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ABSTRACT

In this paper, we present a numerical procedure for solving a 2-dimensional, compressible, and
nonhydrostatic system of equations. A forward-backward integration scheme is applied to treat
high-frequency and internal gravity waves explicitly. The numerical procedure is shown to be
neutral in time as long as a Courant–Friedrichs–Lewy criterion is met. Compared to the leap-
frog-scheme most models use, this method involves only two time steps, which requires less
memory and is also free from unstable computational modes. Hence, a time-filter is not needed.
Advection and diffusion terms are calculated with a time step longer than sound-wave related
terms, so that extensive computer time can be saved. In addition, a new numerical procedure
for the free-slip bottom boundary condition is developed to avoid using inaccurate one-sided
finite difference of pressure in the surface horizontal momentum equation when the terrain
effect is considered. We have demonstrated the accuracy and stability of this new model in both
linear and nonlinear situations. In linear mountain wave simulations, the model results match
the corresponding analytical solution very closely for all three cases presented in this paper.
The analytical streamlines for uniform flow over a narrow mountain range were obtained
through numerical integration of Queney’s mathematical solution. It was found that Queney’s
original diagram is not very accurate. The diagram had to be redrawn before it was used to
verify our model results. For nonlinear tests, we simulated the famous 1972 Boulder windstorm
and a bubble convection in an isentropic enviroment. Although there are no analytical solutions
for the two nonlinear tests, the model results are shown to be very robust in terms of spatial
resolution, lateral boundary conditions, and the use of the time-split scheme.

1. Introduction (Ikawa, 1988). One type is the anelastic model
(for example, Ogura and Phillips, 1962; Clark,
1977; Smolarkiewicz and Margolin, 1997) whichNonhydrostatic numerical models are required
filters out sound waves in its model formulationfor simulations of atmospheric systems with a
equations. Although anelastic models appear tosmall spatial scale, such as convective clouds,
be very efficient for allowing very long integrationmountain waves excited by small-scale mountains
time steps, obtaining a converged solution forand many local circulation systems. There are two
pressure can be quite time consuming when largemajor types of nonhydrostatic models categorized
numbers of grid points are used. In addition,by the way in which the pressure field is calculated
when a coordinate transformation is present, the
Poisson solution procedure can be quite compli-* Corresponding author.

e-mail: hi@hi.as.ntu.edu.tw cated (Durran and Klemp, 1983). Another type of
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nonhydrostatic model is the compressible model. be amended by the use of a time-split scheme.
Compressible models solve sound waves despite In addition, an explicit algorithm is particularly
their limited impact on most atmospheric systems. suited to run on parallel computers (processors).
The integrating time step is very short due to the A lot of computer time can be saved by using a
treatment of the fast-propagating sound waves, parallel computer.
but the pressure field can be directly integrated or A forward-backward procedure was developed
diagnosed indirectly through the integrated den- for treating both sound waves and gravity waves.
sity field. With the advancement of computer Since the forward-backward scheme is a two-level
technology in recent years, many investigators are scheme and prognostic variables are immediately
choosing to develop or use a compressible non- replaced during integration, it requires only 50%
hydrostatic model as their research tool. of the memory space compared to a three-level

In order to save computing time, an implicit (at least two levels are required to be saved in
scheme is often used in compressible models. Tapp memory) centered different scheme as used in most
and White (1976) and Carpenter (1979) treated models. This method is shown to be neutral with
the terms related to sound waves implicitly in respect to linear sound waves and internal gravity
both the horizontal and vertical directions. waves. Furthermore, there is no computational
Tanquay et al. (1990), Cullen (1990) and Pinty mode produced by this time integration procedure.
et al. (1995) chose to apply an implicit scheme to There is, therefore, no need to impose a time filter
both sound waves and gravity waves. The use of as required in a leapfrog scheme. The amount of
an implicit scheme, however, still leads to a com- artificial smoothing imposed in a finite-difference
plicated Helmholtz-type of equation for the pres- model is then reduced and may lead to a more
sure field as in an anelastic model. In addition, accurate solution.
very extensive computer memory is required for Our method was validated by comparing the
storing a large number of coordinate transforma- model results with the analytical solution for
tion coefficients for solving the pressure equation. linear, dry mountain waves in Sections 3 through
Perhaps, the most common approach is the use 5. The three different cases chosen for simulation
of an implicit scheme only in the vertical direction. are nonhydrostatic, hydrostatic and trapped
In this approach, the vertically propagating sound mountain waves, respectively in each section.
waves are treated efficiently while the horizontal Simulations of the 11 January 1972 Boulder
waves are solved explicitly, such as in Klemp and windstorm in Section 6 and bubble convection in
Wilhelmson (1978), Durran and Klemp (1983),

Section 7 show the model’s capacity in non-linear
Regional Atmospheric Modeling System (RAMS,

situations. Concluding remarks are presented in
Pielke et al., 1992), Pennsylvania State University-

the last section of the paper.
National Center for Atmospheric Research
Mesoscale Model Version 5 (PSU-NCAR MM5,

Dudhia, 1993), and Coupled Ocean/Atmosphere
Mesoscale Prediction System (COAMPS, Hodur,
1997). This approach is very attractive, since the

2. Numerical method1-dimensional (vertical ) Helmholtz-type elliptic
equation can be solved easily through a tri-

The numerical method is an extension of thediagonal matrix. This approach, however, may
Purdue mesoscale model (PMM) (Chern, 1994;encounter instability problems for very steep
Hsu and Sun, 1994) which is a hydrostatic model.mountain cases, or motions with compatible hori-
The original PMM employs a forward-backwardzontal and vertical spatial scales (Ikawa, 1988;
time integration scheme. The new model presentedSun, 1980; Steppeler, 1995).
in this paper builds an additional forward-In this paper, we present an explicit approach
backward procedure for treating sound waves.to solve a fully compressible, nonhydrostatic
The vertical coordinate system and the modelsystem of equations. This approach appears to be
equations are similar to those in the originalinefficient, but we will show that it is simple,
model (Sun and Hsu, 1988), with some necessarymemory saving, versatile, and accurate even for

high frequency waves. The efficiency problem can changes made for the new model.
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2.1. T errain following vertical coordinate In the above equations, u and w are the hori-
zontal and vertical velocity components, r the

The vertical coordinate s is defined as:
density, h the potential temperature, Rd the gas

constant for dry air, cp and cv the specific heat of
s=

p0 (z)−p0 (ztop)
p0 (zsurface)−p0 (ztop)

=
p0 (z)−p0 (ztop)

p*
, (2.1)

the dry air at constant pressure and volume,
respectively. The vertical velocity in the trans-

where p0 , pressure of a reference atmosphere, is
formed s coordinate is ṡ. The D’s are contributions

strictly a function of height. Although this vertical
from subgrid scale mixing, other sources and sink

coordinate appears to be a s-pressure coordinate,
terms are ignored in the model at this time. The

as used in many hydrostatic models, the pressure
diffusion terms were only calculted for the non-

in (2.1) is not a function of time. The position of
linear tests in Sections 6 and 7, since there is no

each grid point is fixed in time as in most of
turbulence generated in all linear cases presented

the existing nonhydrostatic models. The model
in the paper.

employs, strictly speaking, a s–z coordinate. This
It should be noted that we have chose density,

arrangement is confusing, but convenient in terms
instead of pressure (or p), as a prognostic variable

of enabling the two models (the new model and
in this new model. The change in the pressure

PMM) to share many source code modules.
time rate is affected by the diabatic heating term,

Dudhia (1993) used this procedure to extend the
dh/dt, while the heating term does not appear

PSU-NCAR MM4 into a nonhydrostatic model.
explicitly in the prognositc equation for density.
The diabatic effect on pressure is accounted for at

2.2. Model equations the time pressure is retrieved through the equation
of state. Thus, the prediction equation for densityThe present model is 2-dimensional. The
has the advantage of taking a simpler form thanCoriolis force and moisture effects are ignored in
a pressure equation, when this effect is considered.this paper, but they can be incorporated easily
Pressure perturbation calculated diagnosticallyinto the model. The momentum, mass conserva-
through (2.6) is then used to calculate the pressuretion, and thermodynamic equations are in the
gradient force terms in momentum equations asfollowing formats:
most numerical models do.

∂h

∂t
=−u

∂h

∂x
−ṡ

∂h

∂s
+D

h
, (2·2)

2.3. Finite diVerencing scheme
∂r

∂t
+r C∂u∂x+A∂s

∂xB
z

∂u
∂s

+
∂s

∂z
∂w
∂sD The compressible system (2.2)–(2.6) includes

fast propagating sound waves. This imposes a
severe limit to the time step which can be used in=−u

∂r

∂x
− ṡ

∂r

∂s
, (2.3)

explicit numerical integration schemes. In order

to amend this problem, we employed a time
splitting (Gadd, 1978) technique. The integration

∂u
∂t

+
1

r C∂p∞∂x
+A∂s

∂xB
z

∂p∞
∂sD=−u

∂u
∂x

− ṡ
∂u
∂s

+D
u
,

was divided into three stages, in which the length
(2·4) of the time step varied according to the

corresponding physical time scale of the terms∂w
∂t

+
1

r

∂s

∂z
∂p∞
∂s

=−u
∂w
∂x

− ṡ
∂w
∂s

−
r−r0

r
g+D

w
, calculated. The three stages are advection, high-

frequency-wave and diffusion stages.(2·5)

(1) T HE ADVECT ION STAGEwhere
The first and second terms on the right hand

side of the equal sign of (2.2)–(2.5) are advectionp∞=A Rd
pR
d
/c
p00

rhBcp/cv−p0 (z) (2.6)
terms. They are all calculated in a forward manner
with a time step denoted by Dt. The changes inand
prognostic variables due to advection terms, as

denoted in the following equations, are saved intoṡ=
∂s

∂z
w+A∂s

∂xB
z
u. (2.7)

the computer memory before they are accumulated

Tellus 53A (2001), 3



.-.   .-. 282

in pieces with several shorter time steps later in wn+1−wn

Dts
=−

1

rn+1 A∂s

∂z
∂p∞n+1
∂s Bthe high-frequency-wave stage.

Dyadv=Dt A−u
∂y

∂x
−ṡ

∂y

∂sB , (2.8) −
rn+1−r0 (z)

rn+1 g+
1

Dt
Dwadv . (2.13)

where y can be any one of the four prognostic Superscript, n, denotes the time level. The
variables. The algorithm follows Sun (1993) for numerical procedure can be viewed from the linear
the horizontal advection term in (2.8). This advec- perspective that the forward-backward scheme is
tion scheme is more accurate than the Crowley used to treat both high-frequency waves and
4th order scheme (Crowley, 1968). The algorithm internal gravity waves. For high-frequency waves,
for integration of the terms involving vertical the divergence term is forward and the pressure
motion for mountain wave simulations in Sections gradient force terms are backward. For the rela-
3–6 is the Crowley 2nd order scheme. The numer- tively slow varying gravity waves, the vertical
ical results for those tests are not sensitive to the advection terms in (2.9) and (2.10), which generate
accuracy of the vertical advection term. The advec- negative buoyancy in a stratified atmosphere, are
tion time step that can be used in the model is integrated in a forward manner, while the buoy-
restricted by the split ratio between the advection ancy and pressure gradient force terms in (2.12)
time step and the high-frequencey-wave time-step, and (2.13) are integrated backward. A longer time
in addition to the advection speed and gravity step can be used for the forward integration on
wave phase speed. As we will show later that we vertical advection terms, but several succeeding
cannot apply a very large split ratio without shorter steps must be repeated for integration on
sacrificing accuracy of the simulation. momentum fields because high-frequency waves

are also treated in the system. We shall show in(2) THE HIGH-FREQUENCY-WAVE STAGE
the next subsection that this algorithm is neutralThe terms that are responsible for rapid sound
in time with respect to both linear sound waveswave propagation are isolated on the left-hand
and linear internal gravity waves as long as aside of eqs. (2.2), (2.4), and (2.5). They are integ-
Courant–Friedrichs–Lewy (CFL) condition is met.rated separately with a smaller time step (Dts in
More properties of the numerical method are alsothe following equations) than that used for advec-
discussed in the next subsection.tion and diffusion processes.

All spatial differences are centered differences.The forward part of the integration involves the
Fig. 1 shows the staggered grid structure used inchanges in potential temperature and density:
the model. All thermodynamic variables are loc-
ated in the same position, while u and w arehn+1−hn

Dts
=

1

Dt
Dhadv , (2.9)

staggered with the thermodynamic variables in

the x and z directions, respectively. This arrange-
ment is best for treating the divergence term inrn+1−rn

Dts
=−rn C∂u∂x+A∂u∂xB

z

∂u
∂s

+
∂s

∂z
∂w
∂sDn the density equation, that is, (2.10). The vertical

velocity at the lower boundary, however, is located
at the same location as the thermodynamic+

1

Dt
Dradv , (2.10)

variables.

(3) T HE DIFFUSION STAGEp∞n+1=A Rd
pR
d
/c
p00

rn+1hn+1Bcp/cv−p0 (z) . (2.11)
Turbulence parameterization is modified from

Durran and Klemp (1983). It is a first-order
Momentum fields are integrated in a backward

closure scheme, where mixing coefficients are func-
manner as:

tions of the Richardson number and grid point

intervals. We used a simple forward method toun+1−un

Dts
=−

1

rn+1 C∂p∞∂x
+A∂s

∂xB
z

∂p∞
∂sDn+1 account for all of the D terms in the model

equations. The time step (Dtb) is longer than the

advection time step (Dt) for the Boulder windstorm+
1

Dt
Duadv , (2.12)

and bubble convection simulations in Sections 6
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Fig. 2. Schematic diagram of the model time-split
method.

Substituting (2.16) into (2.18) and changing

the definition of variables with û=Er0u∞,
ŵ=Er0w∞, p̂= (1/Er0)p∞, and ĥ= (Er0/h0 )h∞, we
have:

∂ĥ

∂t
+ŵS0=0, (2.19)

Fig. 1. Staggered grid system used in the model.

1

c2
∂p̂
∂t

+
∂û
∂x

+
∂ŵ
∂z

+AS0+R0
2 B ŵ=0, (2.20)

and 7. As a summary, Fig. 2 demonstrates how
the time integration is broken down into the three ∂û

∂t
+

∂p̂
∂x

=0, (2.21)stages in the case of Dtb=2 Dt, and Dt=4 Dts .

2.4. L inear stability analysis
∂ŵ
∂t

+
∂p̂
∂z

+Ag

c2
+

R0
2 B p̂−gĥ=0, (2.22)

We can linearize the governing eqs. (2.2)–(2.6)
whereas follows (neglecting the diffusion terms)

S0¬
1

h0

∂h0
∂z

, R0¬
1

r0

∂r0
∂z

.∂h∞
∂t

+w∞
∂h∞
∂z

=0, (2.14)

Note that the linearized equations are more simpli-∂r∞
∂t

+r0 A∂u∞∂x
+

∂w∞
∂z B+w∞

∂r0
∂z

=0, (2.15) fied due to the change in variables, this is an

important step to aid subsequent analysis. We
then followed the standard Von Neumann stability

r∞=
p∞
c2
−

r0
h0

h∞, (2.16) analysis by letting

∂u∞
∂t

+
1

r0

∂p∞
∂x

=0, (2.17) C ĥ

p̂

û

ŵD ( jDx, kDz, nDt)=CHPUWD ln ei(ljDx+mkDz),
∂w∞
∂t

+
1

r0

∂p∞
∂z

+g
r∞
r0

=0. (2.18)

(2.23)
In these equations, primes are deviations from

basic state variables (with subscript ‘‘0’’) which are The perturbation fields are discretized and the
indices for addressing the grid points are j, k,functions of height only and c2=E(cp/cv )RdT .

The basic state wind components, u0 and w0 , and n in the x direction, z direction and time,
respectively. The wave numbers in the x and zare both assumed to be zeroes for simplicity.
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directions are l and m, respectively. The amplifica- numerical method is neutral ( |l |=1) as long as
tion factor for testing the stability of a numerical
method is l. Dt<2S 1

c2(X2+Z2+C20 )
. (2.31)

Our newly developed numerical method pre-
sented in Subsection 2.3, can now be tested for

If 1/c2 terms are dropped in (2.29), we obtain
the linear, non-spliting situation by substituting

the solution for pure internal gravity waves by
(2.23) into (2.19)–(2.22) with forward difference

solving
for ∂̂h/∂t and ∂p̂/∂t, backward integration for ∂û/∂t

(X2+Z2+C20 )(l−1)2+Dt2gS0X2l=0, (2.32)and ∂ŵ/∂t. All spatial derivatives are replaced by

centered differences with a half of grid distance on
The forward-backward algorithm is again neutral

either side because of the staggered grid structure
as long as

(Fig. 1). The set of linear equations becomes

Dt<2SX2+Z2+C20
gS0X2

. (2.33)Al−1

Dt B H+S0W =0, (2.24)

The last equation is the same result as in Sun
(1980) in which the stability criterion of a forward-Al−1

Dt B 1

c2
P+ iXU+ iZW+C0W =0, (2.25)

backward scheme was obtained for a set of anelas-

tic equations. As for general cases of internalAl−1

Dt B U+ iXlP=0, (2.26) gravity waves mixed with sound waves, we can
still solve the 4th-order polynomial (2.29), since

all coefficients are real numbers. The stability ofAl−1

Dt B W + iZlP−C0lP−glH=0, (2.27) the numerical method depends on basic state
parameters, wave numbers and the grid interval.

Fig. 3 demonstrates the magnitude of the ampli-where
fication factor as a function of Dt for the case of
l=p/Dx, m=p/Dz (most restrictive wave numberX¬

sin(lDx/2)

Dx/2
, Z=

sin (mDz/2)

Dz/2
,

in terms of the time step that can be used in the
model). Four roots of (2.29) correspond to twoC0=S0+R0/2.
slow and two fast physical modes of (2.14)–(2.18).

Note that the coefficient, g/c2+R0/2, in (2.22) is With a small Dt, all modes are neutral as the
replaced by −C0 in (2.27), since it can be shown

through the hydrostatic equation of the basic state
that

S0=−g/c2−R0 . (2.28)

The amplification factor, l, can be solved by
setting the determinant of the coefficient matrix
of (2.24)–(2.27) to zero. Thus, we have

1

c2
(l−1)4+Dt2 AX2+Z2+C20+

gS0
c2 B l(l−1)2

+Dt4gS0X2l2=0. (2.29)

In order to understand the stability properties of
our numerical method, we can consider two special Fig. 3. Magnitude of the amplification factors for the

model forward-backward scheme in the linear case ofcases of (2.29). If gS0 equals to zero, (2.29) becomes
c=330 m s−1, gS0=10−4 s−2, l=p/Dx, m=p/Dz, and
Dx=Dz=200 m. These three lines correspond to four1

c2
(l−1)2+Dt2(X2+Z2+C20 )l=0. (2.30)

roots of (2.29) and the magnitudes of the two slow modes
are the same (=1) for the range of Dt presented in
the figure.This equation is related to pure sound waves. Our

Tellus 53A (2001), 3



        285

physical solution. From the stability analysis, we obtain u at the surface, but always failed to get a
reasonable surface pressure distribution in bothcan conclude that the numerical method is neutral

in time with respect to both linear sound waves the linear and nonlinear mountain wave simula-

tions. We then decided to integrate u at the surface,and internal gravity waves as long as the CFL
condition is met. It should be noted that our and then solve w through (2.34). The surface grid

arrangement described earlier is related to theanalysis is performed for an inviscid flow. In our

simulations, a time step slightly longer than the bottom boundary condition. However, it was
found that the model becomes unstable for thecritical time step according to (2.29) is used

because the model has weak smoothing in space. windstorm simulation, if we integrate (2.4) directly.

The problem lies in the coordinate transformationSince this procedure is neutral and does not
produce unstable computational modes, as a leap- term related to ∂p∞/∂s. This expression can only

be evaluated through a non-centered finite differ-frog scheme does (Skamarock and Klemp, 1992),

there is no need to impose any time smoother or ence method, since there is no p∞ value available
beneath the ground surface. The error can be veryfilter during the entire course of integration. In

addition, since the method is very stable, we have large near a mountain. We therefore derived

another prognostic equation for u at the groundnot imposed any smoothing in space on prognostic
variables as well for linear mountain wave simula- surface to avoid this problem. By letting ṡ equal

zero, (2.4) and (2.5) become:tions in Sections 3–5. Only for the highly nonlinear

1972 Boulder windstorm simulation in Section 6
and the nonlinear bubble simulation in Section 7,

∂u
∂t

+
1

r C∂p∞∂x
+A∂s

∂xB
z

∂p∞
∂sD=−u

∂u
∂x

, (2.35)
was very slight smoothing in space applied to
prognostic variables to filter out the aliasing errors ∂w

∂t
+

1

r

∂s

∂z
∂p∞
∂s

=−u
∂w
∂x

−
r∞
r

g, for s=0.generated by nonlinear terms. Without artificial

smoothing in time and space, numerical results (2.36)
should be very reliable. The test cases in this paper

Combining (2.35) and (2.36) by cancelingdemonstrate the validity of our method.
∂p∞/∂s, we obtained another form of the horizontal
momentum equation for the ground surface with

2.5. Boundary conditions
the aid of (2.34):

The open lateral boundary condition in Sun
et al. (1991) was used. In addition, we added

50-grid buffer zones (Rayleigh damping) on each ∂u
∂t

+
A∂s

∂zB2
A∂s

∂zB2+A∂s

∂xB2
z

1

r

∂p∞
∂xlateral boundary to avoid wave reflection by the

artificial boundaries. The sponge coefficient for

lateral boundaries is a linear function. It is the
largest right at the lateral boundary and dimin-
ishes linearly toward the inner domain within the

=−u
∂u
∂x

+
A∂s

∂xB
z
A∂s

∂zB
A∂s

∂zB2+A∂s

∂xB2
z

r∞
r

g50-grid buffer zones. The top boundary is also a
sponge layer. It is very deep with at least 40 levels
in each vertical column. As a lateral boundary

buffer, the damping coefficient decreases linearly
from the top toward the inner domain within the

+u2 CA∂s

∂xB2
z

∂ ln AK∂s

∂z KB
∂x

−
1

2

∂ A∂s

∂xB2
z

∂x DNdamping layer.
A free-slip condition was used at the ground

surface. Since the ground is a material surface, we

require that the normal velocity vanish at the CA∂s

∂zB2+A∂s

∂xB2
z
D . (2.37)

surface:

The last term of (2.37) comes from the advection
ṡ=

∂s

∂z
w+A∂s

∂xB
z
u=0, for s=0. (2.34) term of (2.36). Although this new form of

momentum equation for the bottom surface looks
complicated, the coefficients regarding s are con-We tried several extrapolation techniques to
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stants. They can be stored into the computer where r is density, r0 the surface air density, x∞=
ks (x+ ia), z∞=ksz, ks=N/U, and i=E−1.memory in the beginning of the simulation.

Eq. (2.37) can then be evaluated quite accurately Queney (1948) calculated the solution by solving

the Fourier Bessel expansion of the above integralwith a centered difference method, since all spatial
finite differences are in the x-direction. The model without the help of the present day advanced

computer. Fig. 1 of his paper plots the streamlinesis apparently very sensitive to lower boundary

conditions. The magnitude of the pressure- and the ground surface pressure distribution. The
classical diagram also appeared as Fig. 54-1 ingradient-force term of (2.37) is smaller than the

original form in (2.35), since the additional coeffi- Gill (1982) and Fig. 5 in Smith (1979). We found,

however, that this diagram is not very accuratecient is always less than 1 with a sloping terrain.
In addition, the advection and buoyancy terms and the solution has to be recalculated before it

is used to validate our model result.have a stabilizing effect. Thus, this new form of

the momentum equation stabilizes the model We recalculated the solution by direct integra-
tion of (3.2) numerically using Simpson’s 1/3 ruleand provides a more accurate simulation result,

especially for nonlinear situations. (evenly spaced functional values are summed up

by weighting coefficients of 1/3, 4/3, 2/3, 4/3,
2/3, .. .). The increment of the dummy variable, Dt

3. Simulation of nonhydrostatic linear (not time step), is 1/200 m−1, and the upper limit
mountain waves of the numerical integration is t=10 m−1. The

result is plotted in Fig. 4. We verified this result
3.1. Anelastic analytical solution by comparing it with the result of doubling Dt

and halving the upper limit to make sure that ourThe new numerical procedure was tested against
result is very accurate. Indeed almost no differencean analytical solution for linear mountain waves.
appears for these two solutions. The integrationQueney (1948) found anelastic solutions for uni-
increment and upper limit of t that we used areform flow over a ‘‘bell-shaped’’ ridge of the form:
adequate.

Although the general pattern of the displace-
h=hmNC1+AxaB2D=hma P2

0
e−ka cos kx dk.

ment looks similar for Queney’s original diagram
and Fig. 4, there are discrepancies in many places.(3.1)
First of all, even though the wave energy is mainly

where h is terrain height, hm the maximum terrain
concentrated in the downstream region of the

height, a the half width, which is a measure of the
mountain, the displacement is far from zero at

horizontal length scale of the mountain. The back-
6 km upstream from the mountain as in Queney’s

ground environment of the waves is uniform strati-
diagram. Secondly, Queney’s solution is too strong

fication with a free-slip bottom surface. The bell-
(over 30% in some places) below the 3 km level

shaped ridge is convenient for study because of
and a little bit weak in the upper levels. The most

the simple form of its Fourier transform in the
significant difference between the two diagrams is

above equation. The response to airflow can be
the surface pressure distribution. Our calculated

found by taking an appropriate combination of
amplitude of the pressure deviation is more than

the solutions for all of the sinusoidal topography
twice as strong as Queney’s. In addition, the

components.
surface pressure perturbation can be positive in

We have chosen the case of uniform wind speed
the downstream region, but it is always negative

U=10 m s−1, the Brunt–Väisälä frequency N=
in his figure. Since pressure is calculated through

0.01 s−1, a=1000 m for comparison. Gill (1982)
the vertical derivative of the displacement as in

categorized a~U/N as belonging to the non-
the following equation:

hydrostatic wave regime. The anelastic solution of
the streamline vertical displacement is:

p∞=r0U2
∂f

∂z
~r0U2

Df

Dz
, (3.3)

f=real part of

the requirement for accuracy of the displacement

is very high. We used the displacements at theSr0
r

(ksa)hs P2

0
exp i(x∞t+z∞√1−t2 ) dt , (3.2)

ground and 10 m levels to estimate the pressure
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Fig. 4. Recalculated Queney’s (1948) original solution for the perturbation produced by a narrow mountain range
(half-width length of 1 km) in an unlimited stratified current (U=10 m s−1, N=0.01 s−1 ). L s is 2pU/N. (a) Vertical
displacement of the streamlines. (b) Perturbation of pressure and longitudinal wind velocity at ground level. The
analytical solution was obtained through direct integration of (3.2) with Simpson’s 1/3 rule.

deviation in Fig. 4. Should we use the 200-m constitute the absorption layer stated earlier. The

grid interval is 200 m in the x-direction andstreamline displacement, the pattern would be like
that of Queney’s but with a larger amplitude. This approximately the same in the z-direction. Since

our model is nonlinear, a very small mountainmay indicate that a very high resolution is required

to obtain an accurate solution. It should be noted height (hm=10 m) is used for simulating linear
mountain waves. The wave amplitude is laterthat Klemp and Lilly (1980) calculated the surface

pressure distribution correctly a long time ago. multiplied by 100 in order to compare it with

the recalculated Queney’s solution (hm=1 km)The pressure curve for aN/U=1 in their Fig. 5
supports our findings that the Queney solution is described in the last subsection. The mountain is

placed in the center of the 68 by 30 km2 domain.in error. Klemp and Lilly (1980) discussed the

surface pressure character for a wide range of Time steps for the advection stage and high-
frequency-wave stage are 3 and 0.5 s, respectively.mountain widths, but did not note Queney’s error

and did not provide streamlines for the nonhydro- Fig. 5 shows model streamline after 10 h of integra-

tion. The airflow actually already reached a steadystatic mountain waves.
state after 5 h. The recalculated Queney solution

of Fig. 4 is repeated in Fig. 5 for comparison. The
3.2. Model simulation

compressible numerical solution and the anelastic
analytical solution are almost perfectly matched.In this simulation, the computational domain

contains 341 points in the horizontal and 150 It is noted that the numerical model actually
has verified the validity of the recalculated ana-levels in the vertical direction. The top 60 levels
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Fig. 5. (a) Streamlines and (b) surface pressure perturbation obtained from the analytical solution (solid lines) and
by numerical simulation after 10 h with Dt=6 Dts=3 s and Dx=Dz=200 m (dashed lines) for mountain waves as
in Fig. 4. We multiplied the magnitudes of model perturbations by 100 for comparison. As such they constitute a
linear solution for a 1 km high mountain.

lytical solution. These two completely different profiles for two simulations with and without the
time-split technique in Fig. 6. The numerical solu-approaches produce similar solutions, while the

original Queney’s pressure distribution is far apart tions again reached a steady state after long

integration. Theoretically, the vertical momentumfrom the two pressure curves in Fig. 5.
flux remains constant with height, since the moun-
tain waves propagate upward without losing their

energy in the linear condition. Our results show a4. Simulation of hydrostatic linear mountain
waves nearly perfect flux profile from the surface up to

4 km (corresponding to nondimensional height,

Nz/U, about 4 in Fig. 6) in height. As for theOne of the hydrostatic test cases presented in
Durran and Klemp (1983) was performed using upper half of the domain, waves are artificially

absorbed in the damping layer, and the calculatedour model. This is also a test for uniform flow

over a bell-shaped ridge. The half-width length is flux approaches zero with height. The numerical
solution right beneath the damping layer is slightly10 km, which is much wider than the previous

section. The background flow is an isothermal off from the analytical value. The damping layer

may have affected the numerical solution, as it isatmosphere with U=20 m s−1 and T =250 K. We
used the same grid interval (Dx=2 km, Dz= very difficult to impose a perfect upper boundary

condition. The result from the no-time-split simu-200 m) and the same number (40) of nudging
levels as in Durran and Klemp (1983). lation is better than the time-split simulation.

Our results are quite consistent with DurranThe simulated streamlines (not shown) also

match the corresponding analytical solution very and Klemp (1983). It should be noted that the
time step in our model is much shorter than theirwell. We only presented vertical momentum flux
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where

l2=
N2
u:2

−
d2u:/dz2

u:
. (5.2)

The symbols l1 and l2 denote the Scorer para-
meters of the lower and upper layers, respectively.

They are uniform within each layer. The depth of
the lower layer is H.

The solution for trapped waves can be evaluated

by contour integration over a complex wave
number plane (Scorer, 1949). We have again calcu-
lated the solution numerically using Simpson’s 1/3

rule with a very fine resolution in wave number
for the case of l21=10−6 m−2, l22=1.5Ω10−7 m−2,
H=3 km, a=2.5 km, hm=1 m and r0=
1.16124 kg m−3. The value of r0 corresponds to
surface pressure at 1000 hPa and temperature
300 K.

Fig. 6. Vertical flux of horizontal momentum
Simulation of the trapped waves can be an(M=∆ru∞w∞ dx), normalized by the analytical value, MH ,

interesting, but difficult, test for two reasons. First,at nondimensional time Ut/a=60 for simulation with
time-split technique (Dt=6 Dts=3 s) in dashed line and a finite difference model cannot have a perfect
without time-split technique (Dt=Dts=0.5 s) in solid two-layer structure. Two uniform layers with
line for hydrostatic mountain waves described in different Scorer parameters are apart by at least
Section 4. The dotted line represents the analytical pro-

one vertical grid for a numerical model, instead
file. MH is −(p/4)r0NUh2, in which r0=1.3937 kg m−3,

of joining together in the theoretical model. InN=0.019561 s−1, U=20 m s−1 and hm=1 m. The value
addition, the amplitude of the resonant waves inof surface density corresponds to T =250 K and p0=
the analytical solution remains unchanged regard-1000 hPa.

less how far downstream from the source of dis-
turbance. Obviously, it is not possible to duplicatemodel. This is simply due to the nature of our
this behavior with a finite-difference model.model. There were very few assumptions in estab-
However, we can test the accuracy of a numericallishing this model, and the sound waves are expli-
model by examining how much energy of thecitly resolved. Therefore, the model cannot be very
trapped waves can be retained far away from theefficient, and the applicability of the model is
mountain. Thus, the case is interesting in terms oflimited when Dx is much larger than Dz. Although
validating a numerical model.our numerical method is designed to mainly focus

For simplicity, we used uniform mean windon nonhydrostatic phenomena, it is, however, still
(10 m s−1) for both upper and lower layers in theaccurate in this hydrostatic situation.
simulation. The Scorer parameter defined in (5.2)

would then be only a function of the Brunt–
5. Simulation of linear trapped mountain

Väisälä frequency, N. N21 and N22 are 10−4 and
waves

1.5×10−5 s−2, respectively, to simulate two uni-

form layers of Scorer parameters. The surface
Another test case that can be of interest to

pressure is 1000 hPa, temperature 300 K so that
validate a numerical method is the linear trapped

the surface density is the same as the analytical
mountain waves solved by Scorer (1949).

value described earlier. All background conditions
Resonant waves develop near the ground surface

are the same for the analytical solution and numer-
downstream from a bell-shaped mountain in his

ical solution, except that the two layers of different
two-layer model as long as the following Scorer

Scorer parameter for numerical solution is separ-
condition is met:

ated by one vertical grid (Dz=200 m). The hori-

zontal grid distance is also 200 m.
l21− l22�

p2
4H2

, (5.1)
The simulated streamlines after 12 h match the
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analytical solution (Fig. 7) very closely. At that ally downstream from the mountain (Fig. 8).
Compared with the analytical vertical velocitytime, the numerical solution has already reached

a steady state. But for vertical motion, the ampli- (Fig. 9), the amplitude of the last cell with

downward motion at around x=75 km istude of the simulated lee waves deteriorates gradu-

Fig. 7. Streamlines obtained from analytical solution (solid lines) and by numerical simulation after 10 h with Dt=
4 Dts=2 s (dashed lines) for trapped mountain waves described in Section 5. We amplified the vertical displacement
of streamlines by 500 to show these two linear solutions. The center of the mountain is located at x=0. We integrated
Scorer’s (1949) displacement equation with Simpson’s 1/3 rule to obtain the analytical solution.

Fig. 8. Simulated vertical motion after 12 h for trapped mountain waves described in Section 5. Split scheme with
Dt=4 Dts=2 s was used. The contour interval is 0.001 m s−1. Dashed lines are negative contours. The center of the
mountain is located x=0.
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Fig. 9. Same as Fig. 8, except for Scorer’s (1949) analytical solution obtained through using Simpson’s 1/3 rule.

−0.003 m s−1, which is only about 60% of the 6. Simulation of the 11 January 1972 Boulder
windstormanalytical value (−0.0049 m s−1). It should be

noted that the integrating domain is very large.
Our model was tested further in a non-linearThe domain is from −62 to 134 km in the hori-

situation. The non-linear effect in the flow overzontal direction and 25 km (including an 8-km
a 2-dimensional mountain contribute to thebuffer zone) in the vertical direction. Durran and
steepening of the mountain waves and may sub-Klemp (1982) performed a similar test. We used a
sequently lead to wave breaking and severedifferent wind profile from theirs. The analytical
downslope winds. The most well known observa-vertical motion is weaker in our case.
tion of severe downslope winds is the 11 JanuaryThe model results presented in Figs. 7 and 8
1972 Boulder windstorm (Lilly, 1978). The highwere generated with the time-split technique. The
wind speed and the nicely documented data

advection time step is 4 times as large as the high-
generated interest in studying the phenomenon

frequency-wave time step. We also tested the time-
(Smith, 1985; Peltier and Clark, 1979; Durran,

split effect again with a no-split simulation. All
1986; Durran and Klemp, 1987; Bacmeister and

other conditions remain the same. The vertical
Pierrehumbert, 1988). In addition, a simulation of

motion field is presented in Fig. 10. The simulated
this case represented a challenging test to modelers

lee waves deteriorate very little in this case. due to the complex wave breaking structure and
The amplitude of the cell at around x=75 km high wind speed. Recently, a collaborative effort
(very far downstream from the mountain) is was established to assess the ability of high-
−0.0046 m s−1, which is about 94% of the analyt- resolution numerical models to predict the loca-
ical value (−0.0049 m s−1). Although about 60% tion and strength of breaking waves in a series of
of the computer time can be saved for the previous experiments involving airflow over topography
time-split simulation, the accuracy of the calcula- (Doyle et al., 2000). The first test of this joint
tion is slightly sacrificed. For a very long integra- effort was a multi-model inter-comparison of this
tion, or waves very far from the energy source, particular windstorm. One of earlier versions of

our numerical model joined the program. Thethe effect of the timesaving technique will show up.
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Fig. 10. Same as Fig. 8, except for numerical simulation without the time-split technique (Dt=Dts=0.5 s).

results have shown consistency with the other 6.1. Model simulation after 2 h and comparison
models. with observation

In this test, the initial conditions were based on
The simulated results after 2 h are shown in

the upstream 1200 UTC 11 January 1972 Grand
Fig. 11. The figure resembles the analysis of the

Junction, Colorado sounding. The sounding pro-
observations in Figs. 7 and 9 of Lilly (1978). The

file is presented in Fig. 1 of Doyle et al. (2000).
contour-line intervals are the same in the two

There were multiple shear layers with different
figures and only a portion of the simulated domainamounts of static stability, which made the case
is shown for comparison. Major features of theeven more interesting. Two of the most important
phenomenon are well represented by the model.features of this sounding profile were the strong
Upper-tropospheric isentropes are perturbedwind and stable layers between 2 and 7 km. These
downward for more than 5 km and the entirecharacteristics favored the development of the
tropospheric airflow plunged to a very thin layerwindstorm (Klemp and Lilly, 1975; Durran, 1986).
over the downstream slope of the mountain. TheWe spun up the horizontal wind in 10 min to
simulated maximum wind speed is more thanavoid the initial shock waves generated by the
60 m s−1 (Fig. 11b), which is about the same ashigh mountain from contaminating later model
the observed value (Lilly’s Fig. 9). The ‘‘free fall’’results. The idealized terrain height still followed
generated a ‘‘jump’’ analogous to a hydraulic jumpa bell-shape with a half-width length of 10 km and
found at the foot of a dam (Kundu, 1990; Durran,a maximum height of 2 km. The grid intervals
1990). The jump is well defined in both figures.were 1 km in x and 200 m in z-direction. The
Farther downstream (to the right of the jump inintegration domain was 370 km by 35 km in which
the figure), the model catches the characteristicthe 50 km zone on both lateral boundaries and
turbulent lee waves. The vertical amplitudes of thethe top 10 km layer were sponge layers, where all
isentrope displacement of the lee waves are alsoprognostic variables were nudged toward their
quite comparable to the observation. In Lilly’sinitial values to avoid wave reflection from the
Fig. 9, there is a narrow band located in the upperartificial boundaries. Time steps for the three
troposphere right above the zone with the severedifferent computational stages (Section 2) were

1/2, 1/2, and 4 s. downslope winds, where the horizontal wind was
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Fig. 11. (a) Potential temperature and (b) horizontal wind speed obtained by simulation of the 11 January 1972
windstorm after 2 h. Contour intervals are 2.5 K and 10 m s−1, respectively.

very weak. The model also reproduced this import- potential temperature contours. The jump appar-

ently excites strong internal gravity waves, andant feature.
part of the wave energy is trapped inside the
inversion layer due to a near-neutral layer

6.2. Model simulation after 3 h
(between 12 and 14 km) just above the inversion.
The trapped wave Scorer condition discussed inThe model results after 3 h are shown in Fig. 12.

This is the time chosen by Doyle et al. (2000) for the previous section is met. It is noted that the

near-neutral layer above the undulating inversionmodel performance intercomparison. There are
many wave-breaking layers indicated by vertically layer has been deepened by the second (from top)

level of wave breaking over the mountain ridge,oriented isentropes in Fig. 12a. This is partly due

to the multiple layers of shear and stability residing the potential temperature gradient of the inversion
layer is therefore enhanced.in the initial sounding profile. The jump propa-

gates downstream and the downslope wind speed The vertical motion associated with the jump

(Fig. 12c) is very strong. The magnitude and allupstream of the jump increases to 70 m s−1
(Fig. 12b). The low-level wind speed is most likely features described in this subsection are quite

consistent with the results of many other modelsenhanced by a free-slip lower boundary. The areas

of high wind speed and reversed airflow both presented in Doyle et al. (2000).
elongated. They are stretched to the right along

with the jump propagation. Another interesting
6.3. Sensitivity tests

characteristic is the strong wave motion in the
layer right above the jump. This layer (between The accuracy of the model was extensively

tested for the time-split scheme, advection scheme,10 and 12 km) is an inversion layer above the
tropopause depicted by the densely distributed lateral boundary condition, and the spatial reso-
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Fig. 12. Simulated (a) potential temperature, (b) horizontal wind speed and (c) vertical velocity after 3 h. Contour
intervals for the 3 panels are 16 K, 10 m s−1, and 10 m s−1, respectively. The vertical velocity contours are −5, 5,
and 15 m s−1 to avoid zero lines from dominating the figure and negative contours are dashed.

lution used in the model. Fig. 13 shows the 3-h jump is sharper. The wavelength of the trapped
waves discussed in Subsection 6.2 is shortermodel results of three other different simulations.

Our time-split scheme, for Dt=3 Dts , seems to be because of the stronger jump in the high-

resolution tests.valid as the results are quite similar with or
without using the technique (compare panels Doyle et al. (2000) reported that although major

features of the simulated downslope wind areFigs. 12a, 13a).

The model shows numerical solution robustness similar for many numerical models, significant
variations exist in the jump movement, the tran-in terms of spatial resolution. Again, similar results

were produced by simulations (panels (b) and (c) sition to ambient downstream conditions, and the
vertical velocities. They suspect that some of theseof Fig. 13) with half the horizontal and vertical

grid spacing. A shorter time step is used to satisfy differences in the hydraulic behavior may be influ-

enced by lateral boundary formulation. Our modela more restrictive CFL criterion. The strength of
the downslope wind is about the same, but the results seem to be very robust in that respect as
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Fig. 13. Potential temperature after 3 h for different simulation cases. (a) Simulation using the same spatial resolution
(Dx=1000 m and Dz=200 m) as in Fig. 12a but with time split technique Dt=3 Dts . Panels (b) and (c) for fine
resolution (Dx=500 m and Dz=100 m) simulations. Panel (b) was obtained without the time-split technique and
(c) with Dt=3 Dts . Contour interval (16 K) is the same for all plots.

well. We enlarged the buffer zone further by 50 shown in figures) for the two simulations are
qualitatively similar.points (50 km) on each side of the lateral bound-

ary, and the results are practically the same as The model is quite sensitive to the smoothing
scheme for removing nonlinear instability. If wethat of the smaller domain simulation. Since lateral

boundaries are artificial boundaries, they should increase the smoothing coefficient or smooth too

frequently, the whole system would be muchnot have any impact on the simulated phenom-
enon. We also tested the effect of the accuracy of weaker. Since the model is well-behaved, the

amount of smoothing we used was minimal tothe horizontal advection scheme and found that
the jump propagation is slower and the intensity avoid the artificial procedure from ruining the

model results. The prognostic variables wereof the phenomenon weaker if we used a 2nd order

advection scheme instead of the present 4th smoothed every 30 s and the coefficient of Shuman
smoothing was only 0.0125. This sensitivity testorder advection scheme. The major patterns (not
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shows that the simulation of the windstorm is to the size of the integration domain. The convec-
tion motion at that time (Fig. 14d) is very strongvery demanding in terms of the accuracy and

stability of a numerical model. at x=−500 and 500 m where Robert’s lateral

boundaries are located. The lateral boundary con-
dition must have played a key role in the convect-
ive motion at that time in Robert’s simulation. It7. Bubble convection experiment
may have accelerated the convective motion in his
simulation and speeded up the break up processAll of the tests in the previous sections are

simulations for topographic flow. In this section, of the bubble. Chen (1999) simulated the same

experiment with an implicit, multi-grid model. Shewe show a flat-terrain bubble convection simula-
tion. Robert (1993) presented a semi-implicit and has also used a large domain and her 18 min

result is very close to ours.semi-Langrangian method to simulate micro scale

convective motion. His model is very efficient and This test shows that our finite difference model
can achieve the same level of accuracy as a semi-accurate, but does not include the terrain effect

and the paper describes convection only in an Langrangian model as the two solutions were very

close before the boundary effect sets in. Althoughisentropic environment. We followed one of his
experiments. The experiment involves a warm there is no analytical solution for this non-linear

situation, similar solutions by the three completelycircular bubble in an isentropic environment. The

initial distribution of potential temperature within different models mentioned in the last paragraph
should be sufficient to justify the numericalthe bubble is given by equations (38) and (39) in

Robert (1993). This produces a bubble with a solution.
Gaussian profile. The diameter of the bubble is
only 100 m and the maximum potential perturba-

tion is 0.5 K in the center of the bubble. The grid 8. Summary and concluding remarks
interval is 10 m in both x and z directions as in
Robert (1993). The time step that we used is very In this paper we introduced a numerical model

for solving a 2-dimensional, compressible, andshort with Dtb=5 Dt=40 Dts=1 s. Note that a
large advection stage time step and high-frequency nonhydrostatic system of equations. The new

forward-backward procedure is neutral in timewave time step ratio can be used in a weakly

stratified atmosphere, and there is no background with respect to both sound waves and internal
gravity waves in a linear sense. Compared to thestratification in this test. Another major difference

is the domain size. We used a much larger domain leap-frog-scheme most people employ in their

model, this method involves only two time steps,(4 km×4 km) than his (1 km in the x-direction
and 1.5 km in height). As the bubble rises, the which requires less memory and is also free from

computational modes. Hence, a time-filter is notbubble becomes larger. The simulation result

became sensitive to the lateral boundary condition needed. Pressure is retrieved from the predicted
density field in the model. This method can beat the later development of the convective motion

when a small domain was used. In order to advantageous when diabatic effect is considered.

In addition, treatment of the inviscid surfacesimulate unrestricted free motion and to avoid the
problem with artificial lateral boundary condi- boundary condition is improved by manipulating

the equations so that one-sided calculation for thetions, we employed a very large calculating

domain. The center of the bubble is 1 km above vertical pressure derivative can be avoided. Since
the treatment of the surface boundary conditionthe bottom surface.

Our result at t=6 min (not shown) is nearly is a 2nd order scheme as in the interior domain,

this formulation contributes significantly to theidentical to Robert’s (1993) Fig. 4. Our 12th min
result (Fig. 14a) is very similar to his Fig. 5, but performance of the model.

There are very few assumptions involved inthe 18th min results are quite different (compare
Fig. 14b and Robert’s Fig. 6). The tail section of solving the compressible, nonhydrostatic system

of equations, and even sound waves are explicitlythe rising bubble broke down at a later stage of

integration (Fig. 14c) in our simulation. The resolved. The integration time step is therefore
very short. Fortunately, with the use of the time-difference in the 18 min result must be mainly due
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Fig. 14. Potential temperature perturbation at (a) 12 min, (b) 18 min, (c) 24 min, and (d) wind field at 18 min for an
initially circular thermal bubble with a Gaussian profile in an isentropic environment. Contour levels for potential
temperature perturbation are 0.05, 0.15, 0.25 and 0.35 K. Areas with value between 0.15 and 0.25 K, or greater than
0.35 K are shaded. The scale of the wind vectors is shown in the lower right corner of panel (d).

split technique described in Section 2 there are problems. The numerical results show no sign of

deterioration for long integration. For example,only a few terms that need to be calculated in the
high-frequency-wave stage, while time-consuming the trapped waves of the 12-h result in Section 5

(Fig. 10) remains very strong very far downstremadvection terms can be calculated with a longer
time step. The time-split technique seems quite from the mountain.

We have demonstrated the accuracy andvalid as shown in all tests. Furthermore, even with

a short time step, the numerical method is very stability of this model in both linear and nonlinear
situations. We recalculated Queney’s analyticalstable in that this shortcoming does not pose any

Tellus 53A (2001), 3



.-.   .-. 298

solution for linear nonhydrostatic mountain waves at least very robust in terms of spatial resolution,
lateral boundary conditions, and the use of time-through accurate numerical procedures with a
split scheme even for this highly nonlinear andvery fine integration increment in order to validate
intense windstorm. The model result seems, there-our model. After redrawing the analytical solution,
fore, credible.we found that our diagram is quite different from

This model will be converted into athe original Queney’s diagram. The result from
3-dimensional model to study many meso andour numerical model matches the recalculated
micro scale phenomena. Currently, this model hassolution very closely. Thus, the simulation further
also been applied to simulate nonlinear moistvalidates the recalculated solution. This practice
mountain waves, convective clouds, and land-seaalso indicates that our numerical method is
breezes, etc.accurate.

In a nonlinear simulation of the 1972 Boulder

windstorm, the model reproduced the intense 9. Acknowledgments
windstorm. The results showed that the airflow is
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