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ABSTRACT

Large portions of the spectra of singular values are determined for both moist and dry versions
of a tangent linear, regional model for 4 different synoptic cases. Norms considered include the
usual energy norm and versions of a norm measuring only the energy in some set of rotational
mode perturbations. At most, only a few percent of the singular vectors possible with any of
the norms are growing ones. Inclusion of moist physics in the tangent linear model greatly
affects the leading singular vectors but does not increase the number of growing singular vectors
much. Most singular vectors are damping ones, and therefore random perturbations drawn
from a white-noise distribution will likely damp during the 24-h forecast periods considered.
Only a few singular vectors are required to explain a significant portion of the final-time variance
of such perturbations, however, because the leading singular values are so large compared with
the rest. The truncated rotational mode norm is shown to be very useful for investigating these

properties.

1. Introduction

Singular vectors (SVs) are determined for many
types of applications in dynamic meteorology.
These applications include stability analysis
(Farrell and Ioannou, 1996a,b), ensemble
forecasting (Buizza, 1994), observation targeting
(Gelaro et al., 1999), forecast and analysis error
estimation (Ehrendorfer and Tribbia, 1997; Gelaro
et al, 1997), and data assimilation (Cohn and
Todling, 1996). For many problems, SVs deter-
mined using appropriate norms can be shown to
yield optimal solutions (Farrell, 1989; Ehrendorfer
and Tribbia, 1997). For example, the SVs appro-
priately determined for a linearized model define
an orthogonal set of perturbation structures
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ordered from fastest growing (or leading) to fastest
decaying (or trailing) structures when growth is
measured using some specified norm over some
specified period (see the review by Ehrendorfer
(1997) for some other discussion and examples).
The leading SV is an optimal perturbation in the
specific sense that any other perturbation will
experience no greater net growth during that
period in the linearized model.

Moist diabatic processes have long been known
to have profound effects on atmospheric evolution
in general and rapid cyclogenesis in particular
(Mullen and Baumhefner, 1989). Without the avail-
ability of suitable linearizations of moist diabatic
processes, however, SV determinations had been
limited to dry versions of linearized models (Errico,
1997). Recently, useful linearizations of such pro-
cesses have been developed and documented
(Mahfouf, 1999; Errico and Raeder, 1999). SV deter-
minations incorporating those processes have dem-
onstrated a sometimes profound impact on both
the growth rates and structures of leading SVs
(Ehrendorfer et al., 1999; Barkmeijer et al., 2001).
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Usually, only a small set of leading SVs are
determined, because for most applications only
the few fastest growing SVs are required and
determination of a larger set can be computa-
tionally prohibitive. One exception is Reynolds
and Palmer (1998), who determine an entire set
of SVs, including the trailing ones, for a low-
resolution quasi-geostrophic model. In most stud-
ies with more realistic models, however, only 1-50
SVs are determined out of a possible set of 10° or
more (Gelaro et al., 1999; Palmer et al., 1998, and
references therein).

Knowledge of even some non-leading SVs
would be valuable. How fast do the growth rates
of successive SVs drop off? In particular, how
many growing SVs are there in some typical
synoptic cases? What are the characteristics of the
more slowly growing SVs? What are the differences
between subspaces of leading SVs produced using
different norms? Answers to these questions reveal
aspects of the likely behavior of random initial
perturbations (Farrell, 1990). In particular, under
conditions described in Section 5, they can be
used to establish bounds on the growth of such
perturbations, and thus can be used to characterize
predictability of a synoptic case (Ehrendorfer and
Errico, 1995).

The most commonly used norm is known as
the total energy norm (Palmer et al, 1998;
Talagrand, 1981; Errico, 2000a). A norm based on
it but with other desirable properties, called the
rotational mode norm, was recently introduced
by Errico (2000a), but he examined only the
leading few SVs. How answers to the above ques-
tions are dependent on these norms is examined
here. Also asked is how the results are affected by
the truncation specified for the rotational mode
norm and by the additional consideration of moist
physics to the dry dynamics of the model. The
explicit consideration of moisture by the norm
itself (i.e., explicitly measuring moisture in its
formulation) is not considered here (but see
Ehrendorfer et al. (1999) for an example of this).

Some of these same questions were explored by
Ehrendorfer and Errico (1995) but for a more
limited set of cases and norms. Although they also
used a norm based on rotational modes, it had to
be restricted in vertical scale and modified so it
no longer described the energy of the modes, for
reasons described by them and by Ehrendorfer
et al. (1999). For this new study, no restriction or
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modification of the rotational mode norm is
required, larger sets of SVs are determined for
each norm and synoptic case, and more synoptic
cases are examined.

The SVs and their norms are described in
Section 2, followed by a summary of the particular
model and cases investigated in Section 3. Results
are presented in Sections 4 and 5, the latter
describing their statistical implications. In
Section 6, the similarity between subspaces of SVs
for pairs of norms are described. Conclusions are
offered in Section 7.

2. Singular vectors and norms

In this study, attention is restricted to considera-
tion of the space of a model’s perturbed initial
conditions (or some portion thereof, with any
remaining portion set to zero) defined in some
discrete way. A perturbation within that subspace
is denoted as the vector x(0) and its linearized
forecast at time t as x(t) = Mx(0) where M is the
resolvent of the linearized model at t. Only the
problem posed by applying the same norm at
both initial and final times is examined here. That
norm is described as

|x]2 = x"Nx, (2.1)

where N is the positive definite matrix defining
the particular norm and superscript T denotes a
transpose.

The SVs may be determined as x,(0) = N~ Y%z,
where z; are the eigenvector solutions to

N VI NINMN -2 = 2, (2.2)

ordered by descending values of their correspond-
ing eigenvalues A2. The x,(0) are the right singular
vectors of M with respect to the norm defined by
N, the 4 are the corresponding singular values,
and x,(t) are the corresponding left singular vec-
tors. In the meteorological literature x,(0) are
often simply called SVs and the x,(¢) are called
evolved SVs. The SV associated with the largest 4
is known as the leading SV and is denoted here
as x,(0). Distinct SVs are orthogonal with respect
to the norm specified by N at both initial and
final times.

Since, for large realistic models, the matrix M
exists only as an operator in the form of a com-
puter code, the SVs are most easily obtained using
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an iterative Lanczos algorithm (Strang, 1986;
Grimes et al, 1994) that does not require an
explicit representation of the model operator.
Estimates for larger values of 4 converge more
rapidly. In the experiments here, for the number
of iterations (I) of the Lanczos algorithm, estim-
ates of approximately I/2 of the 23 have converged
to within 0.001% of their true values when I > 300.
Only such converged values are presented here.

The total energy (or E-) norm appropriate for
the model to be used here is expressed by a
diagonal N (Ehrendorfer et al., 1999) with elements
AA /2 times Ao applied to eastward and northward
wind components (u, v, respectively), times Aac, /T,
for temperature (T), and times RT,/pZ for surface
pressure (p,), where A4 and Ao are the horizontal
area and vertical depth (in terrain following o
coordinates) of a model grid box, ¢, is the specific
heat of air at constant pressure, R is the gas
constant for dry air, T,=270 K is a spatially
independent reference T, and pg =100 kPa is a
horizontally independent reference surface pres-
sure. In the specific model used here, the Ao are
the same at all model levels, and the A4 will be
approximated by a spatially constant value. Some
properties of this norm are discussed in Talagrand
(1981) and more completely for this model in
Errico (2000b). The dimension (N) of the state
vector measured by this norm is equal to the
number of independent forecast values of u, v, T, p,
defined on the model grid.

The rotational mode norm wused here is
described in detail in Errico (2000a). It is that
portion of the E-norm expressible in terms of
rotational modes of a simple reference model
derived from the model to be employed. These
modes are geostrophic and describe a linearized
form of potential vorticity. Energy ascribed to
gravitational modes (including inertial-gravity
waves) is thereby excluded from the norm. SVs
determined using this norm have no projection on
gravitational modes at the initial time, and any
subsequent energy in these modes is excluded from
the measure of growth produced at the final time.
For this norm, N is a little less than 1/3 of that of
the E-norm since portions of the state vector
projecting onto gravitational modes are excluded.

A truncated form of the R-norm (labeled as
TR) is primarily considered here. It differs from
the full R-norm in that it excludes consideration
of horizontal wavelengths less than 4 grid lengths
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in either direction and consideration of the 3
vertical modes with equivalent depths less than
10 m. It is designed so that, compared to either
the E-norm or non-truncated R-norm, it can more
reasonably be interpreted as a quadratic measure
of the initial perturbation weighted by an assumed,
geostrophic and spatially correlated, analysis error
covariance (Errico, 2000a). For this norm, N is
approximately 18% of that for the full R-norm.

3. Model and cases investigated

The model used is identical to the version of
the mesoscale adjoint modeling system (denoted
as MAMS?2) described in Errico and Raeder
(1999). Pertinent details here are that it uses the
primitive equations defined on 10 o-levels (in
addition to the surface) within a regional domain
with dry diabatic process including vertical and
horizontal diffusion, bulk formulation of the plan-
etary boundary layer, dry convective adjustment,
and a prognostic surface temperature over land.
Moist diabatic processes include convective
(Moorthi and Suarez, 1992) and stratiform precip-
itation and effects of clouds on radiation at the
surface. Its tangent linear (TLM) and adjoint
versions (Errico, 1997) required for SV determina-
tion are exact except for some minor approxi-
mations applied for computational efficiency as
described in Errico and Raeder (1999). See Errico
et al. (1994) for full description of its parent model
(MAMS1).

Lateral boundaries are modeled using a Davies
and Turner (1977) relaxation scheme acting within
5 points of the grid edges. In the linearized version
of the model, this boundary relaxation corre-
sponds to damping of perturbations. This damping
and the apparent exit of perturbations from the
domain due to outflow advection, with no corre-
sponding inflow of perturbations, must act to
diminish the number of possible growing SVs
compared with an unbounded or periodic domain.

Initial conditions for the nonlinear reference
forecasts are obtained from interpolations of
global analyses produced operationally at the
European Center for Medium-Range Weather
Forecasts and archived at the National Center
for Atmospheric Research. These archived data
sets are at a relatively low resolution, defined
on an approximately 3° x 3° horizontal grid on
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7 pressure levels in the vertical. A nonlinear
vertical mode initialization scheme (Bourke and
McGregor, 1983) is applied to the external and
first internal modes of the interpolated fields. The
fields used to prescribe the lateral boundaries are
provided by similarly interpolated analyses every
12 h, with linear interpolations performed in time
within each 12-h synoptic period.

Four synoptic cases are examined. All cover
24-h periods. The basic states about which the
model is linearized are obtained from model
forecasts produced with moisture and all the phys-
ics. The two winter case domains and grids are
identical as are (independently) those for the two
summer cases. The model top is at 1 kPa.

Case W1 begins 0000 UTC 14 February 1982.
It is dominated by an explosively deepening cyc-
lone off the Atlantic Coast of North America. The
grid spacing is 120 km and the domain (but not
the synoptic situation) is shown in Fig. 1. The
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numbers of degrees of freedom for the vector
measured by the E-norm, R-norm, and TR-norm
are 79354, 24940, and 4830, respectively. This is
the same case whose leading SVs are described in
Ehrendorfer et al. (1999), Errico and Raeder
(1999), and Errico (2000a, b).

Case W2 begins 0000 UTC 13 January 1988.
Its initial 50 kPa geopotential height and sea-level
pressure (py) fields as well as forecast py and
accumulated precipitation fields are shown in
Fig. 1. Initially, the case is dominated by a surface
high pressure centered near New York and a
short-wave, low amplitude, 50 kPa trough over
the Mississippi River. Although there was minimal
surface cyclone development associated with the
short wave in reality, the simulation does produce
a weak oceanic cyclone ahead of it. The simulated
precipitation is predominantly stratiform in the
northeast but convective off the southern US
coast. This case was chosen because it is unlike

)

1000

/\7024

(7024

Fig. 1. Initial fields of (a) 50 kPa geopotential height z and (b) sea-level pressure p;, and final fields of (c) py and
(d) accumulated precipitation R for case W2. Contour intervals are 6 dam for z, 0.4 kPa for py, and 0.4 mm for R.
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W1 in that there is much weaker cyclogenesis
both in reality and in the simulation.

Case S1 begins 1200 UTC 16 June 1989. It is
dominated by two regions of precipitation: one
over Saskatchewan and the other over the south-
ern Appalachian Mountains. The grid spacing is
80km and the domain (but not the synoptic
situation) is shown in Fig. 2. The numbers of
degrees of freedom for the vector measured by the
E-norm and TR-norm are 65080 and 3969,
respectively. This is the same case whose leading
SVs are described in Ehrendorfer et al. (1999) and
Errico and Raeder (1999).

Case S2 begins 0000 UTC 3 July 1988. Its initial
50 kPa geopotential height and pg fields as well
as forecast py and accumulated precipitation fields
are shown in Fig. 2. The case is dominated by a
50 kPa ridge that builds over most of the US and
two very weak surface cyclones that undergo only
weak development over the Rocky Mountains and
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Southern Canadian Plains. Most of the precipita-
tion is convective, except for a small region of
stratiform precipitation over Colorado. This case
was chosen because, unlike in S1, most of the
domain is dry.

4. Results

Results for all the cases and norms investigated
are summarized in Table 1. Indicated there is the
case number and label, the physics and norm used,
the size N of the space measured by the norm, the
number I of iterations of the Lanczos algorithm
performed, the number I, of converged A using
the criteria described in Section 2, the number N,
of J, with values greater than 1, 23, A7, and

+e /2 The indicators “dry” or “wet” refer to
whether the TLM (and therefore corresponding
adjoint model) consider only dry or also moist

Fig. 2. As in Fig. 1, except for case S2.

Tellus 53A (2001), 3
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Table 1. Description of experiments and some results

Case Case

no. label Physics Norm N I I, N, 3 3. Sum
1 W1 dry E 79354 1000 406 — 54.9 1.53 1552.3
2 Wi wet E 79354 600 257 — 322.0 2.23 2387.7
3 W1 dry R 24940 600 265 270 38.1 1.01 791.6
4 Wi dry TR 4830 390 180 169 28.2 0.95 504.1
5 W1 wet TR 4830 750 416 175 39.5 0.35 762.2
6 w2 dry TR 4830 400 191 171 19.6 0.90 521.8
7 w2 wet TR 4830 400 197 178 59.2 0.90 633.4
8 S1 dry E 65080 600 258 — 64.9 1.53 1117.3
9 S1 wet E 65080 600 276 — 25479 1.55 6627.4

10 S1 dry TR 3969 400 213 104 20.4 0.44 381.9

11 S1 wet TR 3969 400 211 115 368.2 0.47 1126.3

12 S2 dry TR 3969 400 196 124 11.1 0.62 354.7

13 S2 wet TR 3969 400 206 134 81.1 0.61 659.2

N is the size of the (sub-) space measured by the norm. I is the number of iterations of the Lanczos algorithm
performed. I, is the number of converged /2. N is the number of 4, > 1. Sum is Z,’j:l 2.

physical processes. N, is the number of growing
SVs determined with respect to the indicated norm
and case. The sum over /2 is used in Section 5 to
bound predictability estimates.

(a) Case W1

The converged /7 for the 5 sets of SVs obtained
for case W1 appear in Fig. 3. The leading SVs
for these sets are discussed in Ehrendorfer et al.
(1999) and Errico (2000a, b). First, consider set 1
obtained for the E-norm with dry TLM (curve
ED in Fig. 3). The A? decrease by a factor of 10
between k=1 and 52, but by only a factor of 3.5
between k =52 and 400. The curve

Jpock™1B3 (4.1)

also appears in Fig. 3, indicating that (4.1) is a
fairly good approximation for this particular set,
except for the leading few SVs. (No generality of
approximation (4.1) to other cases, models, or
norms is claimed.) Extrapolating using (4.1) sug-
gests that the first decaying mode is near k =770
which would mean that approximately 1% of the
SVs are growing ones. At least 2000 Lanczos
iterations may be required to confirm such a result.

Set 2 is obtained for the E-norm with moist
TLM (curve EM in Fig. 3). The leading value is
about 6x larger than for set 1, due to moist
convective instabilities absent in the dry TLM
(Errico and Raeder, 1999). As k increases, how-

CASE W1 EXPS. 1,2,3,4,5

T T T

T T T

L4

2ol

Ll

| s | L
10 10! 10°
MODE INDEX

Fig. 3. Converged /, for the five sets of SVs determined
for case W1. E, R, and T denote results for the energy,
rotational mode, and truncated rotational mode norms,
respectively. M and D denote results for moist and dry
TLM, respectively. A line for which /Zock™ 2?3 is also
indicated.

ever, A2 drops even faster than for the dry TLM,
appearing to become asymptotic to the curve for
set 1, so that A3, for the two sets differ by only a
factor of 1.1. It is therefore not apparent that the
number of growing SVs is much larger than for
the dry case.

The effects of replacing the E-norm by the R-
norm on the leading SVs for case W1 are described

Tellus 53A (2001), 3



SPECTRA OF SINGULAR VALUES

in Errico (2000a). With the dry TLM, the lack of
consideration of gravitational modes by the R-
norm, especially at the initial time, reduces A2
compared with the E-norm values for the same k
(by as much as 30%). With the moist TLM, the
reduction of A} compared with the corresponding
E-norm result is even greater as the convectively
driven SVs determined for the latter set are
excluded because they are dominantly gravita-
tional (Errico, 2000b).

The effect of the R-norm beyond the leading
SVs is also profound. For the non-truncated R-
norm with the dry TLM, 270 SVs are growing,
which is only 1.1% of total number (N) of SVs
that span the subspace considered by the norm.
When the R-norm is truncated, the number of
growing modes is further reduced by 27%, but
since N is also reduced by a factor of 5.2, 3.5% of
the SVs considered by this norm grow. For the R-
and TR-norms, the number of growing modes has
been determined explicitly (no extrapolation of
results required) since a sufficient number of SVs
have been determined.

For large k, the curves for the R- and TR-norms
are concave downward (on the log-log plot),
reflecting that the rate of decay of 42 with increas-
ing k is itself accelerating. For k smaller than the
values where this acceleration is apparent, and
excluding a leading few SVs, (4.1) seems to be a
good approximation for both R- and TR-norms
with the dry TLM.

For the truncated R-norm with the moist TLM,
there are only 6 more growing SVs than for the

T' linear for t= 0.00 ¢=0.650
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corresponding dry TLM result. As in the E-norm
comparisons, it is therefore not the case that the
spectrum of /7 rises significantly for all the growing
SVs when moist physics is considered. Note that
72,6 =0.35, indicating that many SVs are signifi-
cantly damped, rather than near neutral.

Several SVs for large indices k were examined
in greater detail with the dry TLM. The E-norm
SV for k=219 (A* = 2.26) is such an example. The
T’ field on ¢ = 0.65 at the initial time for this SV
appears in Fig. 4a. This is the field that contributes
most to the initial value of the norm for this SV.
Unlike the leading SV, it is not very localized.
This field is initially near O in the eastern-most
portion of the domain because any perturbation
there would be subsequently advected out of the
domain, effectively damping the norm. The v’ field
on ¢ =0.35 at the final time appears in Fig. 4b. It
is near 0 in the western-most portion of the
domain because no perturbation is advected in
from the inflow boundary. Initially, 45% of the
E-norm 1is contributed by gravitational modes,
and 47% at the final time, indicating a significant
lack of dynamic balance (as discussed in detail in
Errico (2000b). This result confirms the specula-
tion of Ehrendorfer and Errico (1995) that such
unbalanced, slowly growing SVs may exist, greatly
increasing the number of growing SVs for the E-
norm. The higher-indexed R-norm SVs have the
same character as the E-norm ones, in the sense
that they are non-local, initially absent in the east
and finally absent in the west, but of course they
are geostrophic at initial time. Nothing apparently

for t= 24.00 0=0.350

v’ linear

Fig. 4. The (a) initial T field on ¢ =0.65 and (b) final v’ field on ¢ =0.35 for SV number 219 determined for the E-

norm, case W1, with the dry TLM. Contour intervals are respectively 0.25 K and 0.5 ms

omitted.
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distinguishes the structures of the slightly growing
SVs from those slightly damping.

(b) Other cases

Four sets of A7 spectra for case S1 appear in
Fig. 5a. The leading SVs for the E-norm sets for
case S1 are discussed in Ehrendorfer et al. (1999).
Two sets of A2 for case W2 and two for case S2
appear in Fig. 5b. Only the TR norm was consid-
ered for cases W2 and S2.

There are many similarities between the results
for case W1 compared with those for the other
cases. In particular, when individual norms and
cases are considered, leading SVs with the moist
TLM are larger than with the dry TLM, but as k
increases, the 2 A, appear to asymptote to each
other in the ranges of values determined. Also, for
all sets with the dry TLM, (4.1) is a good approxi-
mation within a broad range of k (perhaps less
broad for case S2). For large k, the R-norm curves
are concave downward on the log—log plot. In all
cases, only a small percentage of R-norm modes
are growing ones.

The numbers of growing TR-norm SVs are
smaller in both summer cases compared to the
winter ones. This may be partly due to N being
smaller for the summer cases, although the % of
growing SVs is also less. The numbers of growing
SVs may also be reduced for the summer cases
because their domains are smaller, but the wind

CASE S1 EXPS. 8-11
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speed of the reference states are also smaller, which
should diminish the area in which perturbations
are damped by the lateral boundaries, acting to
mitigate this reduction.

Unlike for case W1, the TR-norm A2 in each of
the other cases are much larger for the moist TLM
compared to the dry one. For cases S1, S2, and
W2, the ratio of moist to dry values are 18, 7.4,
and 3, respectively, compared with 1.3 for case
WI1. Case W1 may therefore be an anomalous
one. The large ratios for the summer cases are
likely due to the summer continental air being
both more convectively unstable and more moist.

For each case, the structure of the leading SV
for the E-norm with the moist TLM is very
different from that with the dry TLM, as discussed
by Ehrendorfer et al. (1999) and Errico (2000b).
In particular, the leading, moist TLM SV has
smaller horizontal scale, has a different location,
and is much more gravitational at both initial and
final times compared with the corresponding result
for the dry TLM. Similar differences apply to the
contrasting TR-norm SVs, except with regard to
increased initial gravitational energy since that
energy is constrained to be zero in the initial TR-
norm SVs. Although the TR-norm SVs also do
not include measures of energy in gravitational
modes at the final time when computing growth,
they do generally create gravitational components
as they evolve in the TLM.

The initial T’ fields at ¢ =0.85 and ¢ =0.65,

W2 AND S2 TRUNC R EXPS. 6,7,12,13
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Fig. 5. As in Fig. 3, except for (a) case S1 and (b) cases S2 and W2. In (b), only the truncated rotational mode norm
has been used, and the first letter designating the curves indicates the (S) S2 or (W) W2 case.
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respectively, and the final v’ fields at ¢ = 0.25 and
o =0.85, respectively, for the S2 moist and dry
TLM results for the leading SV for the TR-norm
appear in Fig. 6. The chosen o-levels are those
where the perturbation variances are the largest,
and the final time result includes the ageostrophic
portion of the perturbation that evolves from the
initial-time SV. The two SVs are dominant in
different locations, and the horizontal scale for the
moist results are smaller than for the dry ones. At
both initial and final times, the perturbations peak
on different o-levels. At the final time, the ratio of
rotational to gravitational contributions to E is
5:1 for the dry TLM results, but half that for the
moist results. If the leading moist SV is evolved
in the dry TLM, it grows by only a factor of 2.8

T' linear for t= 0.00 0=0.850
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measured by the R-norm. So, for this case, the
moist physics has a profound effect on the SVs,
even without the introduction of dominantly ageo-
strophic structures, although not many additional
growing structures are obtained.

A contrasting result is obtained for case S1 for
the same norm. For it, the final-time contributions
to E by rotational and gravitational components
of the leading SV is nearly 1:1. Ageostrophic
effects therefore appear to be important for the
growth of this SV.

5. Predictability implications

Any initial perturbation to the TLM initial
conditions can be described as:

T' linear for t= 0.00 0¢=0.650

for t= 24.00 0=0.850

v' linear

Fig. 6. The (a, b) initial T" fields and (c, d) final v’ field on the indicated o-levels for the leading SV determined for
the TR-norm, case S2, with the (a, ¢) moist and (b, d) dry TLMs. Contour intervals are 0.2 K, 0.25 K, 5ms~?, and

2ms ™! for (a—d), with zero-contours omitted.
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N
x(0)= ) ox,(0), (5.1)
k=1
where x, are the SV initial structures and o, are
their respective scalar coefficients. Since the SVs
form an orthonormal basis with respect to the
norm (2.1) at both initial and final times,

[X(O)*= ) =i (52)
lx(0) 2= 3 oA, (53)
k=1

using the norm for which the SVs are determined.

Now consider that x(0) is selected randomly
from a probability distribution that is white with
respect to a norm specified by (2.1); ie., each
component of z= N?x(0) is randomly selected
from the same distribution, such that the variance
of each component is identical, distinct compon-
ents are uncorrelated, and the mean of each distri-
bution is zero. Since the SVs form an orthogonal
basis with respect to the norm defined by X, the
expected values of each of are also all identical
for this probability distribution. The ratio 5 of the
expected values of |x(1)||* to || x(0)|? is therefore
simply N™'Y, /7. This n may also be interpreted
as the expected growth | x(t)|?/||x(0)||*> of these
random perturbations if an additional constraint
is applied requiring that, for each random realiza-
tion, the initial variance is normalized to some
constant.

It is important to note that whether growth of
a random initial perturbation should be expected
depends not just on A, or even the first few A. If
N is very large, then the probability that a random
perturbation projects strongly on any single or
small set of SVs is correspondingly small. Even
though subsequent growth in the leading SVs will
be greater than growth in other individual SVs,
the overall behavior can be dominated by the
much larger set of non-leading SVs. This is one of
the reasons why knowledge of the entire spectrum
of SVs should be of interest.

Values of n cannot be determined from our
results because not all the values of /, are known.
Upper and lower bounds can be established, how-
ever, by assuming that all unknown (i.e., non-
converged) values are equal to the smallest known
value or to 0, respectively.

Bounds on # for each experiment appear in
Table 2. Those for the E-norm are not useful
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because so few converged SVs have been deter-
mined. Even the spread between upper and lower
bounds for some of the R- and TR-norm experi-
ments is broad, for the same reason. For the W2,
S1, and S2 TR-norm cases, the upper bound is
less than 1 and, for set 5, it is only 0.48. In these
latter cases, the 5 therefore actually indicate that
decay should be expected.

Ehrendorfer and Tribbia (1997) and Farrell
(1990) demonstrate that if perturbations are inter-
preted as possible errors and the SVs are deter-
mined using a norm where N is equivalent to the
inverse of an error covariance matrix, then
the final-time SVs may be interpreted as eigenvec-
tors of the final-time error covariance measured
with respect to the selected norm. These are also
known as the empirical orthogonal functions
(EOFs) or principal components describing the
covariance statistics of the final state. The /2
describe the variance contributed by each EOF.
The ratio

2
1 (5.4)
2

B

I M=

k

=

XS]

M=

k=1
is therefore the fraction of final-time variance
explained by the first n EOFs. As for #, the values
of u, depend on the entire set of 4, and knowledge
of that set should be of interest.

It is difficult to justify the use of the E-norm as
a proxy for an analysis error covariance weighted
norm. The TR-norm is arguably a more appro-
priate norm because at least it corresponds to
spatially and dynamically correlated fields (Errico,
2000a). Predictability experiments have been con-
ducted using random perturbations that are white
with respect to covariances similar to those corre-
sponding to E- and (independently) TR-norms
(Errico and Baumbhefner, 1987). So, although it is
difficult to justify our E- and TR-norm pu, as
describing forecast error covariances (requiring an
analysis error covariance norm at the initial time),
our use of u, does describe ensemble error covari-
ance fractions relevant to past predictability
studies.

Since the sum in the denominator of (5.4) is
unknown from our results, yu, cannot be deter-
mined. An upper bound can be established, how-
ever, by summing over only the known portion of
the spectrum. Lower bounds are established by
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Table 2. Bounds estimated for n and p,, for each experiment

Case Case
no. label Physics Norm n upper n lower U0 Upper Uy lower
1 w1 dry E 1.54 0.02 0.19 0.00
2 W1 wet E 2.25 0.03 0.41 0.01
3 Wi dry R 1.03 0.03 0.16 0.01
4 Wi dry TR 1.01 0.10 0.27 0.03
5 Wi wet TR 0.48 0.16 0.27 0.09
6 W2 dry TR 0.97 0.11 0.26 0.03
7 W2 wet TR 0.99 0.13 0.31 0.04
8 S1 dry E 1.54 0.02 0.26 0.00
9 S1 wet E 1.65 0.10 0.82 0.05
10 S1 dry TR 0.51 0.10 0.29 0.05
11 S1 wet TR 0.73 0.28 0.70 0.27
12 S2 dry TR 0.67 0.09 0.21 0.03
13 S2 wet TR 0.74 0.17 0.47 0.11

assuming all non-converged A are equal to the
smallest converged value. Such bounds are pre-
sented in Table 2 for n =10 for each set and in
Fig. 7 for n=1,...,40 for each set of cases S2
and W2.

Both upper and lower bounds for y; are typically
larger for the moist sets compared to the corre-
sponding dry ones, as should be inferred from the
shapes of the spectra presented in Section 4. For
the sets using the moist TLM, the upper bounds
increase quickly with increasing n due to the very
large 4, for the first few k. For 3 of the 4 sets using
the TR-norm with the moist TLM, the lower
bounds indicate that at least 9% of the variance
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is explained by the first 10 leading SVs. For all
the sets for the TR-norm with the dry TLM,
0.29 > 110> 0.03. The bounds do not provide a
tight estimate because too few 4; are known. All
these bounds suggest, however, that even 0.25%
of the possible SVs can explain a significant
fraction of the forecast error variance.

6. Similarity measures
Although individual pairs of SVs produced

using two distinct norms may appear dissimilar
and uncorrelated, the subspaces spanned by a pair
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Fig. 7. The upper and lower bounds estimated for p, for cases (a) S2 and (b) W2 for the TR-norm with moist and

dry TLMs (labeled as M and D, respectively).
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of sets of several SVs for the two norms may be
more similar. A measure of such similarity based
on the projections of one set of SVs on another is
described by Buizza et al. (1993). It is defined as

] n
Sa(A, B, Ny) = " >, mi (4, B,N), (6.1)
ij=1
where A indicates a first set of SVs (ay, a5, ..., a,),
B indicates a second set (by, b,, ..., b,), N, indicates

the particular norm used to measure the similarity,
and

m; ;= (aj Nybj)*. (6.2)

Here, N, will always be the E-norm, and only SV
structures at the initial time will be examined.
Parallel sub-spaces have s=1, and orthogonal
sub-spaces have s=0. Note that, although the
sum in (6.1) cannot decrease with increasing n,
s, can. For further interpretation of this norm see
Buizza (1994).

For reference, values of s, were computed for
pairs of experiments that were expected to have
little commonality. These are pairs determined for
the TR-norm on identical model grids, but for
distinct synoptic cases. For all such pairs for the
winter cases, s, varies approximately linearly
between O for n=1 and 0.11 for n = 100. For the
summer cases, the similarity between such pairs is
typically larger for any value of n compared to
the winter cases, but s, < 0.23 for all n. Values of
s, smaller than for these pairs therefore indicate
insignificant similarity.

The similarity index produced for the n-leading
SVs for pairs of experiments for case W1 appear
in Fig. 8a. Each curve is labeled with the experi-
ment numbers compared. Curve 1-2 is the s,
comparing SVs produced using the E-norm for
dry and moist linearizations. It is zero through
n =23 because the SVs produced by each model
version are in different locations (as described in
Ehrendorfer et al., 1999). As n increases, s, typi-
cally increases, but not monotonically. s, =0.5,
and s, = 0.707, indicating significant and increas-
ing similarity between the subspaces for n > 19.

The remaining curves in Fig. 8a compare SVs
produced using different norms. Curve 1-3 com-
pares dry results with the E- and R-norms. When
only the 2 leading SVs are considered, s =0.74.
For increasing n there is a general, although not
monotonic, decrease in s,, such that s;,, = 0.69.
Curve 1-4 compares results for dry E- and TR-
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norms. It is similar to that for 1-3, except corre-
sponding s, are approximately 35% smaller. These
results are explainable by the smaller subspaces
spanned by the successive norms considered.
Curve 2-5 also compares E- to TR-norm results,
but for moist physics. It indicates less similarity
than for the dry SVs, consistent with an hypothesis
that ageostrophic or small scale fields not consid-
ered by the TR-norm may grow with respect to
the E-norm, particularly when moist physics is
considered.

Similarity indices for some other some pairs of
experiments appear in Fig. 8b. The curves labeled
6-7,8-9, 10—11, 12—13 each compare pairs of SVs
produced using identical norms but dry versus
moist linearizations. For experiments 6 and 7
(both using the TR-norm), s; = 0.7, and the simil-
arity remains high for all n examined, with s,y =
0.89. Of the 4 comparisons in Fig. 8b, the compar-
ison indicating the least similarity is for experi-
ments 8,9 using the E-norm, but even for this,
s, > 0.5 for n>27 and s,9o =0.7. In contrast, the
s, for experiments 8, 10 and 9, 11 (not shown)
remain below 0.38 for n < 100 and the curves are
rather flat. Results for these cases therefore are
qualitatively similar to those for case W1 and the
same general characterization applies.

Further examination of individual values of m; ;
reveals that higher order SVs produced using the
E-norm have little in common with individual SVs
produced using the TR-norm for the same case
and physics (the maximum value of m; ; for each
Jj> 50 considering all i is typically less than 0.08.
In contrast, when m; ; are examined for SV pairs
produced for the TR-norm applied to identical
cases, but with different physics, even for j > 50,
the maximum m, ; is often greater than 0.25. This
too is consistent with the characterization of
higher-indexed E-norm SVs as having large ageo-
strophic components. Also, the large similarity
between higher-indexed TR-norm SVs produced
with different physics suggests that the moist
physics for these cases can be characterized as
having essentially a modulating effect on SVs if
the initially ageostrophic, convectively driven SVs
are excluded, as discussed by Errico and Raeder
(1999) for some leading SVs.

7. Conclusions

For the 13 sets of SVs described, encompassing
4 synoptic cases, 3 norms, and 2 versions of the
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Fig. 8. The similarity index as a function of number of SVs considered for the indicated pairs of experiments: (a) for

case W1, (b) for other cases.

TLM, only small fractions of the possible number
of SVs that span the spaces measured by the
norms appear to be growing. Although the actual
fraction has not been determined for the energy
norm results, extrapolation suggests that approxi-
mately 1% are growing with respect to that norm.
For the rotational mode norm, the same percent-
age was obtained (without the need for extrapola-
tion), although the number of SVs spanning the
subspace measured by that norm is less than 1/3
that of the E-norm. The many additional growing
SVs obtained with the E-norm are very slowly
growing structures, some with large gravitational
mode components. When perturbations are inten-
ded to represent possible analysis errors and those
analysis errors are considered to be dominantly
geostrophic, these structures should be of little
interest, and the R-norm can be used to appro-
priately filter them.

When the measuring of small vertical and hori-
zontal scales of fields is excluded by using the
truncated R-norm, up to 4% of the SVs are found
to grow. The increase of percentage compared
with the R-norm without truncation is due to the
factor of 5 decrease in the number of SVs possible,
since most of those small scale structures excluded
due to the truncation are expected to be primarily
damping ones. The truncation also excludes some
growth and reduces the maximum growth. If such
effects are undesirable, this norm should not be
used, unless it could be justified as being a reason-
able approximation to an inverse, analysis error
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covariance weighted norm. It is also easy to make
the truncation less severe, particularly with regard
to vertical scales.

When the dry TLM is used, the singular values
are approximately proportional to k™! over a
wide range of mode index k within the range of
growing SVs. We do not know how general this
relation is, however, since even in the cases exam-
ined here, the fit to it varies considerably. Although
the leading values are larger with the moist versus
dry TLM, the moist values appear to asymptote
toward the corresponding dry ones as k increases
within the range of values investigated. The num-
bers of growing SVs are therefore not much differ-
ent for the moist and dry physics. The primary
effect of the moist physics on the spectrum of 12
is to increase the leading singular values, primarily
by adding a few new fast-growing structures
(Ehrendorfer et al., 1999). For SVs determined for
the E-norm, this increase is huge, but even for the
truncated rotational mode norm, it still can be
quite large: an increase by a factor of 4.3 was
obtained for SV1 for a summer case. At the final
time, that SV had a large gravitational component
(which is not, however, measured by the R-norm).

The spaces spanned by the leading SVs pro-
duced for identical cases using identical norm, but
different (moist versus dry) physics are very similar
except for the first several modes. When spaces of
the leading 100 SVs are compared, the similarity
index is between 0.7 and 0.9. In contrast, when
such spaces are compared for SVs produced for
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identical cases and physics, but using E- versus
TR-norms, they are not very similar (index less
than 0.41). For such pairs of experiments when
moist physics is considered, the similarity is even
less, consistent with the hypothesis that perturba-
tions in ageostrophic and small scale fields not
considered by the TR-norm can lead to growth
of the E-norm when moist physics is considered.

Since the number of decaying SVs so dominates
the number of growing ones, the expected result
of a random, white-noise perturbation within the
subspace considered by a norm, when normalized
at the initial time so that its norm is a prescribed
constant, is that the perturbation will subsequently
damp. Since the singular values decay so rapidly
with increasing k, however, the percentage of final-
time variance for an ensemble of such perturba-
tions can be explained by even a small number of
leading SVs. For example, for the TR-norm, 10
SVs explain more than 27% of the variance of
such perturbations in one of the summer, moist
TLM cases. For this reason, SVs can be very
efficient for characterizing likely forecast errors
due to initial condition errors that initially have
a white-noise distribution with respect to the norm
as demonstrated by FEhrendorfer and Tribbia
(1997) for a much simpler model. For this to be
true, however, it is also necessary that the per-
turbations behave sufficiently linearly.

Since the lateral boundaries are not perturbed,
their “sweeping effect” described by Errico and
Baumhefner (1987) acts to both restrict and damp
some perturbations. This sweeping can be seen in
the near neutral SVs. If significantly growing
structures move along with the synoptic structures
of the reference state (about which the linearization
is performed), then this effect should be limited to
less than 1/3 the domain (considering a propaga-
tion rate of 15 ms™!). This means, however, that
perhaps no more than 67% of the possible SVs
can grow.

The linearization of the MAMS convective
scheme is capable of producing some extraordinar-
ily large perturbation growth, as discussed in
Errico and Raeder (1999). Such growth is not
observed when perturbations are introduced in
the nonlinear model with initial amplitudes the
size of analysis uncertainty. The scheme’s lineariz-
ation has therefore been modified to remove TLM
solutions for which the norm can more than
double within 1 h, so that the linearized results
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are more comparable with the corresponding non-
linear ones. This has the effect of removing some
potentially fast growing SVs. As long as our
primary interest is in the underlying nonlinear
problem, however, the results presented here are
arguably a better indicator of growing, relevant
SVs. Also, it should be noted that even with the
convective filter, very large growth is still obtained
(e.g., growth by a factor of 2547 in case S1).

Fillion and Mahfouf (2000) have shown that
linearizations of different parameterized moist
convection schemes can produce very different
results. It is therefore unknown to what extent
many specific differences between moist and dry
results reported here may be generalizable to other
models. Also, our results may depend strongly on
the nature and tuning of our model’s dissipation
mechanisms. Without much additional experience
or confirmation of our results by others, with their
own models, indeed there is little we can say about
the generality of our results. We have been able
to show, however, some consistency between cases
we investigated and with other diagnostics or
experiments (e.g., with Errico (2000b), or Errico
and Baumhefner (1987), as discussed further by
Ehrendorfer and Errico (1995)).

None of the singular value spectra have the
symmetries with respect to k obtained for much
more weakly damped, low-resolution quasi-
geostrophic models (Reynolds and Palmer, 1998).
In particular, there are many times more damping
than growing SVs. The modeled system, as typical
of other models suitable for numerical weather
prediction, is therefore not nearly a Hamiltonian
system, and therefore the properties of such sys-
tems discussed by Pu et al. (1997) do not apply.

The truncated rotational mode norm is shown
to have some desirable properties. For the leading
SVs, some of these properties have been discussed
in Errico (2000a). Additionally, here it has been
shown that much larger growth can be obtained
with moist versus dry physics, although the norm
excludes small-scale gravitational perturbations
at the initial time. Compared with the E-norm,
the truncated rotational mode norm excludes
several hundred, near neutral, mixed rotational-
gravitational SVs, and reduces the size of the
subspace considered for the SVs by a factor of 15.
For this reason, a large percentage of the SVs may
be obtained with a reasonable number of Lanczos
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iterations and even some damping SVs may be
readily found.
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