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1. Introduction

In 4-dimensional variational data assimilation
(4DVAR), a term J,, which measures the distance
between the model solution and observations over
a time window [t,, T], is included in the cost
function (J) along with the background term (Jy)
and other constraints (J,), ie., J=Jy,+J,+J,
(Fischer and Courtier, 1995). Once the 4DVAR
problem (J) is defined, a standard unconstrained
minimization algorithm is employed to find the
minimum (Zou et al.,, 1993a). In doing so, users
of the minimization software are required to
supply the values of both the cost function J and
the gradient of the cost function with respect to
the model initial condition (IC), VJ. The adjoint
of the numerical assimilation model is used to
derive the value of the gradient of J, with respect
to the model IC, VJ,. Both the paper by Xu
(1996, hereafter Xu96) and the paper by Zou
(1997, hereafter Zou97) attempt to address prob-
lems related to the calculation of VJ, using an
assimilation model and its adjoint having on—off
switches. The former dealt with analytical solution
in time and the later is primarily concerned with
time-discretized models. Two issues are of major
concern: (i) the correctness of the gradient derived
from the “classic” adjoint model which keeps
on—off switches the same as in the nonlinear model
(NLM), and (ii) The continuity of the gradient in
the presence of on—off switches.

It was Xu’s opinion that “there are significant
discrepancies in conclusions and understandings”
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between Xu96 and Zou97, and he made some
specific comments to which my reply
follows.

2. Reply to the first comment: Should on—off
switches cause discontinuities in the
gradient? What kind of generalization is
really needed?

(a) The main reason Xu96 derived a different
conclusion from that of Zou97 is that his conclu-
sion is not directly relevant to time-discretized
models, which Zou97 was addressing. For a
4-dimensional numerical model, the action of
switching on and off can occur either at the initial
time t,=0 or later in time t=t when the initial
state or model prediction at time 7 passes a certain
threshold value. If the switch occurs at the initial
time ¢, at the initial point x,, it is agreed by Xu
that the gradient is discontinuous at x,. But Xu
disagrees that the gradient can still be discontinu-
ous at x,7#x. when the switch occurs at a later
time within the assimilation window.

Xu used the following example

dz
—=F+4+GH +(x — x.), (1a)
dt
Xli=0=Xo, (1b)

to illustrate that “when the initial state varies over
the range of x, <x,<x,, the solution contains an
on switch within the data assimilation window
(0<t<T), but the gradient of the cost function is
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continuous over the range of x, <x,<x..” In (1),
H ,(x—x,) is defined as

1, if x>x,,

H+(X—Xc)={

0, if x<x,.

We will use the same example (1) to show that
for a discretized model of (1), the gradient of J
can become discontinuous at some points of ICs
X, Where x4 < x, and the length of the assimilation
window T>(x.—x,)/F, i.e., the switch is turned
on later than t,=0 during the assimilation
window.

Let’s define the cost function:

1

J(x0) = > J (x — x°P)2 dt. (2)

The gradient VJ can be expressed as (see eq. (4.7)
in Zou97):

Jlxo)=VJ = J (x(t) — x°**(1)) dt

! obs G
| KO —xe) pdr, (3)

where 7= (x,— xo)/F, x(t) satisfies the eq.(1),
Xo<Xx, and t,<t<T.

For a time-discretized model, the time interval
[0, T7] is divided into a finite number of intervals
depending on the model’s spatial resolution and
stability condition. Assuming that t=¢; , eq.(3)
can be written as

where R is the total number of time levels on
which observations are available.

For any small perturbation to the IC x,, Ax,
(abs(Axq)<F At), if Axy>0, we have

flxo+ AT xo)

(X7 (1) = x°%(1,)) At

i1

i

R N G
+ 3 () = X)) L A (5)

i=i,

X. Z0oU

and if Ax,<0 we have

S(xo+A7X)

Y (1) = x (1) A
i=0

bSO () x)

i=i +1

At, (6)

where x”"* satisfies the same equation (1a) of the
nonlinear forward model with a perturbed IC:
X7 =0 = Xo £ Ax,.
From (4)—(6), we obtain
i S (xo + Axo) — f(x0)
im
Axo—0~ Ax,
R P (1) — x(t;
g
=0 Axo—0~ Ax,
R xPP () — x(t;) G
. (1) =X(t) G
- Ax, F
x(t;) — x°%(t, ) G

123

Ax, F

At

At

G G
Lt p Ho(nn) | A

i=i +1
t)— obs t)G
L M) =) G
Axg—0" AXO F
S (X0 + Axo) — f(x0)
Ax,

(72)

lim

Axo—07"

= .i <1+%H+(ti—r)>At

3 1 EH QA Tb
+Z< + 5 +(ti—r)>F t, (7b)

ie.
S(xo + Axo) — f(xo)
Ax,

£ lim f(xo‘f'AXo)_f(Xo). (8)

Axo—07" AXO

lim

Axg—0"
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Therefore, for a time-discretized model, the
on—off switches may cause discontinuity in the
gradient at the initial point x, where the switch
can be turned on at the initial time or later in
time during the assimilation window at a time
step ¢;,.

In order to better illustrate the above idea, we
plot in Fig. 1a the trajectories of model solutions
with IC equal to xo=2, x,+0.015 and x,+0.010,
(b) the gradient of the cost function as a function
of the IC x, for a range of 1.80<x,<2.20, and
(c) the enlarged picture of (b) centered near x,=
2.0. These are numerical results we obtained with
parameters F=2, G=5, x.=3, t,=0, T=1, and
At=1/100. Observations x°*(¢) are obtained using
the same forward model with the IC x§>=1.5.
Obviously, the gradient V, J is discontinuous at
Xo=2 and any other point which can be expressed
as 2.0+ kF At (k is an integer). The gradient is
continuous elsewhere.

In summary, for a time-discretized model for
which Zou97 is primarily concerned, on—off
switches in the solution can cause discontinuity in
the gradient of the cost function. More precisely,
for the example shown in egs. (1) and (2), the
gradient of the cost function is discontinuous at
the IC X, if the switch in the model solution is
turned on or off at the time t;,=t,+iAt, i=
0,1, ..., N, where At is the time step in a numerical
model. If the switch is turned on or off between
the two time steps, the gradient can still be con-
tinuous. The gradient of the cost function is con-
tinuous only if At—0.

(b) While Xu in point 2a emphasized the impor-
tance of realizing the fact that the cost function
and the gradient are functions in the space of the
initial state x,, his comment in point 2b has a
direct conflict with this realization. It is true that
for a gridded numerical model, the dimension of
the control variable of the cost function is in finite-
dimensional space, say J =J(x), where x is a vector
of dimension N(x=(xi, X,, ..., xy)T). Here J is
viewed as a function of multi-variables x4, x,, ...,
and xy and each of them (x;) varies independently
in the infinite real space #. Therefore, the general-
ization of the classic gradient and directional
derivative is necessary if the assimilation model
contains on—off switches and the gradient of the
cost function can become discontinuous as
shown before.
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3. Reply to the second comment: Problems in
interpretation and comparisons with the
“practical” linearization that ignores the
variation of switch time

“Keeping the on—off switch the same as in the
NLM” means to keep the IF statement in the
tangent linear and adjoint models the same as in
the NLM by using the basic state for the IF
statement (Zou et al., 1993b). It is equivalent to
fixing only the Heaviside function, not the switch
time 7t outside the Heaviside function fixed. The
paragraph after eqs. (4.10)—(4.11), along with egs.
(4.12)—(4.16), are used to reveal the possible reason
behind the resulting difference between “keeping
the on—off switch the same as in the NLM” in the
nonlinear model solution and “keeping the on—off
switch the same as in the NLM” in the time
tendency equation. Finding the difference in the
direct linearization of the nonlinear model solution
(with and without ignoring the variation of the
switch) and the “practical” linearization of
the nonlinear model — keeping the on—off switch
the same as in the NLM in the tendency
equation — is part of the purpose of Section 4.1
and was clearly shown on p. 12 of Zou97. Here,
“practical” means what was actually done in the
so-called “classic” adjoint method (Xu96).

It was not claimed in Zou97 that egs. (4.12ab)
are the “practical” tangent linear model (TLM)
equations. It was said explicitly in the paragraph
following eq. (4.16) that “in the practical adjoint
development, egs. (12b) and (13b) are not consid-
ered.” Eq. (4.12) is used to analyze what could
have caused error in the gradient calculation using
the “classic” adjoint method and to search for a
way to correct the error if it does produce signific-
ant errors in the gradient calculation.

In the gradient calculation, one does not solve
the TLM equations. However, the TLM solution
is used for deriving the gradient of the cost function
using the perturbation method (Navon et al.,
1992). The “initial condition” at t=7 in (4.12b)
was assigned in order to obtain a correct TLM
solution as shown in (4.11). The entire derivation
from (4.1) to (4.16) serves to provide a clear
picture of (i) How the existence of an on-—off
switch generates an error in the gradient calcula-
tion using the “classic” adjoint model; (ii) In what
circumstances can the gradient calculation using
the “classic” adjoint method still be correct in the
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Fig. 1. (a) The trajectories of model (eq. (1)) solutions with IC equal to x,=2, x,+0.015 and x,+0.010. (b) Variation
of the gradient of the cost function (eq. (2)) with respect to the IC x, with its values ranging from 1.80<,<2.20,
and (c) the enlarged picture of (b) centered near x,=2.0. Also plotted in (c) is the gradient using the formula (4.15)

in Zou97 (marked by “*”).

presence of on—off switches? and (iii) If the error
occurs in the gradient calculation using the “clas-
sic” adjoint method due to the existence of on—off
switches, can one find a way to obtain a correct

gradient still using the values of the adjoint vari-
able through the integration of the “classic”
adjoint model? The error in the gradient calcula-
tion for eq. (1) using the “classic” adjoint method
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results from the discontinuity in the perturbation
solution at the switching time. From eq. (4.15) we
also see that a correct gradient can still be obtained
using the values of the “classic” adjoint method
and the difference of the two nonlinear model
solutions (x(t, xo+&)—x(t, Xo)) at the time <
(switching time), where ¢ is a small perturbation
in the ICs. Here ¢ is “small” enough to ignore the
higher-order terms and “large” enough to avoid
machine round-off errors.

4. Reply to the 4th comment

If eq. (1) is modified to the following equation

dx

—=F+H —X.)G(x —

d[ + +(x xc) (X xc)> (9)
x|z:0 = Xo>

the nonlinear model perturbation solution

becomes continuous at the switching time 7. As
indicated in Zou97, the “classic” adjoint model
will provide a correct gradient of the cost function,
which we will now show in more detail as follows:

Keeping the on—off switch the same as in the
NLM, the TLM equation of (9) becomes

I H - xGx
= X — x,)Gx
dt * (10)

’

x6|t:to =Xo>
which has the following analytic solution

X'(t) = x5+ H, (x(t) — x,)x6 e 7.

(11)

This is exactly the 1st-order approximation to the
difference between the two forward model
solutions.

The adjoint model of eq. (10) can be written as
(Zou et al.,, 1992)

L B (= 26+ (x = x)
——= X — X, )GX + (x — x°),

de * (12)
Xli=r=0.

The adjoint eq. (12) is solved sequentially. First
we integrate the following adjoint equation

dx
— — =GX 4 (x — x°%), (r<t<T),

de (13a)

)2|,:T=0,
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backward in time from T to t to obtain the value
of X at time 7, X(7). Then we continue the backward
adjoint integration from t to 0 of the following
equation

D exm), (0<i<9)
-5 =X—=X 5 xlx7),

de (13b)
Xlp=c = X(1).

The adjoint eq. (13a) has an analytic solution
as

£(r) = ff (x — x°P%) g6~ dr (14)

Using (14) we can derive the analytic solution of
(13b)

%(0) = J (x — x°%) dt

T
+ f (x — x°b%) 64~ gy | (15)

The value of X(0) is exactly the same value of the
G-differential of J defined in (2) that one can
derive using the perturbation method described in
Subsection 4.2 of Zou97.

In order to examine exactly what will happen
for a time-discretized model, we coded a time-
stepping nonlinear model of eq. (9), its TLM and
adjoint model. The method we used to develop
the adjoint model is similar to the one we used
for the NCEP (National Center for Environmental
Prediction) global spectral adjoint model (Zou
et al.,, 1993b) and the MMS5 (the Penn State/NCAR
nonhydrostatic mesoscale model version 5) adjoint
model (Zou and Kuo, 1996) with moisture physics.
We use the following procedure: (1) Build a discret-
ized forward model based on eq. (9); (2) Linearize
the forward model around the basic state at the
coding level and obtain the TLM; (3) Write the
adjoint model as the transpose of the TLM oper-
ator; and (4) Integrate the discretized adjoint
model backward in time from T to t, while forcing
terms: (x(t;)—x°%(t;)) At (i=N,N—1,...,0) are
added to the adjoint variable X(t) at every time
step. Notice that the cost function (2) is now
modified to

1
2.

i

J(xo) = (x(t;) — x°%)* At (16)

it
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observations are generated by the forward model tion solution (dashed line) and the results of
integration. The model parameters take the same numerical integration of the discretized TLM
values as those in Fig. 1. (solid line marked by “*”) for model egs. (1) and

Fig. 2 shows the variation of the true perturba- (9). We find that the TLM solution which keeps
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Fig. 2. The variation of the true perturbation solution (solid line marked by “*”) and the results of numerical
integration of the discretized TLM (dashed line) for (a) model eq. (1), (b) model eq. (9) with x;=0.15 and (c) model
eq. (9) with x;=0.0015.
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Fig. 3. Variation of the gradient of the cost function with
respect to the IC obtained using the “classic” adjoint
model which keeps the on—off switches the same as in
the NLM (dashed line) and the true solution of the
gradient (solid line). Eq.(9) is used as an assimilation
model.

the “on—off ” switch the same as in the NLM does
not approximate the NLM perturbation solution
well when the perturbation solution is discontinu-
ous (Fig. 2a). However, when the NLM perturba-
tion solution is continuous at the switching time,
the TLM solution which keeps the “on—off ” switch
the same as in the NLM still provides a correct
first-order approximation to the NLM solution
(Figs. 2b and c). Now let’s examine the correctness
of the gradient of the cost function obtained using
the adjoint model which is developed as a trans-
pose operation of the forward TLM model with
on—off switches kept the same as in the NLM.
Figure 3 shows the variation of the gradient of
the cost function with respect to the IC obtained
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using the “classic” adjoint model (dashed line),
which is compared with the true solution of the
gradient (solid line) for eq. (9). The dash line is the
numerical result obtained by integrating the
adjoint model backward in time. We found that
the variation of the gradient with respect to the
IC using the “classic” adjoint method approxi-
mates the true solution very well. The difference
between the two lines depends on the accuracy of
the finite-difference scheme in time. If we reduce
the time step At from 0.01 to 0.001, we obtain a
greatly improved accuracy for the gradient calcu-
lation using the adjoint model. Therefore, the gra-
dient of the cost function obtained by the adjoint
model which keeps the “on—off ” switches the same
as in the NLM is correct in the presence of on—off
switches if the nonlinear perturbation solution is
continuous at the switching points in time.

5. Summary

I hope that both issues: (i) the continuity of the
gradient of the cost function with respect to the
IC in the presence of on—off switches, and (ii) the
correctness of the gradient of the cost function
using the “classic” adjoint model — an adjoint
model developed by keeping on-off switches the
same as in the TLM, have been addressed more
clearly through this reply and the corresponding
review of the paper Zou97 that precipitated this
comment and reply event.
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