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ABSTRACT

The development of meanders along a front and subsequent eddy formation results in the exchange
of water-mass properties across the front. This is an important phenomenon, both for continental
shelf and basin-scale thermodynamics. In this study, we are concerned with the authenticity of
growing baroclinic waves over bottom slope topography in commonly-used primitive equation
models, as they are such a widely used tool for understanding the dynamics of the ocean. Baroclinic
instability is simulated in a cyclic channel, in 2 such models: the Bryan–Cox model (Cox, 1984)
and the Bleck–Boudra (1986) isopycnal model. We focus on the linear stage of instability and on
the effects of topography, with isobaths running parallel to the front. Initially, a quasi-geostrophic
(QG), subsurface front is used as a basic state for baroclinic instability in the 2 models. A series of
experiments with topography are performed, introducing successively steeper topography parallel
to the front. The results from the 2 models are verified by comparison with QG theory and results
from a QG numerical simulation. Two versions of the isopycnal model, which employ different
numerical schemes for advection in the thickness equation, are run for the flat-bottomed experi-
ments. We demonstrate how this choice of numerical scheme can affect baroclinic wave activity.
Linear growth rate curves are plotted for each model experiment. The fastest-growing baroclinic
wave in a flat channel is shorter in the Bryan-Cox model than that predicted by QG theory, QG
numerical model results, and the Bleck–Boudra isopycnal primitive equation model. This feature
is a consequence of the vertical discretization used in this model. The magnitude of the linear
growth rates is significantly smaller in the Bleck–Boudra isopycnal model than in the Bryan–Cox
model and the QG simulation, because of implicit diffusion inherent in the numerical scheme used
by this model. The experiments with topography show that this implicit diffusion becomes most
active in more stable environments. The modifying effects of topography expected from QG results
are found in both primitive equation models: for topography of positive slope (i.e., with the same
inclination as the isopycnals), the fastest-growing wavelength increases and is damped; for topo-
graphy of negative slope, the fastest-growing wavelength decreases. The 2 primitive equation
models are then initialized with an ageostrophic, outcropping front; and their results are compared
in the light of experience gained from the subsurface front simulations. Again, a series of experiments
with topography are performed. The results from these simulations show how ageostrophic effects
act to stabilize baroclinic waves, but do not change the way that topography modifies them. Similar,
numerically-induced, features were found in all the experiments with the ageostrophic, outcropping
front, as was found with the subsurface front. By focusing on the linear growth of baroclinic waves,
this investigation has pinpointed some artificial tendencies inherent in the 2 primitive equation
models, which modellers will find useful when interpreting the results of their simulations. The
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important lesson for oceanographers is to remember, that although waves in the numerical models
are physically well-behaved, the wave characteristics may have been modified by numerical errors,
and therefore to exercise care in interpretating the results.

1. Introduction that both the necessary hardware and software

have become available to the oceanographic com-
munity (Hecht et al., 1995; Hecht et al., 1998). ItBaroclinic waves play a dominant rôle in trans-

porting momentum, heat, salt and biological is an area which must be fully examined before

oceanographic modellers will be in a position totracers within the ocean. The transport of these
quantities between continental shelves and their predict oceanic phenomena accurately.

PE models are best verified with a simpleroffshore basins is critical to the understanding,

and simulation of, the formation of various types model, whose behaviour is well understood, rather
than comparison with data. Drijfhout (1992) hasof water masses and biochemical product distribu-

tions, in both the shelf areas and the basins. A compared the characteristics of Gulf-Stream-

like meanders in 3 numerical models: a quasi-couple of examples are the cold halocline water
in the Arctic Basin, and sea–ice cover over the geostrophic (QG) model; a z-coordinate model

based on the numerical techniques developed byLabrador shelf. In order to estimate the shelf-
basin exchanges, it is necessary to understand the Bryan (1969); and an isopycnal model (Bleck and

Boudra, 1986). He focused on the characteristicsdynamic processes of fronts, and their associated

currents, over shelf-slope topography. A logical, of a fully developed baroclinic wave, that is, the
non-linear stage. The lifetime of the wave waswidely used tool, for this purpose is a primitive

equation (PE) model. PE models retain appro- prolonged in the z-coordinate model compared to

the others, which was attributed to spuriouspriate physics, but have shortcomings under any
particular model configuration, because of their diapycnal diffusion. Heat fluxes associated with

the baroclinic wave were found to be quite sensit-mathematical and numerical complexity.

Numerical models have been successfully repro- ive to the horizontal resolution in the z-coordinate
model. This was not the case with the isopycnalducing the gross features of the ocean for some

years. Nevertheless, some of the finer details of model.

In an analytical approach, Ikeda and Woodthe currents seem to be particularly difficult for
the models to get right (Wang, 1997; Roberts et al., (1993) looked at how vertical discretization can

alter the linear stability properties of purely baro-1996; Wilkin et al., 1995; Chassignet, 1992). There

are 2 possible reasons why the models are unable clinic waves in primitive equation models. They

found the maximum growth rate of baroclinicto reproduce reality: either a relevant physical
process has been neglected in the analytical devel- waves in the Bryan (1969) type model to be

overestimated and to occur at too short a wave-opment of the model, or numerical errors associ-

ated with the discretization process of the models length, with poor vertical resolution. However,

when the vertical resolution is increased, a spuri-are modifying the solution. Here, we focus on the

latter possibility, and investigate how the vertical ous short wave instability appears, whose existence
is a consequence of the way in which the variablesdiscretization of PE models can affect the simula-

tion of baroclinic waves. Numerical analysis can are discretized in the vertical. They also demon-

strated that these problems do not arise in layerestablish convergence, error bounds and tenden-

cies of numerical schemes for simplified equations models (for example, an isopycnal model).
Numerical experiments (Wood and Ikeda, 1994)(invariably 1-dimensional). However, careful

numerical testing still needs to be done for more showed that the growth rate curve of a QG

baroclinic wave in the Bryan (1969) type modelcomplex sets of equations (i.e., PE models), as

non-linearities and feedbacks between the equa- did converge towards the QG results as the vertical
resolution was increased. However, the verticaltions can amplify numerical errors and change the

behaviour of the solution. This field of investi- resolution had to be extremely fine before the

maximum growth rate occurred at the correctgation is relatively new, since it is only recently
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wavelength. This paper was concerned with the to validate the model results. For this reason, we
do not attempt to assess the non linear stage ofdifferences found between a QG and a PE model’s

simulation of baroclinic wave growth along a the instabilities in the models. Nevertheless, it is

clear that unless the initial growth is accuratelysubsurface front. They explored the range of 2
parameters in the PE model: the vertical reso- reproduced, there is little chance that subsequent,

finite amplitude, development will be realistic.lution, and the strength of the current (using a

stratification based on the Norwegian Coastal The PE models chosen for this investigation
have philosophically different vertical discretiza-Current). All of their experiments were in a flat-

bottomed, cyclic channel. tions: a z-coordinate model (Cox, 1984) and an

isopycnal model (Bleck and Boudra, 1986). In aNumerical studies of ageostrophic fronts over-
lying bottom topography have been done (Chao, frontal region where pycnocline depths change

dramatically, and in regions where topography1990; Maskell et al., 1992). The stratification of

each ageostrophic front can be critical in determin- plays an important rôle, the representation of
stratification is likely to have important implica-ing the instability of the front and how bottom

topography will modify it. Maskell et al. (1992) tions on the way that potential vorticity and other

quantities move around within the fluid.used a primitive equation model (Cox, 1984) to
study how a number of different steep topographic In this type of investigation, it is important to

remember that each numerical model has its prosprofiles modified the development and structure

of baroclinic instabilities along an outcropping and cons, and performs best under specific circum-
stances. To a large degree, the physical situationageostrophic front, in the absence of external

forcing. Their choice of stratification and topo- which the model attempts to reproduce determines
how well the model behaves. For example, if agraphic slope was based on that of the Iceland-

Faerœ front. Chao (1984) simulated baroclinic model performs well in a coarse-resolution global

oceanic simulation, we cannot necessarily extra-instability in a cyclic channel with a steep contin-
ental shelf by diffusing saltier or fresher water into polate this result to a fine-resolution coastal simu-

lation. It is therefore important to clarify thethe model over the shelf region. Strong and weak

fronts were created, sloping in the same sense as approach of this investigation.
We conduct our experiments with fine hori-the topography and opposing it, by varying the

buoyancy flux and the initial stratification. He zontal resolution, and therefore we do not address

the question of horizontal resolution, or eddyanalysed the resulting instabilities in terms of how
large they grew and whether cyclonic or anti- parameterization in coarse-resolution model simu-

lations. Although there are many parameters onecyclonic motions dominated. There is still much

work to be done in this rather large area of could explore; one must keep focused in order to
make any deductions. In terms of the numerics,research. Here we present a numerical model

comparison of the linear growth of baroclinic we chose to compare simulations from two,

numerically different, PE models. In terms of thewaves in the presence of bottom slope topography,
most of which can be verified with QG theoret- physics, we chose to study the effect of bottom

slope on growing baroclinic waves.ical results.

The strategy we adopt is to investigate the Baroclinic instability is simulated in a cyclic
channel using 2 different fronts as a basic state: aability of 2 PE models in reproducing the linear

stages of baroclinic instability over bottom slope gentle subsurface (QG) front, and a steeper (ageo-

strophic) outcropping front. In both cases, we varytopography. Accurate simulation of baroclinic
instability is fundamental to the development of the across-channel bottom slope in order to look

at the effects of topography. Each oceanic frontrealistic models of the ocean, as they play such an

important rôle in the thermodynamics of ocean. has a unique character, based on the water masses
involved and any associated topography. We useIn addition, the linear growth of such waves is

well understood, which makes this phenomena the Labrador Current front as a basis for making
choices about the stratification and topography inideal for a careful numerical investigation. The

authenticity of a baroclinic wave or eddy in its our numerical simulations. Since our primary aim

is to perform a careful numerical model evaluation,well-developed stage is difficult to evaluate, since
there is neither theory nor sufficient observations we limit our experiments to a simplified model
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setup, rather than attempting a realistic simulation instability replicated with the ageostrophic, out-
cropping front?(with complex geometry, complex topography,

Section 2 describes the models which are usedexternal forcing, etc.) which would be difficult, if
and the experiment design. The subsurface frontnot impossible, to verify.
experiments are documented in Section 3, and theThe approach taken here is to examine how the
outcropping front experiments in Section 4. Therepresentation of topography in the numerical
results are summarized in the final section.models modifies the growth of baroclinic waves.

With this in mind, we take a step by step approach:

first simulating the growth of baroclinic waves in
2. Model descriptions and experiment designa flat-bottomed channel; and then introducing

progressively steeper topography into the channel.
We examine the baroclinic instability process inThe introduction of bottom topography into finite

2 primitive equation models: the Bryan–Coxdifference models is not a straightforward matter
model (Cox, 1984) and Bleck and Boudra’s (1986)because of the discrete nature of the models. Both
isopycnal model, henceforth referred to as the BCof the PE models used here have undergone the
and BB models respectively. The primary differ-commonly used test of examining the behaviour
ence between these 2 models is the vertical co-of a barotropic current impinging on a seamount
ordinate they use, which has repercussions on(Huppert and Bryan, 1976; Smith, 1992). Frontal
the way that topography is represented, and oninteraction with topographic features is not gener-
the vertical resolution of fronts, jets, and eddies.ally used as a test for numerical models, because
The relevant characteristics of these models areof the difficulties involved in verifying the results.
summarized below. Full details of the models canFirst, we establish the properties of the waves
be found in the references mentioned above.

(by a careful examination of the energetics and

growth rates) which develop along a gentle, QG,

subsurface front in the 2 models with no topo- 2.1. Bryan–Cox model (BC)
graphy. Linear growth rate curves are plotted for

Although the development of the code is attrib-
each model. Such plots show both the temporal

uted to Cox (1984), we refer to this model as the
and spatial scales of the waves, which develop

Bryan–Cox (BC) model, since the methodology
along the front undergoing instability. The PE

was based on the numerical methods developed
model results are then verified by comparison to

by Bryan (1969). This primitive equation model
linear QG theory of baroclinic instability and a

has been the most widely used by the deep
QG numerical model simulation. Once the flat

sea oceanographic community. It was originally
case has been analysed, we incorporate topo- developed for ocean scale simulations (Cox and
graphy into the models and observe how this Bryan, 1984), but has proved to work reasonably
modifies the growth rates in each model. This can well for finer resolution studies.
again be compared to theoretical and numerical BC is a z-coordinate model, written in spherical
QG model results. Having established the model coordinates, with predictive equations for both
characteristics of wave growth along a gentle temperature and salinity. The density is deter-
subsurface front over bottom slope topography, mined from Knudsen’s equation of state (Fofonoff,
the study proceeds by initializing the models with 1962). The numerical formulation of the model is
a steeper (ageostrophic) outcropping front, and such that the barotropic (depth independent) and
then by incorporating progressively steeper topo- baroclinic components of the flow are calculated
graphy into that model setup. separately (Bryan, 1969). Since the barotropic

The main questions addressed here are: (i) How velocity field is 2-dimensional, a barotropic
well do the 2 primitive equation models reproduce streamfunction, y, can be defined. This variable is
the linear stage of baroclinic instability? (ii) How used as a dependent variable instead of pressure.
do the models differ in their simulations? (iii) How A predictive equation for the streamfunction is
does topography modify the characteristics of found by taking the curl of the vertically averaged
the unstable waves in these models? (iv) Are the zonal and meridional momentum equations. This

equation is solved iteratively (Cox, 1984). Thefeatures found in the simulations of QG baroclinic
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boundary conditions used in the model are: a rigid to resolve a deep ocean with frontal regions, since
high vertical resolution in the model is coincidentlid at the upper boundary; no slip conditions for

the horizontal velocities, both laterally and at the with strong stratification. It is a rigid-lid model

solved on a b plane. Temperature and salinity arebottom; and no heat or salt fluxes through any of
the boundaries. not considered as independent entities in this

model; only isopycnal layer thickness, ∂p/∂r, isThe numerical characteristics of this model,

described in detail in Bryan (1969) and Cox (1984), predicted.
In order to satisfy the rigid lid boundary condi-are summarized here. It is discretized on an

Arakawa B-grid, and uses the leap-frog time tion, the flux form of the momentum equations

are integrated over the water column, which resultsscheme for all terms apart from the Coriolis and
diffusion terms. The Coriolis terms are treated in a Poisson equation for the divergent component

of the flow (see Appendix D in Bleck and Boudra,semi-implicitly, and an Euler forward scheme is

used for the diffusion terms. The Matsuno scheme 1981). This equation is solved for the divergent
component of the velocity field, which is then(Matsuno, 1966) is implemented every 10 time-

steps to prevent the 2 leap-frog solutions from subtracted from the total velocity field (found by

integrating the momentum equations), therebydiverging. The model conserves momentum, den-
sity, and energy, in the absence of dissipation. ensuring that the rigid-lid condition is satisfied.

Details of this model can be found in Bleck andIn this model topography is represented by

steps, the drop in each step being determined by Boudra (1986). We will henceforth refer to this
model as the BB model. It is solved on a C-grid,the horizontal and vertical resolution chosen. In

regions of steep topography, insufficient vertical and uses the leap-frog time scheme. An Asselin
time filter (Asselin, 1972) is used to prevent the 2resolution can cause problems with the velocity

fields (Killworth, 1987; Killworth et al., 1991). For leap-frog solutions from diverging.

Two versions of the isopycnal model are used.the experiments described here, we chose the finest
resolution to be in the upper 300 m where the These will be referred to as ‘‘centred’’ and ‘‘FCT’’.

The ‘‘centred’’ version uses a centred scheme forfront is located, and at the bottom of the channel

where topography will be introduced. the advection terms in the thickness equation (i.e.,
the equation predicting layer thickness, ∂p/∂r) andA timestep of 30 min was used. The coefficients

of horizontal and vertical diffusion of momentum employs a direct method using FFT routines to

solve the Poisson equation alluded to above. Thiswere chosen to be 5×105 cm2 s−1 and 1 cm2 s−1
respectively; and the coefficients of horizontal version of the code has free slip boundary condi-

tions, both laterally and at the bottom, and con-and vertical diffusion of temperature and salt

1×105 cm2 s−1 and 1 cm2 s−1 respectively. In this serves enstrophy. The ‘‘FCT’’ version uses the flux
corrected transport scheme (Zalesak, 1979) for themodel diffusion occurs primarily along horizontal

surfaces, which is not particularly desirable from advection terms in the thickness equation; and

solves the Poisson equation iteratively, using suc-a physical viewpoint. Drifjfhout (1992) argues that
this phenomenon has a significant effect on the cessive over-relaxation. The flux corrected trans-

port (FCT) scheme is a positive definite advectioncharacter of the fully developed waves generated

in this model. scheme. Employing the FCT scheme for the non-
linear terms in the thickness equation allows layer
thicknesses to become zero, so that isopycnals are

2.2. Bleck and Boudra model (BB)
able to intersect the sea bed or the sea surface.
This version does not conserve energy orIn this model, the vertical coordinate used is

density, r, and hence it is called an isopycnal enstrophy, since these cannot be conserved in the

outcropping regions. Nevertheless, these quantitiesmodel. The coordinates are called material sur-
faces, since in an incompressible fluid, Dr/Dt=0, will be conserved in a gross sense on the time-

scales considered here. The lateral boundary con-and the fluid particles move along density surfaces.
The main advantages of this coordinate system ditions are no slip, and there is no bottom friction

in the FCT version of the model.are: (i) the diffusion of momentum occurs along

density surfaces, which is more pleasing from a The timestep used was 10 min, and the isopycnal
viscosity coefficient was chosen to be 5×105physical viewpoint; and (ii) fewer layers are needed
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cm2 s−1. There is no density diffusion in this ical results are able to employ the identical initial
and boundary conditions that were used for themodel, which is desirable for adiabatic processes.

Problems associated with this coordinate system primitive equation models. Details of the QG

numerical model we used for this purpose isarise when diabatic effects become important.
Experiments with topography so far (Smith, 1992) documented in Ikeda (1981). Henceforth we refer

to this model as the QG model.indicate that this model is well-behaved when

topography is encountered by a barotropic cur- The primitive equation models are run for sev-
eral weeks and the linear growth rate of the frontalrent. Here, we look at this issue from another

perspective: baroclinic instability over a topo- instability which develops is determined using the

methodology described in Subsection 3.2. Thegraphic slope. Investigating the behaviour of a
baroclinic current in the presence of topography, length of the channel is then varied, and again the

linear growth rates are noted. In this way, plotsas is done here, is perhaps the most difficult test

for a numerical model. of growth rate against wavenumber (i.e., growth
rate curves) are produced, which serve as a quantit-This coordinate system is relatively new to the

oceanographic community, but is becoming more ative tool, both for verification with QG results

and primitive equation model comparison.popular as the numerical difficulties associated
with diabatic effects have been overcome (Bleck Then topography is introduced to the models

and the experiments are repeated. The topographyand Smith, 1990; Oberhuber, 1993; New et al.,

1995). varies only across the channel, in order not to
excite wavelengths which may be at odds with the

cyclic boundary conditions. The channel depth
2.3. Experiment design

beneath the front is kept at 1000 m, with a constant
topographic gradient across the channel. We lookThe instability of a front in a channel with

cyclic boundary conditions is the setup used to at 2 orientations of the topography: with the
seabed sloping in the same sense as the isopycnalscompare the models. The depth of the channel is

1 km, the width is 100 km, and the length of the and with the seabed sloping in the opposite direc-

tion (see Fig. 1). These 2 slopes will be referred tochannel varies as we simulate the instability of
different wavelengths. The horizontal grid size is as positive and negative slopes respectively. We

perform a series of experiments for both orienta-5.559 km, although this varies slightly between the

models since the map projections used are differ- tions of topography, gradually increasing the
ent. (The channel width and lengths referred to in
this paper are rounded-off numbers.) For practical

reasons associated with the numerical codes, the
front and the channel are aligned east–west in this
study. Since the planetary b effects are minimal

over the length scales under study here, the ori-
entation of the channel plays no important rôle.
Laplacian friction is used in both models and

Laplacian diffusion is used in the BC model. No
external forcing is applied to the models.

First, we look at the stability properties of a

geostrophically balanced, subsurface front, which
satisfies the QG assumption that isopycnal depth
variation is small compared to the thickness of

isopycnal layers. The structure of this front is
described in Section 3. We chose such a scenario

so that we could use both analytical and numerical
QG results as a reference solution for the primitive
equation models. Both analytical and numerical
QG solutions have their advantages: the theory Fig. 1. Across-channel section of the subsurface geo-

strophic front with negative topographic slope.provides mathematical purity, whilst the numer-
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gradient. For each slope, baroclinic instability is length, L
x
. (The initial geostrophic velocities are

in balance with this disturbance.) The amplitudesimulated for a number of channel lengths, so that
growth rate curves can be produced. of the perturbation is 1°C and 0.1‰ salinity in

the BC (level) model and a 1 m interface displace-Once the stability properties of a subsurface
front in the 2 primitive equation models has been ment in the layer models (that is, the BB and QG

models). The form of the perturbation is:established we move on to simulate the instability

of an (ageostrophic) outcropping front, in both
models. Details of the structure of this front are sin A2px

L
x
B exp G−Ay−yo

a B2H .
described in Section 4. Experiments were per-

formed for the flat channel and the negative The introduction of a perturbation speeds up
orientation of topography. In a similar way, the development of the meander, which would
growth rate curves were plotted for this front, and otherwise take an inordinately long time to grow.
used as the primary tool for model comparison. The reader is reminded that only waves having a

wavenumber which is a multiple of 2p/L
x

are able
to grow in this configuration, because of the cyclic

3. QG subsurface front instabilities
boundary conditions. The disturbance having a

wavelength L
x

is given a head start by the intro-
The initial profile of the front is represented by

duction of the perturbation. It is almost always
2 layers of constant density. The depth of the

this wave which is seen to grow. The only situation
upper layer, h(y), is of the form:

when this does not occur is in fairly long channels,
when the growth rate of the L

x
/2 wave is signific-

h(y)=Ho−
Uo f

g∞ P y
y
o

exp G−Ay−yo
a B2H dy,

antly larger than the L
x

wave, in which case the

former develops.(1)
In the BC model, 20 levels were chosen to

where y is the across-channel independent coor- represent the water column. Going down the water
dinate, yo is the location of the front, Ho is the column, the layer thicknesses were chosen to be:
mean depth of the upper layer, Uo is the maximum 2×40 m, 6×35 m, 1×40 m, 6×70 m, and
speed of the current associated with the front, 5×50 m. In the runs with topography, the number
f is the Coriolis parameter, g∞=g(r2−r1 )/r2 is of levels used is increased, so that the maximum
reduced gravity, r1 and r2 are the densities of the depth in the centre of the channel remains 1000 m.
upper and lower layers respectively, and a is the Additional levels are added of thickness 50 m. In
width of the front. The initial potential vorticity the QG and BB models, only 2 isopycnal layers
is constant within each isopycnal layer. In the BC were required to represent the subsurface front.
model, the transition between the 2 layers occurs As an indication of the computational expense
over several z-levels, and it is here that variations of the models, we compare the CPU time needed
in potential vorticity are found. The geostrophic to run the primitive equation models with that
current associated with this front is: required to run the QG model. For these experi-

ments with the subsurface front in a flat channel,
u(y)=Uo A1−exp C−Ay−yo

a B2DB . (2) the BC model took 57× as long to run as the

QG model did; the ‘‘centred’’ version of the BB
We chose Ho=200 m, yo to be the centre of the model took 34× as long to run as the QG model;
channel, Uo=30 cms−1, r1=1.02669 g cm−3, whilst the ‘‘FCT’’ version of the BB model took
r2=1.02775 g cm−3, and a=1.8; Rd=28.86 km, 264× as long.
where Rd=

Eg∞Ho (H−Ho )/Hf 2o=12.698 km is

the internal Rossby radius and H is the total
3.1. Meander development

depth of the fluid. The densities were chosen to

be representative of the Labrador Current. The The models were initialized with the subsurface
front described above, and integrated for a 40 dayprofile of this front is illustrated in Fig. 1.

The initial density field is disturbed in the period (or in some cases a bit longer). The develop-

ment of a typical meander is now shown for theupper 220 m, with a sinusoidal perturbation
having a wavelength the same as the channel BC model. Fig. 2 shows the potential vorticity at
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quantity, since ∂r/∂z<0. At 167 m, the upper
layer fluid is encountered in the southern half of
the channel, and the highly stratified water (found

at the interface of the 2 layers) is present in the
northern half of the channel (cf. Fig. 1). The homo-
geneous pool of water in the south corresponds

to low (negative) values of potential vorticity,
whilst the highly stratified water in the north
corresponds to high (negative) values of potential

vorticity. The time sequence shows a typical
example of meander development in the models:
the perturbation developing into a meander some-

where between 15 and 20 days after initialization,
with fairly rapid growth occurring once the mean-
der has become established. The disturbance is

seen to move along the front, advected by the
mean current. It can be seen in Fig. 2 that through-
out the linear stage of growth, the meander, with

its associated density anomalies and velocities,
is confined to the centre of the channel, and is

therefore unaffected by the channel walls.
Experiments performed with wider channels con-
firmed that the walls do not affect the results

presented here.
If we are to compare the results of these models

with QG baroclinic instability theory, we want to

be sure that the meanders observed in the models
are baroclinic waves. This was established by an
analysis of the energetics in the BC model. The

fields were decomposed into an along-channel
average and deviations from this field, henceforth
referred to as mean and eddy fields respectively.

The energy is partitioned into 3 components:
potential energy, PE; mean kinetic energy, MKE;
and eddy kinetic energy, EKE. Interchanges

between these 3 forms of energy were calculated
at every timestep during the model integrations.
This type of energy analysis is similar to that

carried out by Orlanski and Cox (1973). For
mathematical details of the energy conversion
terms, the reader is referred to Griffiths (1992).

The 3 terms responsible for regulating the amount
of EKE in the system are plotted as a function of

Fig. 2. The potential vorticity at 167 m depth for the
time in Fig. 3, from the 100 km length, flat-channel100 km length flat channel in the BC model: (a) 25, (b) 29,
run. The 3 terms plotted are: (i) the baroclinicand (c) 33 days after initialization.

conversion term (conversion of PE into EKE);

(ii) the barotropic conversion term (conversion of
MKE into EKE); (iii ) the dissipation of EKE.167 m for the 100 km channel length with no

topography, at days 25, 29 and 33, respectively. This figure shows that these waves are certainly

baroclinic: they extract PE from the system andPotential vorticity (defined by (j+ f ) ∂r/∂z, where
j is the relative vorticity) is always a negative convert it into EKE. For the example shown,
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Fig. 3. A time series of the 3 terms responsible for regulating the amount of eddy kinetic energy in the 100 km length
flat-channel run with the BC model.

meander growth starts around day 18. The shorter tions, and the same channel dimensions and initial
thermodynamic fields that were used for the 2the wave, the shorter was the time interval between

initialization and meander growth. As the wave primitive equations models. By its nature a numer-
ical QG model is a mathematically simplified layergrows, the dissipation of EKE increases; always

acting to retard the growth of the wave. The model, giving little source for numerically induced

errors. Indeed, the linear growth of baroclinicbarotropic conversion term comes into play once
the wave has reached its maximum amplitude waves along the subsurface front simulated by the

QG model replicates that predicted by QG theory.(seen in this figure as the maximum in the baro-

clinic conversion term). It plays a significant rôle The kinetic energy of each model run was
partitioned into an along-channel mean, KE, andin the decay of the wave: transferring energy from

EKE to MKE via the Reynolds stresses. This term deviations from this mean, KE∞. When the front

becomes unstable, the growth rate of the meanderdominates the regulation of EKE in the decay
stages of the wave. The energetics presented here was determined from the quantity
conforms with classical baroclinic wave theory

(Lorenz, 1967; Orlanski and Cox, 1973; Ikeda, 1

2

∂( ln{KE∞})
∂t

,
1981).

where
3.2. Flat-channel case

The subsurface front which provides the basic
KE∞=

1

2
∑
ijk

(u∞2+v∞2 ) dv,
state for these model experiments allows us to
compare the growth rates of the baroclinic waves
in the primitive equation models with those pre- and (u∞, v∞) is the deviation of the velocity field

from the along-channel average, and the indices i,dicted by theoretical and numerical QG models.
The stability analysis incorporating the effects of j, and k refer to the 3 spatial dimensions of the

model. (The factor of a half makes this equivalenttopography for a purely baroclinic current is

shown in the appendix for the reader’s reference. to the growth rate of the velocity field.) This
quantity was calculated at every timestep in theWe also derived the dispersion relation for a

current with a Gaussian structure, using numerical model calculations. Linear growth of a single
baroclinic wave will retain its shape and structureintegration to solve the eigenvalue problem. Since

the growth rate curves were very similar, we only as it grows in amplitude. For linear wave growth,

analytical solutions are invariably found bypresent the simpler solution here. The QG numer-
ical model was run with cyclic boundary condi- assuming such development: that is, the shape of
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Fig. 4. A time series of (a) the total, mean and eddy kinetic energy, and (b) the growth rates, from the 133 km length
flat-channel run with the BB model, initialized with the subsurface front. The 2 vertical lines in the time series mark
the time period over which the growth rates are averaged for the growth rate curve.

the disturbance is time-independent*. These are between 5% and 15%, in order to obtain objective
growth rate curves for each experiment.called normal mode solutions; their temporal and

Fig. 4a shows a time series of KE, KE, and KE∞spatial dependence can be expressed as independ-
from a 50-day run with the BB model (‘‘FCT’’ent factors of the general solution. When normal
version) for a channel length of 133 km. A timemodes grow exponentially during the early stages
series of the growth rates as defined by the formulaof instability, the growth rates are steady (see
above, is shown in Fig. 4b. The vertical bars onformula above). So steady growth rates, in each
the time series show the time period over whichmodel run, correspond to a time during which
the growth rates were averaged, for the caseexponential normal mode growth occurs. It is
shown. The high frequency oscillations seen induring this time that the instabilities in the model
Fig. 4b are inertial oscillations in the model. Asare the numerical counterparts of the normal
can be seen from Fig. 4a, these oscillations aremode solutions found by a linear stability analysis
small, as the initial fields are in geostrophic bal-of the QG equations. Since this time period is
ance. (It is because the growth rate values aredifferent for each model run, we averaged the
such a sensitive parameter that their presence isgrowth rates of the velocity field (as defined above)
so evident in Fig. 4b.) The meander starts toover the period when the ratio of KE∞/KE is
extract kinetic energy from the front at day 15,
thereby reducing the mean kinetic energy, KE.* This is the case with linear QG theory.
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(These graphs indicate the rate of change of KE growing wave occurs at a slightly longer wave-
length, when viscosity is introduced. This wave-and KE∞, but not the dynamic processes by which

these changes occur.) Subsequently, the growth number shift is to be expected, since Laplacian

friction is more effective in damping the shorterrate remains fairly constant, indicative of exponen-
tial growth. As the wave grows, dissipation plays waves. The 11% reduction in the magnitude of

the growth rates simple means that viscosity slowsa larger rôle and the growth rate values decay. As

expected, when the eddy kinetic energy, KE∞, peaks down the growth of individual baroclinic waves.
The consequences of this in a realistic oceanicat day 35 the growth rate becomes negative.

Having determined the linear growth rate for a modelling scenario will depend on the type of

waves excited and on the non-linear interactioncertain channel length, the length of the channel
and the initial perturbation were varied, and again between these waves. Subsequent runs incorporat-

ing topography into the QG model are performedthe growth rate was noted. In this way, growth

rate could be plotted against wavenumber. These with no viscosity or diffusion, in order to produce
accurate growth rate curves.growth rate curves provide a succinct way of

summarizing the early stages of the meander As mentioned in Subsection 2.2, two versions

of the BB model were run. Fig. 6 shows the growthdevelopment.
For the parameters appropriate to the model rate curves from these 2 versions of the code:

‘‘centred’’ and ‘‘FCT’’. Both versions have iso-setup, QG theory predicts a maximum linear

growth rate of 2.08×10−6 s−1 (0.180 day−1 ) to pycnal viscosity and no explicit density diffusion.
This figure nicely illustrates how the FCT schemeoccur at an along-channel wavelength of 125.7 km

(see Section 7). With no explicit friction or has a dampening effect on the waves. This is
achieved by the presence of implicit diffusion indiffusion, the numerical QG model reproduces

this maximum well. The QG model was run with the thickness equation. The wavelength of the

fastest growing wave remains the same in these 2Laplacian friction using a viscosity coefficient of
5×105 cm2 s−1 (the same value used for lateral runs, indicating that the diffusion is independent

of wave number. This may not be the case for allviscosity coefficients in the BC and BB models) to

assess the effect of viscosity on these results. Fig. 5 scenarios, since the diffusion in the FCT scheme
is dependent on the horizontal density gradients.shows the growth rate curves from the QG model

with and without viscosity. The magnitude of the Eulerian discretization of the non-linear advec-

tion terms is a non trivial numerical problem.growth rates is reduced by 11%, and the fastest

Fig. 6. Growth rate curves from the ‘‘centred’’ and theFig. 5. Growth rate curves from the QG model with and
without viscosity. ‘‘FCT’’ versions of the BB model.
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Numerically efficient schemes either smooth out
(dissipate) anomalies as they are advected along,
or disperse anomalies, by decomposing a portion

of the original distribution into a combination of
short waves or ripples. Excessive dispersion is
undesirable, since physical inconsistencies can

arise when the advected quantity must remain
positive definite (e.g., salinity, thickness of an
isopycnal layer). On the other hand, numerical

dissipation can smooth out strong gradients to
such a degree that interesting dynamical features
get blurred (e.g., salt pockets, steep fronts).

Dissipation errors can frequently be written math-
ematically as a diffusive term (i.e., a discrete form
of ∂2/∂x2), and can therefore be thought of as

implicit diffusion. The FCT numerical scheme uses
both a dispersive high-order scheme and a diffusive
low-order scheme. The 2 are combined using an
‘‘anti-diffusive flux’’, which is constrained such Fig. 7. Growth rate curves for the flat-channel runs in
that new maxima and minima are not introduced all 3 models.
by the numerical scheme itself (i.e., to restrict
dispersion). This constraint, which is dependent
on the horizontal density gradients in the fluid, the 2 primitive equation models (BC and ‘‘FCT’’

version of BB) in a flat-bottomed channel aredetermines the rôle of diffusion and dispersion
occurring due to the scheme. Although the scheme shown in Fig. 7. Both primitive equation models

have lower growth rate magnitudes than the QGis designed to minimize dispersion, it may intro-

duce some numerical diffusion (Rood, 1987). This model. This is because of the presence of viscosity
and diffusion in these models, as discussed above.implicit diffusion weakens the large-scale hori-

zontal density gradients thereby reducing the bar- Notice that the maximum growth rate value in

the BC model lies between that found by theoclinic growth rates.
Notice that the magnitude of the maximum QG model with viscosity (Fig. 5) and the BB

model. The diffusion implicit in the FCT schemegrowth rate in the ‘‘centred’’ version of the BB

model lies between that found in the two QG runs employed by the BB model suppresses the instabil-
ities more than the explicit diffusion in the BC(with and without Laplacian friction). Figs. 5, 6

illustrate how both viscosity and diffusion dampen model. We deduce that, in a flat-bottomed channel,

the BC model has a more active baroclinic eddythe growth rate of baroclinic waves. The largest
maximum growth rates are found in the QG field than the BB model, in response to the same

potential energy field. A series of experiments weremodel with no viscosity and no diffusion (2.13×
10−6 s−1=0.184 day−1); followed by the performed with the BC model, varying the channel

length, in which both the horizontal viscosity and‘‘centred’’ version of the BB model (1.99×
10−6 s−1=0.172 day−1 ) and the QG model with diffusion coefficients were doubled. This resulted

in a 17.5% reduction in the maximum growth rateviscosity (1.85×0−6 s−1=0.160 day−1 ), which
both have viscosity but no diffusion; with the value and a slight shift to smaller wavenumbers,

producing a growth rate curve similar to thesmallest maximum growth rates found in the

‘‘FCT’’ version of the BB model (1.59× ‘‘FCT’’ version of the BB model. This simply
affirms the conclusions drawn above, about the10−6 s−1=0.137 day−1 ), which has explicit viscos-

ity and significant implicit diffusion. All sub- effects of viscosity and diffusion on baroclinic
growth rates.sequent experiments with the BB model are

performed with the ‘‘FCT’’ version because of its The growth rate curves approach their maxima

very gradually, which makes it difficult to deter-ability to incorporate topography.
The stability curves from the QG model and mine the exact wavelength of the fastest growing
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Table 1. Wavelengths of the fastest growing baro- the BB model (‘‘centred’’ and ‘‘FCT’’) suggests that
the implicit diffusion inherent in the FCT schemeclinic wave along the subsurface front in a flat
affects the magnitude of the growth rates equallychannel
for all wavelengths.

Wavelength range Numerical analysis and experiments (Arakawa
Wavelength of fastest having growth rates and Lamb, 1977; Wajsowicz, 1986) indicate that

Model growing wave �95% of maxima the Arakawa B-grid is best for coarse resolution
simulations, whilst the Arakawa C-grid is to be

QG 118 km 107–130 km
preferred for finer resolution simulations.BC 105 km 92–118 km
However, the degree to which this may be an issueBB 120 km 109–134 km
in different oceanographic simulations is unclear.
Both grids have their disadvantages: the B-grid
requiring interpolation for the pressure gradientwave. In fact, the range of wavelengths for which
terms, and the C-grid requiring interpolation forgrowth rates are�95% of the maxima, is~25 km.
the Coriolis terms. In order to estimate the errorsThis range and the estimated wavelength of the
associated with the horizontal discretization,

fastest growing mode for the QG, BC, and BB
experiments were performed with the BC model,

models are shown in Table 1.
in which the horizontal resolution was doubled

Notice that the fastest growing wave in the BC
(i.e., Dx was halved). If the B-grid is responsible

model is some 13 km shorter than that found by
for the shift in wavenumber space of the growth

the QG model. In these experiments, carefully
rate peak, the increased resolution run would

designed to reproduce quasi-geostrophic baro- reduce this tendency. However, the only change
clinic instability, this is a defect of the BC model seen in the growth rate curves was a marginal
which does not occur in the BB model. Since the increase (5%) in the growth rates values, but no
physics of the BB and BC models are the same, wavenumber shift.
we investigate numerical reasons for this feature. The wavenumber shift found in the BC model
The 3 primary differences between these 2 can be explained by the vertical discretization
models are: chosen. Ikeda and Wood (1993) found the stability

properties of primitive equation models to be(i) the BC model has explicit Laplacian
dependent on the vertical discretization. When thediffusion whilst the BB model has implicit diffusion
continuous equations are discretized such that the

introduced by the FCT scheme;
thermodynamic variables (i.e., density and pres-

(ii) the BC model employs the Arakawa B-grid
sure) are defined at the same level as the dynamic

whilst the BB model uses the Arakawa C-grid;
variables (i.e., u and v), the fastest growing mode

(iii) vertical discretization results in the thermo-
is shifted to shorter wavelengths unless the vertical

dynamic variables being defined at the same fixed
resolution is extremely fine. The BC model is of

level as the dynamic variables in the BC model, this type and will therefore exhibit these tenden-
whilst in the BB layer model each isopycnal layer cies. The vertical resolution in this model might
has a constant density value and variable be considered to be reasonable: 6 layers in the
thickness. upper 200 m, which is where the perturbation is

found. However, Wood and Ikeda (1994) foundThe consequences of these 3 differences will now
that very high resolution was needed in the BCbe discussed sequentially.
model (minimally 10 m thickness levels in theLaplacian diffusion in the BC model is more
upper 90 m) in order to produce a growth rateeffective at dissipating smaller waves. Its presence
curve similar to the reference solution (a QGin the BC model will therefore act to move the
model simulation). This explains why the BCgrowth rate maximum to smaller wavenumbers
model shifts the maximum growth rate to higher

( larger wavelengths). This is not the tendency that
wavenumbers.

is observed. We can therefore conclude that
diffusion in the BC model is not responsible for

3.3. Positive topographic slope
shifting the growth rate maximum in the BC

model to higher wavenumbers. In addition, com- Topography is now introduced to the channel,
such that the topographic slope is in the sameparison of the growth rates for the 2 versions of
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Fig. 8. Growth rate curves with no topography, and with gentle and medium positive topographic slope, for (a) the
QG model, (b) the BC model, and (c) the BB model.

direction as the frontal slope. This is referred to in the centre of the channel (where the front is

found) remains 1000 m. In the BC model, thisas a positive topographic slope. The topography
varies across the channel only. This alignment meant that the number of layers in the model had

to be increased to 21, 22 and 25 layers respectively.mimics a coastal current flowing parallel to a

continental shelf; e.g., the Florida current. The Only the ‘‘FCT’’ version of the BB model was run
for the topographic cases since the ‘‘centred’’ ver-magnitude of the slope is progressively increased,

choosing values of: 1.5×10−3, 2.5×10−3, and sion of the model was not designed to cope with
sloping bottoms. The steep slope case (5×10−3)5×10−3. These slopes will be referred to as

‘‘gentle’’, ‘‘medium’’, and ‘‘steep’’, respectively. As was not run for the QG model, as this was

considered to be beyond its capability (given thethe slope is introduced, the maximum depth of
the channel is increased such that the water depth QG assumptions).
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These runs with the subsurface front can be
compared with the analytical results, provided the
topographic slope isn’t so steep that the QG

approximation becomes invalid. QG theory tells
us that a positive slope will reduce the growth
rates and increase the wavelength of maximum

growth (see Section 7). This effect becomes more
pronounced as the topographic slope is increased.

Baroclinic waves grew in the presence of positive

bottom slope topography, with an energy cycle
similar to that found in the flat-channel cases.
Fig. 8a–c show the growth rate curves for the QG,

BC, and BB models respectively, for the flat-
bottomed case and the 3 runs with positive topo-
graphy. Both primitive equation models exhibit

the same basic trend: a stabilization of the waves
and a slight shift of the maxima to smaller wave-
numbers, this effect increasing with the topo-
graphic slope. Since this behaviour was predicted Fig. 9. Growth rate curves for the positive gentle slope

in all 3 models.by QG theory, and reproduced by the QG model,

we can say that both primitive equation models
cope with this kind of topographic configuration shift of the maximum growth rate in the BC

model, due to both the gentle and medium bottomwell.

In both primitive equation models, no waves slope, is less than that found in both the BB and
QG models. This suggests that the wave numbergrew in the presence of the steep slope. Extra-

polation of the QG results (both theoretical and errors in the BC model due to the vertical discretiz-

ation, are exacerbated in a more stable environ-the numerical, cf. Fig. 8a) indicates that such a
slope is sufficient to suppress wave growth, for the ment. Subsequent experiments with negative

topographic slope (see below) confirm thisbaroclinicity of the front under consideration here.

For the medium slope case of 2.5×10−3, no waves conclusion.
grew in the BB model, whilst baroclinic instability
was simulated in both the QG and BC models.

3.4. Negative topographic slope
As discussed in Subsection 3.2, implicit diffusion
associated with the FCT scheme is responsible for Topography is now introduced which slopes in

the opposite direction to the frontal slope. Werepressed eddy activity in the BB model. We

conclude that the BC model will have the most refer to this as a negative topographic slope. Such
a configuration is liable to behave quite differentlyactive eddy field when a topographic slope of this

orientation is significant, and that the growth of than the positive topographic slope case, since the

movement of potential vorticity is inhibited bybaroclinic waves is sensitive to not only the magni-
tude of diffusion, but also to the numerical discret- both isopycnals and the sea bed (cf. Fig. 1). Again,

the magnitude of the slope is progressivelyization of the thermodynamic equation (both

advection and diffusion terms). increased, using gentle, medium, and steep slopes.
QG theory predicts a shift of the maximumFig. 9 shows the stability curves for the positive

gentle slope, 1.5×10−3, in the 3 different models. growth rate to higher wavenumbers and a mar-

ginal increase in the growth rate values, whenThe maximum in the BC model occurs at a higher
wavenumber than the QG model, whose max- negative topography is introduced. As the topo-

graphic slope is increased further, the shift toimum has a slightly higher wavenumber than the
BB model. This wavenumber discrepancy between higher wavenumbers persists, but the maximum

growth rate value falls slightly below that of thethe BC and QG models was observed in the flat-

bottomed case and can be attributed to the vertical flat-bottomed case. The point at which the max-
imum growth rate value starts to decrease dependsdiscretization in the BC model. The wave number
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Fig. 10. Growth rate curves with no topography and with gentle, medium, and steep negative topographic slope,
for (a) the QG model, (b) the BC model, and (c) the BB model.

on the across-channel structure of the wave. The found this orientation of topography to be more
stabilizing than the positive topography. Hesmaller the across-channel wavenumber, the

sooner the waves are damped as progressively investigated the instability of outcropping fronts

in the presence of a continental shelf which had asteeper negative topography is introduced (see
Section 7). However, negative topography does slope of 3.75×10−3. These conditions did not

satisfy the quasi-geostrophic assumptions. His cri-not reduce the QG growth rates to the same
degree that positive topography does, whatever terion for determining instability was based on

observations of a fully developed meander: eitherthe meridional structure of the waves.

Chao’s (1990) numerical results of a coastal a meander developed or it didn’t. As Chao points
out, when considering ageostrophic fronts, whichcurrent simulation, forced by a buoyancy flux,

Tellus 52A (2000), 1



.   .58

orientation of topography will enhance or sup- rates than the QG model, which simply reflects
the absence of diffusion and viscosity in the QGpress baroclinic instability should be answered on

a case by case basis. model. The viscosity and diffusion in the BC and

BB models, although they behave quite differently,Fig. 10a–c show the stability curves for the
negative topography runs, for the QG, BC, and both act to suppress the instabilities. The growth

rates of the BC model are slightly smaller thanBB models respectively. (Again the steep slope run

was omitted for the QG model.) All the models those in the BB model, in contrast to the positive
topographic case. In this case (with negativeprogressively move the maximum growth rate to

higher wavenumbers as steeper negative topo- bottom slope), when the background field is highly

unstable, the implicit diffusion in the BB model isgraphy is introduced, in agreement with QG baro-
clinic instability theory (described above). The minimal. We can deduce that the dissipation in

the BB model weakens the frontal gradient theshift in wavelength is similar for all 3 models.

Both primitive equation models develop baroclinic most (thereby suppressing baroclinic instability)
when the background field is weakly unstable.waves with steep negative topography, in contrast

to the steep positive topography experiments. One might have expected this behaviour, since the

FCT scheme was designed with the purpose ofThe introduction of negative topography has
quite different consequences on the magnitudes of advecting steep gradients well, but tends to frac-

ture smoother anomalies into a series of shockthe growth rates in the 2 primitive equation

models. The growth rates in the BC model are fronts (Rood 1987).
reduced with gentle and medium bottom slope,

whilst for the BB model the magnitude of the
maximum growth rate remains the same. The 4. Ageostrophic, outcropping front instabilities
waves are damped more in the BC model than

the BB model with negative topographic slope. In this section, we investigate the stability prop-
erties of an ageostrophic, outcropping front in the(The converse was found in the experiments with

positive topographic slope.) The reason for this is 2 primitive equation models. The physical charac-

teristics of the channel described in Subsection 2.3explained in the next paragraph.
Fig. 11 shows the stability curves for the gentle remain unchanged. Two thermodynamic profiles*

were used to define a cold fresh water mass and anegative slope, for the 3 models. Both primitive

equation models have significantly smaller growth warm salty water mass, the division of which
forms the basis of the front. These profiles were
chosen to be representative of the coastal waters

and the open ocean off the Labrador coast. A
linear transition between these 2 water masses was
made over a 20 km distance in the centre of the

channel. In the BC model, 20 levels were used to
describe the vertical structure for the flat channel,
using the same thicknesses as was used for the

subsurface front (see Section 3). In the BB model,
13 isopycnal layers were used, with an interval of
0.1 sT units. The vertical structure of the iso-

pycnals is shown in Fig. 12. Minima (i.e., large
negative values) in the initial potential vorticity
correspond to the regions of strongest stratifica-

tion: in the near surface layers at one side of the
channel, and between 200 m and 300 m on the

other side of the channel. The maximum velocity
associated with this front is 106.9 cm s−1.

Fig. 11. Growth rate curves for the negative gentle slope * Temperature and salinity for the BC model, and
isopycnal thickness for the BB model.in all 3 models.
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steep topography as was used in Subsection 3.3)
Again for the gentle and steep topography in the
BC model, the number of levels was increased to

21 and 25 respectively, so that the water depth
beneath the front remained 1000 m.

For the experiments with a flat channel the BB

model took 5× as long to run as the BC model.
However, when topography was introduced, the
BC model was only 3× as fast as the BB code.

4.1. Growth of baroclinic normal modes

The models were initialized by imposing a sinus-
oidal perturbation in the upper 220 m on the
outcropping front, and using the corresponding

geostrophic velocities for the dynamic fields. The
models were run for several weeks, as before, and
time series of eddy kinetic energy and growth rate

Fig. 12. Across-channel section of the initial density field were plotted in order to determine the linear
with steep negative topography in the BB model. growth rate. However, no periods of constant
Contour interval is 0.1 sT units. growth rate were found, indicating that normal

mode exponential growth was not occurring. Not
only is this undesirable for comparing modelWe approach this investigation in a similar

manner to that used for the subsurface front in growth rates, since we could be comparing the
growth of 2 quite different waves; but the absenceSection 3. First we determine the stability proper-

ties of the front with no topography, and then of a period with steady growth rates, makes it

difficult (if not impossible) to determine a growthintroduce progressively steeper topography. With
the outcropping front, we only investigate the rate representative of the linear stages of instabil-

ity. Since the vertical structure of this front isnegative topography scenario, since this is the

orientation of the bottom topography off the considerably more complicated than the subsur-
face front discussed in Section 3 (which couldLabrador coast. For instabilities along an ageos-

trophic front with positive topography (e.g., like simply be regarded as 2 water masses), the initial

perturbation which was given to the model maythe Florida current), another choice of stratifica-
tion would be more appropriate. In these experi- not have been a normal mode solution of this

front. If it had been, it would have had a time-ments the initial front does not intersect the

bottom slope topography, as is the case off the independent structure as exponential growth
occurred. When we examined the vertical structureLabrador coast. We remind the reader of our

primary aim, which is to monitor the performance of the waves, the shape was seen to change during

the initial growth. Several experiments were per-of the numerical models as we gradually introduce
more realistic scenarios, not to attempt to simulate formed changing the vertical structure of the initial

perturbation, but the normal modes were nevera realistic scenario. However, we hope that this

paper will inspire more numerical studies which found. Thus we decided not to perturb the front
initially, but to allow the models to choose thewill broaden the application of these results.

In order to draw the stability curves for this structure of the most unstable wave. With this

approach, an instability developed (after sometype of front, we used the trick of varying the
channel length in order to simulate the growth of time) which proved to be a normal mode with a

steady growth rate period. Consequently a lineardifferent wavelengths. We determine the growth
rates for varying channel lengths: (i) with no growth rate value could be determined quite easily.

Again we varied the channel lengths to simulatetopography, (ii ) with gentle negative topography,

and (iii) with steep negative topography. (Here we the growth of a variety of wavelengths. Analysis
of the energetics of these waves showed that theyhave used the same slopes to define gentle and
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were all baroclinic waves, extracting potential for the cases with no topography, with gentle
negative topography, and with steep negativeenergy from the mean horizontal density gradients

and converting it into eddy kinetic energy. topography. As expected, the growth rate values

in the flat channel are much larger with the
outcropping front than for the subsurface front,

4.2. Experiments in a flat channel and with
since the density gradients are stronger. No sens-

negative topography
ible comparison between the magnitude of these
growth rates and those found with the subsurfaceFigs. 13, 14 show the growth rate curves for the

BC and BB models respectively, with no initial front can be made unless a measure of the baroclin-

icity of the front is taken into account (i.e., theperturbation. In each figure, 3 curves are shown

Fig. 13. The growth rate curves for flat, gentle negative, and steep negative topography, in the BC model initialized
with the outcropping front.

Fig. 14. The growth rate curves for flat, gentle negative, and steep negative topography, in the BB model initialized
with the outcropping front.
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strength of the density gradients, or equivalently presence of the steep slope. We notice again, that
as the conditions progress to a more stable situ-the strength of the current). This can be done

by normalizing the growth rates by the maxi- ation (by the introduction of steeper negative

topography), the BB model has a smaller max-mum velocities associated with the fronts. The
normalized maximum growth rates for the flat- imum growth rate than the BC model. This can

be attributed to the implicit diffusion in the BBchannel experiments are: 5.68×10−6 m−1 and

5.47×10−6 m−1 for the subsurface front; and model as discussed in Subsection 3.4.
4.41×10−6 m−1 and 5.01×10−6 m−1 for the out-
cropping front, in the BC and BB models respect-

ively. So ageostrophic effects act to stabilize 5. Conclusions
baroclinic waves in these 2 models. This is in
agreement with previous studies (Derome and In this study of baroclinic instability, we have

demonstrated that numerically induced errors areDolph, 1970; Wood and Ikeda, 1994). In response
to the outcropping front in a flat channel, the BB present during the linear stage of growth in both

the primitive equation models used. When interpret-model has somewhat higher growth rates than the

BC model, in contrast to the growth rates found ing the results of numerical models, wise oceano-
graphers will not assume that stable solutions arewith the subsurface front. This reinforces the

deduction made at the end of Subsection 3.4; that free from numerical errors. All primitive equation

models will produce solutions with some kind ofis, diffusion in the BB model becomes minimal
in highly unstable situations (i.e., strong numerical error. The important concern is that the

errors are not too large, and that modellers arebaroclinicity).
The fastest growing wave in the flat channel is aware of the types of numerical error which their

particular model is predisposed to.95 km in the BB model, and 82 km in the BC

model. A similar discrepancy was observed with Computational resources are often a considera-
tion for the large oceanographic models in usethe subsurface front. This feature simply illustrates

one of the consequences of the vertical discretiz- today. The ‘‘FCT’’ version of the BB model needed

7× as much CPU time to run the model with 2ation used by the BC model: that is, to shift the
maximum growth rate to higher wavenumbers. isopycnal layers, in a flat channel, compared with

the ‘‘centred’’ version. The BC model was the mostThe short wave instability cut-off in the BB model

occurs at a longer wavelength than in the BC computationally efficient of the primitive equation
models, despite needing more levels to resolve themodel. Although this feature is of secondary

importance to any discrepancies in the maxima of topography and density structure, in all the experi-

ments we performed.the growth rate curves, it is worthy of note since
baroclinic waves having smaller growth rates will The existence of viscosity and diffusion in the

models, regardless of the manner in which theymanifest in an oceanic simulation given the appro-

priate forcing. operate (isopycnal or otherwise), reduces the initial
growth rate of the baroclinic waves. In flat-channelWhen topography is introduced the growth rate

maxima shift to shorter wavelengths; and with runs with the BB model, using the subsurface front

as a basic state, the ‘‘FCT’’ version of the modelsteep enough slope, the waves grow much slower.
This trend is similar to that found in the subsurface produced much smaller growth rates (19% smaller)

than the ‘‘centred’’ version of the model. This com-front experiments. We deduce that the effects of

negative topography in a quasi-geostrophic con- parison between 2 versions of the BB model code
simply demonstrates that implicit diffusion, inherenttext can be extrapolated into ageostrophic envir-

onments. In their numerical experiments with an in the FCT scheme, can be significant. In fact, in

these experiments, the implicit diffusion in theeven steeper front (a stratification based on the
Iceland-Faerœ front) Maskell et al. (1992) also ‘‘FCT’’ version of the BB model reduces the baro-

clinic growth rate more than the BC model doesfound such a trend. The shift to smaller wave-
lengths of the fastest growing wave is more pro- with a diffusion coefficient of 5×105 cm2 s−1. The

magnitude of the diffusion in the scheme will varynounced in the BC model when the steep slope is

introduced. In both models, the magnitudes of the according to the topography and the baroclinicity
of the front. It may be that in the non-linear stage,growth rates are significantly reduced only in the
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the character of such waves is modified by the type effects act to dampen the waves, in agreement
with theory (Derome and Dolph, 1970).of viscosity and diffusion that is employed

In response to the subsurface front, the BC(Drijfhout 1992). We have not investigated this
model has faster growing baroclinic waves thanaspect for reasons discussed in the introduction,
the ‘‘FCT’’ version of the BB model, both in a flatchoosing to focus on the linear growth stage of the
channel and with positive topographic slope.waves which could be validated.
However, the converse is true when a negativeIn both the subsurface and outcropping front
topographic slope is introduced, and for the out-experiments, the fastest growing baroclinic wave
cropping front experiments, both in a flat channelwas significantly shorter in the BC model than
and with gentle negative slope. These results sug-that in the BB model. The comparison with QG
gest that the diffusion associated with the FCTresults (theoretical and numerical ) for the subsur-
scheme is most active in weak baroclinicallyface front in Subsection 3.3 reveals that this is a
unstable environments.defect of the BC model. This feature can be

Numerical models in use today invariably pro-understood by theoretical work (Ikeda and Wood,
duce stable and physically realistic flow fields.1993) which demonstrates that it is the vertical
This can easily lead to a false sense of confidencediscretization used by the BC model which is
in numerical results, which is compounded by theresponsible for moving the baroclinic growth
lack of verifying data. The results presented hererate curve to higher wavenumbers. Numerical
demonstrate how physically realistic baroclinicmodellers ought to be aware that this model will
waves in numerical models may not replicate thenaturally (that is, in the absence of topographic
dynamics of the real ocean, because of numericalor external forcing) produce baroclinic waves
errors which can modify the wave characteristics.which have too short a wavelength. This will have
Interpretation of numerical results will be morerepercussions on the non-linear interactions
accurate and more useful to the oceanographicbetween growing waves. Indeed, retarded growth
community, when numerical modellers are awarerates, due to numerical diffusion (discussed in the
of the types of errors that can arise. The workpreceeding paragraph) will also affect non-linear
presented here contributes to this important aspectinteractions. Exactly how this may affect the
of numerical modelling.resulting flow field must be investigated in each

We summarize by emphasizing 2 numericalparticular scenario. This complex topic is beyond
characteristics of the models used in this study.the scope of this paper.
Firstly, maximum baroclinic growth rate occursBaroclinic instability along the (geostrophic)
at too short a wavelength in the BC model,subsurface front in both primitive equation models
because of the vertical discretization used. Thisis modified by topographic slopes (both positive
will also be a tendency in other models which useand negative) in the manner expected from QG
the same type of vertical discretization (Ikeda andtheory and numerical QG model results. This
Wood, 1993). In contrast, the BB layer modelresult will be reassuring to numerical modellers
accurately reproduces the wavelength of the fastestusing these 2 models, particularly where topo-
growing wave. Secondly, numerical modellersgraphically modified baroclinic waves are an
using FCT schemes ought to be aware of theimportant feature. The fastest growing wave
rather unpredictable nature of diffusion inherentbecomes longer and is dampened when positive
in the scheme, particularly in realistic simulations.topography is introduced, and becomes shorter
The diffusion associated with this scheme can bewhen negative topography is introduced. The same
quite large or insignificant, depending on thetrend is observed in response to the (ageostrophic)
likelihood of baroclinic instability. This may oroutcropping front overlying a negative slope, in
may not be physically realistic and ought to beboth primitive equation models. Thus, ageostro-
investigated for each application.phy does not change the way that topography

modifies the baroclinic growth rates, at least in
the linear stages of growth. Normalized growth 6. Acknowledgements
rate magnitudes along the subsurface front were

compared with those found along the ageostrophic Catherine Griffiths would like to acknowledge
the support of a Canadian government NSERCoutcropping front. In both models ageostrophic
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Assuming normal mode solutions of the form

p
i
=Re{A

i
ei(kx+ly−vt)}, (A.5)

and substituting into the governing equations, we7. Appendix
have:

For completeness, the dispersion relation for
[k(b+F1U9 )+ (v−U9 k)(k2+ l2+F1 )]A1a QG 2-layer fluid with topography is derived.

The governing equations (cf. Pedlosky 1979, + (U9 k−v)F1A2=0, (A.6)
Subsection 6.16) for the upper and lower layers

respectively are:
−vF2A1+Ck Ab−F2U9 +

fo
H2

∂hB
∂y B

d

dt1
[V2p1+F1 ( p2−p1 )]=−b

∂p1
∂x

, (A.1)

+ (k2+l2+F2 )vD A2=0. (A.7)

d

dt2
CV2p2+F2 ( p1−p2 )+

f 2o
H2

hBD=−b
∂p2
∂x

,
These 2 equations can be written in matrix
form. For non-trival solutions, p

i
, the determin-(A.2)

ant of this 2-dimensional matrix must be zero.
Hence,where p

i
is the dynamic pressure in the ith layer;

d/dt
i
=∂/∂t+u

i
∂/∂x+v

i
∂/∂y; (u

i
, v
i
) are the geo-

v2(w1w2−F1F2 )strophic velocities in the ith layer; F
i
= f 2o/g∞Hi

,

H
i
is the thickness of the ith layer; g∞ is the reduced

+vk Gw1 Ab−F2U9 +
fo

H2

∂hB
∂y Bgravity; and hB is the height of the topography. In

order to derive these equations, we have used the

Boussinesq and geostrophic approximations, and
+w2 (b+F1U9 )−U9 (w1w2−F1F2 )Hassumed that interface variations and topographic

variations are small compared with the layer

depth. The QG assumption remains valid pro-
+k2(b+F1U9 −U9 w1) Ab−F2U9 +

fo
H2

∂hB
∂y B=0,

vided the time scale characteristic of the motions

is much longer than one day. (This is certainly (A.8)
the case for baroclinic waves in the ocean.)

Now we assume that hB=hB (y), and define a where w
i
=k2+ l2+F

i
. This is the dispersion rela-

purely baroclinic mean flow such that u1=U9 , and tion for baroclinic waves in a 2-layer fluid in the
u2=0. Then the pressure field associated with this presence of topography.
mean flow is: p1=−foU9 y, and p2=0. Linearizing For the subsurface front described in
the equations about this mean state, we have: Section 3, the appropriate parameters for the

dispersion relation are: H1=200 m, H2=800 m,

U9 =0.169 ms−1, r1=1026.6926 kg m−3, r2=A ∂∂t+U9
∂
∂xB [V2p1+F1 ( p2−p1 )]+F1U9

∂p1
∂x 1027.7495 kg m−3, fo=1.1914×10−4 s−1, b=

1.3094×10−11 m−1 s−1 and l=200 km. (l was

chosen to correspond to a wavelength equal to=−b
∂p1
∂x

, (A.3)
twice the channel width.)
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