, C,, is the contribution of the form drag in the
wave regime. It acts in the opposite sense to the wave
drag, i.e., the two mechanisms oppose each other. Note
that C, as defined by eq. (25b) has the same form as
the drag coefficient A, for F > 1, but is negative for
F <1 whereas it is positive for F' > 1. Moreover, as
u, — 0, the C, term decreases and the main contribu-
tion is from the first term, C,. For u, =0, the inviscid
result, C; only is recovered.

The quantitative contribution of C, is not obvious
straight away: in particular, the behaviour of the shear
factor (Up,/Upi)* in C, needs more examination. To
assess its magnitude with varying F, realistic profiles
of U and N were obtained, using the numerical model
BLASIUS, described in BW, to grow boundary layer
profiles over a range of hills, covering typical Froude
numbers in the range of interest. These are summa-
rised in Table 1, along with the relevant parameters.

The maximum slope of the hills is equal to
o =0.025inthe F < 1 regimeand o =0.03 for F > 1,
so that linear theory is applicable. The roughness
length z,=0.1 m in all cases. The Froude number
is changed by varying the wavelength of the hills,
while keeping the wind and stratification the same,
i.e., the free stream velocity is U =10 ms~' and N =
1072 s~!'. The normalised vertical surface buoyancy
flux is zero for the F <1 simulations and equal to
—0.0005 m? s73 for F > 1. The inner layer height, h;,
is obtained from kh; U(h;)/u,. =2k, consistent with
BW. The von Kdrmén constant, k, is taken equal to
0.4. In all simulations the middle layer height &, was
obtained, following BW, from

1 N? 1 d*U 2%
KU? kU dz? (26)
and ensuring that |(1/U)(d*U /dz?)| < |k*> — N*/U?|
in the outer region.

For the cases in the wave regime F < 1, the upper
layer lies entirely above the boundary layer, and, con-
sistent with BW, h,, is set equal to z;. For those partic-
ular cases, it is found that the shear factor (U, /Ui)*
increases with increasing F, the change being less than
15% as F varies from 0.1 to 0.7 (Table 1). More-
over, the (u,/U,,)* factor does not change much with
F and is approximately 2.3 x 1073 for the exam-
ples considered here. Thus the combined effect of
the friction and shear factors is O(0.01) and as a re-
sult, C, has the greatest contribution for small Froude

Table 1. Summary of simulations and relevant parameters*

Run F A h Zi Ci Cy C,/Cy An F-F S-F hm hi
R100 0.1 63000 500 1000  4.975 —1.67 33% 3305 2396 352 1000 525
R200 0.2 31416 250 800 245 —0.38 15 % 2.07 2.2 3.6 800 237
R400 0.4 16000 125 700 1.146 —0.09 8% 1.06 2257  3.805 700 135
R625  0.625 10053 80 675  0.624  —0.028 4% 0.6 2.19 4.165 675 84
R703 1.43 3000 30 340 0 0.019 N/A 0.019 2604 7.2 143 31
R702 2. 2000 20 330 0 0.034 N/A 0.034 2991 7.59 115 23
R701 3.15 1000 10 310 O 0.048 N/A 0.048  4.088  6.525 67 13

AF-F = (u*/Um)2 is the friction factor. The values shown are x1073. S-F = (Un /U;,i)4 is the shear factor. Values of A, A,

Zi, hm and h; are in m.
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Fig. 3. Drag coefficient as a function of Froude number in the wave regime. The solid line represents the inviscid solution;
diamonds are for eq. (25b). Details of the simulations are shown in Table 1.

numbers, where the stratification factor Q has the
strongest effect.

Figure 3 shows the drag coefficient A,, as a func-
tion of the Froude number. The solid line is the inviscid
solution, term C only, and shows the decrease of nor-
malised wave drag with increasing F, for F < 1. The
diamonds are for A,, from eq. (25b), with a contribu-
tion from both terms C; and C,. For F > 0.6, there
is little difference between the complete eq. (25b) and
inviscid theory. For smaller Froude numbers the dif-
ference increases with decreasing F. The percentage
of the difference between C, and C; is also shown
in Fig. 3. There is rather good agreement with Weng
et al. (1997), who also observed similar behaviour be-
tween their model results and inviscid theory and who
found that in the wave regime, for weak to moderate

stratification, there is little difference between the drag
obtained for turbulent flow and for inviscid flow, al-
though the flow itself can be quite different between
the two cases.

Figure 4 shows C, only, as a function of F, on a log-
linear plot. For F' > 1, C, isidentical to A,,. Moreover,
as also can be seen from Table 1, C, is an order or two
larger in the wave regime than for F > 1. As a result,
the plot is focused around Froude number unity, to
better illustrate the transition of the form drag between
the F < 1and F > 1regimes. Asis also apparent from
Table 1, C, increases rapidly with increasing F in the
wave regime, whereas for F > 1, the increase is more
gradual. Because there is no inviscid drag for F > 1,
turbulence has a positive overall effect there. On the
other hand, wave drag is maximum for inviscid flow

0.10
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—-0.30

L R RN RN R

—0.40 " . A

s e b b b

o

Fig. 4. Normalised form drag part of the drag coefficient as a function of Froude number from egs. (25a) and (25b).
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and is reduced by turbulence, which has a negative
contribution to the drag in this regime.

Weng et al. (1997) showed that for turbulent flow
in the F < 1 regime, the pressure drag decreases with
increasing roughness. Equation (25b) shows exactly
how this is achieved. The increase in surface rough-
ness results in C, being larger than for a smoother
surface, and as a result to even less drag than the in-
viscid prediction, term C; alone.

One final remark relates to the applicability of the
analysis here, for small Froude numbers. At some
point in the analysis, we neglect the terms h, M,
from eq. (6). In the original analysis of BW, this
was done because they were considered the same
order of magnitude as O(kh,,), which in turn was
O(€'/?) and therefore small. In the wave regime, the
terms O(h,M.,) can also be left out, with the fol-
lowing argument. For F=Uk/N <1, N?/U?> k*
and hyyM, ~ hy N /U, which is indeed small in the
cases examined. N, U and N, U, are used inter-
changeably here, since &, = z; in these cases.

4. Summary

BW used linear analysis to examine stably stratified
flow over low ridges and derived a dimensionless sur-
face pressure coefficient. Later in their analysis, they
dropped a term that represents the effect of turbulence
on the drag in the wave regime. Here, this term is
retained and its effect on the overall surface drag in
the wave regime is examined. It predicts the reduction
of surface pressure drag from its inviscid value, as a
function of Froude number. The new equation shows
how the drag mechanisms due to gravity waves and tur-
bulence operate together in the wave regime, Froude
number F < 1. Inits general form in the Fourier space,
eq. (14) can be used very easily to numerically com-
pute the drag over an arbitrary terrain of low slope.
An analytical example was given for sinusoidal ter-
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rain and the results compared well with previous work
of BW for F > 1 and the numerical results of Weng
et al. (1997). In particular, it was shown how turbu-
lence changes the surface drag from its inviscid value
and the way this change depends on stability.

Surface pressure drag always exists due to turbu-
lence. On the other hand, turbulence has a different
effect on the surface pressure drag in the two regimes.
For inviscid flow in the F > 1 regime, there is no sur-
face pressure drag because the surface pressure profile
is 180° out of phase with the orography, with the max-
imum over the trough and minimum over the crest. In
this case, as is known from Belcher et al. (1993), tur-
bulence moves the surface pressure out of anti-phase
and to the right with respect to the hill, resulting in
surface pressure drag on the hill, form drag in this
case. For F <1, the maximum surface pressure drag
is obtained for inviscid flow where the surface pres-
sure shift is 90° out of phase with the orography, with
high pressure over the upwind slope and minimum in
the lee. The effect of turbulence in this case is to re-
duce this optimum surface pressure shift by moving
the surface pressure out of phase and to the right with
respect to the orography, the same way it did for F > 1.
Equation (25) shows how turbulence achieves this in
the wave regime.

The analysis here, of the wave and form drag
co-existence, is by no means exhaustive and al-
though other factors, such as non-linearities and three-
dimensional effects, might be important in general, the
equation of the present analysis represents, within the
limits of its applicability, a step towards a unified ap-
proach between the thus far, distinct worlds of wave
and form drag.
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