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ABSTRACT

Identifying a viable strategy for specifying the background error covariance remains an import-
ant problem in meteorological data assimilation. From a formal point of view the number of
independent parameters needed for this is n2/2 where n is the dimension of the model state
space. In most analysis systems used in operational mode at the present time, the error covari-
ance is modeled using assumptions about homogeneity and isotropy, and the resulting back-
ground error covariance matrix thus does not depend on the state of the atmosphere. In this
paper, we propose a simple and inexpensive method for specifying univariate background error
correlations in terms of the background field itself. We illustrate the positive impact of the
implementation of this model by a simple example in which we reconstruct a total ozone field
from a sparse set of observations. We finally discuss the generalization of the basic idea involved
to univariate correlations for general meteorological models.

1. Introduction operator that projects the model state vector onto
the observation space, and Hxf thus provides a
model estimate of the observations y. The n×pA substantial amount of progress has been made

over the last few years in devising new methods gain matrix K specifies how a given innovation
(the difference between the forecast projected ontoand in improving already existing ones for atmo-

spheric data assimilation. Most of these methods the observation space and the observations them-
selves) is to be interpreted back in the state spacecan (under certain assumptions about the statist-

ical nature of the observation and background of the model. Assuming that both the forecast and

the observations are unbiased, and that forecasterrors) be shown to be equivalent to either directly
or approximately solving the following equation errors are uncorrelated with observation errors,

the specific gain matrix that leads to the best(Cohn, 1997):

estimate of x in a minimum variance sense is
xa=xf+K(y−Hxf ) , (1)

(Cohn, 1997):
where xf (a vector of length n) is the background

K=PfHT(HPfHT+R)−1 . (2)estimate of the analyzed state given by a short
range forecast initiated at the previous analysis In this equation, Pf is the forecast error covari-
time, xa the analysis, and y the observations (a ance matrix and R is the observation error covari-
vector of length p). H is the so-called observation ance matrix. As already noted, the background

estimate is invariably given by a short range
forecast in present operational meteorological* Corresponding address: Data Assimilation Office,
analysis systems, and in the remainder of thisGoddard Space Flight Center (Code 910.3), Greenbelt,

MD 20771, USA. article we shall thus use the terms forecast error
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covariance and background error covariance flow dependent correlation functions. Below we
give a brief overview of the methodologies.interchangeably. Apart from designing computa-

tionally efficient algorithms for solving this rather However, we point out that until now only the

first of them has been widely used in operationalunwieldy equation, arguably the most important
problem in data assimilation at the present time mode.

In the 1st approach, Pf is modeled assumingis that of specifying the background error covari-

ance matrix. As is evident from eq. (2), this matrix ergodicity of the forecasting system. Under this
assumption the ensemble averaging of eq. (3) candirectly controls the outcome of the assimilation

procedure. According to its definition, Pf is found be substituted by an average over a time sequence

of innovations, which then leads to a climato-by taking the expectation value of differences e
between the true state of the atmosphere xt and logical description of the forecast error. Further

simplification is often achieved through assump-an ensemble of corresponding background estim-

ates of the field: tions of homogeneity and isotropy of the error
correlations. This reduces the number of free para-
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meters in the covariance model to a level where
For convenience, we also introduce the back- some form of tuning procedure can be used for

ground error correlation matrix C, obtained by fitting it to the data (Dee, 1995). The main dis-
normalizing each element of P by the product of advantage of the climatological approach is that
standard deviations of the errors at the points i the background error covariance is treated as
and j . being decoupled from the actual flow state of the

atmosphere. There appears to be little justification
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. (4) for the additional assumptions of homogeneity
and isotropy.

The 2nd approach is known as Monte CarloThe diagonal elements of C are all equal to one,
whereas the diagonal of P is given by the forecast filtering or ensemble Kalman filtering (e.g.

Evensen, 1994). This is the method that mosterror variances, P
ii
=s2

i
. In this article we focus

on the correlation part of the problem, and we closely reflects the statistical definition of Pf . Here
an ensemble of forecasts is generated by perturbingassume that the forecast error variance is known.

Specifying it correctly is in fact an important an initial state randomly, and the desired statistics

of the ensemble are then calculated explicitly. Aproblem not only for the sake of data assimilation,
but also because of its application as a measure basic problem with the method is how to define a

minimal set of initial perturbations that will allowof confidence in a given forecast.

The size of Pf is n×n, and for present numerical for a reasonably complete reconstruction of the
forecast error covariance.weather prediction models it thus contains

upwards of 1012 elements, even allowing for sym- The 3rd approach is represented by the Kalman

filter and its various generalizations. Here a pro-metry. Apart from the obvious problems this
creates for the memory of present computers, there gnostic equation for the time evolution of Pf is

solved explicitly (Kalman, 1960; for a discussionis no known strategy for generating this vast

amount of information. The actual values of the about its use in meteorology, see, e.g., Cohn
(1997)). However, there are a number of problemselements Pf

ij
are supposed to reflect the statistics

of an ensemble of forecast errors of which we do associated with the Kalman filter in meteoro-

logical applications: (i) it remains prohibitivelynot know even a single member. Real implementa-
tions are therefore generally based on radical expensive for extensive three-dimensional work;

(ii) the simplest and most widely used generaliza-simplifications with respect to the definition given

in eq. (3). tion of the Kalman filter to non-linear systems,
the so-called Extended Kalman Filter, is inconsist-At least four different basic approaches to the

problem of specifying Pf can be identified in the ent (Cohn, 1993); (iii) in the absence of inclusion
of a model error term the filter will suffer from aliterature. The first is climatological, the second is

based on ensemble forecasting, the third involves systematic decrease of analysis error variance; this

will lead to rejection of observations (filter diver-solving a prognostic equation for the covariance
evolution, and the fourth is direct specification of gence); (iv) for partially observed systems the
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background error covariance will depend on its be longer than in the direction perpendicular to
it. It is also likely that it should be different in the(unknown) initial conditions (Cohn and Dee,

1988). direction towards the front than in the direction

away from it.The 4th approach is to specificy the correlations
directly in terms of the flow, assuming that a This general idea appears first to have been

pursued by Atkins (1974). She used the gradientmeaningful functional form can be identified and

tuned. Since what we are about to propose falls of the background relative humidity field to modu-
late the weights assigned to individual observa-in this category, we now discuss this fourth

approach in general and some earlier works in tions in a simple objective analysis procedure in

which the field was expressed by a weighted sumparticular in a slightly more detailed manner.
It is useful at this point to temporarily abandon of a background field and observations. The

weight w
ik

assigned to the observation at the pointthe statistical point of view when contemplating

the background error covariance matrix Pf , and i in the analysis at the point k was given by
instead focus on its impact on the outcome of the
analysis. Assume that the observation vector y w

ik
=

1

1+a|r
ik
|n+b ((R

bi
·r
ik
)2

. (6)
consists of a single observation of the quantity
represented by the element x

k
of the model state where R

b
is the background field, and r

ik
is the

vector. In this case both y and R in eq. (2) are position vector of point i with respect to point k,
scalars, and H is thus a 1×n matrix with h

1,k
=1 and a, b, and n are free parameters. Although the

being the only element different from zero. By anisotropy was found to have a positive impact
doing the matrix multiplications on the right-hand on the forecast of rainfall, this particular approach
side of eq. (2) it is easy to verify that the n×1 does not appear to have been used in other
gain matrix K distributing the innovation y back contexts. We note that in the modern terminology
in the model state space simply becomes propor- of statistical data assimilation the weight w

ik
would

tional to the kth column of Pf be given by the background error correlation
between the points i and k. With this interpretation

K=P f|,k (Pf
k,k
+R)−1 . (5)

of w
ik
, eq. (6) is invalid, since it is asymmetric with

Assuming that the variance field is constant (s
i
= respect to a switch in positions. In other words it

s
j

for all i, j) the analysis increment due to the does not meet the criterion
single observation at the point k will look like a

w
ik
=w

ki
. (7)

map of the background error correlation between
that single point and the rest of the model domain. In other studies anisotropic weighting functions

have been formulated by seeking to express aIt follows that the increment due to any such set
of uncorrelated observations can be written as a given desired shape in physical space in terms of

flow parameters. Benjamin and Seaman (1985)sum of column vectors of Pf . These vectors are

therefore often also referred to as structure func- provide an example of this approach, and refer-
ences in their paper point to earlier efforts. Theytions. The structure functions of an isotropic back-

ground error covariance matrix have concentric expressed the weights in terms of one of three

weighting functions: circular, elliptical, or curvedcircles as isolines.
One of the goals of an analysis scheme is to elliptical (‘‘banana-shaped’’). The choice of the

function to be used as well as the parametercalculate an increment that lets an observation at

a given point influence the analysis not only at settings for the appropriate anisotropic formula
was set to depend on the local flow at the observa-that point itself, but also at surrounding points

for which the observation is considered represent- tion point. The transition from one weighting

function to another as one moves between differentative. However, it should not change the field at
points (even close to the observation) where the domains of the flow thus introduces some addi-

tional complexity in the analysis procedure, anddynamical regime obviously differs from that of
the observation point. A classical example is that the actual anisotropic weighting functions pro-

posed in the article violate the symmetry criterionof wind or temperature measurements obtained

near a front. It is intuitively clear that the correla- (7). The elliptical weighting functions were later
implemented in a forecast/analysis system thattion length in the direction along the front should
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used potential temperature as the vertical coordin- meteorological context, and in terms of the pro-
posed solutions, they all identified and tried toate (Benjamin et al., 1991).

Correlations that are isotropic in one coordinate cure basically the same problem: Isolines of iso-

tropic structure functions that randomly crosssystem may be anisotropic in another coordinate
system. This concept was illustrated by Benjamin isolines of the background field. That this occurs

is at odds with the notion that observations should(1989) who showed that isotropic vertical correla-

tions in an isentropic coordinate system lead to modify the field at points within the same air
mass, and that the background estimate containsbaroclinically tilting correlation structures when

plotted in isobaric coordinates, even though the most of what we know about the air mass distribu-

tion of the field.horizontal correlations remained isotropic in the
separable formulation that he used. We now therefore seek to mathematically con-

strain the structure functions to follow the back-Desroziers and Lafore (1993) proposed another

way of achieving anisotropic correlations through ground field to some degree. Note that the basic
assumption underlying the use of isotropic correla-a change of coordinate. They transformed wind

and temperature fields into semi-geostrophic tion models is extremely simple: ’’Background

errors at nearby points are similar’’. A simplecoordinates defined locally in terms of filtered
wind observations and found by an iterative pro- anisotropic formulation may be obtained by

slightly modifying this assumption so that it readscedure. They then analyzed these fields assuming

isotropic error correlations in the transformed ‘‘Background errors at nearby points that have
similar values of the field are similar’’.coordinates. Among the problems associated with

the method is the specification of the amount of This assumption naturally leads to a correlation
model in which the standard isotropic correlationfiltering needed in determining the new coordin-

ates, and the fact that the transformation is between two points is multiplied by a function

that decreases with the norm of the differenceill-defined in the tropics. A recently proposed
generalization of this concept to a spectral between their respective values of the field for

which the correlation is being calculated.three-dimensional variational analysis system

(Desroziers, 1997) has not yet been implemented. Let xb={xb1, =…, xb
n
} be a background estimate

of the state variable x defined on the space M.In the variational implementation special care
needs to be taken in accounting for the state Assume that the error covariance of xb is given

by an isotropic single-level covariance matrix Pdependence of the coordinate transformation.
In Section 2, we introduce a new and conceptu- (e.g., DAO, 1996):

ally simple method for specifying the background
P
ij
=s

i
s
j
r(r

ij
) , (8)

error correlations in terms of the field itself. The
underlying idea is that the deformation history of where s

i
is the forecast error standard deviation

at point i, and r
ij

is the Euclidean distance betweenthe flow remains embedded in the distribution of

the field itself, and that this should guide the shape points i and j . The real-valued function r is
assumed to be chosen such that P is a covarianceof the error correlations. We then illustrate the

impact of the anisotropic covariances in a simple matrix on M (see Gaspari and Cohn, 1996, for a

detailed discussion on covariance modeling in twotwo-dimensional example. Before we summarize
the ideas and results of this paper, we discuss the and three dimensions). This implies that P will be

at least positive semidefinite. For certain choicespossible application of the basic concept to more

general analysis systems. of r, it will be positive definite.
Let furthermore the matrix D be defined as

follows:
2. A simple anisotropic background error

D
ij
=n(dxb

i
−xb

j
d) . (9)

correlation model
Here xb

i
−xb

j
is the difference between the back-

ground estimate of the field at points i and j . If nIn the previous section we gave an overview of
earlier efforts towards a direct flow-dependent is a correlation function on R, it can be shown

that D will be a positive semi-definite correlationspecification of background error correlations.
Although the studies differed both in terms of matrix on the model state space. Positive
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definiteness cannot be guaranteed, since several p×n matrix, and we normally have pHn.
Assuming that the observation operator H is localgrid-points may have the same value of x.

A simple flow-dependent covariance matrix B in physical space, only a limited number of the

elements of Pf would thus be needed for calculatingis obtained by letting B
ij

be the product of the
covariance given by eq. (8) and the correlation K at any given time. Even though the proposed

model is fully flow-dependent, it differs in thisgiven by eq. (9):

respect from approaches that aim at calculating
B
ij
=P

ij
D
ij
=s

i
s
j
r(r

ij
) n (dx

i
−x

j
d) . (10)

the entire error covariance matrix. For the Kalman
filter in particular, the full covariance matrix isSince B is the Hadamard product of P and D, it

can be shown that if P is positive definite and D needed at a given time in order to calculate its
value at the next filter time. In our approach theis a positive semi-definite correlation matrix, B

will be positive definite. Since the product rn covariance propagation is presumed to be taken

care of directly by the flow itself, and we are thusis a correlation function on M×R, B is thus a
legitimate background error covariance matrix. free to extract only the parts of Pf that we need

and when we need them.The matrix B is obtained by multiplying each

element of the original isotropic covariance matrix Ideally one would want the analysis increment
to resemble the background error as much asP by the term (9) that we shall call the field term.

It is of a similar form to the spatial correlation possible. By expressing the error covariance as

proposed in eq. (10), we are effectively assumingterm r, apart from the fact that it decreases not
with the physical distance between two points, but that the shape of the background error correlation

is similar to that of the background field itself.with the norm of the difference between their field
values. The effect of the field term is that the While by definition we cannot know the back-

ground error exactly, the assumption that itsoriginally concentric circular isolines of the cor-

relation function are distorted towards following correlation structure follows the background field
itself can to a certain extent be justified as follows,the isolines of the background field to some extent.

The combined correlation will fall off rapidly in if the field under consideration is conserved follow-

ing the flow: Air parcels that are near each otherdirections in which the field is changing rapidly,
while the isotropic correlation will dominate in at a given time t0 will presumably have a high

correlation between their errors at that time. Indirections in which the rate of change of the field

is slow. If both components (8) and (9) are given the absence of external error growth the error
correlation between two parcels is conserved in aby one-parameter correlation functions, the com-

bined anisotropic correlation will involve two Lagrangian sense. Because of the deformation of

the field due to the flow, the parcels may be fartunable parameters. If L 1 is the length scale in
physical space and L 2 is the length scale in field from each other at a later time t1 . Their field

values are also conserved, however, so isolines ofspace, we see that in the limit L 2�2, the aniso-

tropic covariance (10) reduces to the isotropic the error correlation should locally be similar to
the isolines of the field. In the absence of a rigorouscase (8). Both the horizontal extent of the correla-

tion and the degree of anisotropy (i.e., similarity derivation of the error correlation, these remarks

will have to serve as justification of our model,to the background field), can thus be controlled
at will or subjected to rigorous tuning procedures along with the case study to be presented in the

following section.(Dee, 1995).

From a computational point of view eq. (10)
should not be much more expensive than the
corresponding isotropic formulation. In real ana- 3. The impact of anisotropic covariances in a

two-dimensional constituent assimilationlysis systems based on isotropic error correlation
models the full Pf matrix is never stored. Only the problem
elements needed at any given time are even calcu-
lated. Similarly for the anisotropic formulation In this section, we present results from a series

of experiments designed to test the impact of theproposed here, the elements of Pf can be calculated

on a ‘‘need to know’’ basis as indicated by the background error covariance in the assimilation
of nadir observations of a passive tracer from atwo terms Pf HT and HPf HT of eq. (2). H is a
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polar orbiting satellite. The physical framework is vertically integrated ozone column, and the model
domain M is a 2°×2.5° latitude/longitude gridthat of reconstructing a perfectly known total

ozone field from a sparse and noisy set of observa- covering the area from 60 W to the Greenwich

meridian, and from 30 N to 60 N. In Fig. 1 thetions under various assumptions about the back-
ground error covariance. total ozone field over the model domain is shown,

as seen by the Nimbus-7 TOMS instrumentWhile the problem itself and the specific back-

ground estimate that we use both have links to (McPeters et al., 1996). The data were obtained
on 2 February, 1992, and while they are notan actual topic in stratospheric research, we

emphasize that we are not here proposing a par- strictly speaking synoptic, the difference in time

over this limited region is small enough for us toticular strategy for assimilating ozone observa-
tions. For one thing total ozone is not a conserved consider them all valid at 12 UTC. TOMS is a

nadir-scanning instrument, and the mean inherenttracer, and the Lagrangian reasoning used for

justifying the correlation model therefore strictly resolution in the data is about 1°×1°. The raw
level 2 satellite retrievals have been resampled tospeaking does not apply. On the other hand it has

been shown that total ozone is well correlated the model grid by simple averaging of observations

within a grid cell, and we define this resampledwith a wide range of dynamical quantities in the
lower stratosphere (Stanford and Ziemke, 1996, field to represent the true state xt .

In addition to the field itself we have markedand numerous references therein), and over short

spans of time Levelt et al. (1996) have successfully by asterisks the grid-cells in which the nadir
observation is taken for each of the scans used inadvected total ozone using single level winds for

data assimilation purposes. We therefore use the building the field shown in Fig. 1. For each such
‘‘observation grid-cell’’ we have calculated thetotal ozone estimation problem here as a conveni-

ent framework for illustrating some features of the average of the nadir TOMS measurements

obtained within it, and added pseudo-randomstate-dependent correlation model.
The state variable x to be analyzed is the Gaussian noise with zero mean and a spread of

Fig. 1. TOMS total ozone (in Dobson Units) over model domain on 2 February 1992; this field represents true state
of the model; asterisks indicate location of pseudo-observations.
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3% of the averaged value. The 3% random error most of the main features of the true state, even
though there are some fairly large differencesrepresents a conservative estimate of the actual

measurement error, and the observation error locally. In Fig. 3 the background error eb¬xt−xb
is shown. We note that the total ozone field isstandard deviation is thus 10.3 Dobson Units

(DU). This sparse and noise-contaminated dataset underestimated by the background field in a broad
band extending from west to east near the northernforms the set of observations from which we

attempt to reconstruct the full field. boundary of the domain, whereas it is over-
estimated both in a tongue originating at theFig. 2 shows an independent background estim-

ate, xb , of the total ozone field from Fig. 1. The southeastern corner and in a coherent region in

the extreme northeastern part of the domain. Theestimate is calculated using a hemispheric least
squares regression of vertically integrated poten- RMS of the background error is 20.9 DU, i.e., it

is about twice as big as the observation errortial vorticity on total ozone. This method for

estimating total ozone from meteorological ana- standard deviation.
The analysis problem now consists of recon-lysis fields was first introduced by Allaart et al.

(1993), and the data shown here are taken from structing the true field (Fig. 1) from the back-

ground field (Fig. 2) and the observations, and theRiishøjgaard et al. (1996).
This way of generating a background estimate method is that of directly solving the analysis eq.

(1). This is done for a range of different gainshares some characteristic aspects with the general

meteorological analysis problem: The background matrices that are all calculated using eq. (2), but
differing in the way the forecast error covariancefield is produced by an incomplete model of the

physical system acting on stochastic input, and matrix Pf is specified. The background error vari-
ance field is set to be constant, and the value isthe result tends to contain the main features of

the true state, while erring in a spatially non-white the square of the known RMS background error

(20.9 DU). We first show the increment due to away in the details. Comparing Figs. 1 and 2 it is
thus evident that the background field captures single observation using an isotropic covariance

Fig. 2. Background estimate of total ozone field shown in Fig. 1, obtained by regression on vertically integrated PV
(see text).
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Fig. 3. Background error field (field from Fig. 1 minus field from Fig. 2); asterisk indicate location of single pseudo-
observation.

model (eq. (8)) with the horizontal correlations
expressed by a power-law function (e.g. DAO,
1996):

r(r
ij
)=C1+ 1

2 ArijL B2D−1 . (11)

In this equation, L is the length scale as defined
in Daley (1991) governing the horizontal extent

of the correlation.
In the first example, the observation vector y

consists of a single observation taken at (54 N,

330 E), indicated by the asterisk in Fig. 3. Taking
advantage of our knowledge of the true state, we
can explore the parameter space of L in order to

find the value that yields the best analysis based
Fig. 4. RMS error for analysis based on a single observa-on this particular observation. In Fig. 4, the RMS
tion using isotropic background error correlation; theanalysis error is shown as a function of the length
error is shown as function of the correlation length scale.

scale L (in units of analysis grid cells) in eq. (11).
We see that the optimal correlation length for this

case is about 2 grid cells, or 450 km. This seems
physically reasonable, if somewhat on the low side obtained using a correlation length of 2 grid cells.

Comparing with fig. 3, we can verify that thefor a total ozone field. The minimum RMS analysis

error is 18.8 DU. increment has roughly the correct value in the
neighborhood of the observation point. On theIn Fig. 5 we show the analysis increment
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Fig. 5. Isotropic analysis increment (in Dobson Units) corresponding to the minimum RMS analysis error of Fig. 4;
compare with error shown in Fig. 3.

other hand it is clear that the presence of nearby they should define a valid covariance matrix on
the particular model domain on which they areregions with background errors of the opposite
evaluated. The forms chosen here meet thissign both north and south of the observation
requirement.point tends to keep the increment more localized

As for the isotropic case we scan the parameterthan might be desired in the east-west direction.
space of the correlation model in order to find theWe now solve exactly the same problem using the
set of (L , T ) that yields the best analysis. In Fig. 6simple anisotropic covariance model defined by
we show the RMS analysis error as a function ofeq. (10). As in the example above we use a power-
L and T . The minimum value is found to be 18.0law function for the horizontal correlation (eq.
DU for L=2.5 and T=40 DU. Comparing with(8)), and we use a Gaussian for the field term (9):
the background error of 20.9 DU, and the isotropic
analysis error of 18.8 DU we see that the aniso-

n(x
i
, x

j
)=exp−Axi−x

j
T B2 (12)

tropic correlation yields an improvement over the
isotropic correlation in terms of error reduction

In this equation T is a length scale in the space of almost 40% for this particular case.
of the field (T /√2 in eq. (12) corresponds to the We emphasize that the optimal set of parameters
correlation length L in eq. (11)), and it thus will depend on the field that is analyzed, the
controls the degree of anisotropy. It is worth functional forms of r and n used in eq. (10), and
pointing out here that the choice of a power-law on the physical distribution of the observation
function for the horizontal correlation and a network. Not surprisingly the optimal length scale
Gaussian for the field term is arbitrary. Apart for the physical space component r (in the aniso-
from computational efficiency and a possible fit tropic case L is no longer strictly speaking a
to data (if data are indeed available) the only real correlation length) is somewhat longer here than

for the isotropic case. We noted above that therestriction that applies to these functions is that
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Fig. 6. RMS error (in Dobson Units) for analysis based on a single observation using anisotropic background error
correlation; the error is shown as function of the two correlation length scales L (vertical axis) and T (horizontal axis).

isotropic correlation length results as a comprom- network, simply from expecting the impact of the

observations to be felt to some extent throughoutise between a broad correlation in the zonal
direction and a shorter correlation in the meridi- the data void between the orbits.

The corresponding analysis increment is shownonal direction, particularly north of the observa-

tion. In Fig. 7, which shows the increment in Fig. 9. Because of the increased number of

observations the fact that this field is just a linearcalculated from the optimal set of parameters
for the anisotropic correlation, we see that the combination of circular increments like the one

shown in Fig. 5 is now less evident. Note, however,background field successfully keeps the increment

out of regions in which the error has the opposite that the SSW/NNE orientation of the patch of

negative background error emanating from thesign, while allowing it to spread out zonally

as it should according to the background error lower left corner of Fig. 3, as well as the E/W
oriented patch of negative error at the upper rim(Fig. 3).

As a second example we show the analysis of of the plot are both difficult to discern in the

increment. This is due to the fact that neither ofthe ozone field from the full set of pseudo-

observations (indicated by asterisks in Fig. 1). these features is aligned with the track of the
satellite orbit defining the sampling pattern. ThisAs for the single observation case discussed

above, we start by showing the analysis error as particular observation network thus has a highly

anisotropic horizontal resolution, and in the direc-a function of isotropic correlation length in Fig. 8.

We see that the optimal correlation length is about tion in which the resolution is low the information

is not effectively used under the assumption of4 grid cells, and that the minimum RMS analysis

error is 12.8 DU. This correlation length is suppos- isotropic correlation.

In Fig. 10, we show the RMS analysis error asedly more representative than the somewhat low

value we found for a single observation. At any a function of L and T using the anisotropic

correlation model. The minimum value of 10.7rate, it is closer to what one would intuitively

expect to be optimal for this particular observation DU is found for L=6 and T=140 DU. The relative
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Fig. 7. Anisotropic analysis increment (in Dobson Units) corresponding to the minimum RMS analysis error of
Fig. 6; compare with error shown in Fig. 3.

performance of the analysis may be nearly optimal
in this case.

The corresponding increment is shown in
Fig. 11. Comparing with Figs. 3 and 9, we see a
much better coherence of the features that cross
the direction defined by the orbits as well as a
better orientation of the tongue of negative values
in the SE corner of the domain. The effect of the
anisotropy is clearly seen even though the length
scale of the field component almost equals the
range of field values found within the domain. It
is noteworthy that even such a moderate amount
of anisotropy allows us to increase the length scale
of r by 50%, while the same time yielding the
distinct qualitative improvement seen when com-
paring Figs. 9 and 11. The anisotropy in the error

Fig. 8. As Fig. 4, but for the full set of nadir observations
correlation thus in a sense transforms the effective

indicated by asterisks in Fig. 1.
resolution of the satellite sampling pattern into
being nearly isotropic.

performance gain with respect to the isotropic

analysis is thus less impressive here than for 4. Anisotropic covariances for non-linear
the single observation case. On the other hand three-dimensional models
the analysis error is now close to the RMS obser-

vation error (10.3 DU), and bearing in mind that In this section we discuss possible ways of
generalizing the simple method for generatingthe field is undersampled by the observations, the
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Fig. 9. As Fig. 5, but for the full set of nadir observations indicated by asterisks in Fig. 1.

Fig. 10. As Fig. 6, but for the full set of nadir observations indicated by asterisks in Fig. 1.
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Fig. 11. As Fig.7, but for the full set of nadir observations indicated by asterisks in Fig. 1.

anisotropic covariances introduced in Section 1, matrix provided that n is a correlation function
on Rk , where k is the number of components in f.so that it may be used for three-dimensional non-
Potential vorticity (PV) and potential temperaturelinear models. Consider a general meteorological
(h) are both simple functions of x that are con-model where the state variable x is a multivariate
served under certain assumptions about the flowfunction (wind, temperature, humidity, surface
on time-scales of up to about a week throughoutpressure) of space and time, and the forward
much of the domain, and either one (or bothoperator in time is non-linear. We again apply the
simultaneously) are thus candidate quantities fornotion that the background estimate of a con-
being used in a covariance model based on (13).served quantity represents most of what we know
Before primitive equation models became econom-about the deformation history of the flow, and
ically tractable, barotropic vorticity equationthis leads us to explore whether it is possible to
models were widely used for forecasting the large-model the error covariance of x using (10).
scale flow in the free troposphere, and in thisFor passive variables this may be feasible by
altitude region (where potential temperature andanalogy with the ozone example described above.
potential vorticity are of limited use) the vorticityBecause of the Lagrangian character of the
field might therefore provide a useful constraintapproach, however, errors in the dynamical vari-
on the background error covariance.ables may be more appropriately expressed in

Let us now consider the problem of three-terms of some conservative function of the state
dimensional error covariances. It turns out thatrather than directly in terms of the state itself.
there is an interesting parallel between the covari-Note that by allowing a (possibly multivariate)
ance model of eq. (10) and the separable isotropicfunction of the field variable to appear in the last
model commonly used for describing three-term of (10) rather than just the field itself, we get
dimensional univariate error covariances in pre-the more general form:
sent meteorological analysis schemes (DAO,

B
ij
=s

i
s
j
r(r

ij
)n(df (xb

i
)−f (xb

j
)d) . (13) 1996):

B(mn)
ij

=sm
i
sn
j
r(r

ij
)n(mn) . (14)B is still a legitimate background error covariance
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Here m and n indicate the vertical levels, and n(mn) dimensional flow-dependent error covariances
without the explicit use of vertical correlationare the vertical correlation coefficients. It is easy

to see that if the field x is set to be the vertical coefficients. As an illustration, consider the follow-

ing expression for the covariance between a givencoordinate, eqs. (10) and (14) are of the same
form, except for the fact that (10) is continuous in quantity at horizontal grid-point i, level m and

horizontal grid-point j , level n, in which potentialthe third coordinate, whereas (14) is discrete.

A multi-level univariate non-separable covari- temperature has been substituted for f:
ance model which is more general than (14) is

B(mn)
ij

=s(m)
i

s(n)
j

r(rmn
ij

)n(dh(xb,(m)
i

)−h(xb,(n)
j

)d ) . (16)given by (DAO, 1996):

The distance rmn
ij

is here taken to be the EuclideanB(mn)
ij

=sm
i

sn
j
r(mn) (r

ij
)n(mn) , (15)

(rather than merely the horizontal ) distance, and
where m and n are level indices, r(mn) (r

ij
) are this formulation therefore does not assume separ-

cross-correlation functions, and n(mn) are vertical ability between the horizontal and vertical direc-
correlation coefficients. If the horizontal cross- tions. Instead, control of the aspect ratio of the
correlations are the same at all levels it reduces correlations is left to the potential temperature
to the separable model (eq. (14)). This equation is field that also controls the horizontal anisotropy.
cumbersome to implement because of the amount This is a natural choice since the aspect ratio of
of input information that is needed in terms of the the flow has a very particular value in isentropic
cross-correlation functions and vertical correlation coordinates: It is infinite under adiabatic condi-
coefficients. Although it does eliminate the tions. In other words there is no motion along the
assumption of separability, even eq. (15) is not third coordinate, and the amount of vertical
completely general, since the correlation between exchange within the flow (which at least intuitively
a pair of points (i, m) and ( j , n) will be identical is what we would want the vertical correlations
to the correlation between (i∞, m) and ( j∞, n), to reflect) is instead tied to the vertical gradient
provided that r

ij
=r

i∞j∞
. of h. A model of the form of (16) is conceptually

It may be useful at this point to examine why less complicated than (15). It is fully flow-
it is common practice in covariance modeling to dependent, since it allows the increments, or cor-
distinguish between the vertical and the horizontal relations, to extend in all three dimensions without
directions as in eqs. (15) and (14). One reason any restrictions on their shape other than what is
obviously has to do with the desire to reduce the imposed on them by the flow itself.
mathematical and computational complexity of The implicit assumption behind eq. (16) is that
the problem. This is indeed a major motivation error correlations are closer to being isotropic in
for the separable model. Another important isentropic coordinates than in height or pressure
reason, however, is that the large aspect ratio coordinates. While it remains unproven, Benjamin
(102–103) typically found in atmospheric flows (1989) cites a number of studies that seem to
makes a fully general three-dimensional approach support this hypothesis. Note that although eq.
impractical. In building a separable model we thus (16) is given in terms of the potential temperature,
implicitly assume the aspect ratio to be constant, its use is not limited to analysis on isentropic
but this, on the other hand, seems excessively levels along the lines of Benjamin (1989). It can
restrictive. Even the more general form (15) con- be applied in any vertical coordinate system, and
tains unphysical limitations, as pointed out above. using it for analyzing on, say, isobaric levels would
In reality the aspect ratio is a local attribute of provide a way of reaping most of the benefits of
the flow, and the error covariance model should an isentropic formulation of the analysis system
respect this fact as well as the horizontal without changing the vertical coordinate.
anisotropy.

We now point out a remarkable consequence

of the analogy between our two-dimensional
anisotropic model (13) and the three-dimensional 5. Summary and conclusions
separable model (eq. (14)). If f in (13) is a mono-

tonic function of height or pressure, this equation In this article we have presented a new method
for specifying the correlation part of the back-can actually be used for constructing three-
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ground error covariances needed for atmospheric been developed and is justified in terms of physical
reasoning rather than mathematical rigor. Wheredata analysis. In our model the correlations are
possible we have sought to specify the assumptionsexpressed in terms of horizontal distances and
invoked in constructing it. There remains, how-differences between field values. The model should
ever, a significant amount of work to be done inbe easy to implement in most physical space
examining and reinterpreting the model proposedanalysis systems (Cohn et al., 1997), and it is
here in terms of other known approaches toinexpensive to evaluate. In the limit where the
covariance modeling. This will hopefully providecorrelation length goes to infinity in the space of
some guidance both with respect to the choice ofthe field, the model reduces to the now commonly
the functional forms, and at a later stage withused isotropic model, and it should therefore be
respect to the actual tuning of the model. Inpossible to implement it in an operational system
addition to the simple analysis example reportedgradually without causing major shocks to the
here, work is underway to test the model in asystem. Although the model is fully flow-
more realistic meteorological context, and resultsdependent, it has very few free parameters once
of these tests will be reported in due course.an exact functional form has been chosen, and

Finally, we note that the univariate correlationit is therefore well suited for rigorous tuning
model proposed here addresses but one aspect ofmethods.
the problem of covariance modeling for dataSome aspects of the potential impact of the
assimilation. Models for both the error variancesanisotropic correlation model were illustrated by
and the multivariate correlations for the linearmeans of a simple example, in which we analyzed
transport problem are currently under develop-the total ozone field over a limited domain using
ment, and we hope that generalizations to multiva-sparse observations. We first demonstrated the
riate correlations for non-linear models can be

fundamental difference in character between iso-
found.

tropic and anisotropic correlations by calculating

the increment due to a single observation under

the two assumptions. The anisotropic increment

yielded a better analysis by objective skill, and it

eliminated some features that were deemed
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