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ABSTRACT

In this paper, we study the influence of the interval between data insertion events on the
convergence of sequential data assimilation problems. An example of a conservative
Hamiltonian system is presented (that of Hénon and Heiles (1964)) where sequential assimilation
with periodic data insertion every At achieves a more rapid convergence if data is not inserted
at the smallest possible update interval, Az. It is shown analytically that this is true for all
Hamiltonian systems when the updated variables produce convergence of the assimilation,
because the resolvent matrix then varies as O(At?) to highest order. The theory successfully
predicts the turnover point for the Hénon and Heiles system when a larger At leads to slower
convergence and also the assimilation interval at which convergence may cease altogether. The
application to a simplified low order shallow water model describing coupled Rossby and
gravity waves and with a forced-dissipative perturbation extends the previous result to systems
which are a more realistic model for the atmosphere and the ocean. Formally, the same behavi-
our still holds when a realistic dissipation scheme is applied with increasing amplitudes or when
strongly dissipative systems, which are not forced-dissipative perturbations of Hamiltonians,

are used.

1. Introduction

One of the main objectives in geophysical data
assimilation is to use all the accessible information
(observations, dynamics) of the current state of
the atmosphere, and perhaps in future for the
ocean, in order to numerically predict the future
state. Data assimilation has evolved during the
last two decades or so and is now often explicitly
formulated to find the initial conditions for a
forecast model run. As observations are always
noisy, a filtering process has to be introduced.
Two equivalent optimal approaches were
developed to deal with this problem; sequential
estimation based on the Kalman filter (Kalman,
1960; Jazwinski, 1970), where observational data
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are treated recursively, and the variational or
global optimization problem, based on a minim-
ization of the distance between a certain 4D model
trajectory and the observed data, used for the first
time by Sasaki (1958). With large computers, both
optimal techniques are being explored more and
more for real data assimilation problems, although
as yet forecasting centers only use them in a
simplified form (Courtier et al., 1994) because the
computational load is too great.

The variational approach is currently favoured
at forecasting centres and it has lead to the
introduction of the adjoint model technique
(Lewis and Derber, 1985 and LeDimet and
Talagrand, 1986). Assimilation by sequential data
insertion, aiming at converging towards the true
trajectory of the system, has, due to its ease of
application, been used for most meteorological
data assimilation during the last two decades or
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so (Charney et al, 1969; Williamson and Kasahara,
1971; Talagrand, 1981a; and many others) and has
also been applied in oceanography (Cooper and
Haines, 1996 and references therein). If sequential
assimilation includes a proper forward prediction
of error fields this represents a Kalman filter; the
Kalman filter approach can be viewed as a series
of model runs with successively updated initial
conditions. It is important to understand how the
application of sequential techniques may lead to
convergence of the modelled system to the obser-
vations and this is the topic of this paper. Periodic
updating is in use today in many centers, e.g., the
National Center for Environmental Predictions
(NCEP, formerly the National Meteorological
Center) Global Data Assimilation System (GDAS)
applies updating by periodically replacing the
vorticity while leaving undisturbed the horizontal
divergence which appears to satisfactorily con-
verge due to model dynamics (Browning and
Kreiss, 1996).

Williamson and Dickinson (1972) used periodic
updating in a simplified 1D linear shallow water
model. They suggested that the updating interval
should be greater than the decay time of inertia-
gravity waves in order to avoid inserting redund-
ant data in a dissipative system. Talagrand (1981b)
(hereafter T81b) also showed, using the traditional
tangent linear system, that a better convergence
could be obtained for larger updating time inter-
val, in a forward-backward assimilation scheme
using the shallow water model. If the issue were
only one of data redundancy then there would be
little interest in this point however we will show
here that slower convergence when more data is
used is a common feature of the sequential assim-
ilation procedure when the data assimilation fre-
quency becomes high enough.

Simple dynamical systems are often useful
because they provide a framework to test assimila-
tion procedure. The Lorenz model, for example,
(Lorenz, 1963) has been extensively used for this
purpose (Miller et al, 1994 and Gauthier, 1992,
and others) because it represents a modal trunca-
tion of the Navier-Stokes equations in the Bénard
problem, and because its chaotic attractor exhibits
regime-like behaviour. Real geophysical systems
often behave as conservative systems on short
timescales but as forced/dissipative systems on
longer timescales. Since we are interested in the
convergence of the assimilation procedure in rela-
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tion to the updating frequency, a simple chaotic
Hamiltonian system is studied. In obtaining an
explanation of its behaviour under sequential data
assimilation some more generally applicable
results are derived which apply to all Hamiltonian
systems and to a lesser extent to dissipative sys-
tems. We will present the model in Section 2.
Sequential assimilation methodology and applica-
tion is presented in Section 3. Analysis of the
results is in Section 4. Extension of the analysis
to a simplified low order shallow water model is
presented in Section 5 and summary and conclu-
sions are in the last section.

2. A near-integrable Hamiltonian system

2.1. System introduction

Conservative or Hamiltonian systems consti-
tute a class of dynamical systems very often enco-
untered in physics, astronomy and meteorology.
Most geophysical problems can usually be
regarded as Hamiltonian on some timescale, after
which forcing and dissipative processes must be
considered. A Hamiltonian formulation of geo-
physical fluid dynamics can be found in Shepherd
(1990). Hamiltonian systems also arise naturally
in subjects such as calculus of variations or
optimal control theory (see for example Lawden,
1975). The example focused on in this manuscript
is a two degree of freedom Hamiltonian system
discussed by Hénon and Heiles (1964) (referred to
as HH in the text). It models the motion of a
particle in an axisymmetric gravitational potential
field which reduces the motion to a plane. In HH
the potential;

Ulx, ) =3(* + 7> + 2y = 37°) (1
was used in order to study the existence of a third
isolating integral, i.e. to study the integrability of

the system with the corresponding Hamiltonian
H(x, y, p, q) (or total energy);

H=3(+y+p+ )+ x°y —3)° (2)
Fig. 1 shows the lines of equipotential and illus-
trates the variation of the potential well with
respect to the x and y canonical positions. The
potential well behaves like a near harmonic poten-
tial for x and y within a small neighbourhood of
the origin. In (2), p = x and g = y are the conjugate
momenta and we let X =(x,))T be the vector
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Fig. 1. The potential well U(x,y) (1) of HH system.
Closed equipotentials (bounded motion) are delimited
by the triangle whose sides correspond to the limiting
potential U, = 1/6 and correspond to the separatrices.
Labels scaled by 1000.

position and V =(p, q)T the vector momentum of
the particle, where the superscript, T, is the trans-
pose operator. The equations of motion are,

X=-VU. (3)

The non-integrability of this system is discussed
in the literature, refer, for example, to Holmes
(1982) or to Lichtenberg and Lieberman (1983).
Fig. 1 shows that the particle is trapped in the
well if H is less than the limiting potential energy
U, =1/6, found at the singular saddle point (0, 1).
The corresponding isolines form the separatrices
of the system.

2.2. Phase space representation

The existence of H as a global invariant confines
the trajectory within a three dimensional (x, y, q)
volume given by;

Ux, y) +34> < H. (4)

Within this volume the trajectory may evolve
periodically, quasi-periodically (regular trajector-
ies) or unevenly (irregular behaviour). Due to the
existence of this bounded domain the structure of
the phase space can be studied using Poincaré
maps obtained by successive intersections of the

trajectory with a plane cut through the bounded
volume. Poincaré maps, within the (y, q) surface
with x=0, have been computed for different
energy levels, and some examples are shown in
Fig. 2, where the different trajectories are obtained
for several different initial conditions (x(0)=
0, ¥(0), ¢(0)) and at three different energy levels;
H =0.0835 (2a), H=0.125 (2b) and H =0.165
(2¢). Fig. 2 shows that as the energy level increases
the phase space progressively looses its regular (or
ergodic) trajectories (2a) which are running on
toroidal surfaces known as KAM (Kolmogorov,
Arnold and Moser) surfaces (see for example Ott,
1994) in favour of more irregular or chaotic ones
(Figs. 2b and 2c).

The irregular trajectories, generating what is
known as regions of stochasticity, are known to
fill a finite portion of the energy surface in phase
space (Figs. 2b and 2c) and are called sometimes
stochastic trajectories (see Lichtenberg and
Lieberman, 1983) despite the deterministic charac-
ter of the system. To see the influence of the
stochastic regions on system trajectories, Fig. 3
shows the error growth or the divergence of
initially nearby trajectories, for the Fig.2 energy
levels. Fig. 3 shows clearly the exponential initial
error growth for chaotic trajectories. It also shows
that, even within the chaotic trajectories family,
the divergence is stronger for trajectories with
higher energy.

3. Sequential data assimilation

Assimilation by sequential insertion is tested
using a twin experiment format with the assump-
tion of a perfect model. For each experiment, the
system (3) is integrated forward in time with a
specified energy level and initial conditions. The
model trajectory is saved each time step and will
be treated as (perfect) observations (or truth). The
case of noisy observations is not treated here. The
assimilation model is initialised with a random set
of initial conditions and sequential data assimila-
tion is performed by updating some of the model
variables at regular intervals. At each assimilation
time the observed variables are updated with the
truth data, while the remaining variables are kept
unchanged (thus knowledge of model variable
correlations, which could be included in the
update, are neglected). As the model is conservat-
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Fig. 2. Poincaré map within the (), gq) plane showing the intersection of trajectories with the plane of section at
energy levels: H =0.0835 with six trajectories whose initial conditions (y(0), g(0)) are (0.1, 0), (0.2, 0), (0.02, 0.08),
(0,0.2), (0.2,0.25) and (—0.176, 0.) (a); H = 0.125 with one more trajectory with (0.1, 0.2) as initial condition (b) and
H = 0.165 with only five trajectories with initial conditions (0.1, 0), (0.2, 0), (0, 0.29) (0.28, 0) and (0.1, 0.2) (c). In all
initial conditions x(0) = 0. Notice the stochastic area between the KAM tori filled with one trajectory in (b). In (c)
the first three produce regular trajectories, the fourth one is chaotic confined around the first two trajectories and
the last one produces a chaotic trajectory filling the whole remaining volume. The time step dt is 5 x 1073,

ive, when new data is incorporated the energy of
the system will suddenly change. For this reason,
we call the procedure “non-conservative” assimila-
tion. Other forms of “conservative” assimilation
exist but are not treated here.

In the first two experiments the truth energy
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level is 0.125 and the truth initial conditions are
quasi-periodic (x, y, ¢)=(0,0.1,0.2) and chaotic
(x,»,9)=(0, —0.176,0) see Fig.2b. In order to
conserve the energy numerically, a 4th-order
Runge-Kutta integration scheme is used, with a
time step df =5 x 1073. We suppose that data
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Fig. 3. Error growth as measured by the divergence of
initially nearby trajectories at energy levels 0.0835 (a),
0.125 (b,c) and 0.165 (d). The initial conditions are;
((0.1,0); (0.1 +¢,¢) (a, b); ((—0.176,0); (—0.176 — ¢, ¢))
(¢) and ((0.1, 0.2); (0.1 + ¢, 0.2 + ¢)) (d) with ¢ = 1078 and
time step dt = 5 x 1073, The trajectories used to produce
curves (a) and (b) are quasi-periodic (regular) and chaotic
(irregular) for (c) and (d). Vertical axis is logarithmic.
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from this run is available every At, which is a
multiple of the time step, i.e. At = N dt, where N
is an integer. Assimilation of both x and y variables
is performed for different intervals, At, between
observations. Fig. 4 shows the graph of the rms
errors of the model variables for different updating
intervals for a quasi-periodic trajectory (a), and a
chaotic trajectory (b). For both types of trajectory
the errors decrease in all assimilation cases, how-
ever the convergence is more rapid for larger time
intervals, At, between observations, up to a value
Atpax With N =250-300, after which the rate of
convergence decreases until no convergence
occurs.

At higher energy levels, near the separatrices of
Fig. 1, the same phenomenon is observed. Fig. 5
shows the graph of the assimilation rms error for
a chaotic trajectory (x, y, ¢)=(0,0.1,0.2) at the
energy level 0.165. The same basic result holds for
quasi-periodic trajectories at this energy (not
shown) and also when we assimilate p and ¢ or x
and ¢ (Fig. 6). With non-conservative assimilation
the energy is recovered at the end of the process
(Fig. 7). The horizontal segments in Fig. 7b corre-
spond to the energy conservation during integra-
tion of the system, with the jumps corresponding
to updating.
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Fig. 4. The assimilation error during the updating of x and y obtained from two trajectories with respective initial
conditions (0.1, 0.2) (a) and (—0.176, 0) (b) at energy H = 0.125 and for different updating time intervals At fixed to
2dt (al, bl), 50dt (a2, b2), 250dt (a3, b3) and 1000dt (a4, b4) with dt =5 x 1073, The trajectories (a) and (b) are
respectively quasi-periodic and chaotic. Vertical axis is logarithmic. Horizontal axis is number of At.
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Fig. 5. Asin Fig. 4a, but at H =.165 and At fixed to 5dt
(a), 50dt (b), 100dt (c), 250dt (d) and 300dt (e). Notice
the limit At,,,, ~ 250 — 300dt for increasing convergence
with At. Axes as Fig. 4.
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Fig. 6. As in Fig. 4b, but where x and y are updated and
with At fixed to 2dt (a), 50dt (b), 200dt (c) and 500dr (e).
The curves corresponding to 250dt, 300dt and 350dt are
labelled altogether (d) showing that Ar,, ~
(250 — 350) dt (see text). Axes as Fig. 4.

The above results seem to be rather surprising
because they show that more data assimilation
can actually lead to a slower convergence of the
dynamical system. This is not a question of data
redundancy as in Williamson and Dickinson
(1972). It is very important to understand why
this can occur in case we ever faced the same
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behaviour in an important geophysical system
such as in those used for atmospheric data assim-
ilation. To understand this phenomenon we need
to perform an analysis of the convergence process.

4. Analysis

4.1. Theory of assimilation convergence

Data assimilation results obtained by
Williamson and Kasahara (1971) showing the
convergence of the sequential updating assimila-
tion process in a General Circulation Model
(GCM) were interpreted by Williamson and
Dickinson (1972) using linear perturbation theory
of the updating process. Talagrand (1981a) studied
the conditions of convergence of data assimilation
in a linearized shallow-water model and pointed
out that nonlinearity can accelerate the conver-
gence. Talagrand (1981b) derived a convergence
criterion, based on stability analysis, for a forward-
backward assimilation over a particular time inter-
val (a 4DVar pre-cursor) which depended on the
spectral radius of the amplification matrix. In
continuous sequential assimilation, the amplifica-
tion matrix between assimilations is a function of
the time, hence a general criterion of convergence
is more difficult to find, but a similar approach
can be used. The problem of sequential assimila-
tion is considered below.

Consider a general m-dimensional dynamical
system (where m = 4 for system (3));

dx
de
where X = (x4, ..., X,,)" is an m-component vector
and F(X)= (F/(X),..., F,(X))T is an m-valued
function of X, where for a given X, at t,, (5) has
a unique solution or trajectory X(X, t). The system
vector at time t; is denoted X(t;). For system (3),
X =(x,y,pq) " and F(X)=(p, g, —x —2xy, =y —
x?+y*)n.

Any small perturbation, 6X,, superimposed
upon the trajectory at time t,, will evolve accord-
ing to the tangent linear equation,
dox
—— =F(X(1))oX, (6)

dr
where F'(X(t)) = 0F (X(t))/0X, or simply F'(t), is a
second order tensor representing the Jacobian of
F at X(t). The solution dX(¢) of (6) at time ¢,

F(X), (5)
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Fig. 7. Energy convergence during the non-conservative assimilation process (x, y updating) for the chaotic trajectory
of Fig. 5 with At fixed to 5dt (a) and 80dt (b), respectively. The horizontal segments in (b) indicate the conservation

the energy between the assimilation times.

given 0X(t,) at time ¢, is given by,
0X(1) = R(t, 16)0.X(to), (7)
where the operator R is the resolvent (also called

the propagator) of system (6). The resolvent satis-
fies the following two important relationships;

0
aR(ta IO)ZF/(I)R(ta [0)9 Vt, t09 (8)

and obviously;

R(t,t)=1,, vt %)
where I, is the m x m identity operator. Eq. (8)
can be obtained by differentiation of eq. (7) with
respect to time. The resolvent is not, generally,

easily accessible, however for any time ¢, and
infinitesimal At, one can use the Taylor expansion:

0
R(ty+ At ty) =1, + A[E R(t, to)| =4y + -

n An

o a[,,R(t,to)l,:tO+O(At"“).

(10)
At O(A#) the previous expansion, together with
relations (8) and (9) give,
R(to+At, ty) =1, + AtF'(ty)

2

AVl
+ T(F/(fo) + F%(t,)) + O(Ar),

(11)

where
2

F(t)= d F'(t)= d FF X(t))=F'F
()= g F)=gxz FX)=FF.
In (12), F"=0?F/0X? is a third order tensor with
components, (0*F/0X?);;, = 0°F,/0x,0x,, and F'(t)
is the operator (matrix) obtained by contraction
of F” with F, whose components are,

m O((F');) m O%F,

F)y= Y ———F=Y

k=1 Ox K=1 0%.0x;

(12)

F.  (13)

For assimilation purposes, system (5) is split into
two parts;

{Xa:Fa(X)
X, =F,(X)
with X =(X,, X,)", where X, and X, stand
respectively for the assimilated and unchanged
variables in the assimilation procedure.

Accordingly, the resolvent of (7) is then written
as:

(14)

Raa(t’ tO) Rau(t’ t0)> (15)

Rua(ta tO) Ruu(ts tO)

At the assimilation times t,, the error, 0X,(t;), of
the assimilated variables is set to zero as observa-
tions are made, while the error for the remaining
variables, 0X,(f), is kept unchanged so that the
error model (7) is then re-initialised with errors
(0, 6X,(t,)". The error at the next assimilation

R(t, ty) = <
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time fy 1, 0X(frv1) = (0Xa(tir1), 0Xy(tey 1))’ is
given by (7). But again, 0.X,(t,, ) is set to zero at
the assimilation time and J6X,(t,,,) is kept
unchanged. The convergence of the assimilation
process is then linked to the amplification matrix,
R (ty, ty 1), in the sequence,
0Xu(te) = Ruu(ts tr-1)0Xu(ti-1)- (16)
In T81b, the amplification matrix for a forward-
backward assimilation over a specified small time
interval is calculated once only and the conver-
gence process turns out to be an explicit function
of the spectral radius of this matrix. In the continu-
ous sequential assimilation scheme (16), the ampli-
fication matrix is a function of time and we have
to deal with it according to the situation arising.
If the matrix R, (, t,_;) has a simple form, e.g.,
triangular, with a spectral radius, r,, then the
corresponding radius product, HZ:1 e, will deter-
mine the convergence. Normally we must consider
the sequence matrix product,

An: 1_[ Ruu(tk:tk*1)> (17)
k=1

whose spectral radius will be denoted p, = p(4,).

Although the spectral radius function itself is
not a matrix norm (nilpotent matrices are counter-
examples), for any matrix M, it is the greatest
lower bound for all the matrix norms | M ||, of M
(see for example Horn and Johnson, 1988). This
means that;

p(M)=1Inf{| M|, || || is a matrix norm}.

Therefore a necessary condition for (17) to con-
verge to the null matrix, O, is that,

pa=p(4,)—0

as n goes to infinity.

4.2. Application to Hamiltonian systems

For the HH system we have:

0 I

-2 s 18
X (18)
—142y

F'(t)= <—1 —2y
—2x
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and
F'F(t)+ F*(1)=
—-1-2 -2
y X 0
—2x =142y
—2q —2p —1-2y =2x \/[
—2p 2q —2x —1+42y
(19)

It is clear from (11), (15) and (18) that the R,,
component of the resolvent has no O(At) terms
when X, equals (x, y) or (p, ¢). What is more it is
clear that for any Hamiltonian system satisfying
(3), the convergence of the assimilation process,
when assimilating all the canonical (position) vari-
ables (x and y here) or all the conjugate
(momentum) variables (p and ¢ here), is of order
O(A#?), ie. the amplification matrix is of order
O(Ar*) at least for small time intervals At
Furthermore, from (19), the assimilation of the
canonical (position) or conjugate (momentum)
variables give the same convergence rate at O(Ar?),
due to the symplectic form of Hamiltonian
systems.

Mixing the variables by assimilating either (y, p)
or (x, q) also produces convergence at O(At?) for
the HH system. From (11), (18) and (19) the
O(4t?) amplification matrix, when (y,p) are
updated, is given by;

Ruu(tns tn*l) =
Ar?
1—7(1 +2y,) 0

2 5

At
—2x,At —p,At? 1— X (1—-2y,)

where (X, Y Pa» 4a) = (X(2,), ¥(1,), p(t,), q(1,)). For
this case the triangular form means that the spec-

tral radius is explicitly known and,

Pu=max(p, , p, ) (21)
where,
n At?
pn =11 1—7(1+2yk) ,
k=1
n At?
po= 11 |1=— (1=2p)|,
k=1

so that p, tends to zero, for small At when n goes
to infinity. The limit of p, is straight-forward,
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since ), belongs to the interval [—1/2, 1], but it
is slightly more complicated for p, because
(1 —2y,) is sometimes negative, and we require
the asymptotic behaviour for large n. Appendix A
shows that for large n, y, can be replaced with j,
the mean trajectory value which is close to zero
for all bound trajectories, i.e., at the bottom of the
potential well in Fig. 1. Appendix A also shows
that p,(At) is a decreasing function of At in the
range At? <2, ie.,

PulB2t) < py(As1)

where A;t and A,t correspond to two different
time intervals between assimilating observations
from the original trajectory. For At?>2, the
decreasing process is expected to reverse. This
limiting value of At leading to better convergence
is in approximate agreement with the value
obtained from Fig. 6, where for At <(250-300) dt
(with dt =5 x 1073) the assimilation convergence
is improving with At. Fig. 8 indicates the variation
of p, given by (21) as a function of At for a chaotic
trajectory at energy level 0.165. It shows clearly
the increasing convergence for increasing time
periods At.

The more natural way to compare the conver-
gence rates is to compare two different assimilation

for At <At <V2,
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Fig. 8. Variation of the spectral radius p, of the ampli-
fication matrices product given by (21) as a function of
the assimilation time interval At and computed from the
chaotic trajectory of Fig. 5. The dashed line is for p,
and the solid line for p, . The first 10* time steps were
considered.

cycles, ny; and n,, (n, < n,) for which:
niAit=n,At =o.

In this case, with large n; and n, and relatively
small A;r and A,t  we still  have
Pu,(Ast) < p, (Agt), which is an important result
because the n,A,t cycle actually assimilates less
data. This is an immediate consequence of the
asymptotic behaviour of p, given in (AS)
(Appendix A) which leads to,

(log p,, —log p,,) ~ (A1t — Ayt)a(1 —217]) <O.
(22)

This is well illustrated in Fig. 9 which shows the
spectral radius p, of A4,, when (x, q) are updated,
as a function of the updating time interval At and
the number of assimilation cycles, n. Hyperbolae
with nAt =0 are also shown. The calculations
have been performed to an accuracy O(Ar®) where
the third order term in expansion (10) was
included. Notice the minimum of p, occurs at
At ~ 1.36 time units which is close to the value of
V2 predicted by the theory.

We now return to the more complicated case.
When assimilating (x, y) or (p, q), the O(At?) amp-

350

175

NUMBER OF ASSIMILATION CYCLES n

0 .

ASSIMILATION TIME INTERVAL N

Fig. 9. The logarithm of the spectral radius, log p,, of
A, as a function of the updating time interval At and the
number of assimilation cycles n performed when updat-
ing (x, q) for the experiment H = 0.165 and (y(0), ¢(0)) =
(0.1,0.2) using the expansion (11) of the resolvent at
O(A#?) (dashed lines) and the hyperbolas nAt = ¢ (solid
lines).
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lification matrix becomes,

At?
1——(1+2y,)

5 —A?x,

no_
Ruu_ 2

1A 2).
_2(_yn

(23)
For the HH run, the spectral radius p, of 4,, from

(17) and (19), is calculated and plotted as a
function of At, in Fig. 10. It also shows the increase
of convergence with time interval At, as a decrease
in p,, up to an interval At~ (250 —300) dt, i.e.,
around 1.375 time units, which agrees well with
the assimilation errors reported in Figs. 4, 5 and
with the predicted value At = V2.

The theory in Appendix A also predicts a limit
on At after which convergence of the sequential
assimilation may cease. Generally convergence is
predicted for At? < 4. Table 1 gives the maximum
values of At, for different trajectories at different
energy levels, where convergence of the assimila-
tion (in the full system) no longer occurs. These
values are all greater than the theoretically pre-
dicted value of At=2 (Appendix A). However
nonlinearity can generally improve the conver-
gence and this allows convergence for periods At
larger than those predicted from the O(A#?) expan-

2
—At’x,

P

o

| 1

= 3 v

A | P

< 8 | .
=y ! |

= 0 |

[a=T ! K
g |
O i '
SO | |
w 3 ; I

‘ P

- { =

, i

- ‘ «‘

i | | }

01 \\4 L . ,f."‘ J

o] 4 .8 1.2 16

ASSIMILATION TIME INTERVAL

Fig. 10. As in Fig. 8, but the spectral radius p, of the
product A, is entirely calculated from (17) and (23).
Notice the assimilation time interval At around 1.38
where the convergence process is no longer increasing
with At. Vertical axis scaled by 10°.
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Table 1. Approximate maximum values of the
assimilation time interval At (time units) for which
convergence is no longer obtained

Initial Energy levels H
conditions
(x, 3, q) H=0.0835 H=0.125 H=0.165
(0,0.1,0.2) 5.80 2.90 2.35
(0, —0.176, 0) 6.25 3.80 2.40
(0,0.1,0) 6.45 3.95 2.85
(0,0, 0.28) 6 2.95 2.125
(0, —0.2, 6.50 5.85 2.525
—0.25)

sion of the resolvent. Similar conclusions were
derived empirically by Williamson and Kasahara
(1971), and have also been noted in T81b.

As real geophysical systems such as the atmo-
sphere and oceans are almost Hamiltonian on
short timescales, the natural question is whether
these results also hold for weakly forced/
dissipative systems which are Hamiltonian to first
order. This has been addressed in the next section.

5. Application to simplified geophysical
systems

5.1. Forced-dissipative perturbation of Hamiltonian
systems

In order to address these issues, a simplified
5-component primitive equations (PE) model
derived by Lorenz (1986) (hereafter L86) has been
used. L86 derived the following simplified PE of
a (three Fourier mode) spectral shallow water
model. The system reads:

Xg= —X;X3
Xy =X1X3
X3= —X;X, —bx, (24)

X4 =Dbx;— X5

X5 = X4.

System (24) was derived from a 9-component
spectral shallow water model (Lorenz, 1980) and
describes the interaction between the rotational
component of the wind, associated with three
Fourier coefficients x,, x,, x5, and a single gravity
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wave mode associated with the divergence coeffi-
cient x,, and the geopotential associated with the
coefficient xs. In (24) b is the ratio of the wave
length of mode 3 to the Rossby circumference of
deformation and is fixed to b=0.5. We write
system (24) in vector form as:

X (25)
de ’

where X =(x;, X,, X3, X4, X5)T and G(X)=
(—X2X3, X1 X3, —X1 X, —bxy, bxz—xs,x4)". L86

transformed (25) into a normal-mode form which
was used later by Bokhove and Shepherd (1996)
who transformed it into a canonical Hamiltonian
form to study the slowest invariant manifold, but
in this manuscript we use the original system (25).
This system exhibits multiple timescales (Rossby
and gravity timescales). The influence of multiple
timescales on the updating convergence has been
studied within a linear framework in Browning
and Kreiss (1996) and is not addressed here.
System (25) can be written in the “non-reduced”
Hamiltonian form:
dF(X)

—, =LF.H],

a (206)

with Hamiltonian H =3(x} + 2x3 + x3 + x3 + x2)
and F is any function of the variable X. The skew
symmetric generalized Poisson bracket [.,.] is
given by

2
0x3

0A 0A\ OB
0x, 0x,

[4,B] = <—x2f+x1f

Xo 2>~ — X153 —

6A< 0B 0B b&B)

Ox3 \ 2 ox, ox,  0xg
0A 0B 0B 0A 0B

S Ll R )
Ox, \ 0x3 0xs 0xs 0x4

and is shown to satisfy the Jacobi identity equa-
tion: [A4,[B,C]]1+[B,[C, A11+[C,[4, B]]=0.
One of the important dynamical properties of the
chaotic system (25) is that it has some of the
common features observed in the atmosphere in
the sense that it can exhibit regime-like behaviour
rather similar to the Lorenz (1963) system. This
is illustrated in Fig. 11 which shows the time
variation of the component x,, representing the
low frequency variation of the nondivergent part
of the flow in the simplified shallow water model.
One notices a gravity mode with high frequency

|
T
/ \U /\\f/\vv

Fig. 11. Temporal evolution of the variable x, for a cha-
otic trajectory of system (25) with initial condition
(—0.5,0.2,0.3,0.4,0.4) and time step dt =5 x 1073,

oscillations superimposed onto a low frequency
Rossby mode.

Several twin experiments with assimilation
updating are carried out for this Hamiltonian
case. Fig. 12 shows the convergence of the assim-
ilation when (x,, x5, x5) are updated for different
updating time intervals At. Again, the convergence
is faster for larger At up to a value
Atpax ~ (280 —290) dt (not shown in the figure)
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Fig. 12. Convergence of the assimilation in the L86
model when (x;, x5, xs) are updated each At=10dt
(curve 1), 25dt (curve 2), 50dt (curve 3), 100dt (curve 4),
200dt (curve 5) and 300dt (curve 6). The control run is
performed with dt = 0.005 for 10° time steps with initial
condition (1,0, —0.5,0.5,0.4) and b =0.5. Vertical scale
is logarithmic. Horizontal axis is number of At.
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after which the convergence slows down for further
increase of the assimilation interval until the pro-
cess eventually ceases to converge. This behaviour
is also observed when only two of the five vari-
ables, (x;, x3) or (x;, x5) for example, or only one
variable (but not for every initial condition), are
updated. The value At,,, is again close to the
value predicted from the O(At?) expansion of the
resolvent as shown in Appendix B. To make the
system forced/dissipative, system (25) is trans-
formed to yield:

dXx
E—G(X)—AX—FF,

(28)
where the dissipation operator A is a 5 x 5 diag-
onal matrix with elements v; (i=1,...,5) and
where v; is the rate of dissipation acting upon the
tendency of x; and F =(f1, f, f3, fa. f5)* a con-
stant forcing. Unfortunately the nature of the
system means that any dissipation on any of the
variables x; will make the system shrink to a
steady state or to a periodic limit cycle. But it is
possible to weakly force/damp the system so that
the collapse occurs slowly and long before this,
while the system still shows “chaotic behaviour”,
the assimilation may already have converged.

System (25) has two quadratic invariants,
E,=x7+x3and E, = x3+ x3 + x3+ x%. If only v,
and f; are taken to be nonzero so that x, is the
only forced-dissipated variable, E; decreases while
E, remains invariant. Asymptotically, the system
shrinks and projects onto a sphere while becoming
uncoupled. There are three generic cases to
consider.

(1) If all dissipated variables (in this case x;)
are also assimilated, Appendix B shows trivially
that the amplification matrix remains O(At?) and
the Hamiltonian like behaviour remains. To illus-
trate, we assimilate (x;, x5, x,) with v; =0.1 and
f1= 0.01. Fig. 13a shows the assimilation conver-
gence for At =N dt (N = 10, 25, 50, 100, 200).

(2) If dissipated variables are unassimilated but
some variables are undissipated and unassimilated
then the first term in the amplification matrix is
now O(At), and varies as (1—vAr). But
Appendix B shows that the convergence after n
assimilation cycles, p,, still varies at O(At?) due
to the undissipated and unobserved variables and
therefore Hamiltonian like behaviour still remains.
This result is illustrated in Fig 13b where
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(x4, X3, x4) are updated but convergence still shows
increasing convergence with increasing At < At,,x.

(3) If all unobserved variables are dissipated
then both the amplification matrix and the amount
of convergence formally vary at O(At). Appendix
B shows that in this case the convergence may be
independent of (small enough) At. This case is
considered in more detail below.

In Appendix B the case in which both x; and
x5 are dissipated while (x,, x5, x4) are observed, is
considered. It is shown that, to accuracy O(Af),
the convergence p, behaves as:

pn~1—av<l—%>—om<%—v2>,

where ¢ plays the role of system time; ¢ = nAt and
v is the dissipation rate and « is a function of the
climatology of the trajectory. If the second term
in (29) is much larger than the third term then
the convergence is independent of update interval.
This is because the convergence of the unobserved
variables depends on system dissipation rather
than the need to update the other variables more
often. This is the data redundancy identified in
Williamson and Dickinson (1972). The need for
dissipation to ensure this result was described by
Browning and Kreiss (1996). Formally, even in
this case, the convergence is faster for larger At
provided v < Vu/2.

The main result is that the improved conver-
gence with less frequent updating can be quite a
robust result for weakly forced/dissipative systems
as well as for Hamiltonian systems. Under these
conditions in which the convergence is a function
of the O(At?) expansion of the resolvent, the
tangent linear system cannot explain the nonlinear
behaviour of the convergence at small At. In
Subsection 5.2 we explore the behaviour of some
strongly dissipative systems.

(29)

5.2. Case of strongly dissipative systems

In order to include strong dissipation in chaotic
systems, two examples are used as prototypes of
simplified dissipative systems, that of Lorenz
(1963) and Rossler (1976). Expressions of the
resolvent for both systems at O(At) are presented
in Appendix C. For the Lorenz system, it can be
seen for example that when the variable y is
updated, the first nonzero term in the amplification
matrix, (1 —bAtr), is O(At) (Appendix C). Figs.
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Fig. 13. As in Fig. 12, for the first 5 curves, and for the forced/dissipative perturbed system (28) when only v, = 0.1
and f; =0.01 are nonzero and when (x;, x3, x,) (a) and (x,, x5, x4) (b) are updated. The control run is the same as

in Fig. 11.

14a,b show the convergence of assimilation for
different updating frequencies At=Ndt (N =
1, 5,10, 20, 40). In Fig. 14a, the parameters are the
same as in the original Lorenz (1963) paper while
in Fig. 14b, the parameter b was increased to b =
10. Although the curves in Fig. 14a are close to
each other, they still show faster convergence for
larger At =N dt up to the values N =10-—20
which give an approximation of the turnover
point. When b is increased the curves in Fig. 14b,
for N=1,5, 10,20 become closer to each other
than in Fig. 14a but, in agreement with the previ-
ous conclusions (eq.(29)) the formal increase of
convergence with At for the first four curves is
still slightly apparent.

For the Rossler (1976) system (Appendix C) we
increased the dissipation parameter u =35 and we
updated the variable y each Ar=Ndt (N=
1,25, 50, 100,200). The results, reported in
Fig. 14c, clearly show, as in the Hamiltonian case,
faster convergence for larger updating time inter-
val At. This case highlights the importance of the
O(At?) term (see the third term of (29)) in the
convergence behaviour of the updating process.
Finally, we also note that the increase of dissipa-
tion in the Lorenz system can increase the rate of
convergence as noted by Browning and Kreiss
(1996) for linear systems, but this is not a general
property of dissipative systems. For example in
the Rossler system (Appendix C), the updating of

the variable x is not convergent, even for small At
(since p, ~ (1 + aAt)" at O(At?)).

6. Summary and conclusions

The convergence of sequential assimilation by
updating, within the framework of twin experi-
ments in chaotic Hamiltonian systems, is the focus
of this paper. The main issue is the convergence
rate of the assimilation process with respect to the
time interval between observations or the updating
frequency. The initial study was performed using
the Hénon-Heiles near-integrable Hamiltonian
system which shows different phase space behavi-
our for different energy levels but the results and
analysis method are also shown to be generally
applicable to all potential-derived Hamiltonian
systems.

Beginning with very frequent updating, the con-
vergence of the process was shown to become
more rapid with increasing updating time intervals
At up to a certain point where the convergence
process reverses and thereafter convergence slows
as At increases. A O(Ar?) Taylor expansion of the
resolvent operator of the HH system was used to
explain this behaviour for small At, using the
spectral radius of the amplification matrix prod-
ucts and a relationship linking the spectral radius
to the matrix norms. The theory successfully pre-

Tellus 50A (1998), 1



COVERGENCE OF DATA ASSIMILATION

a:

% ;
B 4 2 \s
4
S E
= 3
< 3
= E
= q
=
@ 1
7] F
< 1
YT 8 1z 16

ASSIMILATION CYCLE

-
—_

g |

0k 3

E k|
=B
g -5t
m 3
zZ i
Q E El
2 o
< E
= E 3
= E 3
s F
ZF E
2 15
< % 3
20, 16

g T T T

o

U
~nN
=

ASSIMILATION ERROR
1 1
> 3 &
T YA TR T TN TR T T T e T
)]

ASSIMILATION CYCLE

Fig. 14. The assimilation error for the Lorenz system with the original parameters (a) and with the parameter b
increased to b =10 (b) when the variable y is updated with At = N dt, with N =1 (curve 1), N =5 (curve 2), N =
10 (curve 3), N =20 (curve 4) and N =40 (curve 5) and for the Rossler system with p=5 (c) when y is updated
with N =1 (curve 1), N =25 (curve 2), N = 50 (curve 3), N = 100 (curve 4) and N = 200 (curve 5). Time step is dt =

5 x 1073 and the vertical scale is logarithmic.

dicts the assimilation time interval for optimal
convergence and also the interval at which conver-
gence may cease. It is also shown that, due to the
symplectic form of potential-derived Hamiltonian
systems, the assimilation of all canonical (position)
or conjugate (momentum) variables always pro-
duces this convergence behaviour for small At.
This is because for any Hamiltonian system satisfy-
ing the equations of motion (3) (deriving from a
potential), the amplification matrix, when assimil-
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ating the canonical variables (positions) or the
conjugate variables (momenta), is of order O(Ar?)
and not O(At) for small time interval At.

To test the generality of this behaviour, we
extended the analysis to the simplified, low-order,
non-canonical, Hamiltonian primitive equations
describing coupled Rossby and gravity waves in a
shallow water model which was perturbed with
dissipation and a constant forcing. The conver-
gence behaviour again appears and is shown to
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be quite robust to small forced-dissipative per-
turbations. This behaviour may also occur in these
systems even when the dissipation or forcing is
strong. Similar results can be obtained when “nat-
ural” dissipative systems, such as those of Lorenz
and Rossler, are used. This has led us to conclude
that in Hamiltonian systems and their
forced/dissipative perturbations, the convergence
of assimilation by direct insertion is faster for
larger updating time interval Af up to the turnover
limit point. For strongly dissipative systems, it is
still formally possible to observe the same behavi-
our although data redundancy in which the con-
vergence rate is independent of At, may also occur.
The origin of this behaviour lies in the O(Ar?)
dependence of the convergence rate of
Hamiltonian systems during sequential data
assimilation. A first order tangent linear system
analysis is unable to explain this non-linear beha-
viour in the convergence rate. It is important to
determine whether more complex systems, such as
those used in Meteorological forecasting, can dis-
play this phenomenon and if there are optimal
assimilation timescales associated with these
systems.
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8. Appendices

(A). On the limiting behaviour of the spectral radius
of the amplification matrix for system HH

We consider the amplification matrix given by
(20) obtained when (y, p) are updated. In order to
analyse the spectral radius p, = p(4,) of (21) we
analyse p,/ and p, separately. Since the variable
y belongs to [—1/2, 1] (actually the bounds are
excluded since they correspond to the limit case
when H = 1/6) then (Ar* not too large),

2

. At
= 1= = (1+2p)

5 <1 (A1)

It follows that the sequence
o =1l =11l 11 —2A%(1 +2y,)|goes  to
zero as n goes to infinity. Formally, this is because
the general term, log ryf, of the series Y logr;” does
not go to zero as n goes to infinity (because r;
itself does not have a limit), and the series
Y logry is then divergent (to —o0) and p, —0.

The situation is slightly different for
pn =TTio e =102 11 —3A3(1—2y,)|  since
(1 — 2y, is sometimes negative. However, for small
At? we have,

_n AP
logp, = ) — - =2+ O(Ar?)
k=1

At?
= —n7(1 —27,) + O(At?), (A2)
where 3, = (l/n)z;:zlykis an average of the vari-
able y from the trajectory. For n large enough, v,
is approximately equal to y (independent of At
because of the regular or stochastic character of
the trajectories) so that at O(At*) we have,
- Ar? _

log p ~ —n==(1-2j). (A3)

In the limiting case where H = 1/6, the phase
space in the (x, y) plane is delimited by the triangle
shown in Fig. 1. Notice that we have concentrated
on the (x, y) plane because we have (p, q) =(0, 0)
(from eq. (5)). The chaotic trajectory fills the phase
space and the average position can be diagnosed
using the rule of triangle centres and it is close to
the origin of Fig. 1. This is the case because of the
geometric nature of the potential with one well
(Fig. 1) and with one unique minimum located at
(x, »)=(0,0). In any case we have,

H,—25=>0, (A4)

as required for convergence, which implies that
pn >0 when n— oo (this argument can also be
used for p;}).

Notice that for large n, p, and p, are decreasing
functions of (small) At. This results immediately
from the asymptotic behaviour of pZ. It is possible
to get an upper bound on Af* for p, to be
decreasing with (increasing) At using p, and p,’,
but we use the asymptotic behaviour of p, for
this purpose.

Using relationship (A4) and the lower bound of

y leads to,
151 <5. (A35)
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For large n and small At the asymptotic behaviour
of p, and p; shows that the spectral radius p,
behaves as,

2

At B
log p, ~ —n—(1-2[j|).

5 (A6)

It is then clear from (A6) that for large n, p, is a
decreasing function of (small) At. Furthermore,
(A6) tells us that the spectral radius behaves, for
large n, to accuracy O(At%) as;

2 n
pu~ (1= (A =213D (A7)
We can use (A7) to get an approximation to the
upper and lower bounds on A¢%. The condition
for convergence of (A7), |1 —%Atz(l =2|yDI<1,
gives an upper bound At2 on A% Considering
that j is close to zero, we have A2 =4 (actually
a correct value is given by 4/(1—2|y|). So, one
has to expect that for At > Ar, divergence may
occur. Now, for p, to be decreasing with (increas-
ing) At the condition, 0<1—3A2(1—2|7]) <1,
is to be satisfied. This gives an upper limit,
At* =2, for p, to decrease with At. In conclusion,
to accuracy O(Ar*), the bounds give

At < V2 = convergence faster for larger At
V2 < At = convergence slower for larger At

2 <At = convergence may cease.

(A8)

(B) Resolvent expansion for the extended L86
system

We suppose here that the L86 is weakly
forced/dissipated as mentioned in eq (29), with
small v’s and f;’s. The Jacobian G'(¢), coefficient
of At in the Taylor axpansion of the resolvent,
(12), is given by:

—v; —Xx3 —Xx5 O 0
X3 =V, X 0 0

Gt)y=| —x, —x; —v3 —=b 0 |, (Bl
0 0 b —v, —1

and the coefficient of %Atz in the same expansion,
G'(t)+ G’(t), is given by:
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V242 V123 X3 +2X1 X,
i+ —x3+x3
+ bx,— f1

—Vi23X3 — 2X1 X, 2 2 2
Va— X1 — X3

—bxs+ /3
V123X = 2X1X3— [ Visy+ 2X:X3 — f3
—bx, —bx,
0 0
VizXy = 2X1X3 — f3 bx, 0
Vi23X; — 2X,X5 + f —bx, 0
i+ x3—x3—b? bvay b |,
—v34b Viebh?—1 vy
b — V5 vi-1

(B2)
where v; (i=1,...,5) are the dissipation rates and

f; the components of the uniform forcing F in (28).
Also in (B2), vip=v;+v;+ v, and v;=v;+v;.
We will ignore the forcing now because in this
case, weak forcing only slows the asymptotic
system collapse to a rest state or to a periodic
state (depending on the dissipation).

We focus on a case study with three variables
updated, (x;, X3, x4). In this case, the amplification
matrix R, is given, to accuracy O(Af?) by:

Rﬁu = Ruu(tna tn—l)

2

At
1 —v,At— > (x3(t,)

+x3(,) —v3)

= 0 1—vsAt—(1—v3) |-
A?
« 25

2

0

(B3)

Notice from (B3), that in the Hamiltonian case,
(v;=0), the spectral radius of the product
A,=]1;_, Riu (see eq. (17)) controls the conver-
gence to accuracy O(Ar*). Similar analysis to
Appendix A shows that, for small At and large n,
the logarithm of the convergence p, is given to
accuracy O(At*) by:
2
log p, = —117t1’11in(1,)cz1 +x3), (B4)

which satisfies (22) for A;t <A,t < Atpax- The
expression X2 + x3 represents the time average of
x? + x3. The turnover point can be calculated to

O(At*) and is given by +/2/min(1, x? + x3). For
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the case of Fig. 12, this value is around 1.414, and
the value of At,,,, observed from the convergence
of the assimilation experiments corresponds
roughly to N =280 — 290, that is, At,, ~ 1.45.
Consider now convergence with weak dissipa-

tion and let us consider only v, nonzero, so that
the amplification matrix contains one O(At) term;
(1 —v,At). Even if At is small enough so that the
O(At) term dominates the second order term, the
convergence, p,, is still behaving, to accuracy
O(At*) as:
| Ar?

0g Py~ —n—,

because the spectral radius of R%, depends on
1 —%At2 (and not 1 —v,At) for small enough At.
In this case increasing convergence with increasing
At can still be expected. To allow the O(At) term
to play a role in convergence we suppose both v,
and vs are nonzero, say v,=vs=v. The same
analysis now shows that the convergence, to accu-
racy O(A#?), and not O(At*) as before, behaves
as:

Atz n
P~ 1—vAt—(ot—3v2)7

where o =min(1, x? + x%). For small At, and to
accuracy O(Ar®), (B5) becomes;

1 1= Zoar (222
On av 5 ) —oAt{5 =),

where ¢ plays the role of system time; o = n4t.
Different behaviours can now be expected from
(B6) according to the relative sizes of v, o and At.
First of all notice that the second term in (B6)
depends only on system time and not on At.
Therefore if v> At such that this term is the
dominant modification to 1, then the convergence
will be almost independent of At. This is the result
found by Williamson and Dickinson (1972), the
physical interpretation of which is that there is
data redundancy for frequent updating assimila-
tion and convergence occurs at a constant rate. If
v < At, such that the third term dominates the
second term, and provided v<Vux/2, then the
Hamiltonian type behaviour is recovered in which
convergence improves for increasing At. This is
the situation which has been demonstrated here
experimentally. Note that even when the second
term dominates the third, there may be small

(B3)

(B6)

improvements in convergence rate with At pro-

vided v < Va/2.

(C) Resolvent approximation of some strongly
dissipative systems

In this appendix, we give an approximation of
the resolvent of the Lorenz (1963) and Rdssler
(1976) systems to accuracy O(At?) only. The equa-
tions for the Lorenz (1963) are:

X=0(—x+Y)

y=—xz+rz—y, (C1)
z=xy—bz

where ¢ =10, r =28 and b =§ are fixed as in the

original paper. The Jacobian F'(t), coefficient of

At in (12), is given by:

—0 o 0
F(t)y={r—z -1

y X

(€2)

—Xx |,

—b

and the resolvent to accuracy O(At?) is simply;
I5+ AtF'(t). When y is assimilated, the conver-
gence p, behaves (for small At), to accuracy
O(Ar?), as:

pn~ (1 —bAr)".
The equations for the Rossler (1976) system are:

x=—(y+z2)
y=x-+oay (C3)

Z=04 z(x — ).

The parameter p controls the chaotic behaviour
of the attractor through period doubling bifurca-
tions, and « —é. To ensure a chaotic attractor, u
is chosen to be greater than the limit, u,, =4.2 of
the Feigenbaum sequence (Hellman, 1984). The
value u=35 is taken here (see for example
Crutchfield et al, 1980 and Lichtenberg and
Liberman, 1983). The Jacobian, F'(t), is then given
by:

0o -1 -1
F(t)y=|1 « 0 (C4)
z 0 x—u

which can be used to calculate the resolvent to
accuracy O(At?) as in the Lorenz system.
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