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Abstract

A non-iterative method for solving boundary value problems of elliptic difference equations is
developed that is based on the simple structure of the triangular matrices obtained by applying
the well-known elimination procedure of Gauss to the matrix of the difference equation. It is
proved that the procedure is numerically stable, i.e., there is no tendency to error-growth.
The method seems to be particularly suited to such problems as weather forecasting on high-
speed computing machines where one has to solve the same equations (e. g., Poisson’s or Helm-
holtz’s) a great number of times with the same net but different right member and boundary
values. The number of stored constants as well as the computational work in the application of
the method is only a fractional part of that required when using the inverse matrix (Green’s
function). Poisson’s equation for a rectangular region is given a close study, but the method
can be applied to irregular regions and to equations of higher order.

1. Introduction

For numerical solution of boundary value
problems it is usual to replace the differential
equation by a difference equation of the same
or higher order. If the differential equation is
linear we obtain a system of linear equations
to solve that generally is of very high order.
The methods for solving this system can be
divided into iterative and direct methods
(BoDEwIG, 1947). To the former are counted
the Liebmann process (STIEFEL, 1952), relaxa-
tion (SOUTHWELL, 1946), and steepest descent
(StiEreL, 1952). The direct methods consist
cither in forming the inverse matrix or in
splitting the original matrix into triangular
matrices according to Gauss or Choleski; the
last-mentioned method can only be applied to
symmetric matrices. Variants of the methods
of Gauss and Choleski are given in the literature
but common to for them all is some kind of
elimination procedure.

The matrices appearing in connection with
ordinary and partial differential equations have

a simple structure. A splitting of the original
matrix can be done once for all for a given
region. Below it will be shown how this
splitting process can be done and that the
amount of work for calculating the unknowns
from the triangular matrices often is consider-
ably less than for calculating the unknowns
from the inverse matrix. Both the decompo-
sition procedure and the solving of the un-~
knowns are extremely well suited for elec-
tronic computers, even those having a fixed
binary point. From the tabulation point of
view it is more economical to tabulate triangu-
lar matrices than inverse matrices.

2. Arrangement of the matrix of the
Poisson’s equation

Because Poisson’s equation
% 72 ?
Viu = J(x, y), Vz——-——l-a—yz 5ot (1)

T oox?



NUMERICAL SOLUTION OF ELLIPTIC DIFFERENCE EQUATIONS

has both general and meteorological interest
this equation will be treated in detail. This
equation occurs in the barotropic case where
J essentially is a Jacobian of the absolute vor-
ticity and the pressure height (CHARNEY,
FjorToFT, VON NEUMANN, 1950).

Now we consider the corresponding differ-
ence equation of second order in two dimen-
sions and with the w#-values given on the
boundary. The difference equation for quad-
ratic nets with the mesh length h is

(2)

Atu 4 APu =k J(x,y)

g=1
4t — g Uy

— ity 4y — thg— Uy
g + 403 — iy
— U1, s—1 + 4t

Q=2
— ity Aty gy — Wy
T tig = Uy T 4Ugp— Uy
— s — g, 1+ 4 Ups

etc.

The equations above can be written in matrix
notation

cu=t

(3)

where u is a column matrix partitioned in r
columns uy, uy, ..., u, each holding the su-
values of row 1, 2, ..., 1.

H11 Uy U1
Uy Uge Urz
u, = Uig u, = Uag .u, = Uy
His U Urs

In the same way the column matrix t formed
by the boundary values and the function J is
partitioned.
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where A? means central differences of the
second order. We want a solution of (2) satis-
fying the boundary conditions. This 1s called
the first boundary wvalue problem and has
been treated for difference equations from a
purely mathematical standpoint by Couranr,
Friepricus and LEwy (1928).

In a rectangular region (fig. 1) with r
inner rows and s inner points per row the
notation uj means # at ¢ = and o = k.
Using these subscripts we can form the follow-
ing equations. (¢ corresponds to the x-direc-
tion and ¢ to the y-direction).

o + “10'—h2 - Ju
tpe — H2 - ]y

tog — h? - Jis

— Uy =

tos + ul,s+1_h2 ‘]1;

“20_h2 Ja
= —h? ']22

= u2,s+1_h2 . ]2;

[ — h*J11 + gy + the
— B3y, + U,
— ki3 + ey

| — K%Jus + tos + 1,541 |

t

| — 2o + w2, 511 |

[ — h2Jy + Mr+1,i + to
—h2 + Uy, e
— ks + U 1s

|~ hz]rs + Ur11s + Ur, s+1

t, =
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The matrix G is partitioned in r? submatrices
each of the order s.

D—-I O O... ‘l
—I D—1 O...

G = O—I D-—I... (4)
O O 0O O...—1D |

Here I denotes the unit matrix of the order
s and the zeros are zero matrices of the same
order. The submatrix D is defined as

4—1 0 O...
—1 4—1 o...
0o—1I 4—1I... (s)

From the structure of the matrix G it is
clear that it is symmetric and contains at most
5 non-vanishing elements per row and that
these are collected in diagonals, the outer
lies s diagonals from the head diagonal.

3. General theory for splitting up a matrix
into triangular matrices

Because of the symmetry of the matrix G
in (4) this matrix can be split either according
to Gauss or Choleski, but as the main proce-
dure is the same in both cases, we treat the
former method only. Gauss’ method con-
sists in forming a triangular matrix by eli-
mination from which the unknowns can be
solved by recurrence formula. Banachiewicz
has shown that the matrix can be split up
directly into two triangular matrices, a proce-
dure called in German literature “Gauss’ abge-
kiirzte Verfahren” (ZurMmiHL, 1950). For
manual solution this procedure is preferable
to the pure elimination procedure because less
writing is required. For electronic computers,
however, the elimination is more suitable.
The inverse matrix can be computed from
triangular matrices. The number of arith-
metic operations is the same for the two
methods.
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Fig. 1. Numbering in a rectangular region.

We now split up a symmetric matrix A
into two triangular matrices B and C. Hence

A=B.C (6)

Here we have a certain freedom in the choice
of the diagonal elements of the matrices B
and C. In this case the following arrangement
seems to be convenient, for all elements except
the diagonal elements in the important case
of Poisson’s equation will be positive.

Set

by o o o... o
by by 0o o0... 0
B=|by by by o0... 0o |,

_bls b2: bs: b4s [ bss
—1I (3 Gz €g.-- O
o—1 Cag Coq« .. (2
C = 0O O —1I (g4... C3
(o] o o] o ...—I1I

We identify the two members in (6) and
compute the elements by and ¢ from the
following relations

b1k=—a1k k=1,2,...,5
C1k =_‘b1k/b11 k =2,3..595
b2k=—a2k+c12-b1k k=2,3,...,3
Cop = —bzk/bzz k= 3,4,..+ S (7)
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j—1

bjk=—ajk+z_:1€n “be k=j,j 41,005
k=j+1,j+2’-~"s

For checking purposes we can use a relation
for the sum of the computed elements by
in the ji column.

G = — by/bj

5 j—1

Z.bjn = — zanj =+ gfrnj * qn

n=j n=1

When the matrix A is symmetric as here, the
matrix — C has originated from B by multi-
plying the transposed B by a diagonal matrix
formed by the inverted values of B’s diagonal
elements.

4. Splitting up the matrix G into triangular

matrices

It is easy now to form triangular matrices
for the matrix defined by (4). G is symmetric
and beyond the (s + 1):th diagonal (the head
diagonal is numbered one) G’s elements are
zero.

We thus form

G=B-C Gk = Gk

The elements of the triangular matrices are
computed from (7). In general

byy + ofork=1,2,...,s+1

but

by =ofork>s+1

In the next b-column we have
by + ofork=12,3,..., 5+ 2
by = ofork > s+ 2

etc.

Generally we have

bp +ofork=jj+1,..,5+s
bjk=ofork>j+s

From this we conclude the essential property
of the triangular matrix B is that its diagonals
I, 2,... 5+ I (numbering as above) have
non-vanishing elements but, the other diago-
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nals contain zero clements only. For the
matrix C we get similar results, but the
non-vanishing diagonals lie to the right of
the head diagonal.

The conclusions above are valid for general
difference equations of any order in which
the letter s does not mean the number of
points per row in fig. 1. The difference equation
can originate from ordinary or partial differ-
ential equations. The region need not to be
rectangular, in non-rectangular regions let s
denote the diagonal, usually not filled, beyond
which we have zero elements only, then no
non-vanishing elements will lie outside the
sth diagonal in the triangular matrix.

In Poisson’s equation for a rectangular re-
gion the triangucllar matrices contain about rs?
elements each, but the inverse matrix contains
252 elements, where r denotes the number of
rows and s the number of points per row in
the region. The triangular matrix has besides
another delightful property, viz. we can add
extra rows to the region without affecting
the preceding elements in the triangular ma-
trix. The inverse matrix on the other hand
changes every eclement when one adds an
extra row to the region. See also section 8.

5. Solution of the unknowns from the
triangular matrices

In order to solve the function u from the
equation

B-C-u=t (8)
we first solve an auxiliary function v defined by
B.-v=t (9)

Then u is solved from
C-u=v

(10)

The function v is solved recurrently from (9)
beginning with v;.

| =

vy = b * i
I
Vyp = b—zz (fr2 — v11* byo) (1)
I
Vg = g; (t13— LT 1’13_ Vig * 1113)
etc.
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Now we can solve u from (10) beginning
with ..

Ups = — Vs

U, s—1 = — Vr5—1 + Uy - Crs—1,rs

Urs—2 = — Vrs—2 + Uy 0 52,15 +
"I’ Ur s—1 * Crs—2 rs—1

etc.

6. The work for solving Laplace’s and
Poisson’s equations

As a measure for the work for solving # we
take the number of multiplications and addi-
tions that must be made. We consider rec-
tangular regions but we can get an upper
bound for the work for irregular regions if s
denotes the maximum number of points in a
row of the region.

To form the triangular matrices we need
about rs3/2 multiplications and additions (cf.
sec. 8), and to solve u from these matrices this
number is about 2 rs2. Thus we ought to turn
the region so that r will be greater than s.

The difference between Laplace’s equation
and Poisson’s equation from the numerical
point of view lies in the right member of (1),
and the work to solve them with triangular
matrices will be about the same, i.c., 2 rs2 multi~
plications and additions. We compare this
with the number we get in computing u
from the inverse matrix. For Laplace’s equation
we need rs? -+ r2s multiplications and addi-
tions. For Poisson’s equation this number is
1252, because every u value demands r - s multi-
plications and additions. The work for solving
u from the triangular matrices is thus equivalent
to compute two rows by the inverse matrix.®

However, when using the inverse matrix we
can reduce the work considerably by com-
puting two adjacent rows with the inverse
matlrix and computing next row by the for-
mula

Usp = 4 Uz — U —1 — M2 k1 — Y1k
k=1,2,...,5

t Poisson’s eq. in a rectangular region can also be sol-
ved by using finite Fourier analysis and synthesis (cf. e. g.
Charney, Fjortoft, von Neumann, 1950). The work is
about 2 rs? + 2 r% multiplications and additions.
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Fig. 2. The error-growth in the step-ahead process.

When the third row has been computed we
compute the fourth and so on. The process,
however, is unstable, which theoretically has
been shown by HymaN (1952). The following
e-scheme (CoLLATZ, 1951) establishes the error-
growth in which we have an error ¢ in the
middle row (see fig. 2).

Hyman calls this process step-ahead and
shows that the loss after stepping 13 rows
is 10 decimal figures. According to our expe-
rience the step-ahead process is favourable
only when the boundary values have such a
character that the solution is of exponential
order in which case the relative error is con-
stant. In other cases thc error-growth very
soon causes trouble and computing fresh rows
with the inverse is necessary. Below will be
shown that the triangular procedure is stable
and an error (for example a rounding-off)
will be damped. Besides, the gain with the
step-ahead is none for Poisson’s equation if
we must compute with the inverse the u-
values in more than two rows in the region.

7. The inverse matrix regarded as a
function of the matrix D

For rectangular regions we can choose an
alternative method (cf. section 8) for solving
the y-values instead of that given by equations
(11) and (12). The computation of the triangu-
lar ‘matrices by this method has been replaced
by the computation of a submatrix of the in-
verse matrix, and we now derive some matrix
relations for the inverse matrix. By introducing
allied Chebyshev polynomials for the inverse
matrix we are led to expressions that are
nicer than Hyman’s for numerical purposes.
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For Poisson’s equation our expressions con-
tain simple sums while Hyman’s contain double
sums corresponding directly to Green’s func-
tion of the continuous case (see below equa-
tion 21). LAASONEN (1948) gives for Laplace’s
equation the same relations as we do.

The determinant of D can be put in a
closed form (RUTHERFORD, 1946). Denote the
determinant to the matrix D of the s order
by D;. Expanding D; .1 after the first row we
have the recurrence relation

Dsy1 =4+ D;— Ds

(13)

Now we introduce a polynomial S,(a) of the
nh degree defined by the relations

Snt+1(a)=a - S,(a)—Su—1(a); Sy(a) =1;
5.(0) = a (10
Thus,
85(4) = Ds

The difference equation (14) has the solution
Su(a) =sin(n + 1) x/sinx 2cosx=a (15)

which is a polynomial allied to the Chebyshev
polynomiafs. The eigenvalues d, of D are
derived immediately from (r5).

7
dp = 4—2 - cos

s+ 1

k=1,2...5 (16)

Because a > 2 we put (15) in the more con-
venient form

Sa(a) = sinh (n + 1)x/sinhx 2coshx = a
(17)

The eigenvector matrix (transformation ma-
trix) of D is

. Jkm
{Sln}+1}

We denote the normalized eigenvector ma-

trix by T.

T = 2 . . _]kﬂ
\/S—f—l {Sms+1}

With the knowledge of T we can according
to a known theorem of the matrix algebra
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compute an arbitrary matrix polynomial of D
by the formula (D and T are symmetric).

FD)=T - {F(d)}-T

where {F(dy) } is a diagonal matrix formed
by the values F(dy) where dy are defined by

(16).
The inverse matrix is decomposed in r2
submatrices each of the order s.

G '={Gr} Gp=Gy

Since
G - G = unit matrix of the order r - s, we

can for the submatrices Gy, write the rela-
tions

DG,;,— G,= 1
—G11+DG12— G13=0
— Gy;; + DG, — Gy =0 (18)

—G,,—1+D:-G,=0

(18) satisfies in matrix notation the same differ-
ence equation as the polynomial S,(d).
We thus write the solution of (18) in the
form

Gy = constant - S,_ (D)

because Gy decreases with increasing k.
The constant is determined from the first
equation of (18).

Hence,

Gu = S,_(D) - S71(D)

but since both factors are functions of D no
ambiguity results if we write

le = S,_k (D)/S,(D) k= I,2...r

(19)

which will be used in the following.
We multiply G by the next column of its
inverse and have the relations

DG,— Gyp=
— Gy + DGy — Gy =1
— Gy DGy —Gyy =0

— G, —1 + DG, =0



380

To solve this we make the same attempt
and the constant is determined by the second
of the equations above. We have

Go = 5,(D) - S,—(D)/S,(D) k=2,3...7
By induction we obtain the general formula
Gje=S;—1(D) - S,—&(D)-/S,(D) j <k (20

From (20) we easily derive formulas for
computing the inverse matrix for half open
regions, e.g., = oo, s finite. If we let s approach
infinity in the formulas, the elements in the
inverse matrix yield integrals that correspond
to relations established by STOHR (1950).

For comparison we establish the solutions
of the continuous case. We divide the solution
in two parts, one due to the boundary values
denoted f (o), and an other part due to the
function J (x, y). Then, the solution of Pois-
son’s equation

vou = J(x, y)

can be written in the form
IK
aap) =[O - f0) - do—
— [ K@ypen - JEn - de - iy

region

where K (x, y; & ) 1s Green’s function. The
first integral is taken round the boundary. In
the particular case when having a rectangle
with the vertices (0, 0), (4,0), (4, b) and (o, b),
the normal derivative of Green’s function for
theside y =oando<x < ais

o0

) 7
ﬁ_i: :smhn-:z—(b—y)
on ¢ sinhn - Z . b
n=1 a
. X ) &
-sinn == - sinn —
a a

and Green’s function itself if expressed in Fou-
rier series is
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Now we write the solution in matrix notation
for the difference equation (2). Let # = o for
¢ =oand for o = s + 1. We put

t=¢t +t"

where t’ is due to the boundary values and t” is
due to the function J (x, y). Then,

r
u =Gyt + Gyt +kZIGfk -t

G; is defined by (19) and t is the right member
of (3). If J == o we only need the submatrices
Gy, for G, = Gy,,—j11. When comparing
our matrix solution with the continuous solu-
tion we find that the normal derivative of
Green’s function corresponds to the “boundary
matrices” Gy and that Green’s function mainly
corresponds to the ‘“kernel matrices” Gy,
jk % 1.

We also consider the inverse matrix for
rectangular nets. The eigenvalues of D will
be changed but the eigenvector matrix T
will be unchanged. If we denote the quotient
between the mesh length of ¢- and o- direc-
tions by p, the new eigenvalues are then
given by
jm

s=4-1

* COSs

df = 2(1 + p?) —2p?
i=1,2,...5

The mesh length h occurring in some equations
will now mean the mesh length in the o-
direction.

8. A matrix method for solving # from
the triangular matrices

A slight modification of the procedure
indicated by equations (r1) and (12) will
give a convenient procedure to compute the
u-values of Poisson’s equation for a rectangular
region. We split the partitioned matrix G
into quasi-triangular matrices consisting of
quadratic submatrices of the order s. Now

o P . X ny . @& . n
sinp — - sinm ~*~ -sinn — - sinm—
K= 4 a b a b
- nta - b me n2 (2’])‘
m=1 n=1 b2 a?
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the elements by and ¢ derived from for-
mulas (7) will become submatrices in the

—s, O O O...
S,
I—E O O.
S
(0] —=2 0...
Sy
B — —— =
™ I
— 1 §1- 0O O
Sy
0O —1 —S—z (0]
0O O0-—I1 iz
C= 5

For abbreviation the polynomial S, (D) is
written S,.
We introduce a matrix H; defined by

Sj_l

H; = ¢
J

= sinh jX/sinh (j + 1) X (22)

where 2 - cosh X = D

We form an arbitrary row in B and obtain 2

difference equation for the matrix Hj.
—1

Now, equation (22) expresses the first sub-

matrix Gy, in the partitioned inverse matrix

of a region of j rows according to equa-
tion (19).
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triangular matrices B and C. By induction
we find that the B and C matrices can be
written

S:
Oo... O
Sj_]
S
l o Sr—l
T
Sj_.l
S O.
— X _

To solve u from the partitioned triangular
matrices B and C we first form an auxiliary
function z that corresponds to v in equation
(9). Thus we have
zy, =H, -t
Zi 1= Hj+1 . (z+tj+1) J= I,2,..., 1

(24)
To solve u from
C-u=—z

we easily find from the partitioned matrix C
u =z,
w=z-+H- v, j=r—1,r—2,..,2,L

(25)
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If we solve u according to the equations (24)
and (25) we need H and z only. We also can
apply the usual checking procedure for ma-
trices when solving # in this way. We thus
have transfered our problem to tabulate Gy,
for r = 1, 2, 3, ... and these matrices can be
computed free from each other. The eigen-
values of H; denoted hj can be computed
recurrently from (23) which gives a stable
procedure.’

h; ! dp = 4—2 - cos nk
ik dk— hj_l k k s+
The number of stored constants for

solving Poisson’s equation in a rectangular
region is r(s 4+ 1) using H; matrices. For
we have

. an
H; = s+ I{nglsm#s—i—l
{

— cos (1 + ») S1n1> . h/,,}

This implies that every H; matrix demands 25
constants. But using congruence properties
we find that s+ 1 constants are enough.
Hence, having r rows we need r (s 4 1) con-
stants. But, as we have seen, r (s + 1) constants
can be used to solve Poisson’s equation in r
regions. The first region contains 1 row, the
second 2 rows and the last region contains r
rows. Using inverse matrices we should need
for these r regions considerably more con-
stants. The work to compute the r H matrices
is about rs2.

In irregular regions it is sometimes con-
venient to split up the original matrix into

1 The formulas (24) and (25) can be expressed in T
and diagonal matrices formed by h i This means a finite
Fourier analysis of the function J in the x-direction. In
this case the elements h jk only need to be tabulated.
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triangular matrices that are partitioned in
submatrices. See also § 11.

9. Stability

A stability investigation is now easy to
perform on the equations (24) and (25), for
an error will satisfy the same equations as z
and u do. The error will be increased if an
eigenvalue Hj is greater than 1, but will be
decreased if it is less than 1. From (22) we
immediately have the expression for hj, the
cigenvalues of H;.

hj, = sinh jx/ sinh(j + 1)x
nk
s+1

from which equation we conclude that the
eigenvalues must be less than 1.

cosh x = 2— cos

10. Numerical considerations

To illustrate the foregoing paragraphs we
give an example of triangular matrices for s =
2, shown in table 1. The space only allows
one matrix to be written and this is written
in columns. The first column should be re-
garded as the head diagonal of the triangular
matrix B. In this case the elements are sta-
tionary after 8 rows if rounded off to s deci-
mals. MoskovITz (1944) has tabulated parts
of the inverse matrix for r = 1, 2 and 3 so
these tables can be used in special cases.

For computations on BARK, the Swedish
relay-computer, the triangular matrices have
been formed by direct elimination because
the “shorter” method has some drawbacks.
At the preliminary planning of program for
BESK, the Swedish electronic computer under
construction, we also have used Gauss’ method,
and normally no difficulties arise in forming
the triangular matrix because of the fixed
binary point. Having rectangular regions, the
forming of necessary matrices is an extremely
simple procedure. Very large systems can have
their matrices stored on the magnetic drum,
which is favourable. In meteorological compu-
tations we can use information from preceding
steps and compute corrections instead of the
function itself. This will reduce the compu-
tational work.
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Table 1. The triangular matrix B for s =2

r Head Diagenal 2 3
1 -— 4.00000 — —
—- 3.75000 1.00000 —
2 — 3.73333 0.25000 1
— 3.42857 1.06667 1
3 — 3.70833 0.28571 1
-— 3.39185 1.08333 1
4 — 3.70518 0.29214 1
— 3.38679 1.08612 1
5 — 3-70474 0.29314 I
— 3.38606 1.08655 1
6 — 3.70467 0.29329 1
— 3.38596 1.08662 1
7 — 3.70466 0.29331 I
— 3.38594 1.08663 1
8 — 3.70466 0.29331 1
— 3.38594 1.08663 1

11. Poisson’s equation for non-rectangular
regions

The method of triangular matrices can be
applied, of course, to irregular regions. In

ese cases the submatrices in the diagonal
of the partitioned matrix G will have their
order given by the number of inner points
in an actual row. Still we can add extra rows
to the region without affecting the preceding
elements in the triangular matrices.

12. Other elliptic problems in two
dimensions

We first consider Helmholtz’s equation
Viu—A-u=J(x7y)

an equation which has interest in certain
atmospheric models. If the A~values are given,
this equation can be solved in the same way as
Poisson’s equation. In a rectangular region
the only difference from a numerical point of
view is that the eigenvalues d, in equation (16)
will be replaced by the new expression

nk

s+ 1

de=4-+A- k2 —2- cos

k=1,2,...5

h denotes the mesh length.
The second boundary value problem where
we have the derivative of u instead of u itself

16—204486
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given on the boundary can also be solved by
triangular matrices. The original matrix for
this problem has the same simple structure
as the G matrix.

Elliptic equations with variable coefficients
give variable elements in the matrix which
in general will be non-symmetric. The work
for solving the function from the triangular
matrices will be the same as for Poisson’s
equation. Sclf-adjoint equations give a sym-
metric matrix if the variable coeflicients are
tabulated in the half-points. Let the equation
be

u
— etc.

Hy)y = 0 7

(a - ne+ (b

U, =—

where the functions a and b are functions of
x and y only. Then, the corresponding differ-
ence equation is

i, g—1 +

— bj—1k * W—1,k— F,k—1 *

+ (bi—1, k& + @, k—1 + az + ba) -

Ui —

— @+ k1 — b - Hjp1e =0

Fig. 3 explains the index notation.

o1 02 03
.boq .boz .bos
10 . 11 . 12 193
[} . . [ ]
I 3y 42
L) Bz .bi3
20 2. 22, 23
20 azx 222

Fig. 3. Numbering for sclf-adjoint equations.

The biharmonic equation is an example of
an equation of the fourth order that can be
solved conveniently by triangular matrices.
The corresponding difference equation gives
2 s + 1 non-vanishing diagonals where, as
usual, s denotes the number of points per
row.
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13. n-dimensional problems

The matrix G will for Poisson’s equation
contain twice as many non-vanishing diagonals
around the head diagonal as there are dimen-
sions. For example, the matrix for a parallele-
piped of cubic net is

G,—I, O O...
-1, G,—1I, O...
G,=| O—1, G,—1,...

O O O O...—-LG,

where I, is a unit matrix of the r® order and
G, means the matrix

D,—I, O O...
—1, D,—1I, O...
G,=| O—-1I, D,—1,...

O O O O..—-LD,

where I, is a unit matrix of the s order and
D, means a matrix related to D.

OLLE KARLQVIST

6—1 o0 O0...
6—1 oO...
6—1 ...

-1

D, = o—1I

O 0o o0 oO0...—1 6

The inverse can be derived in a similar way
as we did for rectangular regions. We also
can find a procedure for solving u that cor-
responds to equations (24) and (25).

14. Non-linear equations

For non-linear equations we often can use
a linearized solution as a first approximation.
Then, we add successive corrections to this
approximation by solving a linearized pertur-
bation. This equation gives matrices of the
kind we have considered.
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