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Abstract 
From the equations of balance established for the different forms of energy (potential, kinetic 

and internal energies), the energy fluxes, the rates of energy production and conversion are 
deduced. Provided weighted mean values are considered the zonally averaged value of the 
kinetic energy may be decomposed into kinetic energy of the mean motion and the mean 
kinetic energy of the large-scale eddies. The corresponding equations of balance are established. 
The axial symmetry with respect to the earth‘s axis allows the introduction of the kinetic 
energy of the zonal motion and of the motion in the meridional planes. Their equations of 
balance are given. The conversions between the different species of mechanical energies are 
envisaged and the influence of the inertial stability on the conversion of “meridional” eddy- 
kinetic energy into “zonal” eddy-kinetic energy is pointed out. The definition of the large- 
scale eddy diffusion of heat is deduced from the first law of thermodynamics. This definition 
contains the flux of “sensible heat” and of “latent heat” as an approximation. Neglecting viscos- 
ity and small-scale turbulence, the general formulas are applied to the large atmospheric 
disturbances. A tentative formulation of the second law of thermodynamics is given. 

I. Introduction 

For the investigation of the different possible energy conversions in the atmosphere, 
on the scale of the general circulation, it is necessary to introduce a state of mean motion 
such that the averaged quantities vary slowly from one point (f, x2, x3) to another and 
from one instant ( t )  to another. This condition is fulfilled w en the averages are taken 
for a one-, two- or three-dimensional domain of space, or for a time interval, or for a 
s ace-time domain, which is large with respect to the volume and the local lifetime of 

In this article only mean values along latitude circles will be considered. Let E (x2, x3, t) 
be the zonal mean value of the function X (XI, x2, x3, t) where x1 designates the longitude A. 
The corresponding weighted mean value 2 is defined by 2 = 3, e being the specific 
mass of the air. The fluctuations X’ and X” of X with respect to the mean values X 
and 2 are given by X = X + X = X + X”, with the conditions X’ = 0, ex”= 0, 

X” = X” + X‘ and - F F  = e’X” = e’x’ = ex‘ = i%, (VAN MIEGHEM, 1949). 

t f: e perturbations (large-scale eddies) imbedded in the mean flow. 

- A 

- - ~ -  

At present at the Institute of Meteorology of the University of Stockholm. 



335 
Following a general method outlined elsewhere (VAN MIEGHEM, 1949) we establish succes- 

sively the equations of balance of the kinetic, potential and internal energies of the zonally 
averaged motion and of the mean kinetic energy of the large-scde eddies. h the atmosphere 
of a rotating planet, the concepts of “zonal” and “meridional” kinetic energies are in- 
troduced and the equations of balance for these energies are also given. From the divergence 
form of the first member of an equation of balance, the flux of the envisaged property 
is deduced. The second member of the equation of balance defines the rate of production 
of that property. The rate of production of any of the above mentioned energy forms 
may be expressed as a sum of terms such that each of them appears also in the rate of 
production of only one other energy form, but with the opposite sign. Such a term may 
then be interpreted as a rate of conversion between the two energy forms (energy trans- 
formation function of J. E. MILLER, 1950). 

Finally, evidence is given of the influence of the inertial stability on the conversion 
between the “zonal” and the “meridional” kinetic energy of the large-scale eddies. 

ENERGY CONVERSIONS IN THE ATMOSPHERE 

2. Equations for non-averaged properties 

The system of coordinates which is most appropriate for the study of the general circula- 
tion is one of non-local coordinates, symmetric with respect to the earth‘s axis. Let x1 be 
the azimuthal coordinate (the longitude A) and (x2,x3) arbitrary coordinates in the meridional 
plane, yij = yji the coefficients of the metric form in the variables xi ( i ,  j = I, 2, 3), 

yij the algebraic minor of yij divided by the determinant y = 11 yij 11, v’ = - and vi = yij vj 

respectively the contravariant and components of the air velocity v with respect to the 
earth, cc) the angular speed of the earth, 0 the geopotential, Tij, Tij, Tj respectively the 
contravariant, covariant and mixed components of the internal stresses. We know that 
Tij = -pyi j  + Pij + RG, where p is the pressure, PG = p i i  the Stokes (1842)-Navier 
(1822) viscosity stresses and Rij 3 Rji the Reynolds stresses (1895) due to small-scale turbulence. 

It should be noted that the coefficients y12 and y13 are identically equal to zero, and 
that the four other y’s (namely: yll, y22, 723, ya3) and the geopotential 0 are independent 
of time t and longitude x”A. 

The coefficient yll represents the square of the distance to the earth’s axis; the coeffi- 
cients ya2 and y33 define the linear elements \Iyzz 6x2 and \lr99 8x3 of the coordinate Iines 
x3 = constant and x2 = constant in the meridional planes and yea the angle a between 
these lines (\lya2 7 2 3  cos a = ya3). 

x2 =e, ,  x3 =r, so that we have yll = r2cos2 e,, 
ya2 = r2, y33 = I, y~ = o when i =k j ,  and y = t.4 cos2 e,. The usual zonal, meridional and 
vertical components (u, v, w)  of the air velocity v are: 

. dxi 
dt 

In spherical coordinates: x l = A ,  

The coordinate components of the tensor T in the usual zonal, meridional and vertical 
axis x ,  y, z in an arbitrary point are: 
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In axially symmetric coordinates (xl, x2, x3) the equations of motion assume the form: 

(i = I, 2, 3; a, ,!? 6 = 2, 3) 

where the point before the suffix i indicates the covariant derivation with respect to x i  and 

where - = - + vi - and yij, , = ~ 

d a  a a yij 

dt at axi ax, - 
In spherical coordinates we have 

I 2T:: I d(cos2p T i )  I a ( r 3  T;)  
r cos p T 1 . i ~ -  a x  + - cos2 p a y  + t , T l  

In order to make a clear distinction between “zonal” and “meridional” quantities, two 
sets of indices are used systematically: i, j ,  k, . . . = I, 2, 3 and a, /3, 6, . . . = 2,  3,  
the last set designating only coordinates and components in the meridional planes. 

After multiplication of (I) by v1, of (2) by va, summation with respect to 6 (= 2, 3) 
and substitution of the equation of continuity 

Je - o or - + ( ev i ) . i=  0, ae 1 N k ? V i )  

%++---- \lr axi at (3) 

I I one obtains the equations of the “zonal” v1 v1) and “meridional” (k, = va v‘) 

kinetic energies 

(i = I, 2, 3; a = 2,  3) 
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and by addition of (4) and (s), the equation of balance of the total kinetic energy 

Further, the equation of balance for the potential energy may be written 

where 0 is the geopotential (or the potential energy per unit of mass), g the acceleration 
of gravity and w the vertical Cartesian component of the air velocity v. 

Finally, multiplying (I) by vp and (2) by v1 adding and substituting (3), the equation 
of the tensor component evlvd is easily obtained: 

a at (eV1Vd) + [@vlvdVi-T~Vd-T~vl].  i = -w  (~11,u@vUvd-~11,d @vlvl)-  

In the same way, an equation for the tensor component e v, vp may be established. 

3. Equations for the averaged properties 

and 3 of the specific 
mass e and of the contravariant components of the relative linear momentum ev, is in- 
dependent of longitude iz or XI. In order to take full advantage of this circumstance, we 
shall consider all the possible transformations of coordinates in the meridional plane only, 
thus keeping the longitude iz as independent variable. Then it is obvious that v1, vl, yll, 
y11, Tll, ?r1 and Ti are invariants, v”, TI ,  y“p and Tub contravariant, and vUr T t ,  yu@ 
and Tap covariant quantities with respect to any change of variables x2 and x3. Hence, both 

kc, = - v1 v1 and kpm = - v, vu are independent of longitude and invariant with respect 

to any change of meridional variables; this justifies the introduction of the “zonal” and 
“meridional” energies of the mean motion. 

Every equation in connection with the zonally averaged motion will be written in such 
a way that all terms have a variance with respect to the transformations of the meridional 
coordinates only. 

From the averaged e uation (7), we deduce the components C”(P)) of the meridional 

The averaged motion being defined by the zonal mean values 

I,* I ,  A 

2 2 

flux and the rate of pro 1 uction u (0 )  of the potential energy 0 of the mean motion: 

C“(0) = 0 p  = O(eV‘ + and u ( 0 )  -g@ =g(e i i  + D). (9) 

In most cases, the correlation between e’ and w‘ is negative, and the correlation between 
e’ and v’ is negative in the troposphere, but positive in the stratosphere. Consequently, the 
flux is generally directed toward the earth, both in the stratosphere and in the 
troposphere, toward the pole in the stratosphere, and toward the equator in the troposphere. 
The second term g &F’ of ~ ( 0 )  is generally negative so that it represents a destruction 
of potential energy of the mean motion. From the first term of u ( 0 ) ,  it follows that 
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production of potential energy of the mean motion occurs in the ascending branch (W > o), 
and destruction of potential energy in the descending branch (W<o) of the mean merid- 
onal circulation (i, Iu). 

Using the equations of the zonally averaged motion [instead of (I) and (2)] and the 
equation of continuity of the mean motion 

1 2  3 ,  - - ((+%) = 0, 
at \lr ax= 

instead of (3),  equations of balance for the “zonal” (kc, = 5 G1 $1) and “meridional” 
2 

I GU +) kinetic energies of the mean motion, similar to (4) and ( 5 ) ,  are obtained: 

where - e vy d’jrepresent the Jeffreys-stresses (1926) due to the large-scale eddies. 
Averaging equations (4) and ( 5 )  along the latitude circles and subtracting from them 

the equations (11) and (12), one obtains the equations of balance of the “zonal” 

(kte = - v”1 vl)  and “meridional” ( kpe = - v ” ~  vk’> kinetic energies of the large-scale 

eddying motion : 

I I 

2 2 

-- I - - ; yll, a [2 (0 + $1) @ V’’1 V”OL + @ v”1 V ” l 7 3  - @ v”= v; G!u + T i .  v”‘. 
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Finally, addition of (11) and (12), and of (13) and (14), leads to the equations of 

of the mean motion and of the ) I 

2 
balance of the kinetic energy 

kinetic energy k, = kEe + kpe = vy v”i 

a at (j k,) + L-<[fi (j k,va - Tf Gi + evyvflfla3] = - T;$~ + 

k, = kern + kpm f - qi ?i 

of the large-scale eddying motion: 

-. 
) 

I 
( 

- 
A 

( 
, i - 2 5 ,  (IS) \lr a x  

and 

(a  = 2, 3;  i , j  = I ,  2, 3)  

All these equations assume the form of a balance: 

a 
- ( F k )  + A 2 [\/? C”(k)]  = u(k), 
i)t \/Y axa  

where the meridional flux Ca (k)  and the rate of production u(k)  of the different energy 
forms k appear in the divergence term and in the second member of equations (11) to 
(16) respectively. These equations may be given the following interpretation. 

k, in a fixed unit of volume may change in 
consequence of: 

The kinetic energies e kern, 

a) transport of air across the boundary: F k c m  ̂ v”, F k p m  P and 
b) performance of boundary work by the internal stresses: - C p y  + R;) G1,j^v” - 

c) large-scale eddy flux of momentum through the boundary: 

kpm and 

k ,  9; - 

- (@ +%;) ?fl and j+ - (Pf + Xf) ?; 

e v; v”“ $1, e v i  vtfa P, e v~ vrta 3,  (VAN MIEGHEM, 1949 a) ; 

d) production within the volume at the rate: 

where 
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The mode of redistribution of kinetic energy due to the boundary work of the Stokes- 
Navier and Reynolds mean stresses (Fj + @) may be disregarded outside the boundary layer. 

The production of kinetic energy kcm of the zonal mean motion results from the meri- 
dional eddy flux ~ V ; ’ V ’ ’ ~  of relative angular momentum e v l  and the meridional shears 
a $1 
~ of the mean zonal wind (Kuo, 1951). The kinetic energy of the meridional mean 
a X a  

motion is produced by: 
a) the meridional eddy flux evzv”fi  of relative meridional mean momentum e v e  and 

the shears of the mean wind in the meridional planes; 
b) the expansion (div G > 0) of the air (STARR, 1948); 
c) the destruction of potential energy, (g@ < 0). 
It should be noted that the destruction (production) of a certain amount of potential 

energy of the mean motion entails ips0 fucto the production (destruction) of an equal amount 
of kinetic energy. For instance, as a consequence of the negative ~ correlation between the 
fluctuations of density and vertical velocity, the term -ge ’w”  represents a rate of effec- 
tive production of kinetic energy of the mean motion. 

a $1 
a x a  ’ 

~- 

The action of the viscous and turbulent frictional stresses represented by (FT+RT) ~ 

(Z + Z) Cff, + yll, (Fl1 + Zl1) P and (Fj + 5;) $!;I consists of a dissipation. It is well 

known that the Rayleigh (1873) dissipation function Piv!i is a positive quadratic form o 
the wind shears and that the same is generally true for the dissipation function Ri v!i for 
small-scale turbulence. 

Finally the term - yll, a (2 o + $1) @$I + represents the rate of conversion of kinetic 

energy of the zonal mean motion into kinetic energy of the meridional mean motion. 
This term drops out in the expression of the rate of production of the kinetic energy 
k,  = k t ,  + k,, of the mean motion. 

The kinetic energies e kt, ,  p k,, and & in a fixed unit of volume may change in conse- 
quence of: 

a) meridional transport of air across the boundary: Zk,, ^v”, Zkcle ? and 
~~ ?”; 

b) large-scale meridional eddy diffusion across the boundary: e kee v ” ~ ,  e k,, v’Ie and 

c) production within the volume at the rate: 

I 

2 

-~ 

e k, v‘la; 

I + Ti.  v”i. 
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and Ti., v”j represent the mean values of the work, per 
unit volume and time, performed by the pressure forces and by the viscous and turbulent 
frictional forces along the large-scale eddying motion parallel to the latitude circles, in 
meridional planes and in the three dimensional space respectively. The energy per unit 
volume and time expressed by Ti. v”j may be interpreted as an imtability energy (VAN 
MIEGHEM, 1949 b). According to the sign of the instability energy, the large-scale eddying 
motion is stable or unstable. When Ti.  ,v”j > 0, the large-scale eddies do work: the large- 
scale eddying motion is unstable and F i v ” j  represents, per unit volume and time, the 
instability energy released by the large-scale eddies. On the other hand, when Ti. , v”i < 0, 
the large-scale eddies have work done on them at the expense of the energy of the sur- 
roundings and therefore the large-scale eddying motion is stable in that case. It should be 
noted that the inequality 0 (6) > o ex resses a necessary condition for the maintenance of 

ENERGY CONVERSIONS IN THE ATMOSPHERE 

~~ 

The terms T i .  v”l, Th. 

the large-scale eddying motion (genera f ization of the Richardson criterion). 
I 

2 
Finally, the term - yll, a [z  (0 + $1) e v”lv”OL + e v”l v”1 v ” ~ ]  represents the rate of con- 

version of kinetic energy kte of the zonal eddying motion into kinetic energy kre of the meri- 
dional eddying motion. This term drops out in the expression of the rate of production of the 
eddy kinetic energy k, = k t e  + k p e -  

4. Conversions involving mechanical energies only 
In the formulas (17) and (18) of the rates of production, certain terms appear twice 

with opposite signs. As already mentioned in the introduction such a term may be considered 
as a rate of energy conversion. In spherical coordinates, these terms assume the form: 

I -- 
= 2  ( o f -  rc:sp,) ( ~ s i n p , - @ u ” w ” c o s p , ) +  - ( ~ u ” s i n p , - @ u ” u ” w ” c o s p , ) ,  

r cos p, 
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and 

+ Xe 
It 

~ ( k a m )  = r,,, 
m 
I 

A I 
V 

x, 

+ . . . .  
g e w +  . . . .  

+ * . * ,  

+ . . . .  

- 

where the dots indicate terms which, as we shall see in section 6,  correspond to conversions 
between kinetic energy and internal energy as well as kinetic energy of microturbulence. 

The arrows in (19) and (20) indicate all the possible - conversions between the mechanical 
energies. As a rule, in low and middle latitudes : e u" v" > o and e u" w" < 0. Consequently 
re > 0, so that re expresses always a conversion of k,,-energy into kt,-energy, the terms 

ut, w?t being presumably of less importance. Kuo (1951) has shown that 
the two terms of xc have opposite signs, the first being positive and of the right order 
of magnitude to account for the frictional dissipation of kinetic energy at the earth's sur- 
face. The rate of conversion xPt between the Ice and the L@,,,-energy is very small because 
it depends only on the normal and geodesic curvatures of the parallel circles and may 
therefore be neglected (xPe 0). Finally, there is no conversion possible between the k,,,, 
and the k,, energy. 

uo u#r  ,," and 

5. Influence of the inertial stability on the conversion of "meridional" eddy- 
kinetic energy into "zonal" eddy-kinetic energy 

Averaging the equation (8) along the latitude circles and subtracting from this averaged 
equation the corresponding equation for the mean motion, one finds, after some calculations, 

a $  ___ a 
at - (3°F) = - (WYll.fl + d) ev;v"P + . . . . . . . . . .  

where the dots designate terms which do not contain the Jeffreys stresses -ev&'v"fl. 

a r e  The local change ~ of the rate of conversion re (> 0) of "meridional" kinetic energy A t  - _  
into "zonal" kinetic energy of the large-scale eddying motion has the following expression: 

a -- -- a r e  - - y11, a (., + $1) - (p v"1 v-) + . . . . . . . . . .  
at at 

Multiplication of (21) by 711 yad and subsequent substitution in (22), give 
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or, in spherical coordinates, 

) -  - = 2 {  ( w s i n p , + ;  tgp, 2wsinp,--+- a3 u^ tgp, @ V “ V ” -  

ii > (  aY r 
are 
at 

w s i n p , + ;  tgp, 2wsinp,- (23a) 

or, in vector form, 

where 52 represents the absolute angular speed about the earth’s a x i s  and U the absolute 
linear velocity along the latitude circles. 

In the atmosphere, (V”X Q), and (V”X curl 

v” respectively. ) ( JY r 

2; 2 
and 2 o sin p, - - + - tg p, 

When the large-scale eddying motion is 

U)x have the sign of 
r 

A a2 U 
inertially stable, - < 2 o sin p, + - tg p,, dY r 

or (V”X Q)x - (v” x curl U)x > 0, (VAN MIEGHEM, 1951); consequently the inertial stability 
contributes to the local increase with time of the rate of conversion re. On the other 
hand, the inertial instability contributes to the local decrease with time of the rate of 
conversion re of “meridional” into “zonal” eddy kinetic energy. 

6. The first law 

The first law of thermodynamics expresses the conservation of the total energy of the 
system envisaged. In the case considered here, the total energy u, per unit of mass, is equal 
to the sum of the potential energy 0, the kinetic ener y k, the kinetic energy x of micro- 
turbulence and the internal energy e per unit of mass 

The equation of balance of the kinetic energy x of microturbulence assumes the form 
(VAN MIEGHEM, 1949 b): 

= 0 + k + x + e).  

where Ki designates the flux due to small-scale turbulent diffusion, A the instability energy 
released per unit mass and time along the small-scale eddying motion, and Ri v!i the amount 
of kinetic energy available per unit of volume for conversion into kinetic energy of small- 
scale turbulence. It is generally accepted that Ri v!i > 0. When the small-scale eddying 
motion is stable, A < o and A represents the amount of kinetic energy of small-scale 
turbulence converted per unit mass into heat; when A> 0, the small-scale eddying motion 
is unstable and a represents the amount of heat converted er unit mass and time into 
kinetic energy of small scale turbulence. The Richardson number Ka of the small-scale turbulence 
may be defined as h 2  = e IAl: (Rj v!i) (VAN MIEGHEM 1949 b, 1950 a). The inequality in (24) 
expresses the necessary condition for the maintenance of small-scale turbulence (he < I). 
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In virtue of (6), (7) and (24), the flux Ci (u) of the total energy u is given by 
Ci (u) = euvi -  T j v j  + K i +  W ,  i 

where W i  represents the flux of heat due to radiation, conduction and convection (the effect 
of conduction is negligible in the atmosphere), hence the balance 

the rate of production of the total energy being equal to zero as a result of the conservation 
of the total energy, (a(#) = 0, VAN MIEGHEM, 1949). 

Averaging equation (25) along latitude circles and subtracting the equations (IS), (16) 
and the averaged equations (7) and (24), one obtains the equation of balance of the averaged 
internal energy 

where h designates the specific enthalpy (eh  = e e  + p) .  
It should be noted that the averaged equation of balance (24) may be written 

The zonally averaged internal energy ,$ = G? in a fixed unit of volume changes in 

a) transport of air across the boundary: 
b) large-scale eddydiffusion of heat: WG, 3 e h v " ~  - P; v"i; 
c) heat flux w" (radiation + convection); 
d) production within the volume at the rate: 

consequence of: 

- -  e^G'; 

Finally, grouping in one table the rates of energy production a(0), a@,), o&), a(;) 
and a (e), the possible conversions between the five considered energy forms appear im- 
mediately : 

I a(@)= g@, 
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The Corresponding energy fluxes in the meridional planes assume the form: 

C"(0) = 0 3 ,  

C'(k,)= (k,+ R?) 9 

C"&,) = i, 3 + @ k, v"" , 

cq2, = 2 $' + @ x v"" - Rf v''~ + K" , 
- -  

C"(?) = 2 8 + @ h v"" - P ;  v"i + w" , 
( i  = I, 2, 3 ;  a = 2, 3) 

where R ? = j: G ,  R being the specific ideal gas constant for air and T the absolute 
temperature. 

7. Large-scale eddy-diffusion of heat 

the heat flux 
In section 6, we have established that the large-scale eddy-diffusion is responsible for 

- -~ 
W:e) = e h v"" - Pa v"i (31) 

(a = 2, 3 ;  i = I ,  2, 3) 

in the meridional planes. The last term in (3 I) due to the viscosity may be neglected, consequently 
-~ 

W:,) E @ hv"" = @ h " ~ " ~  , 

where (VAN MIEGHEM and DUFOUR 1948) 

h = t a  h a  + t v  hv + tu, h w ,  ( 3 4  

ha, h, , h,, being the specific enthalpies of dry air, water vapour and liquid water respectively 
and za, t,, t, the corresponding mass-proportions. It is easily seen that 

I - &  

I - E, 
tV = E, - , (33) 

is the specific humidity and E = tv + t, E I - ra. Finally substituting where E, = ~ 

(33) and the classical formula L, = h, - h,  for the heat of vaporization of water into (32), 
one obtains for the fluctuation h" of h the following expression: 

t V  

t a  + r v  

h " = ( ~ - e ) h f + & h L +  (I-&) (:?$ - (34) 

account being taken of the fact that the fluctuation E" of E is practically equal to zero 

In the atmosphere, one may, with a very good approximation, neglect E and E, with 
respect to I and assume the constancy of the specific heats c,, c,, and c,; hence, the 
approximate relation 

(&" E 0). 

h" c, T" + (E, L,)", ( 3 4  a) 

where T designates the fluctuation of the absolute temperature T with respect to its 
weighted zonal mean value T = @ T : ,Z, and where c, = c,, + ecu, s tna. Moreover for 

A -  
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the fluctuations ey and Lz of E, and L, with respect to the weighted zonal mean values 
3, and f,, it is easy to verify the inequality2 ( L t :  L,) < i:: g,, so that one obtains the 
approximate formula (PRIESTLEY 1948) 

A 

h r c ,  T -+ L,;: (34 b) 
in which L, is considered as being a constant. 

Finally, substitution of (34 b) in (31 a) gives the expression of the heat flux due to 
the correlation between the fluctuations h” and vtrU of the enthalpy h and the meridional 
components (v2, vs) of the air velocity v, namely 

W:e) e h“ v”‘ g c, e T” v”’ + L, e E;  v”‘ , (31 b) 
(a = 2, 3) 

where, according to PRIESTLEY (1948), the first term represents the flux of “sensible” heat 
and the second, the flux of “latent” heat. 

‘ u ( 0 ) r  g @  

u ( k , ) - - g @  + x + j  div?, 
A (3 5 )  u (ke) = - X  - v p  * v” , 
A 

- cq0) f 0 @ ,  

C“(k,) = (k,+ R?) p‘ + @ v; v”’ ?, 
-- 

C‘(Le) E lee.. + ekv”OL, 

+ @ h v”= + w”. A- , Ca(2) = eev‘ 

where 

and for the fluxes: 

* This inequality is not necessarily satisfied in the case of small-scale turbulence. 
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Hence, for each of the above mentioned energy forms, the equation of balance for an 
axially symmetric volume may be written: 

where cc is the meridional section of the volume envisaged and s the closed curve limiting 
the area a, and N the external normal to s. 

Applying the balance (37) to the kinetic energy of the zonally averaged motion, the 
friction at the earth's surface should not be overlooked when a portion of s coincides with 
the mean meridional profile of the earth's surface. 

It should be noted that I)  k, GZ - (i2)2 and 2) k, may be neglected with respect to R? 
I 

2 

(STARR 1949). 
For the very large atmospheric disturbances, the following assumptions are justified: 

a) hydrostatic equilibrium along the vertical z :  a; + g e E 0 ;  

b) div G E -: -, (CHARNEY 1948, VAN MIECHEM 1950 b); 

aji - 

G ae 
e J z  

a I where $ = gt + Ga , may be neglected, (a,  ,9, 6 = 2, 3) ;  
I 

d) the terms e' [e v"~ v;] . and v " ~  * may be deleted. I dX' 

1263 c,1ap 
6 az c p p a z  @ az' 

As a consequence of the assumptions (3 8) a and b and of the identity - - = - = - -= - 

where 6 is the weighted zonally averaged value of the potential temperature 6 ,  one obtains 

the first of the terms in brackets being one order of magnitude less than the other. On 
the other hand substitution of the equations of the zonally averaged meridional motion, namely 

in 

leads to 
- - 

- +' 7 - ,,"i - J P  N - g e'w' = -g e'"', 
axi - 
- -  

in virtue of (38) c and d and of - 5 Fa = e' v ' ~  = e' v"~. 
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After substitution of (36), (39) and (40) in (35), one obtains the approximate expressions 
of the rates of energy production, namely: 

- _ _  
where, as a rule, e'w' = e' w" < 0. 

As already pointed out in section 4, the rate of conversion @u"v" 

the difference being presumably of about one order of magnitude. 
As a result of the negative correlation between the fluctuations of specific mass g and 

vertical velocity w ,  internal energy e is converted into kinetic energy k ,  of the zonally 

averaged motion and simultaneously, at a rate at least three times - 0 . 3 )  higher 

than tbe rate of conversion of e into k,, potential energy 0 is converted into kinetic energy 
k, of the large-scak disturbances. FJ0RTOFT (1951) has recently stressed the importance of 
:he conversion of potential energy into kinetic energy for the maintenance of the disturb- 
ances. 

In the ascending branch (W > 0) of the mean meridional circulation (i, G),  internal 
energy is transformed into kinetic energy of the mean motion, and kinetic energy of 
the mean motion into potential energy. In the descending branch (W < o), however, the 
reversed conversions take place. As a consequence of these energy conversions "potential + 
internal" energy is transformed into kinetic energy of the mean motion, or vice versa, 
depending upon the sign of w. For these energy conversions, we may write 

u (k,) - u (0 + 2) G 

when iij < 0, and u (k,) < o when ii? > 0. 
For the energy conversions due to the large-seale eddy motion only, we have 

A A 

u (k) (T (k, + ke) = - (T (0 + 2) > 0. 

This inequality indicates a permanent conversion of "potential + internal" energy into 
kinetic energy of the air flow. The necessary brake in the steady increase of kinetic energy 
in the atmosphere is provided by the friction at the earth's surface. 
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Combining the results (20) and (41), we finally obtain: 
- 

a (0) = g e' W'' , 
A 

I cos p 
A 

r ( k t , ) ,  (&+ a; ;tgp)pu"v"+ Ei - 

16 ( k L ) =  - ~ cp - C" g @' - w" 

r (Lte )  r ( z w  sinp-- + 1- ( az I 

2, 

- 1- -( 20+rCOSP))(~Sinp--e.lY"cosp U u, 
CP 

a; ii - a; ii 
JY 

- tg p eu"v"- 2 o  cosy + - + - ) e u"w", (42) 

LI 

~ - g p - 2  (eu"v" sing,- eu"w" COST) , 

A 

a(e) s 
cp - c, - 

g e' UJ", 
CP 

where the terms due to the mean meridional circulation 6, W) have been omitted consistently. 
From (41) and (42), it seems reasonable to conclude that the two most important energy 

transformations on the scale of the general circulation are: 
a) for the maintenance of the large disturbances, the conversion of potential energy into 

kinetic energy of the large-scale eddies, as a result of the negative correlation between 
density and vertical velocity fluctuations (or positive correlation between temperature and 
vertical velocity fluctuations) ; 

b) for the maintenance of the zonally averaged motion (g mean zonal motion), the 
conversion of kinetic energy of the large-scale disturbances into kinetic energy of the mean 

motion k ,  - (;)a), due to the lateral Jeffreys-stress - g u"v" and the meridional shear 

of the mean zonal wind 2. 

I 
( 2  

9. The second law 

Let us assume that the zonally averaged sical state of the atmosphere has a mean 
specific entropy s, which is a function of t RhY e mean internal energy 2 and of the mean 
specific mass G [s,,, = s,,, (3, G)], satisfying the Gibbsian equation 

T- - - - - -  d^,-ai? p &j 
dt dt @)2 dt ' 

a a  a 
where - = - + Ga -, (a = 2, 3). It should be noted that the functions i;, 5, 3 ,  ? and dt - at ax= 
s, are independent of longitude 1. Upon substituting (26) and (10) into (43), we find 
the equation of balance 

(44) 

(a  = 2 ,  3; i ,  j = I, 2,  3 )  
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where the second member represents the rate of roduction u (sm) of entropy. The second 
law states that the entropy production is real, (nbm) > 0). 

The contribution of small-scale turbulence and thermo-convection to the entropy produc- 
tion has been examined elsewhere (VAN MIEGHEM 1949 b). 

Neglecting viscosity and small-scale turbulence, we shall consider here the entropy produc- 
tion due to large-scale turbulence only. Large-scale turbulence generates entropy at the rate 

or, after substitution of (31 b), 

I- c, ~- - L, -- 
a(,) (sm) = 7 v”. Vp - e T” v”. T - T Q E; v”. ?. 

(TI2 

Introducing the fluctuation 0” of 0 with respect to the weighted mean value 6 into (40) 
and (4s a), 

where y = lg 0, we find 

and 

BJERKNES (1951) and WHITE (1951) have shown that e y“ v“ > 0 ;  consequently, the second 
term in (47) represents a positive contribution to the entropy production. Less is known 
regarding the flux of “latent” heat Q E ; V ” ,  but it seems not unreasonable to assume that 
the last term represents also a positive contribution. Both correlations e y” v” and Q y“ w” 
being positive, the sign of the first term depends upon the slope of the meridional eddy- 
motion (v”, w”) with respect to the isentropic surfaces 0 = constant or 9 = constant. 
When the large-scale eddy motion in the meridional planes takes place within the angle 
between the geopotential surfaces and the isentropic surfaces the first term represents also 
a positive contribution to the entropy production. Indeed, in the atmosphere, as a rule, 

A 

hence, 

when a < /?, the correlation between the fluctuations of temperature and vertical velocity 
being positive, ( ~ y ” w ”  > 0). 

EADY (1949) has shown the existence of unstable cyclone waves such that, during their 
growth, potential energy is transformed into kinetic energy, the above mentioned condi- 
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tion for the meridional eddy motion (v", w") being fulfilled. Thus, we may conclude that 
the growth of cyclone waves is accompanied by a conversion of potential energy into 
kinetic energy and simultaneously, with a production of entropy. 
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