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Abstract

From the equations of balance established for the different forms of energy (potential, kinetic
and internal energies), the energy fluxes, the rates of energy production and conversion are
deduced. Provided weighted mean values are considered the zonally averaged value of the
kinetic energy may be decomposed into kinetic energy of the mean motion and the mean
kinetic energy of the large-scale eddies. The corresponding equations of balance are established.
The axial symmetry with respect to the earth’s axis allows the introduction of the kinetic
energy of the zonal motion and of the motion in the meridional planes. Their equations of
balance arc given. The conversions between the different species of mechanical energies are
envisaged and the influence of the inertial stability on the conversion of ‘“meridional” eddy-
kinetic energy into “zonal’’ eddy-kinetic energy is pointed out. The definition of the large-
scale eddy diffusion of heat is deduced from the first Jaw of thermodynamics. This definition
contains the flux of “sensible heat’” and of “latent heat’” as an approximation. Neglecting viscos-
ity and small-scale turbulence, the general formulas are applied to the large atmospheric
disturbances. A tentative formulation of the second law of thermodynamics is given.

1. Introduction

For the investigation of the different possible energy conversions in the atmosphere,
on the scale of the general circulation, it is necessary to introduce a state of mean motion
such that the averaged quantities vary slowly from one point (x%, x2, x%) to another and
from one instant (f) to another. This condition is fulfilled when the averages are taken
for a one-, two- or three-dimensional domain of space, or for a time interval, or for a
5£acc-time domain, which is large with respect to the volume and the local lifetime of
the perturbations (large-scale eddies) imbedded in the mean flow.

In this article only mean values along latitude circles will be considered. Let X (x2, &3, £)
be the zonal mean value of the function X (x1, x2, 3, f) where x1 designates the longitude 2.
The corresponding weighted mean value X is defined by g X = ¢X, o being the specific
mass of the air. The fluctuations X’ and X” of X with respect to the mean values X
and X are given by X = X4+ X' = X+ X”, with the conditions X'=o0, ¢X”=o,
X"=X"+4+X and — X" =0X" =9 X =X =X, (VAN MIEGHEM, 1949).

1 At present at the Institute of Meteorology of the University of Stockholm.
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Following a general method outlined elsewhere (VAN MIeGHEM, 1949) we establish succes-
sively the equations of balance of the kinetic, potential and internal energies of the zonally
averaged motion and of the mean kinetic energy of the large-scale eddies. In the atmosphere
of a rotating planet, the concepts of “zonal” and “meridional” kinetic energies are in-
troduced and the equations of balance for these energies are also given. From the divergence
form of the first member of an equation of balance, the flux of the envisaged property
is deduced. The second member of the equation of balance defines the rate of production
of that property. The rate of production of any of the above mentioned energy forms
may be expressed as a sum of terms such that each of them appears also in the rate of
production of only one other energy form, but with the opposite sign. Such a term may
then be interpreted as a rate of conversion between the two energy forms (energy trans-
formation function of J. E. MILLER, 1950).

Finally, evidence is given of the influence of the inertial stability on the conversion
between the “zonal” and the “meridional” kinetic energy of the large-scale eddies.

2. Equations for non-averaged properties

The system of coordinates which is most appropriate for the study of the general circula-
tion is one of non-local coordinates, symmetric with respect to the earth’s axis. Let x be
the azimuthal coordinate (the longitude 2) and (x2, x3) arbitrary coordinates in the meridional
plane, y;=y; the coefficients of the metric form in the variables x‘ (i, j=1, 2, 3),
yii the algebraic minor of y; divided by the determinant y = ||y;]|, v = % and v = y;; v/

respectively the contravariant and components of the air velocity v with respect to the
earth, w the angular speed of the earth, & the geopotential, T¥, Ty, T; respectively the
contravariant, covariant and mixed components of the internal stresses. We know that
Tj =—pyij + Pj + Ry, where p is the pressure, P; =P; the Stokes (1842)— Navier
(1822) viscosity stresses and R;;= Rj; the Reynolds stresses (1895) due to small-scale turbulence.

It should be noted that the coefficients y,, and ;5 are identically equal to zero, and
that the four other 9’s (namely: 9y, V55, V25 73s) and the geopotential @ are independent
of time ¢ and longitude x'=A.

The coefficient 9, represents the square of the distance to the earth’s axis; the coeffi-
cients p,, and y,, define the linear elements Vg, 6x2 and Vyyy 8x3 of the coordinate Tines
x3 = constant and x? = constant in the meridional planes and y,4 the angle « between
these lines (Vs Va3 €O @ = y3y)-

In spherical coordinates: xl=41, x?=g¢, x*=r, so that we have y,;=r%cos? ¢,
Yaa =1%, y33 =1, ;=0 when i % j, and y =rcos?® ¢. The usual zonal, meridional and
vertical components (4, v, w) of the air velocity v are:

B _w
dt  rcos¢’

w=r cospvli=r cos ¢

The coordinate components of the tensor T in the usual zonal, meridional and vertical
axis x, y, z in an arbitrary point are: :

z X T2 z Ts
Ti=T, T} =T Ti=T), T;=Tl=cosp TIECOSIq), Ti=T;=r T§-=—r—*,
3
Ti=Ti=rcosp Ty= Ty .
r cos @

13—204486
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In axially symmetric coordinates (x!, x2, x3) the equations of motion assume the form:

dV w v + Zi

[ dtl Y1,z @ " 1-is (I)
l I I i 9@

l 0 dtd ijﬁ’d @ v 2711’6( l 1) @ ! i 9x6’ ( )

(i=1,2,3; 0, 80=2,3)

where the point before the suffix i indicates the covariant derivation with respect to x¥ and
_ 97y
Ix*’

- and y; .=

here =2 1 yi
where dt—9t+v

In spherical coordinates we have

i 9T 1 9(0032¢T§)+£9(r3T§)
rCOSq) 18~ ax Cosz(p ay 7'3 92 ’
I ._9T’; 1 Jd{cospT}) 2(rT3) ‘g P
. T2~|= (7x COS(p 9}' +f3 9 + T r N
i __dT% 1 J(cosgp TY) 2(r T?) . oI
T3.1=‘9?+ cos ¢ 7y r2 5= — (T3 + Ty) =
where 2= X 9 0 _19 9 _20
dx rcose dN dy r dp’ Iz Ir

In order to make a clear distinction between “zonal” and “meridional” quantities, two
sets of indices are used systematically: i, j, k, ... =1, 2,3 and «, 8, 6, ... =2, 3,
the last set designating only coordinates and components in the meridional planes

After multiplication of (1) by v?, of (2) by v’, summation with respect to (= 2, 3)
and substitution of the equation of continuity

\/;’@V‘ Jo .
2oL o w X, 0

. I
vi v1> and “meridional” (kﬂ =2 Va v“)

. . i
one obtains the equations of the ““zonal” <k5 =3

kinetic energies

J k I J — . i vt
(sf) v [V (ks vi— T vi)] = — > y10a 20 V) gviveT} o0 @
2ok) ;L 215 1] -
£y 9% 5
s
e v 2o+ v) evi— ] = T4y, — T2 2% gou,

(i:I’2’3; 122,3)
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and by addition of (4) and (5), the equation of balance of the total kinetic energy
k=k:+k Eiv,-v",

d(ok)
at

1
Vy
Further, the equation of balance for the potential energy may be written

9(90) .i_ i {) — 3_0. % o~
TR F (Vyeov) =¢ o veegew, (?)

4+ 2[5 (kv — Tiw)] = — T} Vi g @
xl

where @ is the geopotential (or the potential energy per unit of mass), ¢ the acceleration
of gravity and w the vertical cartesian component of the air velocity v.

Finally, multiplying (1) by vs and (2) by v, adding and substituting (3), the equation
of the tensor component p v, vs is easily obtained:

a ; i i
7t (evive) + [9 vy VeVt —Tyve— TﬂVl]- ;T (Vin,e @ V5 Vo— 11,8 @ VI V;) —
i ; aa
—(T;_Va.;+ T.,vl.,')-——gé—x—ovl. (8)

In the same way, an equation for the tensor component g v, vg may be established.

3. Equations for the averaged properties

The averaged motion being defined by the zonal mean values g and g v of the specific
mass p and of the contravariant components of the relative linear momentum gv, is in-
dependent of longitude 4 or x%. In order to take full advantage of this circumstance, we
shall consider all the possible transformations of coordinates in the meridional plane only,
thus keeping the longitude 2 as independent variable. Then it is obvious that vi, v;, py,,
p1, Ty, T and T; are invariants, v, T7, y* and T contravariant, and v., Tz, yap
and T.s covariant quantities with respect to any change of variables x2 and x3. Hence, both

I ~ ~ I ~ ~ . - . - -
kem =-% vl and kyn = 5 Ve ¥% are independent of longitude and invariant with respect

to any change of meridional variables; this justifies the introduction of the “zonal” and
“meridional” energies of the mean motion.

Every equation in connection with the zonally averaged motion will be written in such
a way that all terms have a variance with respect to the transformations of the meridional
coordinates only.

From the averaged equation (7), we deduce the components C*((J) of the meridional
flux and the rate of pro%uction o(@) of the potential energy @ of the mean motion:

C'@)=0ev =0V +¢v* and o(@)=gow=gew+ o'w). (9)

In most cases, the correlation between o’ and w’ is negative, and the correlation between
o and v’ is negative in the troposphere, but positive in the stratosphere. Consequently, the
flux ¢'v’ is generally directed toward the earth, both in the stratosphere and in the
troposphere, toward the pole in the stratosphere, and toward the equator in the troposphere.
The second term g ¢’w’ of o (@) is generally negative so that it represents a destruction
of potential energy of the mean motion. From the first term of o(@), it follows that
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production of potential energy of the mean motion occurs in the ascending branch (w > o),
and destruction of potential energy in the descending branch (w <o) of the mean merid-
onal circulation (v, w).

Using the equations of the zomally averaged motion [instead of (1) and (2)] and the
equation of continuity of the mean motion

do 1 Jd p—_ N
§+\/_§ax« (Vred) =o, (10)

. . , 1 P i1
instead of (3), equations of balance for the “zonal” <k5m =-9 v1> and “meridional”

<k,,mE§ Vo 9“) kinetic energies of the mean motion, similar to (4) and (s), are obtained:
d I J [y aa Taay | T oma
- - . - 1 77 <700 1 —
5 @) = L [Pk T804 0] (1)
e e en TV e O
271,,a(v + 20) V1V T 2x°‘+gvlv et
and
a — I 9 — A e A TR
5 (@ kum) + V5 ox [Vy (@ kum v — T5%° + ovyv V] = (12)

¥
Prve ¥ [+ 20) g 91 —T1 4 ov v —T59% + o v BV —gow,

SR

where — g v/ v/ represent the Jeffreys-stresses (1926) due to the large-scale eddies.

Averaging equations (4) and (s) along the latitude circles and subtracting from them
the equations (11) and (12), one obtains the equations of balance of the “zonal”

I 144 . . I 2, 172 - . -
kee=—v1v,) and “meridional” (k. == v"*v7) kinctic energies of the large-scale
2 2 «

eddying motion:

J J -
7 (Q kfe) + ‘\/I—; Py [\[7—’ (Q ke V¢ 4+ 0 ke, V"a)] =
m Ll 0+ 9 VIV 4 VA 4 IRy — (1)
e VY
—ov]v Fpe + Tl_‘.v 1
and
J d — = A —_—
57 (oku) + VI; e W7 (e + okuv)] = (14)

~ rr , ’y rr ’ ' ’r “ﬂ i ’r
Y1 a [2 (0 4 3Y) oviv'e 4 ovivivie] —py ViVt T v
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Finally, addition of (r1) and (12), and of (13) and (14), leads to the equations of

¥;¥') of the mean motion and of the

balance of the kinetic energy ( km = kgm -+ kum Ei

kinetic energy (ke = ke + kye Eg v; v”") of the large-scale eddying motion:

I - J — 7 A XA T TR A iAf T A —
9—(ka) +L_-——[\/; (Bkn¥* —Ti% + oviv'*¥] = —T;¥; 4 ov ivivli—gow, (15)
¢ Vydx®
and

2 I 9 [olhoes o T oo oo

= (ok)+—= [Vy (ok. ¥ + okev'®)] = Ti.ivi — pviivy ;. (16)

(=23 ij=1,23)
All these equations assume the form of a balance:

J I J —
5 (@k) +W P [Vy C=(k)] = o (k),

where the meridional flux C= (k) and the rate of production o (k) of the different energy
forms k appear in the divergence term and in the second member of equations (11) to
(16) respectively. These equations may be given the following interpretation.

The kinetic _energies ¢ kim, @ kum and ok, in a fixed unit of volume may change in
consequence of:

a) transport of air across the boundary: g kg, V%, @ kus v* and g k, ¥;

b) performance of boundary work by the internal stresses: — (P} + Rj) ¥1,p9*—
— (P5 + R3) ¥ and po* — (P} + Ri) ¥/;

c) large-scale eddy flux of momentum through the boundary:

eV VeI, gV, v V2, @ v/ v’*¥, (VAN MIEGHEM, 1049 a);

d) production within the volume at the rate:

I Y Ay A =1 Y 9‘\1

0 (kem) = 3 Y1e 2o+ ¥1) oVt ve— (Pl + Rl) _‘3:1
N -1
-+ Qv”“v’l’ et

I Ag\— A g A = A ~ - T
0 (lum) E_Eyll,ﬂ (2w +3)g V1 ve— (ﬁg + Rﬁ) V.3 —é Y11,« V¥ (pn + Ru) + (17)

4 A A I o _
+pd1vv+gv’ﬂvavf‘p—k;yn,av“gv1v1—ggw,

o(bn) = —E1 R
+?div3—}—gv”‘vj’.’ v, —gow,

a1 9 pmanN_ IV DD W

where divv=-— (\/yv)=3y+-9—£_ tgq)—l—?.;.
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The mode of redistribution of kinetic energy due to the boundary work of the Stokes-
Navier and Reynolds mean stresses (P} + R;) may be disregarded outside the boundary layer.
The production of kinetic energy ks of the zonal mean motion results from the meri-
dional eddy flux Qv’l’ v’* of relative angular momentum pv, and the meridional shears
oV
Ix*

motion is produced by:

of the mean zonal wind (Kuo, 1951). The kinetic energy of the meridional mean

a) the meridional eddy flux gv”v“# of relative meridional mean momentum g v. and
the shears of the mean wind in the meridional planes;

b) the expansion (div ¥ > 0) of the air (STARR, 1948);

c) the destruction of potential energy, (gow < o).

It should be noted that the destruction (production) of a certain amount of potential

energy of the mean motion entails ipso facto the production (destruction) of an equal amount
of kinetic energy. For instance, as a consequence of the negative correlation between the

fluctuations of density and vertical velocity, the term — g o’ w” represents a rate of effec-
tive production of kinetic energy of the mean motion.

vt
ax*’

(PE 4+ R % + i y11.x (P + R1) $ and (P} + R}) ¥/ ,-:I consists of a dissipation. It is well

The action of the viscous and turbulent frictional stresses [representcd by (P;+ R)

known that the Rayleigh (1873) dissipation function Pjv’; is a positive quadratic form o

the wind shears and that the same is generally true for the dissipation function Rjv?; for
small-scale turbulence.

. I A\ =g A . —
Finally the term S Vs (2w + V1) p V1 ¥* represents the rate of conversion of kinetic

energy of the zonal mean motion into kinetic energy of the meridional mean motion.
This term drops out in the expression of the rate of production of the kinetic energy
kp = ke + kum of the mean motion.

The kinetic energies ¢ ks, @ ku and gk, in a fixed unit of volume may change in conse-
quence of:

a) meridional transport of air across the boundary: g ke V7, @ kue 9% and gk, 9%

b) large-scale meridional eddy diffusion across the boundary: ke v'*, @ kuev"™ and
0 ko v

c¢) production within the volume at the rate:

~ 1 - IVt
o (k) = R [2 (@+71) v iv'e 4 gv vt S vy v Ix®
_i_ Yira ¥ QVIVE 4 Ti v,
o) = pue a0+ ) TV 4 VIV —gi VRS, (Y
+ T v,
U(Ee) = —pov'¥ v/ Vi,
+ T;'..l. v,
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The terms T¢ ,v*1, T! .v”* and Ti v represent the mean values of the work, per

unit volume and time, performed by the pressure forces and by the viscous and turbulent
frictional forces along the large-scale eddying motion parallel to the latitude circles, in
meridional planes and in the three dimensional space respectively. The energy per unit
volume and time expressed by T v’/ may be interpreted as an instability energy (Van
MIEGHEM, 1949 b). According to the sign of the instability energy, the large-scale eddying

motion is stable or unstable. When T;,iv"f > o, the large-scale eddies do work: the large-
scale eddying motion is unstable and T?  v"/ represents, per unit volume and time, the

instability energy released by the large-scale eddies. On the other hand, when Ti v/ <o,
the large-scale eddies have work done on them at the expense of the energy of the sur-
roundings and therefore the large-scale eddying motion is stable in that case. It should be

noted that the inequality o (k) > 0 expresses a necessary condition for the maintenance of
the large-scale eddying motion (generalization of the Richardson criterion).

: 1 o 7 ’r ’ ’r
Finally, the term 5 Vine [2 (@ + %) v v”"= 4 gvTv"1v"?] represents the rate of con-

version of kinetic energy ks, of the zonal eddying motion into kinetic energy k., of the meri-
dional eddying motion. This term drops out in the expression of the rate of production of the
eddy kinetic energy k. == kg + ky.

4. Conversions involving mechanical energies only

In the formulas (17) and (18) of the rates of production, certain terms appear twice
with opposite signs. As already mentioned in the introduction such a term may be considered
as a rate of energy conversion. In spherical coordinates, these terms assume the form:

A

F,"E—%yu,,(zw—{—?rl){;lgv“: <2wsin¢p+ :—4- tgcp) Hov— (2wcos<p-|— ;) o

Fo=—1yy.[2(0+ ) vVt gvivive] =

NI [ZnZd

(gu wv'sing—ou’u w"cos:p),

= 2<w+rcosq)> (gu v’ sing—ou’w cosq))—{—rcos(p

Ax W W\ | ——, 00 | —— (v  dw
J— o — 27 g 1 il — 20 gpy?? s’ 77 i — e
X, =oV PV Vig=pv'v <3y+ r)—l—gw w az-l-gv w (9z+ Py r)’

G Al LU SO Wy § (L.
Xe=enV e dy r g9 e 2z ’

r

I Lol ’r ’r 20,02 ; ﬁ}
Xue=73 Y, VO VIV = ou”u <—;tg¢+7)-
Hence,
o(P)= gow+gow”,
0 !
v_
olkn)=—gow—gow' + g+ 2. +2,+ ... (19)
A | & A
v v¥i ¥
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and
G(kgm)E I, +x§ + .y
7
0 (kum) = — T + 7, +x,—gow+ ...,
A A (20)
. v oy
G(k&) = TI. T Xue T Xe + ...,
. 1 v
o (kue) =—1T, — Xy + ...,

where the dots indicate terms which, as we shall see in section 6, correspond to conversions
between kinetic energy and internal energy as well as kinetic energy of microturbulence.

The arrows in (19) and (20) indicate all the possible conversions between the mechanical
energies. As a rule, in low and middle latitudes: gu”v” > 0 and pu”w” < o. Consequently
I, > o, so that I', expresses always a conversion of k-energy into ke-energy, the terms
ou’u”v” and gu”u”w” being presumably of less importance. Kuo (1951) has shown that
the two terms of y, have opposite signs, the first being positive and of the right order
of magnitude to account for the frictional dissipation of kinetic energy at the earth’s sur-
face. The rate of conversion y,, between the k and the k -energy is very small because
it depends only on the normal and geodesic curvatures of the parallel circles and may
therefore be neglected (y,, =2 0). Finally, there is no conversion possible between the k.,
and the k. energy.

5. Influence of the inertial stability on the conversion of ‘meridional” eddy-
kinetic energy into ‘““‘zonal”’ eddy-kinetic energy

Averaging the equation (8) along the latitude circles and subtracting from this averaged
equation the corresponding equation for the mean motion, one finds, after some calculations,

9 ’r 1 ’)6 __T/_/
> (gv Vo) =—‘(w'}’11,ﬁ —{-jﬁ) ov vt 4+ L , (21)
(,3, 6=2, 3)

where the dots designate terms which do not contain the Jeffreys stresses — g vj v'’2.

The local change oL of the rate of conversion I', (> 0) of “meridional” kinetic energy

dt
into “zonal” kinetic energy of the large-scale eddying motion has the following expression:
ar. D ——
1y 1yt
55 = — Y1,e (@ —f—v)()t(gv v )+ ......... . (22)

Multiplication of (21) by y* 9*® and subsequent substitution in (22), give

ar, v N ——
S = Yt <w711.ﬁ+§—:;) @+ ovev®4 ... , (23)
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or, in spherical coordinates,

3]’,_2 in —}—?t 2o sin —Qﬁ—i—gt ) vy’ —
o =21 (esng+ g Py T;87) e

-~

_|:<wsin¢p+$tg<p> <zwcos<p+§—:+

~ R

> + (w cosq)—l—i—‘) (2(» sing— (232)

an  # —_— ] n | B\ ——,
_.a_y-{-;tgq))] eV’ w +(wcoscp+r)(2wcosqz+az—|—’)gw w}—i— v
or, in vector form,

ar,
It

where Q represents the absolute angular speed about the earth’s axis and U the absolute
linear velocity along the latitude circles.

=20(V'XQ)y- (v'XcurlU) + ..., (23 b)

In the atmosphere, (v’ X 2), and (v X curl U), have the sign of (w sin @ -+ ? tg (p) v

and (2 w sin p — g—; + ? tg <p> v respectively.

-~

When the large-scale eddying motion is inertially stable, z—; <2wsing +? tg o,

or (v/xQ), - (v’ X curl U), > o, (VAN MIEGHEM, 1951); consequently the inertial stability
contributes to the local increase with time of the rate of conversion I'.. On the other
hand, the inertial instability contributes to the local decrease with time of the rate of
conversion I', of “meridional” into “zonal” eddy kinetic energy.

6. The first law

The first law of thermodynamics expresses the conservation of the fotal energy of the
system envisaged. In the case considered here, the total energy u, per unit of mass, is equal
to the sum of the potential energy @, the kinetic energy k, the kinetic energy » of micro-
turbulence and the internal energy e per unit of mass (4= + k + x + e).

The equation of balance of the kinetic energy # of microturbulence assumes the form
(VAN MIEGHEM, 1949 b):

J J - P
5; (0%) + \/L—y pw [Vy exvi+ K)] = eA + Rivii>o, (24)

(,j=1,2,3)
where K' designates the flux due to small-scale turbulent diffusion, A the instability energy

released per unit mass and time along the small-scale eddying motion, and R; v!; the amount
of kinetic energy available per unit of volume for conversion into kinetic energy of small-
scale turbulence. It is generally accepted that R; v!;>o0. When the small-scale eddying
motion is stable, A\ <o and /\ represents the amount of kinetic energy of small-scale
turbulence converted per unit mass into heat; when A > o, the small-scale eddying motion
is unstable and A\ represents the amount of heat converted per unit mass and time into
kinetic energy of small scale turbulence. The Richardson number E’ of the small-scale turbulence
may be defined as h2 =g |A|: (R; v!;) (VAN MIeGHEM 1949 b, 1950 a). The inequality in (24)
expresses the necessary condition for the maintenance of small-scale turbulence (A% < 1).
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In virtue of (6), (7) and (24), the flux C?(u) of the total energy u is given by
C'=puvi—Tivi+ K + W'

where W' represents the flux of heat due to radiation, conduction and convection (the effect
of conduction is negligible in the atmosphere), hence the balance

2w . 1 2(VyC'(w)
at Vy dxi

=0, (25)

the rate of production of the total energy being equal to zero as a result of the conservation
of the total energy, (o(s) =0, VAN MIEGHEM, 1949).

Averaging equation (25) along latitude circles and subtracting the equations (15), (16)
and the averaged equations (7) and (24), one obtains the equation of balance of the averaged
internal energy

doe , 1 0
it \y Ixn

[\/; (ﬁ Ve + th”“—IT“."V’_‘ + —W“)] — (26)

— — 1. A T oAf 9 ,r: . i
=—pA\—p dwv—i—P,-v’.,-——— (_P?PiVI—*—P;-l‘V J),

where h designates the specific enthalpy (oh=pe + p).
It should be noted that the averaged equation of balance (24) may be written

2 (g%) 4L 2
It Vy dx=

The zonally averaged internal energy gé = p¢ in a fixed unit of volume changes in
consequence of:

a) transport of air across the boundary: g £v*;

b) large-scale eddy-diffusion of heat: Wg, = ohv"* — P= v"i;

c) heat flux W= (radiation -+ convection);

d) production within the volume at the rate:

I:\/; (6% %=+ pnv'™+ —I?“—Rj‘i‘ v"f)] = oA + R {;J:"——Rj'-i v (27)

o(d) =—7 div?r—{—_,‘:G’f,-——(—g—’iﬁ—P{'j) vi— A, (28)

Finally, grouping in one table the rates of energy production ¢ (@), o (km), o (k), o (%)
and o (e), the possible conversions between the five considered energy forms appear im-
mediately:

0‘(@5) = géﬁ;,
0 (kn) =—gow+p div ¥—P; f'"—ﬁj’ o+ o/ 77 ¥,
% —_— 5 Nt
= —oV' ViV —— J Y v P
O'(ke)— QVJ.V V.l+( axi +P,.]) +lev J, (29)
o®) = R +eA — '

(iaj: I, 2, 3)
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The corresponding energy fluxes in the meridional planes assume the form:

C*(@) = @ ov*,

C* (k)= (kw+RT) 07" — (Pf + RF— v/ v’ ¥

c(k) = kegv + ok v, (30)
C=(r) = R v +exvE—RIVI+ K,

Ce(?) = ¢ gv* +ohv ™ —Prvit+ W",

(i=1,2,3; a=23)

where RT = p5:5, R being the specific ideal gas constant for air and T the absolute
temperature.

7. Large-scale eddy-diffusion of heat

In section 6, we have established that the large-scale eddy-diffusion is responsible for

the heat flux
Weo=o0hv*— P: v (31)
(x=2,3;:i=1,2,3)

in the meridional planes. The last term in (31) due to the viscosity may be neglected, consequently

Weostohv™ =oh"v™, (31 a)
where (VAN MiecHEM and DUFOUR 1948)
h = T4 ha -+ Ty hv -+ Tw hwv (32)

ha, hy, by, being the specific enthalpies of dry air, water vapour and liquid water respectively
and 7, 7y, T, the corresponding mass-proportions. It is easily seen that

I—¢

T,=¢ (33)

v
1—e,

where &, = is the specific humidity and ¢ = vy + 7, = 1 — 7,. Finally substituting

a TV
(33) and the classical formula L, = h, — h,, for the heat of vaporization of water into (32),
one obtains for the fluctuation h” of h the following expression:

W =(1—¢ b, +¢eh, + (1—e¢) <8v_i)”, (34)

I—¢y

account being taken of the fact that the fluctuation &” of ¢ is practically equal to zero
(e”=¢o0).

In the atmosphere, one may, with a very good approximation, neglect ¢ and ¢, with
respect to I and assume the constancy of the specific heats ¢, ¢,v and ¢,; hence, the
approximate relation

W ¢, T” + (ey Ly)", (349)

where T” designates the fluctuation of the absolute temperature T with respect to its
weighted zonal mean value T = pT: g, and where ¢, = ¢pu + £¢w =2 €ns. Moreover for
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the fluctuations &) and L, of & and L, with respect to the weighted zonal mean values
8 and I'y, it is easy to verify the inequality? (L,: L,) < & : &, so that one obtains the
approximate formula (PRIESTLEY 1948)

W ¢, T” + Ly &y (34 b)
in which L, is considered as being a constant.

Finally, substitution of (34 b) in (31 a) gives the expression of the heat flux due to
the correlation between the fluctuations h” and v* of the enthalpy h and the meridional
components (v3, v3) of the air velocity v, namely

W oh'veec oT'Vv"™ + Ly g, v"™, (31 b)
(x =2, 3)

where, according to PRIESTLEY (1948), the first term represents the flux of “sensible” heat
and the second, the flux of “latent” heat.

8. Application to the large disturbances

Neglecting viscosity and small-scale turbulence, the expressions (29) and (30) for the rates
of energy production and for the energy fluxes assume simplified forms. Thus for the rates:

c(@)= gow
okn)=—gow+y+pdivy, 53
~ 35
O'(ke)E —y __vP.vu’
o(e) = —pdivv+p-v,
where
mo (<D D) g (4 D) 4 g 22 4
1=eww (—] g9 vV G5+ T) Fewv' S

N W S S
+ ov'w <5£'+9_)’ —)+Qu w <9—z )+Q“ v <3Y+ tg(p):

=g (T4 wo) + o oL (36)
and for the fluxes:
C*(0) =0 ov",
C*(kn) = (kn+RT) 0¥ + ov/ve ¥
| ce(k) = k.ove + okv'®,
Ce(2) = eov* +ohv'E + W*

* This inequality is not necessarily satisfied in the case of small-scale turbulence.
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Hence, for each of the above mentioned energy forms, the equation of balance for an
axially symmetric volume may be written: ‘

%ﬂr cosppfooa=—@fr COS¢CN(f)6S+ﬂf cos p o (f) Oa, (37)

(=) () (=)

where « is the meridional section of the volume envisaged and s the closed curve limiting
the area «, and N the external normal to s.

Applying the balance (37) to the kinetic energy of the zonally averaged motion, the
friction "at the earth’s surface should not be overlooked when a portion of s coincides with
the mean meridional profile of the earth’s surface.

It should be noted that 1) ky, =2 i(ii)2 and 2) k, may be neglected with respect to RT

(STARR 1949).
For the very large atmospheric disturbances, the following assumptions are justified:

27

a) hydrostatic equilibrium along the vertical z: 55T go=20;

=2

b) div v =< — , (CHARNEY 1048, VAN MIEGHEM 1950 b);

NS
N

I ®

ds, 1 I
¢) quasi-homogeneity: (g’ %—; Vap,8 ' VEVE—3 v (20 + 91 ¢ \71) , (38)

where ‘%E ;—1 + v a—i“, may be neglected, (a, 8, 6 = 2, 3);

d) the terms o’ [ov” v;’]_‘. and v g% may be deleted.

. L . 190 c1dp 1d0
As a consequence of the assumptions (38) a and b and of the identity 576502 592

where @ is the weighted zonally averaged value of the potential temperature @, one obtains
pleV—[E@ 9 T 8| ewe, gew, (39)

the first of the terms in brackets being one order of magnitude less than the other. On
the other hand substitution of the equations of the zonally averaged meridional motion, namely

_d% 1 —nn, 1 - B e - OO
— agh__ 1 s N . iyt) e —
e — 3 Y0 @V P — 20+ WV = — o5 —(@vV)).i—2 55

in
i 9}7 . ”"Q ] 31_,
TV o TV ok Y o
leads to
T___ n,‘ap,\, . i
—V'Vp=—Vios=—gdw=—gow’, (40)
in virtue of (38) ¢ and d and of —gv™* =g’ v = g’ v'=.
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After substitution of (36), (39) and (40) in (35), one obtains the approximate expressions
of the rates of energy production, namely:

o(@)= gow” + gﬁ_’Aw ,
v

~ —— (9% B G—C = | O e

o (k) = ou’v (ay-i-rtg(p) o go'w’ +ouw'w Ep . gow,
A | A

| L (o @ MEPY (4)
o(k) =2 —go'w'—ou'v (3—}'+;tg¢) —ou'w" o
| v
N (—Cy ~, v ——

o(8) = +E—ge'w ——gew

P P

where, as a rule, o’ w’ =o' w” <o.

As already pointed out in section 4, the rate of conversion gu” v’ <3—; +$ tg q)) of k,

~

. I jmvg - . . - In .
into ky, %; (#)? is more important than the rate of conversion g #” w” — of k, into k,

Iz

the difference being presumably of about one order of magnitude.

As a result of the negative correlation between the fluctuations of specific mass ¢ and
vertical velocity w, internal energy e is converted into kinetic energy k. of the zonally

. . . € — € .
averaged motion and simultaneously, at a rate at least three times (u o~ o.3> higher
p

than the rate of conversion of e into k,, potential energy @ is converted into kinetic energy
k. of the large-scale disturbances. FjorTOFT (1951) has recently stressed the importance of
‘he conversion of potential energy into kinetic energy for the maintenance of the disturb-
ances.

In the ascending branch (w > o) of the mean meridional circulation (¥, w), internal
energy is transformed into kinetic energy of the mean motion, and kinetic energy of
the mean motion into potential energy. In the descending branch (w < o), however, the
reversed conversions take place. As a consequence of these energy conversions ‘“potential +
internal” energy is transformed into kinetic energy of the mean motion, or vice versa,
depending upon the sign of w. For these energy conversions, we may write

b — & _
ew>o0

olkw)=—0c(D+e)=—g p
$4
when W <o, and ¢ (k) <o when w > o.

For the energy conversions due to the large-scale eddy motion only, we have

~

o) =0 (kn+ k) =—a(@+?)>o.

This inequality indicates a permanent conversion of ‘“potential - internal” energy into
kinetic energy of the air flow. The necessary brake in the steady increase of kinetic energy
in the atmosphere is provided by the friction at the earth’s surface.
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Combining the results (20) and (41), we finally obtain:

o (D) = gow,
o (ke )g(Q?_;_Etg(p)gu”v”—}—(a—a—_g)gu”w”—i—(2w+ “ )(Z)’?’Sin(p———g’w”comp)ﬁ
] "Ny 2z r rcosp ’
or(le,,,)El + R
N_Cp_cv T - L 24377 o1 _—'—;; o
o (kum)=2 L e (2w+rcos<p)(ev sin p—o'w cosq))u,
o (ke g(zw sinq)—a—a + i tg <p) ou’ v’ — (Zw cosp + oi + 1—7) ou'w” (42)
A l ¢ dy r dz ' r ’
o (k) El + ~
T — B N i
0 (k) =2—go'w 2(w+rcos<p) (Qu v’ singp— o u'w c05<p),
o G—C ——
o(?) = ot G

where the terms due to the mean meridional circulation (v, w) have been omitted consistently.

From (41) and (42), it scems reasonable to conclude that the two most important energy
transformations on the scale of the general circulation are:

a) for the maintenance of the large disturbances, the conversion of potential energy into
kinetic energy of the large-scale eddies, as a result of the negative correlation between
density and vertical velocity fluctuations (or positive correlation between temperature and
vertical velocity fluctuations);

b) for the maintenance of the zonally averaged motion (=2 mean zonal motion), the
conversion of kinetic energy of the large-scale disturbances into kinetic energy of the mean

. 1, _— .1
motion (k,22= (#)%}, due to the lateral Jeffreys-stress — ou”v” and the meridional shear
2 y -

of the mean zonal wind %.

9. The second law
Let us assume that the zonally averaged physical state of the atmosphere has a mean
specific entropy ss, which is a function of the mean internal energy € and of the mean
specific mass o [sm = s (€, g)], satisfying the Gibbsian equation
5 dse _de 7 dg

e~ & (o) dt’
where %E gt + ve ﬂi“’ (¢ =2, 3). It should be noted that the functions p, g, €, T and

sm are independent of longitude 4. Upon substituting (26) and (10) into (43), we find
the equation of balance

dosm 1D —(— ay WEHW\T
o 2 42
__ W w T 559’-1*9__L(_Q pz.> ,

dp o T T\ o )V
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where the second member represents the rate of production o (s.) of entropy. The second
law states that the entropy production is real, (s Esm) > o).

The contribution of small-scale turbulence and thermo-convection to the entropy produc-
tion has been examined elsewhere (VAN MikGHEM 1949 b).

Neglecting viscosity and small-scale turbulence, we shall consider here the entropy produc-
tion due to large-scale turbulence only. Large-scale turbulence generates entropy at the rate

wé dT 1 Jp i

0. (5"') = —(T)e I x* ? a_x; v (45)
or, after substitution of (31 b),
O () = VT p— 2 T T = eV T (45 2)
] T (T)2 . (T)?' v

Introducing the fluctuation @ of @ with respect to the weighted mean value @ into (40)
and (45 a),

@// ’ cv ’ Tu R ’ ’ Tu
== QNP S P 8 (49)
o] e GHp T &P e T

where py=lg 6O, we find

VIVpgew e —goy w = —goyw” (40 2)
and
— " G Cy IP —— L, —— _ &
Oc(sm) =2 — o' V.V p— 2 L pp’'v'— L pe'v . JT. 47
(sm) QY 5 5,00 7y 2 (47)

BjerkNEs (1951) and WHITE (1951) have shown that ¢ 9" v” > o0; consequently, the second
term in (47) represents a positive contribution to the entropy production. Less is known

regarding the flux of “latent” heat p&’v”, but it seems not unreasonable to assume that

7

the last term represents also a positive contribution. Both correlations g 9" v and o y” w”
being positive, the sign of the first term depends upon the slope of the meridional eddy-
motion (v”, w”) with respect to the isentropic surfaces @ = constant or % = constant.
When the large-scale eddy motion in the meridional planes takes place within the angle
between the geopotential surfaces and the isentropic surfaces the first term represents also
a positive contribution to the entropy production. Indeed, in the atmosphere, as a rule,

w' 96 26 2

ga=-5>0 and tg 8= iy i 3y'32>0;

hence,

e RSP L -1 2
oy V.Vy:—@ Tz oy'w <tgoc 1)>o0,
when a < B, the correlation between the fluctuations of temperature and vertical velocity
being positive, (py”w” > o).

EADY (1949) has shown the existence of unstable cyclone waves such that, during their
growth, potential energy is transformed into kinetic energy, the above mentioned condi-
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tion for the meridional eddy motion (v”, w”) being fulfilled. Thus, we may conclude that
the growth of cyclone waves is accompanied by a conversion of potential energy into
kinetic energy and simultaneously, with a production of entropy.
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