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ABSTRACT

Papers by Szunyogh and co-workers and Iyengar and co-workers, among others, claim that
“bred growing vectors” (BGVs) are appropriate for generating initial perturbations for applica-
tion to ensemble weather prediction. The theoretical bases for this claim are purported relation-
ships between the bred vectors and what are called local Lyapunov vectors (LLVs). Several
statements in these papers are inaccurate, however, regarding: the properties of LLVs in contrast
to those of singular vectors; the relationship between LLVs and BGVs; the relationship between
BGVs and analysis errors; the relationship between singular vectors and dynamic imbalances;
and the adequacy of very low-resolution models to characterize singular vectors of models used
for numerical weather prediction. These inaccuracies and their implications for the use of BGVs
in ensemble weather prediction are discussed here.

1. Introduction

For several reasons, weather prediction should
be posed as a statistical, rather than strictly deter-
ministic, problem. Numerical forecast models,
their boundary conditions, and their initial condi-
tions typically have errors which subsequently
make forecasts inaccurate. All these errors are
unknown, and therefore only their statistics can
be described. Although models that determine
some statistics of forecast errors from statistics of
model and initial condition errors can be derived
(Epstein, 1969; Fleming, 1971; Ehrendorfer, 1994),
nonlinearity of the forecast model and the resulting
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coupling of statistical moments of the errors makes
this currently impractical for weather prediction
models. An alternative, perhaps more computa-
tionally efficient strategy is to estimate the statis-
tics from an ensemble of forecasts (Leith, 1974).
These forecasts are generated using the same
(Molteni et al., 1996; Toth and Kalnay, 1993) or
different (Houtekamer et al., 1996) models starting
from a set of several, differently perturbed initial
conditions. Palmer (1996) and Ehrendorfer (1997)
provide two recent reviews of this problem.

Since operational ensemble forecasting began
at the European Centre for Medium Range
Weather Forecasts (ECMWF) and the National
Centers for Environmental Prediction (NCEP),
there has been both public and private controversy
about the appropriateness of their very different
methods employed for generating the ensembles’
initial perturbations (see Anderson, 1996;
Houtekamer and Derome, 1995; Szunyogh et al.,
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1997; Palmer et al, 1998; Ehrendorfer, 1997).
Singular vectors (SVs) are used at ECMWF and
“breeding of growing vectors” (BGVs, or “bred
modes”) are used at NCEP. These two perturba-
tion techniques and the resulting ensembles of
forecasts have extremely different characteristics.

The paper by Szunyogh et al. (1997; hereafter
denoted SKT) summarizes many of the dynamical
arguments that are invoked to justify the use of
BGYVs in ensemble prediction. In particular, they
suggest a relationship between BGVs and local
Lyapunov vectors (LLVs) to claim the appro-
priateness of BGVs. The conference preprint by
Iyengar et al. (1996; hereafter denoted ITKW)
also claims to justify their appropriateness based
on purported relationships between BGVs and
initial condition errors. There are several addi-
tional papers that make similar claims (Toth and
Kalnay, 1993; Pu et al.,, 1997; Toth et al., 1997,
Tracton and Kalnay, 1993).

Several statements in SKT and ITKW, are
erroneous, inaccurate, or require clarification.
These statements regard: (1) the properties of
LLVs in contrast to those of SVs, (2) the relation-
ship between LLVs and BGVs, (3) the relationship
between BGVs and analysis errors, (4) the rela-
tionship between SVs and dynamic imbalances,
and (5) the adequacy of very low-resolution
models to characterize SVs of models used for
numerical weather prediction. These issues will be
described in separate sections of this note.

2. Local Lyapunov vectors and SVs

The definition and properties of LLVs presented
in SKT and their references are not clear in many
respects. Clearer definitions of LLVs are presented
in several places (Eckhardt and Yao, 1993, and
Abarbanel et al., 1993), but most of these refer-
ences concentrate on evaluation of local Lyapunov
exponents, particularly the single leading expo-
nent, which is a measure of growth rate rather
than the structure of a vector. In contrast, a focus
on the vectors themselves, including consideration
of the space of leading vectors and their relation
to SVs, appears in Legras and Vautard (1996).
The latter’s definition will be repeated here in a
slightly altered form to make the consideration of
a norm more explicit (as in Ehrendorfer and
Errico, 1995, but with less generality). Although
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similar developments appear in many other places,
the repeated presentation facilitates the compar-
ison of SVs and LLVs here.

A nonlinear model

x(tp) =M [x(1,), 1] (2.1)

will be considered, where .# describes the relation-
ship between model state vectors x at time ¢, and
subsequent time t,. The SVs will be obtained for
a corresponding linearized model

y(t)=M(ty, 1,)y(ty), (2.2)

where y refers to perturbations of the state vector
and matrix M is the propagator specified by
partial derivatives of the components of x(t,) with
respect to those of x(t,).

In the meteorological literature (Farrell, 1988;
Farrell and Toannou, 1996; Barkmeijer et al., 1993;
Buizza and Palmer, 1995; Gelaro et al, 1998;
Palmer et al., 1998; Ehrendorfer and Tribbia, 1997;
Ehrendorfer and Errico, 1995; and others), SVs
are often denoted as solutions of the problem:
determine the pair y(t,), y(t,) such that

Y(12)Cy(t,)
is maximum, given yT(t,)Cy(t;)=1

(2.3)

with (2.2) as a strong constraint, where superscript
T indicates a transpose and C is a symmetric,
positive-definite matrix that defines an /,-norm:

<J72,.V1>=.V§Cy1~ (24)

The solution of (2.2-2.3) may be determined
using a Lagrange multiplier A: maximize

JLy(t)1=y"(t)M" CMy(t,)

+ L1 =y (t)Cy(t)]. (2:5)
The solutions satisfy
MTCMy(t,) = 1Cy(t,). (2.6)

With the change of variable z = CY%y(t;), (2.6)
takes the form of an eigenvalue problem for a
symmetric operator:

C '2MTCMC 7= 7. (2.7)

The constraint on the perturbations at the initial
time becomes 77z = 1.

There are as many solutions to (2.7) as the size
of the state vector. These may be ordered z, 25, ...
based on the corresponding order 2; = A, >.... If
A1 # 7y, only y,=C Y2z, is the solution to
(2.2-2.3) as stated, but the corresponding solutions
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for the other /, may be considered additional
solutions if the previous ones are excluded. The z,
are right singular vectors of C'2?MC~ ', but the
corresponding y, are called the SVs of M with
respect to the norm defined by the weighting C
(see Ehrendorfer and Errico, 1995 for some gener-
alizations). The 1, are squares of the singular
values of M with respect to the norm expressed
by C (ie., of C'>*MC~17?),

What SKT call an LLV is apparently what
Legras and Vautard (1996) call a backward
Lyapunov vector. The latter is a vector y,(t,) =
My, (t;) obtained from (2.6) in the limit that
t;— —oo. This is in contrast to a forward
Lyapunov vector that is a y,(¢,;) obtained from
(2.6) in the limit that t, — co. In this sense, a LLV
is a special, limiting case of a time-evolved SV.

Several general LLV results are independent of
the specific norm selected for defining the corre-
sponding SVs. Legras and Vautard (1996) state
that: (1) the leading LLV is norm independent,
(2) the space spanned by the leading m LLVs is
norm independent, and (3) Lyapunov exponents

lim

1> - by — 1

e, =

log 4,,, (2.8)
corresponding to the LLVs are norm indepen-
dent. Other important properties of the LLVs,
however, are norm dependent. In particular:
(1) instantaneous growth rates are norm depen-
dent, as is the result of eq.(16) of SKT, since a
measure of growth of a solution whose structural
shape is not preserved in time must depend on
how different components are weighted, e.g., on
the norm used; (2) when orthogonalization is
required, as when a distinct set of m leading LLVs
are to be determined by orthogonalization, a norm
must be specified; and (3) the time period required
for finite-period SVs to closely approximate cor-
responding infinite-period LLVs can be norm
dependent. For these reasons, the consideration
and selection of a suitable norm should not be
quickly dismissed. Another critical property of a
norm to be considered is discussed in Section 5.
It should be noted that SVs describe behaviors
of corresponding perturbations in the nonlinear
model (2.1) only in a tangent linear sense; i.e., as
long as the perturbations remain small. Otherwise,
the perturbed result in (2.1) would depend nonlin-
early on the amplitudes of the components of the
perturbation y. In applications of SVs to numerical
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weather prediction models (Buizza et al, 1993,
1997; Gelaro et al., 1998; Ehrendorfer and Errico
1995; and others), the time period t, —t; over
which the SVs are computed is usually restricted
to 3 days or less to ensure that, when begun from
perturbations the sizes of the uncertainty of initial
analyses, the perturbations do not grow so much
that the linearization becomes invalid at some
time during the period. A 2-3 day time period
has been shown acceptable for dry models, but
may be significantly shorter when linearizations
of moist physics are considered (Ehrendorfer et al.,
1999; Errico and Raeder, 1999).

The limitation of perturbation size also applies
to any application of LLVs: If they are supposed to
describe behaviors in a nonlinear model, the initial
perturbation size or the time period of applicability
must be limited. If initial perturbations are meaning-
fully chosen to be the size of initial condition (i.e.,
analysis) uncertainty, then it is the time period that
must be restricted. This restriction, however, inher-
ently contradicts the requirement that LLVs start
in the infinite past. Although an SV determined
over a finite time period may be a good approxi-
mation to an LLV, unless such a time period is not
longer than 3 days, the SV cannot be associated
with both an LLV and the behavior of a relevant
perturbation in the nonlinear model. Neither can it
then be claimed that the LLV describes the per-
turbation behavior in the nonlinear model.
Although claims have been made in SKT that
convergence to LLVs occurs for periods as short as
3 days based on evidence from simple or low-
resolution models, periods longer than 5 days
appear necessary in a T21 quasi-geostrophic model
with realistic climatology (Reynolds and Errico,
1999).

Although SKT state that all perturbations tend
toward the same LLV eventually, that is only in the
tangent linear context or for infinitesimal size per-
turbations in the nonlinear context. In the non-
infinitesimal nonlinear context, in fact, chaos pre-
vails, and almost all perturbations (one exception
being a displacement precisely along the control
trajectory) eventually diverge until they saturate at
a perturbation variance twice that of the local model
climatology (Lorenz, 1963, 1982, 1993; Tribbia and
Baumhefner, 1988; Simmons et al., 1995). In other
words, two forecasts become as unalike as randomly
chosen forecasts for the same day from different
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years (excluding the additional effects of climate
drift or low-frequency climatic variability).

3. Lyapunov vectors and bred modes

The leading LLV valid at time ¢, can be gener-
ated by repeating a forecast with the nonlinear
model begun far enough in the past, but initialized
with a very small perturbation, and then rescaling
the perturbation during the forecast as required
to keep the perturbation size small. The rescaling
must be done using a single scaling factor applied
to all the fields, otherwise the result is no longer
identical to the LLV computed for the tangent
linear version of the model; i.e., in the limit of a
long forecast with infinitesimal perturbation. As
long as the initial perturbation has non-zero pro-
jection onto the vector that evolves into the first
LLV, the dominance of that vector will ensure
that it appears as the perturbed result at the end
of a sufficiently long forecast. Even if there is
initially no projection onto the vector that evolves
into the leading LLV, in numerical practice that
LLV will still likely appear as further perturbations
are introduced due to small nonlinear and compu-
tational effects (Legras and Vautard, 1996). For
that reason it can be difficult to obtain even
approximations to many subdominant LLVs. This
method of generating LLVs can be termed “breed-
ing” although it is critically different from the
BGYV breeding method used at NCEP, for reasons
to be made clear in the remainder of this paper.

Although the modes bred using the method just
described will converge to at least the leading
LLVs, the forecast time period required for conver-
gence will depend on the spread between distinct
singular values. If the spread is not so great after
a short time, as suggested by the studies of
Ehrendorfer and Errico (1995), Gelaro et al
(1998), and Buizza et al. (1997), then such a short
time would be insufficient to claim that the result
corresponds to the single, most dominant LLV,
although the result should of course be expected
to be dominated by a larger set of leading LLVs.
The degree to which bred modes begun from
different randomly-perturbed initial conditions
still appear dissimilar after a forecast period indi-
cates a lack of convergence to the leading LLV.

What makes the breeding described here most
unlike BGV at NCEP, is their application of what
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they call a “mask” in place of the rescaling of all
the fields by a single scalar. It is not clear how
this “mask” is applied, but from ITKW, it appears
that it is a rescaling factor that varies with location
on the globe based on some estimate of analysis
uncertainty. This may partially explain why the
50 kPa height field of the BGVs in the northern
hemisphere usually have maximum amplitudes
poleward of 60° (see Section 9). Since this is a
location-dependent rescaling, it causes the BGVs
to depart from LLVs that would be obtained from
the forecast model when no such scaling is used.

Also it should be noted that if the perturbations
produced by the BGV method are determined
using differences between perturbed nonlinear
forecasts and a “control forecast” produced by the
periodic cycling of the unperturbed model during
the NCEP data assimilation procedure, then it is
not obvious that the theorems regarding LLVs for
dynamical systems apply without modification
(J. Anderson, personal communication). In the
method just described, the control forecast has a
stochastic element due to the effects of observa-
tions external to the model. Also, this “control
forecast” is not temporally continuous. More
properly, it should be considered as a stochas-
tically-driven dynamical system, for which the
driving “noise”, determined by the observations
assimilated, is neither temporally or spatially
white.

4. Bred modes and analysis errors

It is sometimes claimed that bred modes or
LLVs describe analysis errors. Is this claim consist-
ent with the behavior of perturbations (i.e., differ-
ences or errors) in forecasts and assimilation
systems?

An analysis is produced by blending two com-
ponents: one is given by observations and the
other by a prior estimate of the atmospheric state
produced by a previous short-term forecast. Due
to the latter, errors introduced into an earlier
forecast will spatially and temporally propagate
through the data assimilation system. If such
errors remain unconstrained by subsequent obser-
vations, they would eventually grow sufficiently
large that nonlinear effects would become import-
ant, resulting in chaos and a departure of the
analysis from reality (Lorenz, 1993). That such
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divergence from reality is not observed is due to
the constraining influence of the observations. The
character of the errors in the analyses therefore
depends critically on the nature of this con-
straining influence.

SVs of short enough time period can tell us
something about possible analysis errors under
certain conditions. In regions where no observa-
tions are present, the analysis error is identical to
the error in the prior estimate. The leading SVs
of the short-period forecast used to produce the
prior estimate indicate where errors initially pre-
sent in that forecast will grow the most. Only if
the initial error in that forecast projects sufficiently
on the leading initial SVs, will the concluding SVs
also indicate where errors in the prior estimate
are largest. For longer periods, however, SVs can
suggest little about analysis error, since obser-
vations will not remain absent throughout the
extensive region of the evolving SVs over long
periods. In particular, since LLVs are simply SVs
defined for such long periods, they should not be
expected to describe analysis errors produced by
an assimilation system, even approximately.

Some information about the nature of observa-
tions can be introduced during a breeding process
by a modified rescaling, as apparently done with
BGV at NCEP (ITKW). In this case, the results
should depart dramatically from those of the LLVs
without such rescaling if the profound effects of
observations are incorporated. Also, details of the
rescaling become critical and no such breeding
results can be properly interpreted without know-
ing the exact form of this “masking” and without
seeing its effect on the otherwise non-rescaled
perturbations.

Estimating the structures of real analysis errors
is very difficult. Even estimating statistics of the
structures of analyses errors is not easy
(Houtekamer and Mitchell, 1998; Reynolds and
Palmer, 1998). Estimating the variances of analysis
errors is much easier, but these tell us little about
error structures.

It should be mentioned that the NCEP bred
modes do not at all resemble differences among
analyses produced at different centers. The BGV
structures have extremely large horizontal scale
and large variance. In the northern hemisphere,
they tend to be dominant northward of the storm
tracks, rather than within them (see Section 9).

ITKW claim that bred modes are representative
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of analysis errors, as referenced by, e.g., Pu et al.
(1997) and Toth et al. (1997). This claim is partly
based on the fact that the masking coefficients
applied to the BGVs are determined from analysis
error statistics derived from differences between a
pair of corresponding NCEP analyses. For the
other comparisons made in ITKW, analysis error
is mistaken for other kinds of errors. For example,
ITKW make comparisons of bred modes with
spatially averaged innovations (actually combina-
tions of forecast and observation error), with
analysis residuals (actually combinations of obser-
vation and analysis error), and with 24-h ensemble
spread intended as a proxy for 6-h forecast error.
No explanation is given in ITKW as to why any
of these latter should be considered indicative of
analysis error.

5. SVs and quasi-geostrophy

SKT misinterpret the results of Ehrendorfer and
Errico (1995; hereafter denoted EE) regarding
effects of geostrophic adjustment on SV determina-
tion. EE found that with their model, geostrophic
adjustment significantly contributed to growth of
an energy-based norm. They recognized this as
unphysical, because past studies of predictability
(Daley, 1981), stability analysis (Errico, 1981,
1984), and general experience with forecast models
have shown that deep gravitational modes, which
are responsible for geostrophic adjustment on time
scales of a few hours, simply propagate without
increasing their amplitude or physically appro-
priate measures of energy. In fact, if their propaga-
tion is not strictly adiabatic, their amplitude tends
to damp (Daley, 1981; Errico and Williamson,
1988; Gelaro and Errico, 1993). Furthermore,
in the limited-area model used by EE, fast-propa-
gating gravity waves quickly passed out of the
model domain, thereby reducing local-measure-
ments of gravity-wave magnitudes (Errico and
Baumhefner, 1987).

EE carefully traced their anomalous result to
two sources of “error.” One was an actual bug in
their model software that affected the nonlinear
vertical mode initialization scheme (following
Bourke and McGregor (1983)) applied at the start
of the forecast, although it did not affect a corre-
sponding uninitialized result that showed the same
growth over 2 h due to geostrophic adjustment.
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The other “error” was that the energy norm used,

E=Y AAI.J[
1J

r

RT, ,
B p%*FZAO’k
D k

C
<(ur i+ 2130 |

where u, v, T, c¢,, Ac have their usual meaning, i, j
are horizontal indices, AA is a grid area, k is a
vertical index, p is surface pressure, and subscript
r refers to a spatially invariant reference value,
was inconsistent with the model’s vertical finite
difference scheme. When the vertically continuous
forms of the adiabatic primitive equations are
linearized about an isothermal, resting state, the
integral (rather than summation over sigma level)
form of (5.1) is conserved in time (Talagrand,
1981). More importantly, contributions to E by
distinct vertical modes in such a linearized con-
tinuous model are independent. Consequently,
contributions to E by rotational and gravitational
modes (the latter corresponding to inertial gravity
waves) are also independent (Errico, 1989). In the
inconsistent model formulation, however, E
expressed in terms of these modes had contribu-
tions by cross terms; i.e., terms involving products
of rotational and gravitational components.

In EE, it was possible to actually increase E by
filtering gravitational modes due to the contribution
to E by cross terms. This filtering was accom-
plished by gravity waves either propagating out of
the limited model domain (i.e., local geostrophic
adjustment) or by the instantaneous effect of the
vertical mode initialization scheme. Due to this
mechanism, EE obtained much greater growth of E
than reported by Gelaro et al. (1998) or Buizza et al.
(1997), among others, for other models. When EE
used an expression of quadratic energy consistent
with their model’s finite difference scheme, this new
E was in fact reduced by the filtering of gravity
waves. Also, when they used a norm that excluded
gravitational modes, they obtained maximum
growth rates very similar to those that others had
reported (Ehrendorfer et al., 1999).

Subsequently, the model used by EE has been
modified to be energy consistent with respect to
the usual E norm so that rotational and gravita-
tional modes do contribute independently. The
consequence, reported in Ehrendorfer et al. (1997),
is that the SVs in the dry version of the energy-
consistent model are in fact nearly balanced. There
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is negligible effect on the norm due to vertical
mode initialization applied to the SV; the growth
of the norm with time is smooth, with no notice-
able effects by any short term adjustment; and,
when compared with an initially geostrophically
constrained SV solution, the SV structures and
growth rates are fairly similar. These results are
consistent with the result obtained at ECMWF
several years ago that their normal mode initializ-
ation had negligible impact on the norm
(P. Courtier, personal communication). There is
thus ample evidence that the fast growth of E
reported for SVs in all the cited works is not due
to significant dynamic imbalances in the SV fields.

This last fact therefore begs the question: Why
do SKT obtain SVs for which E grows due to
geostrophic adjustment? They claim that their
model vertical differencing is consistent with conser-
vation of E, but is this the same E as in (5.1)? Note
that E defined by (5.1) is not the model kinetic plus
potential energy (the latter is not quadratic in tem-
perature). Neither is this E the kinetic plus available
potential energy, as comparison with eq.(57) in
Lorenz (1960) suggests, except when the model has
been linearized about an isothermal, resting state.
Note also that (5.1) applies to perturbation fields,
not the full model fields, and that, in general, a
model formulation that conserves an expression for
energy in terms of the full model fields does not
necessarily yield a conserved expression in a corres-
ponding linearized model applicable to perturbed
fields. Rather, the conservation property described
by Talagrand (1981) should be explicitly checked.
Furthermore, SKT say they do some kind of vertical
interpolation of their fields before determining the
sum over k in (5.1). This would likely render the
sum no longer consistent with the model’s finite
difference scheme. Hence, their expression for E
likely no longer has the necessary property of inde-
pendent contributions by rotational and gravita-
tional components, and may result in a similarly
gravity-wave influenced norm as used by EE. This
is the most likely explanation of their results.

It should also be noted that while there is
evidence suggesting that 6-h forecast errors from
global models are dominated by geostrophic com-
ponents in the extratropics (Daley, 1991), it is less
clear what the partitioning is in the analysis errors,
where the more gross geostrophic errors have
presumably been corrected by assimilation of
observations. It is therefore not yet clear to what
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degree a perturbation that is is intended to be
consistent with analysis error statistics should in
fact be geostrophic or dynamically balanced.

6. Inadequacy of model

The SVs presented in SKT look nothing like
those determined by Ehrendorfer and Errico
(1995), Buizza et al. (1997), Gelaro et al. (1998),
etc. This is likely because the T10 truncation
makes the fields much too smooth, almost zonal,
judging from the appearance of the stream func-
tion in Fig. 1 in SKT. Even the zonal structure is
not very realistic judging from the cross section
shown in Fig. 1b in SKT, although it is not stated
whether a zonal mean or longitudinal slice is being
plotted there. As a result of this smoothness, the
SV problem being determined by SKT is more
like a Charney (1947) baroclinic instability,
normal mode problem than the usual SV problem
determined for ensemble numerical weather pre-
diction models. In particular, nearly redundant
eigenvalues 4, are likely in the T10 model, corre-
sponding to the indeterminacy of the phases of
the unstable modes in Charney’s problem. Even
the spectrum of unstable modes in Charney’s
problem may not be adequately resolved.
Certainly the transfer of perturbation energy
between small and large scales reported by Buizza
et al. (1997) cannot be replicated in a T10 model.
The generality of conclusions made at this reso-
lution to results made at the resolutions (even
T21) employed in the other studies cited here
should therefore not be taken for granted.

While the works by Trevisan and Legnani (1995)
and Pires et al. (1996) are claimed to support many
of the conclusions in SKT, those works are based
on the Lorenz (1963) model. While this model is
extremely useful for demonstrating certain critically
important concepts, it is dangerous to use it to infer
quantitative behavior in numerical weather predic-
tion models. The Lorenz (1963) model has only one
dominant unstable direction, and knowing the char-
acter of that component alone is sufficient to
describe much of the system behavior. In contrast,
knowing only the leading LLV in an operational
numerical weather prediction model is grossly inad-
equate for describing the model’s unstable manifold.
In particular, the way a large model ingests observa-
tions distributed inhomogeneously in space and
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time, and the lack of great separation between its
singular values suggests that greater care should be
taken in generalizing quantitative results from
assimilation experiments or SV convergence tests
from the Lorenz model.

7. Summary

Legras and Vautard (1996) define backward
Lyapunov vectors as end-time SVs begun at an
infinite time in the past. These are apparently
what Szunyogh et al. (1997) call LLVs. From this
definition, many properties of the LLVs are easily
deduced. In particular, what results are norm
independent is made clear. When orthogonaliz-
ation of a set of vectors is required to achieve
independence, a particular norm must be selected.
Also, instantaneous growth rates are necessarily
norm dependent. These properties of LLVs are
not stated in Szunyogh et al. (1997).

LLVs of the model are significantly different
from BGVs since a non-scalar re-scaling is period-
ically applied to the latter. Model LLVs do not
describe analysis errors because such errors are
constrained by observations, unlike model LLVs.
Neither do they describe the behavior of typical
forecast errors beyond a few days (at most) because
the behaviors of such errors quickly become
nonlinear.

No credible theoretical reason why BGVs
should resemble analysis errors has been offered.
The behavior of perturbations in the data assimi-
lation modeling system, either when constrained
by observations or unconstrained so that the
behavior becomes nonlinear, should not be
expected to be like the behaviors of BGVs. Most
of the comparisons cited in Iyengar et al. (1996)
are invalid because they are made with respect to
estimates of observation or forecast errors, not
strictly analysis errors. The support of Pires et al.
(1996) using the Lorenz (1963) model is insuffi-
cient because of the model’s simplicity with respect
to characteristics of the ingestion of observations
in operational data assimilation systems.

If there is any resemblance of BGV results to
analysis errors, it must be built in by the “masking”
applied. This “masking” procedure therefore
becomes critical to the appropriateness of BGVs
for ensemble prediction or other applications. It
is imperative that the “mask” and how it is applied
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be thoroughly described and its alteration of the
forecast component of the breeding be thoroughly
documented.

The re-interpretation by Szunyogh et al. (1997)
of the geostrophic adjustment problem described
by Ehrendorfer and Errico (1995) is erroneous, as
a great wealth of studies indicate. The large growth
rates reported for SVs in the literature using dry
model linearizations are not due to initial geo-
strophic imbalances in the SVs (the result reported
by Ehrendorfer and Errico is an exception).
Properly computed, with an appropriate norm,
these SVs are devoid of imbalances that project
onto fast gravity waves. Consequently, the
dynamic imbalances obtained by SKT in their SV
determinations are likely due to either an energy-
inconsistent formulation of vertical finite-differ-
ence equations in their model or due to an incon-
sistent computation of the energy.

In conclusion, anyone using BGVs should care-
fully investigate how they were produced and what
their structures and magnitudes are before using
them in any application. They should also carefully
consider any theory claiming to justify their use
for any particular application. While lack of a
theory explaining their appropriateness for
ensemble prediction does not imply that they are
not useful for that purpose in practice, it does
suggest that the BGV method should be more
carefully evaluated in the future.

Also, it should be noted that the SVs computed
for dry tangent linear and adjoint models using
the energy norm described in most of the literature
are not grossly geostrophically unbalanced struc-
tures. The growth rates observed are consistent
with behaviors within the model’s slow manifold.
In examples where this is not the case, as in SKT,
the properties and appropriateness of the imple-
mented norm with respect to the contributions
and behavior of gravitational modes should be
carefully investigated.
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9. Appendix

An example of bred modes

As an example of BGM results, the 50 kPa
geopotential heights in the northern extratropics
for the 5 BGV perturbations which were used to
generate the NCEP ensemble forecast starting
1 December 1995 are presented in Fig. 1. This
date was randomly drawn from the period during
which SKT was under review. Other dates during
this period were also examined to ensure that the
qualitative statements made here regarding their
BGYV structures, amplitudes, and mutual resemb-
lances apply in general.

Note that the largest absolute values appear
north of 60°N. The structures have a very large
horizontal scale. The modes are not all the same,
although modes 3 and 5 strongly resemble each
MODE 01 — CONTROL

(a) DIFFERENCE—MRF 1 DEC 95

Fig. 1. Initial perturbations of the 50 kPa geopotential
height field north of 25°N for the five distinct bred modes
produced by the BGV method at NCEP for 1 December
1995. The contour interval is 10 m, negative-valued con-
tours are dashed, and the 0-valued contour is omitted.
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(b) DIFFERENCE~MRF  MCDE 02 — CONTROL 1 DEC 95

439

MODE 03 — CONTROL 1 DEC 95

.y DIFFERENCE-MRF
(©)

(d) DIFFERENCE—-MRF ~ MODE 04 — CONTROL 1 DEC 95

(e DIFFERENCE~MRF ~ MODE 05 — CONTROL 1 DEC 9

Fig. 1. (cont’d).

other as do modes 2 and 4: about one-half of the
local extrema within each pair are colocated.
Whether other fields for the same pairs of modes
resemble each other as strongly is unknown to us
from the data we have available.

The similarity and differences between modes

Tellus 51A (1999), 3

raises two questions: why are the modes not more
alike if they have nearly converged to the leading
LLVs as claimed? Alternatively, for application to
ensemble forecasting with very few members, why
should individual perturbations as apparently sim-
ilar (i.e., redundant) as some shown here be used?
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