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ABSTRACT

The solutions of the weak constraint data assimilation problems depend on a priori error
covariance. If a priori error covariance have poor quality, a posteriori evaluation may have
negative impact and solutions are not optimal. A novel variational data assimilation method
is proposed, which does not assume the model is perfect, and can adaptively adjust model state
without knowing explicitly the model error covariance matrix. Not by adjusting the initial
condition in 4D-VAR, but by adjusting a steady gain matrix in a class of filters in this approach
to yield a filter solution that minimize the norm of analysis innovation vector in a given span
of time interval. The method enables very flexible ways to form some reduced order problems.
A proper reduced-order problem not only reduces computational burden but leads to correc-
tions that are more consistent with the model dynamics that trends to produce better forecast.
It is shown that the optimal nudging can be reinterpreted as an example of the reduced order
problems. The method is demonstrated using a simple nonlinear model (Burgers equation
model) and simulated data. Full and several reduced order forms of the adaptive variational
method are performed and compared with a simplified strong constraint 4D-VAR and the space
variable optimal nudging scheme in assimilation-forecast experiments.

1. Introduction ent model errors. Comparing it with the strong
constraint case, the cost function in the weak
constraint case has some additional penalty termsThe strong constraint variational method (also
that represent high cost for violating the specifiedcalled the adjoint method or 4D-VAR) assumes
model error statistics. One shortcoming of thethe model is perfect (LeDimet and Talagrand,
weak constraint approaches are: the number of1986), and yields a model solution best fit to given
the model error variables, which is the number ofobservations in a period of time by adjusting the
grid points multiplies the number of time steps inmodel initial condition. To take model error into
the considered time period, is too large to applyaccount in 4D-VAR methods, there are two kinds
to operational forecast (Dee, 1995). Consequently,of approaches proposed. First kind is the weak
only crude approximations on the model errorconstraint method first pointed by Sasaki (1970).
have to be considered. It is difficult to know theThe weak constraint methods introduce some
model error covariance matrix, which is requiredadditional variables to model equations to repres-
by the weak constraint method. This becomes
more difficult when the dimension becomes larger.*Corresponding author.

email: jzhu@mri-jma.go.jp The representer method proposed by Bennett
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(1992), Bennett et al. (1993) has reasonable effi- fied models or simplified KF schemes are studied
(Fukumori and Malanotte-Rizzoli, 1995).ciency when the number of observations is small.

A study by Zupanski (1997) makes some assump- The adaptive Kalman filters (AKF) can simul-

taneously estimate the state and model error stat-tions on the model error statistics by assuming
the model error as a first-order Markov variable istics by using the observations to improve the

representation of the model error (Gelb, 1974).and with a coarse time resolution of the model

random error and showed a potential for opera- But this approach requires even greater computer
resources than the standard KF. So only fewtional application. The second kind, initially pro-

posed by Derber (1989), are deterministic in applications of the AKF can be found in meteoro-

logical and oceanographic data assimilation liter-nature. Derber (1989) considered the model defi-
ciency in a 4D-VAR method through defining a ature. Dee (1983) and Dee et al. (1985) designed

an AKF in a simplified meteorological context.systematic error term which is a product of a

specified time dependent variable and a spatially The basic assumption is that the model error
covariance can be modeled with a few parameters.dependent variable or more generally a linear

combination of a few basis functions of time. The Blanchet et al. (1997) compared several AKFs in

a reduced space for a tropical Pacific ocean model.spatially dependent variable is the control variable.
This idea is further examined by Wergen (1992), In order to overcome the high dimensionality

of meteorological or oceanic models and poorDeMaria and Jones (1993), and Zupanski (1993).

The results of these studies show a considerable knowledge of model error covariance, Hoang et al.
(1994) proposed a new adaptive filter (AF). Thispositive effect on the forecast.

All the above methods are variational. They all optimal AF is sought in a family of filters of a
given structure, and the unknown parameters incan be regarded as strong constraint problems

from mathematical point of view. Different from the filter gain are adjusted recursively to converge

to an optimal stationary gain to achieve a min-variational methods are sequential ones. The
Kalman filtering (KF), developed by Kalman imum prediction error. The main advantages of

AF are: (1) it does not require the explicit model(1960), and extended Kalman filtering (EKF)

applied to meteorological data assimilation by error covariance matrix; (2) computation cost is
small and can be easily applied to high dimensionGhil et al. (1981), Cohn (1982) and Dee (1983),

do not assume a perfect model and yields a time models; (3) the reduction of adjusted parameter

in the gain matrix can be carried out in manyrecursive solution. The KF and EKF update state
estimation and its error covariance with new different ways. Hoang et al. (1995) and Hoang

et al. (1998) applied the AF method to oceanicarrival of observations. Both weak constraint

optimization and KF can deal with imperfect data assimilation problem using a quasi-
geostrophic model and the Miami isopycnicalmodels but model error covariance must be speci-

fied. Although an estimation of the globally aver- coordinate ocean model, respectively. The disad-

vantages of AF are: (1) some assumptions have toaged numerical weather prediction model error
variance is known (Bengtsson, 1991), the speci- be made for the gain matrix (stationary and some

parameterizations); (2) both observation operatorfication of the model error covariance remains a

difficult problem. For some research in this area and model transition matrix are assumed time
invariant (Hoang et al., 1998).one can see Daley (1992) and Dee (1992). For

ocean models, it is more difficult to specify the The purpose of this paper is to report a new

variational data assimilation scheme motivated bymodel error covariance since ocean model error
also depends on atmospheric forcing errors. Since previous works of Hoang et al. (1994, 1995, 1998).

This adaptive variational method (AV) does notthe model error covariance is poorly known at

best, either the KF or the weak constraint method assume the model is perfect, and can adaptively
adjust state variables without knowing explicitlyis not optimal. It is shown that a bad specification

of model or observational errors can even lead to the model error covariance matrix. In Section 2,
the formulations of AV are given and discussed.a divergence of the KF and the residuals grow

(Jazwinsky, 1969). Another difficulty to apply the The AV method is demonstrated and compared

with a simplified strong constraint 4D-VAR usingKF to meteorology or oceanography is due to
high dimensionality of models. So far either simpli- a simple nonlinear model (Burgers equation
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model) and simulated data in Section 3. Section 4 The solution of minimization of (3) provides
the optimal incremental (Courtier, 1997):is summary and conclusions.

dxa=D( yo−Hxb ). (4)

2. Theoretical background Here, D is dependent on error covariance B and
Q=diag(Q1 , Q2 , …, Q

N
) and therefore written as

2.1. General formulation D=D (B,Q).

The variational data assimilation by incre-
2.2. Adaptive variational formulationmental approach (Courtier et al., 1994) looks for

the optimal increment dxa to the background field Since the model error covariance are poorly
xb , which is a solution of a nonlinear model. The known for weather forecasting and ocean models,
resultant analysis field is the specified covariance contains uncertainties that

in turn may cause inconsistency of the resultantxa=xb+dxa . (1)
analysis. Statistical consistence contains the condi-

For imperfect model, the optimal incremental
tions for the analysis: the innovation vectors of

can be found by solving a weak constraint prob-
analysis:

lem. The constraint in the weak constraint prob-
( yo
i
−H

i
xa
i
), i=0, 1, …, N,lem is the tangent linear model (TLM) with error

terms, that is must be time uncorrelated (there still exists some

information in innovation vectors) and have normdx(t
i+1 )=M(t

i+1 , ti)dx (t
i
)+c(t

i
), i=0, 1, …, N,

smaller than 1s. It is desirable that some measure
(2) can be taken when this inconsistency occurs.

The aim of adaptive variational formulation,where c(t
i
) is the model error (unbiased) and Q

i
like the adaptive Kalman filter (Mehra, 1970), isthe model error covariance.
to improve the statistical consistence of analysisObservations are written as
during data assimilation. And this is only possibleyo(t

i
)=H

i
x(t

i
)+g(t

i
), i=0, 1, …, N,

with independent additional hypotheses that can
where, x(t

i
)µRn , yo(t

i
)µRp , g(t

i
) is observation not be objectively justified (Talagrand, 1998). In

error with zero mean, R
i

is observational error fact, the result of Mehra (1970) states that the
covariance matrix and H

i
is the observation oper- covariance matrices of the model and observation

ator (an n×p matrix). errors can be determined in a Kalman filter from
The cost function is: an infinite sequence of observations under a condi-

tion which is essentially a condition of observ-
J(dx (t0 ), c1 , …, c

N
)=

1

2
dx(t0 )TB−1dx (t0 ) ability. But an additional a priori hypothesis that

all errors are uncorrelated in time is used. The AF
approach followed by Hoang et al. (1994, 1995,+

1

2
∑
N

i=0
(H

i
dx(t

i
)−d

i
)TR−1

i
(H

i
dx (t

i
)−d

i
)

1998) determines the gain matrix of a stationary

Kalman filter, independently of any quantitative
hypothesis on the model or observation errors, as+

1

2
∑
N

i=1
cT
i
Q−1
i

c
i
, (3)

the matrix which a posteriori minimizes the ampli-
tude of the innovation vector of the predicted state.where B is the background error covariance matrix

When analysis-minus-observation has a squarefor the initial condition and d
i
is innovation vector

of norm larger than observation amount timesyo(t
i
)−H

i
xb(t

i
).

observation error variance, the following AV pro-There are several methods available to solve the
cedure is proposed:weak constraint problem. These methods include

First assume that D can be parameterized by athe optimal control approach, the representer
few parametersmethod (Bennett, 1992), the observation space

method (Egbert et al., 1994; Amodei, 1995) and D=D (h1 , …, h
L
), (5)

the Kalman smoother (Rauch et al., 1965). These
then adjust these parameters by minimizingmethods are reviewed and discussed in the papers

of Courtier (1997) and Menard and Daley (1996). J(h1 , …, h
L
)
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i=0, 1, …, N. (8)
= ∑

N

i=0
(yo
i
−H

i
xa
i
)TS

i
(yo
i
−H

i
xa
i
)

The following approximations are made:

= ∑
N

i=0
(d
i
−H

i
dxa

i
)TS

i
(d
i
−H

i
dxa

i
), (6) $ a steady state Kalman Filter is assumed

during the time interval;
where (4) and (5) give the relationship between $ the backward smoother (7) is ignored.
x
i
a and h1 , … h

L
, and S

i
is any positive definite

Then a computational simple formulation formatrix. If the observation error covariance matri-
adaptive variational data assimilation is to minim-ces R

i
are known, S

i
=R−1

i
. In the rest of the

izepaper, assume that R
i
is known. In fact, observa-

tion error variance is very useful for deciding when
J(h1 , …, h

L
)=

the AV should be turn on and for providing a

diagnostical tool for AV. ∑
N

i=0
(H

i
x̂(t

i
)−d

i
)TR−1

i
(H

i
x̂(t

i
)−d

i
), (9)

The most important problem is how to para-

meterize D such that D can well represent optimal
subject to

incremental associated with underlying error
uncertainties. x̂(t

i+1 )=M(t
i+1 , t

i
)x̂(t

i
)+K[d

i+1
A more ambitious formulation is to para-

−H
i
M(t

i+1 , t
i
)x̂(t

i
)], i=0, 1, …, N,

meterize B and Q rather than D . This certainly
leads to explicit improvement on a priori informa- (10)
tion. However, it requires solving the weak con-

where x̂ is an approximation of xa , K is time-
straint problem at first, in order to evaluate the

invariant, and
cost function. And the evaluation of the gradient

probably requires to solve the second order adjoint K=K (h1 , …, h
L
). (11)

equation (Ngodock and LeDimet, 1998).
If M(t

i+1 , t
i
), observation operator and data

error statistics change slightly with time during2.3. An implementable approximation
the time interval of data assimilation, the time

Using the equivalence of the weak constraint invariant gain K is a good approximation. Not-
problem and the Kalman smoother, some reason- iced that this steadiness-during-a-fixed-interval
able approximation of (4) via parameterization of approximation is weaker than the steady state
(5) can be made. Kalman filter assumption, which requires stronger

The weak constraint problem is equivalent to conditions (Fukumori and Malanotte-Rizzoli,
(Rauch et al., 1965; Bennett, 1992): 1995).

It is not very clear how the ignorance of back-$ fixed interval Kalman smoother during the
ward smoother (7) affects the final result. Howevertime interval;
there are two main reasons for ignoring smoother$ Kalman filtering at the end time.
(7). First, if smoother equations (7) remain as

Using the Rauch-Tung-Striebel form of Kalman
constraints, along with the Kalman filter equations

fixed interval smoother, the analysis by the weak
(8), both K

i
and A

j
will be parameterized by some

constraint problem can be written as (Rauch et al.,
few parameters. These parameterizations must be

1965; Gelb, 1974):
consistent with each other. However the consist-

dxa (t
j−1 )=dxK(t

j−1 )+A
j
[dxa (t

j
) ence seems to be difficult, since K

i
and A

j
are

related by estimation error covariance and TLM−M(t
j
, t
j−1 )dxK (t

j−1 )], in a quite complicated way. Another reason to
dxa (t

N
)=dxK (t

N
), j=N, N−1, …, 1, (7) ignore the smoother equations (7) is due to the

fact the Kalman filter and the Kalman smootherwhere dxK is the solution of the following Kalman
give the same state estimation at the end time offiltering:
the interval. For numerical forecast, the state at

dxK (t
i+1)=M(t

i+1 , t
i
)dxK (t

i
)

end time of the assimilation interval is the initial
condition for forecast. Hence ignoring the+K

i+1[d
i+1−H

i
M (t

i+1 , t
i
)dxK(t

i
)],
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smoother equations does not have any effects further assumed to be the same, it is called optimal
nudging with space-invariant nudging coefficient.on forecast.
If all diagonal elements are independent, it is

called optimal nudging with space variable
2.4. Reduced order problems: parameterizations

nudging coefficients (Zou et al., 1992). In optimal
of K

nudging, the approximated Kalman gain K is

parameterized as a strictly localized matrix whichNow we consider the problem of how to para-
meterize K in (11). There are some basic principles reflects the underlying assumption of that

M (t
i+1 , ti) is diagonal and background and modelfor parameterization.

covariance are both diagonal. This is not a good
(1) The parameters (h1 , …, h

L
) can derive the

parameterization by the above principle (2) in AV
state of system (10) to small innovation norms.

formulation.
This is related to controllability.

The concept of reduced order AF (Hoang et al.,
(2) We assumed that the Kalman gains in (8)

1995, 1998) can be directly used in the AV to form
are approximated by K (h1 , … , h

L
). And the

some reduced order AV (ROAV) problems (and
Kalman gains in (8) contain information from

not reduced AV problems are called full order AV
TLM and model error Q. Parameterization of

or FOAV). Here are some examples of para-
K (h1 , …, h

L
) should be consistent with information

meterization of K.
of TLM contained in the Kalman gains.

A commonly used class of parameterizations of
(3) Since a posteriori validation of an estima-

K in reduced order state estimation is decomposi-
tion system is impossible without a priori, unveri-

tion of the form (Bernstein and Hyland, 1985;
fiable, hypotheses, the parameters h1 , …, h

L
should

Hoang et al., 1995, 1998):
be consistent with some legitimate hypotheses on
model errors. K=P

r
K
e
, (14)

where Pr is a known matrix (n×r) (r�p), whichThese principles are very abstract and may not
be used as practical guidelines, but the following spread information from observation space onto

model space: dP
r
d>1. And K

e
is an r×p matrixremarks show some usefulness of them.

Remark 1. Generally speaking, the principle (1) (sometimes r=p and diagonal) to be estimated.
For reduced problems some elements of K

e
, say,requires more degree of freedom for parameteriz-

ation of K, and (3) requires less degree of freedom. diagonal elements, are control variables.
If r=p, K

e
is a diagonal matrix of p×p order.The more degree of freedom, the smaller the

minimal value of the cost function (9). It is known The only parameters to be estimated are diagonal

elements of K
e
. In this case, P

r
can be interpretedthat, on statistical average

as an interpolation operator that makes correction
E[Jmin]=p,

at every model grid point from those only at

observation locations. In this case, the number ofwhich provides a diagnostic tool for the para-
meterization of K. control variables is p, the number of the observa-

tions which is much less than the number of stateRemark 2. The simplest way to parameterize K
is probably the so-called optimal nudging method variables in meteorology and oceanography. As a

consequence the optimization of the AV maythat was studied by Zou et al. (1992) and Stauffer
and Bao (1993) as parameter estimation problem. require less iterations than the 4D-VAR. The

operator P
r

plays the rôle as an informationHere it can be reinterpreted as a reduced order
adaptive variational problem. propagator. To guess an appropriate projection

matrix P
r
may not be more difficult than to guessIn the optimal nudging,

the model error covariance matrices in some prob-
K=EN, (12)

lems. In oceanography, P
r
propagates the surface

information downward to infer subsurface temper-where E is the normal embedding of observation
space Rp into model space Rn (i.e., dEd=1 and ature, salinity or even velocity information. P

r
is

usually determined, more or less empirically, byETE=I ), an n×p matrix and N is a p×p diagonal

matrix. The parameters to be estimated are diag- statistical or dynamical method. The ways of
projection of altimeter data into subsurface modelonal elements of N. If all diagonal elements are
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variables are suggested by several researchers and (2) integrate the forward filter equation (10)
with estimation of gain matrix K (or K

e
) over timeshow improved results (Mellor and Ezer, 1991;

Haines, 1991; Hoang et al., 1998). interval [t0 , tN]; the estimation of K is either from

the first guess or from previous iteration;
(3) calculate the cost function defined by (9);2.5. Extension to nonlinear models
(4) integrate the adjoint equation (16) back-

For non-incremental approach, the TLM and ward with the final time condition x̂*(t
N
)=0 over

the innovation of background in problem (9)–(11) the time period;
are replaced by the nonlinear model and observa- (5) calculate the gradient of cost function by
tion, respectively. The new problem is: (15);

(6) update the previous estimation of gainminimize Jadp(h1 , …, h
L
)

matrix K (or K
e
) for FOAV (or ROAV) using

some gradient-based iterative optimization algo-=∑
N

i=0
(H

i
x̂(t

i
)−yo

i
)TR−1

i
(H

i
x̂(t

i
)−yo

i
) (9)∞

rithm (e.g., quasi-Newton method or conjugated
gradient method);subject to

(7) check the stop criteria (the magnitude of
x̂(t

i+1)=M
i
[x̂(t

i
)]+K[ yo

i+1−H
i
M

i
[x̂(t

i
)]], reduction of the norm of gradient); if meet, stop;

otherwise, go to (2).i=0, 1, …, N, (10)∞
The computation cost of AV depends on condi-K=K (h1 , · …, h

L
). (11)∞

tioning and L , the number of parameters (h1 , …The algorithms to solve the AV problems are , h
L
). If only consider the size of the problem,

the classical adjoint method in parameter estima- reduced problems using (14) can be less costly in
tion or optimal control (regard K or K

e
as a computation than 4D-VAR if L∏n.

parameter vector in (5)). The adjoint model integ- There are flexible ways to apply AV. It can be
ration gives the gradient of J with respect to K or applied to these data assimilation problems that
K
e
. Some unconstraint optimization algorithms other methods are difficult to apply for the reasons

can be used to find an optimal K or K
e
. This issue we already discussed in introduction. It also can

is addressed by many authors in meteorology and be used as an additional part of existing strong or
oceanography. For more details, see Lions (1971), weak constraint 4D-VAR system that will be turn
Wunsch (1996, chapter 6). Here only the adjoint on when strong or weak constraint 4D-VAR pro-
equation and the equation for calculation of gradi- duces a large analysis-minus-observation norm.
ent are given below: Adding AV to existing 4D-VAR schemes as a

backup will improve ability of assimilation systems∂J
∂K

k,j
= ∑

N

t=0
x̂*(k , t

i
)d( j , t

i
), (15) in dealing with uncertainties in background and

model error statistics.
where K

k, j
is the (k, j)th element of matrix K, Some generalizations of AV can be made if

x̂*(k, t
i
) and y ( j , t

i
) are kth and jth element of there are more information on error statistics

x̂*(t
i
) and d(t

i
) respectively and x̂* is the solution available. For example, when the background

of the adjoint equation: error covariance is known, the IC can be taken as

control variables and the background term isx̂*(t
i
)=LT

i
x̂*(t

i+1)−HT
i

R−1
i

[H
i
x̂(t

i
)−yo(t

i
)],

included in the cost function.(16)

L
i
=(I−KH

i
)M (t

i+1 , t
i
), (17)

2.6. Some potential problems

with final time condition: x̂*(t
N
)=0. The associ-

There are some potential problems related to
ated gradient and the adjoint equation for ROAV

definition of K in realistic applications. (1) In
are similar.

meteorology and oceanography, for satellite obser-
The algorithm to solve the AV consists of the

vations, the observation locations are different at
following steps:

every data insertion time. When the observation

operator H (t) is time-dependent, the definition of(1) give a first guess for gain matrix K (or K
e
)

for FOAV (or ROAV); a steady K is questionable; (2) When observation
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amounts change with time, a problem could paring with one analytical solution (Uboldi and
Kamachi, 2000). The computation spatial domainbecome to be underdetermined if the number of

observations is small and the number of adjustable is [−1000, 1000] km, but only solution within

[−100, 150] km is considered. A larger computa-parameters in K is relatively large; (3) The defini-
tion of K may be more complex due to the tion domain is to reduce the boundary effects on

interior solution. The model parameters are: Dt=difference between the observed and modeled

quantities (e.g., radiance instead of temperature, 60 s; Dx=5 km. The simulation time is T=16 h.
The ‘‘true’’ solution is generated by running thewind).

For problem (1), generally the assumption of model with the initial condition (IC) (see Fig. 1,

the solid line without marks):the time-invariant H is not required if we can
design a reduced order formulation in which the
gain matrix can be expressed as

K
i
=K

i
(h1 , …, h

L
) for all i=1, …, N−1,

u(x, 0)=G0 x<−L ; x>L

u0 A1+ 2x

L BA1− x

L B2 0∏x<L

u0 A1− 2x

L BA1+ x

L B2 −L<x<0

where h1 , …, h
L

are time-invariant parameters to
be estimated. This can be illustrated more by

considering an example of assimilating satellite
altimeter data. The TOPEX/POSEIDON alti-

(19)meter covers global oceans every 10 days. The

observation operator changes from time to time where u0=5 m/s, and L =50 km and with diffus-
and so does the associated gain matrix. If the ion coefficient. n=1.0Ω104 m2 s−1 . Denoted the
parameters h1 , …, h

L
describe the vertical projec- ‘‘true’’ solution by ut(x, t),−100 km∏x∏150 km,

tion coefficients, which make changes of the sub- 0∏t∏16 h. In data assimilation experiments with
surface temperature and salinity fields, and are imperfect model, the diffusion coefficient is set to
horizontally invariant, they are time-invariant be n=1.4Ω104 m2 s−1 to simulate the mode error.
parameters. The errors caused by the wrong diffusion coeffi-

To overcome problem (2), the ideal way is to cient are called pure model errors which are
develop some adaptive parameterization schemes estimated by running model twice with the same
that will change the way of parameterization of K above initial condition. The spatially averaged
according to some characteristics of observations root mean square of model errors are shown in
(e.g., observation amount) and keep the problem Fig. 2 with about overall averaged error of
well-defined. Problem (3) may create difficulty for
applications of a quite wide range of assimilation

methods including Kalman filtering and the pro-
posed AV to assimilation of some type of observa-
tions and should be studied in future.

3. Experiments using Burgers’ equation
model

3.1. T he Burgers’ equation model

The following Burgers’ equation (Burgers 1974)

∂u
∂t

+u
∂u
∂x

=n
∂2u
∂x2

, (18)

describes the one-dimensional advection-diffusion
process over spatial domain (–2,2). The numer-

Fig. 1. Initial conditions. The solid line without mark:
ical model is defined as a finite-difference leapfrog ‘‘true’’ initial condition (IC); the broken line: estimated
scheme, with a forward step every 15 time steps. IC from Data Set I; the dotted line: estimated IC from

Data Set II.This simple scheme gives accurate results by com-
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Table 2. Experiment list in case of imperfect model

Experiment Assimilation
group method Observations

EXP-1 4D-VAR set I (0.15m/s error)
EXP-2 4D-VAR set II (0.06m/s error)
EXP-3 FOAV set I
EXP-4 FOAV set II
EXP-5 ROAV-1 set I
EXP-6 ROAV-1 set II
EXP-7 ROAV-2 set I
EXP-8 ROAV-2 set II
EXP-9 SVON Set I
EXP-10 SVON Set II

Fig. 2. RMSE caused only by model diffusion coeffi-
cient error. experiments in the FOAV and ROAV as the ICs.

The optimization algorithm used in all experi-
Table 1. Relations between observation error and ments is a quasi-Newton method with code name
model error M1QN3. Some descriptions can be found in

Gilbert and Lemarechal (1989) and Liu and
Data set Errors Nocedal (1989).

In experiments group 1 and 2 (EXP-1 and
I obs>model

EXP-2), a simplified strong constraint 4D-VAR isII obs<model
used, which we refer to ‘‘simplified 4D-VAR’’. The

cost function in the simplified 4D-VAR differs
0.13 m/s. The overall averaged signal is about from standard 4D-VAR in the way that does
0.9 m/s in the time-space domain. The average contain the background term. In most realistic
model error is about 14% of the average signal. applications of 4D-VAR, the information in the
The observations are assumed to be available at background field and its error covariance are
every other model grid point from x=−100 km considered. Since in AV or ROAVs there is no
to 150 km. There are total 26 observation stations need to consider the error covariance of the back-
(total 51 model grid points). The observations are ground field, it will make the comparison between
assumed to be available only at hour 1, 4, 7 and AV and the standard 4D-VAR awkward by posing
10. The total number of the observations is 104. various covariance matrices of the background
There are two data sets are generated. The set one field with different accuracy.
(set I) contains uncorrelated noise with zero mean In FOAV experiments (EXP-3 and EXP-4), the
and standard deviation (SD) of 0.15 m/s. The set first guesses for K

e
are K

e
=0. The ROAV experi-

two (set II) contains noise with smaller SD of ments (EXP-5 and EXP-6) use the parameteriz-
0.06 m/s than in set I. The observational errors in ation (7), where P

r
is a known projection matrix

set I is smaller than the model errors. See Table 1. (n×p), K
e

is a p×p diagonal matrix to be estim-
ated. The P

r
simply takes the form:

3.2. T he experiment description

There are ten groups of experiments performed.

Table 2 outlines these group characters. Each
group of experiments includes experiments with

various first guesses of IC. These first guesses of P
r
= G1. 0 0 ,

.5 .5 0 ,

0 1. 0 ,

0 .5 .5 ,

0 0 1. ,

e e e P

H (20)
IC are generated by adding Gaussian white noise
to the ‘‘true’’ IC. These first guesses of IC have

different SDs which range from 0.20 m/s to
0.65 m/s. These first guesses are used by all
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which represents a linear interpolation: at the grid the ten groups. Table 3 gives the details for each
optimization process with IC first guess with apoint without observation, the value of u is inter-

polated from values at 2 neighboring grid points SD of 0.25 m/s. Each optimization process termin-

ated normally: the test on the gradient is satisfied.where observations are available, and the
weighting (interpolation coefficient) for each The number of calls of the simulation subroutine

(the simulation subroutine calculates value of thevalues at the two neighboring grid points is 0.5.

In EXP-5 and 6, only p(=26) variables are estim- cost function and its gradient) determines the
computational cost of each method. The computa-ated. The first guesses of these estimated variables

are zero. In experiments EXP-7 and 8, K
e

is as tional costs of the FOAV and ROAVs are less

than the simplified 4D-VAR.the same as in EXP-5 and 6, but P
r

takes the
form From the values of cost function at final itera-

tions, one can check the misfit to the observations.

All experiments except simplified 4D-VARs
(EXP-1 and EXP-2) achieve solutions within the
range of the observation error variances (i.e., cost

function <104.0). The failure of the simplified
P
r
= G1. 0 0 ,

q1 .5 0 ,

0 1 0 ,

0 q2 .5 ,

0 0 1 ,

e e e P

H 4D-VAR is due to the ignorance of model error.
The solutions of different data assimilation

methods have different characters. The initial con-
dition estimated by the simplified 4D-VAR has a

higher peak than the ‘‘true’’ initial condition to
compensate the model error of a larger diffusionwhich represents a linear interpolation: at the grid
coefficient (see Fig. 1). The observation error leadspoint without data and parameters q1 , q2 , … are
to an amplification of the initial condition estima-also estimated. The total number of parameters
tion error (Fig. 1), which is caused by the diffusionto be estimated is 51 in EXP-7 and 8, as the same
in the model.as in 4D-VAR experiments. The first guesses for

The RMSEs as a function of time are shown inthe 2 experiments are 0.5 for q1 , q2 ,.... .
Fig. 3. Fig. 3a is for Data Set I and Fig. 3b is forThe EXP-9 and 10 are experiments of the space
Data Set II. Both the FOAV and ROAV methodsvariable optimal nudging (SVON) using data sets
for both data sets outperformed over the simplifiedI and II, respectively. The EXP-9 and 10 will be
4D-VAR after hour 10. It is clearly shown that allthe same as the EXP-5 and 6 if one replaces 0.5
AV solutions reduce their RMSE at arrival timesin (20) by 0.
of observations, then some relaxation occurs untilNotice that there are several differences among
next data arrival time. The corrections by thethe optimal nudging in Zou et al. (1992), Stauffer
FOAV or ROAVs decrease when assimilation timeand Bao (1993) and the method used here. In Zou
increase. After hour 10, the forecasts are made.et al. (1992), the cost function included the back-
ROAVs produce best forecast. The SVON forground term (IC as control variables), penalty
both data sets is the worst.term for a priori information of nudging coeffi-

Fig. 4 shows time sequences of the profiles of ucients and the misfit-to-data term. In Stauffer and
produced by different methods. The largerBao (1993), there is no background term in their
diffusion coefficient in model results in the simpli-cost function. In SVON in this paper, the cost
fied 4D-VAR solution of assimilation, which hasfunction only contains the misfit-to-data term.
higher peaks at early time stages and gradually
becomes flat. The 4D-VAR solution at the final

3.3. T he results
time tf (i.e. hour 10) is more flat than the ‘‘true’’
solution (see Fig. 4a). There is also a phase delayThere is a group of first guesses with different

SDs. Each first guess is used by 10 experiments in the simplified 4D-VAR solution. The phase
delay is a consequence of weakened nonlinearlisted in Table 2. We first look detailed results of

the eight experiments using the first guess of IC interaction due to larger diffusion coefficient. The

larger diffusion coefficient and a spatially morewith a SD of 0.25 m/s.
First, look at the summary of optimizations in flat solution at tf lead to an even more spatially
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Table 3. Summary of optimizations in case of imperfect model case

Exper. # of # of Cost function Cost function Grad. norm Grad. norm
# iter. simul. at 1st guess at final at 1st guess at final

4D-VAR EXP-1 63 100 2.291E2 1.072E2 2.271E2 8.799E-1
EXP-2 44 70 9.374E2 2.488E2 1.477E3 3.522

FOAV EXP-3 16 17 2.291E2 7.159E-7 3.562E2 8.430E-3
EXP-4 12 14 9.374E2 3.369E-5 1.587E4 1.03E-1

ROAV-1 EXP-5 15 16 1.822E2 4.739E-6 1.242E2 7.054E-3
EXP-6 19 19 6.048E2 3.576E-5 5.119E2 3.440E-2

ROAV-2 EXP-7 15 16 1.822E2 7.403E-6 1.257E2 9.261E-3
EXP-8 19 20 6.048E2 3.270E-5 5.228E2 4.005E-2

SVON EXP-9 16 18 2.291E2 2.323E-5 1.729E2 1.587E-2
EXP-10 19 20 9.374E2 5.273E-5 8.496E2 3.957E-2

# of iter.=number of iterations; # of simul.=number of simulation calls (one simulation call requires one forward
model run and one the adjoint model run).

flat forecast. This shortcoming of simplified

4D-VAR is overcome, to some extent, by the

FOAV and ROAVs. The solutions by the FOAV

and ROAVs at tf are closer to the ‘‘true’’ solution

than that by the simplified 4D-VAR. For AVs

(FOAV and ROAV), there are less phase delays

for solutions at tf and nonlinear interactions are

maintained better during the assimilation period

than the simplified 4D-VAR. These lead to better

forecasts.

The fact that the FOAV allows all elements of

K to be estimated certainly weaken the model

constraint and lead to a solution which fits well

to observations at locations where data is available

but may be far away from ‘‘true’’ state at locations

where observations are not available. The data

errors cause a less smooth solution of the FOAV

and SVON (Figs. 4b, e). It is shown that the

ROAVs produced better solution at almost grid

points (Figs. 4c, d).

The gain matrix K obtained by FOAV is differ-

ent from that by ROAVs. Fig. 5 shows the gain

matrices obtained by the FOAV, ROAVs and

SVON. Figs. 5a, b are for the FOAV using Data

Sets I and II, respectively. Fig. 5c gives the gain

matrix by ROAV-1 using Data Set I. Fig. 5d gives

the gain matrix by SVON using data set I. Other

gain matrices obtained from ROAV-1 using Data

Set II and ROAV-2 using both data sets are not

shown here since they are almost visually identical

to (c). The gain matrices obtained by the ROAVs

are less sensitive with respect to observation errorsFig. 3. Comparison of RMSEs. (a) using data set I; (b)
using data set II. than those by the FOAV. Since the matrices by

the FOAV and ROAV are quite different, the
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Fig. 4. The solutions with the 5 methods using data set II. (a) Solutions with 4D-VAR. From left to right, the 5 solid
line curves represent the solution at time hour 1, 4, 7, 10 and 16, respectively. The dotted lines represent the ‘‘true’’
solution at the correspondent time. (b) As the same as (a), but for FOAV. (c) As the same as (a), but for ROAV-1;
(d) As the same as (a), but for ROAV-2; (e) As the same as (a), but for SVON.
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Fig. 5. The gain matrices obtained by FOAV, ROAVs and SVON. (a) FOAV, using data set I, contouring −0.3 to
0.7, interval 0.1; (b) FOAV, using data set II, contouring −0.3 to 0.7, interval 0.1; (c) ROAV-1, using data set I,
contouring 0.4 to 1.0, interval 0.1; (d) SVON, using Data Set I, contouring 0.4 to 1.0, interval 0.1. The stable elements
in gain matrix of FOAV are located in the dotted area in (a), (b). Along the lines across from the left-bottom corner
to the right-top corner of (c) and (d), the elements are distributed in a zigzag shape, with peak values of about 1.0,
but valley values for (c) are 0.5 and 0 for (d). The difference between (c) and (d) is the values of valleys.

structures of optimal gain matrices for FOAV may better than the simplified 4D-VAR, and ROAVs
are better than FOAV. The FOAV is only betternot be unique. The gain matrix by SVON is

strictly localized (see Fig. 5d). Some elements than the simplified 4DVAR when IC has error

less than 0.40 and 0.55 m/s for data set I and II,(shown in dotted area of Figs. 5a, b) of gain
matrices obtained by FOAV are not sensitive to respectively. By comparing (a) and (b) of Fig. 6,

one can see that performance of FOAV close todata error; these elements are called stable ele-

ments here. Values of these stable elements are that of ROAVs when observation error is small.
It is also shown that the forecast errors by AV arealso close to those obtained by ROAVs. The model

space locations of stable elements are where data more sensitive to observation errors than by other

methods. The SVON remains worst among allhas high signal to noise ratio (i.e., model solution
has large amplitudes). methods.

The FOAV and SVON can be regarded as twoAbove some detailed results are shown for the
ten experiments using only one first guess of IC. extremes of the adaptive variational methods. The

gain matrix for FOAV is widely distributed. TheFig. 6 shows the hour 10–16 mean forecast RMSEs

of different data assimilation methods with differ- FOAV considered that model error covariances
are rather arbitrary. The SVON considered modelent first guesses of IC. In all cases, ROAVs are
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Fig. 6. The hour 10–16 mean RMSEs of forecasts with respect to various first guess of the initial condition (at hour
0). (a) using data set I; (b) using data set II.

error covariances are uncorrelated which leads to optimal incremental can be parameterized by a
few parameters in some specified forms. Thena strictly localized gain matrix. The ROAV-1 and

ROAV-2 are something between and the structures these parameters are determined by minimizing
the norm of analysis innovation. An approximate,of their gain matrices are more consistent with the

true underlying model error covariance. computationally simple formulation is deduced

using Rauch-Tung-Striebel form of Kalman fixed
interval smoother, which is equivalent to weak

constraint problem. Based on this simple formula-4. Summary and conclusions
tion, a novel variational data assimilation method
is proposed, which does not assume the model isA formulation of reducing non-optimal

behavior of analysis using a posteriori information perfect, and can adaptively adjust model state
without explicitly knowing the model error covari-is presented. A priori hypotheses is that the
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ance matrix. Not by adjusting the initial condition 4D-VAR from our experiments, and this is very
attractive from operational point of view.in 4D-VAR, but by adjusting a steady gain matrix

There are flexible ways to apply AV. It can bein a class of filters in this approach to yield a filter
applied to these data assimilation problems thatsolution that minimizes the norm of analysis
other methods are difficult to apply for the reasonsinnovation vector in a given span of time interval.
we already discussed in introduction. It also canThe method enables very flexible ways to form
be used as an additional part of existing strong orsome reduced-order problems. A proper reduced-
weak constraint 4D-VAR system that will be turnorder problem not only reduces computational
on when strong or weak constraint 4D-VAR pro-burden but leads to corrections that are more
duces a large analysis-minus-observation norm.

consistent with the model dynamics that trends to
The experiments present here are quite promis-

produce better forecast.
ing. There remains, however, to test the method

The method is demonstrated using a simple
in further experiments which will allow using more

nonlinear model (Burgers’ equation model) and
complicated, realistic atmospheric and oceanic

simulated data. Full and several reduced order models and real data. Many problems remain
forms of the adaptive variational method are open related to the method. Except for those
performed and compared with a simplified discussed in Subsection 2.6, in meteorological and
4D-VAR in assimilation-forecast experiments. The oceanic applications, what a priori hypotheses can
results of numerical experiments show that, when legitimately be made? And once those hypotheses
the model is imperfect, the ROAVs can produce a are made, what can be objectively determined
better solution through introduction of a model from the available observations? These funda-
error and outperform the simplified 4D-VAR mental problems are important issues for further

research of data assimilation.method. It is shown that a proper reduced order

problem not only reduces computational burden

but leads to corrections that are more consistent 5. Acknowledgements
with the model dynamics and produces better
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