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Abstract

The equations of motion, of continuity, of vorticity and of heat-transfer are transformed from
coordinates (x, y, ?) to coordinates (x, y, p) without the use of the hydrostatic equation in the
vertical. An approximation based on the empirical fact that the isobaric surfaces are slightly
inclined to the horizontai together with the use of dimensionless variaktles, gives the hvdrostatic
equation and simplifies the fundamental equations by the rcjection of many of their terms.
Thereafter definitions of certain types of geostrophic and nongeostrophic motions lead, respec-
tively, to (a) Rossby’s potential-vorticity equation; (b) the development and thickness-patterns
theory of R. C. Sutcliffe, which is discussed in detail; and (¢} J. G. Chatney’s (1949) treatment of
the equivalent barotropic atmosphere. These models of atmospheric motions are compared and

contrasted.

1. Introduction

In recent years, many investigations in
dynamical meteorology have dealt with the
vorticity equation, which is a formula giving
the rate ot change “following the motion”
of the vertical component of vorticity of
the air. Attention has also been directed to the
part played by the rate of change ““following
the motion” of the pressure, and to the use
of upper air charts of ‘‘thickness patterns”,
which exhibit the difference in height between
two isobaric surfaces above some part of the
Earth’s surface. Amongst investigations of
this kind is the theory of development and
thickness patterns due to R. C. SurcLiese
(1947, 1950), A. G. Forsdyke and their co-
workers, papers to which we shall refer
hereafter as SI and SII. The first paper
deals with the question of development, the
main formulae  being SI (10), (11) and
(14); whilst the second is concerned with
the use of a formula, SII (3), for the local
rate of change of the thickness between
two isobaric surfaces. In view of its im-

portance in current British meteorological
research, it has been thought worth while to
analyze again from first principles the mathe-
matical basis of this theory. The investigation
given in the following pages seeks to discover
how far the formulae referred to above de-
pend on empirical approximations, on one
hand, and on a priori definitions of certain
types of motion, presumed to be possible in
the atmosphere, on the other. The plan of the
work is as follows: — In par. 3, the fun-
damental equations of motion, continuity,
vorticity and heat-transfer are transformed
from local rectangular coordinates (x, y, 2) to
coordinates (x, y, p), where p is the pressure,
without using the assumption that the at-
mosphere is (vertically) in hydrostatic equilib-
rium. This part of the analysis is a straight-
forward application of the general theory of
transformations given by the author (Mc ViTTIE
1948, 1949), papers hereafter referred to as MI
and MII, and therefore most of the mathe-
matical details are omitted. In par. 4, dimen-
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sionless variables are introduced and it is
shown how the hydrostatic approximation is
derived from a numerical approximation de-
pending on the fact"that the isobaric surfaces
are only slightly inclined to the horizontal.
By the same approximation, many terms in the
fundamental equations can be neglected and
these equations cleared of all the garameters
introduced by the conversion to dimension-
less variables. The vorticity equation is dealt
with in par. 5 and it is shown that, by means
of a priori definitions, the Rossby potential-
vorticity equation and the formulae SI (10),
(11) and (14) can be obtained. The latter are
more restrictive than the former. In par. 6,
the thickness formula SII (3) is discussed and a
criterion for the order of magnitude of its
various terms suggested. It is pointed out
that SII (3) cannot be expected, by itself, to
throw much light on the dynamics of atmos-
gheric motions. It plays a part analogous to a
oundary condition and so must be combined
with the formulae of par. 5 before dynamical
conclusions can be reached. Finally in par.
7 we apply the theory to the equivalent-
barotropic atmosphere and contrast the results
with those of Sutcliffe’s method.

The Coriolis parameters,

k=z2wcos ¢, I = 2w sin ¢,

are treated throughout as constants, which, at
first sight, appears to make the treatment less
general than SutcLiFse’s (1947). But, in fact,
Sutcliffe makes little use of the variation of [
with latitude. If it is desired to take account
of the Earth’s curvature, it is better, in the
present author’s opinion, to abandon local
rectangular coordinates and use a system
appropriate to a curved Earth (McVITTIE 1951).
The theory of par. 3 onwards could easily be
re-written in terms of such a coordinate
system.

The author wishes to emphasize that he is
concerned with mathematical theory and not
with practical forecasting. The numerical
Values of meteorological elements, particularly
in the upper air, are usually known only
to a limited degree of accuracy. Now if it
happeéns that a relation between them is hit
upon which is useful in practical forecasting,
this fact by itself does not establish the relation
theoretically : its usefulness may be contingent

on the inaccuracy of the data. The theoretician
is then confronted by the problem: how, if at
all, can the empirically useful relation be
derived from the fundamental equations of
hydrodynamics and thermodynamics? To
argue that a solution of this problem is super-
fluous is, in the present autﬁor’s opinion, to
relinquish the hope of understanding meteoro-
logical processes.

2. Pressure as vertical coordinate. Notation

At a point O on the Earth’s surface, whose N.
latitude is @, the conventional local rectangular
coordinates are set up. The plane Oxy is
the tangent plane to the Earth’s surface at O,
Ox is drawn to the East and Oy to the North,
whilst Oz coincides with the vertical at O.
Consider an unsteady motion of the atmosphere
so that an’isobaric surface has the equation

(2.1)

where C is a constant. If we solve this equation
for z, we express this coordinate as a function
of x, y, t and C. Hence for all values of C we

can write
z=z(x, 7, p, 1) (2.2)

in which each value of p is associated with one
isobaric surface. We regard (2.2) as an equation
which permits us to replace (x, y, z) by (x,
7> p) as the coordinates describing the position
at time ¢ of an elementary mass of air. Moreover
any function, f, of (x, y, z, t) can, by (2.2),
also be regarded as a function of (x, y, p, 1)
and we need a notation for the partial deri-
vatives of fin the two cases. When fis regarded
as a function of (x, y, 2, f) we shall denote its
Ao F ¥
partial derivatives by oy 32 A
when f is regarded as a function of (x, . p,
t), its partial derivatives* will be denoted by
Jo» fy» fo» fo Consider now a set of five dif-
ferentials dx, dy, 6z, ot, op related by

Pyt =C

but

a—pdz‘+ 2‘l—’ét
4

5p=&,6x+@6y+9 o

Ix dy

#1In SI, these partial derivatives are written

(%)p’ (g_;)p' %’ (3—{)1’
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and by .
0z = 2,0x + 2,0y + 2,0p + z Ot

Substitution of ecither of these expressions
into the other must lead to an identity in the
differentials and we thus obtain

dp I 9 I _
ax'} a—sz_ ,9—},+§Z‘Zy—0, ( )
v 2.3

b9 I

1—$zp—o,z+$z,—o,

in which, of course, p is regarded as a function
of (x, y, 2, f) and z as a function of (x, y, p, £).
As to the operator for differentiation following
the motion, we write, when f (x, y, 2, #),

‘if—ﬁﬁ— ngva—f +w-3i

i~ " ox dy X (2.4)
in which u, v, w are also regarded as functions
of (x, y, 2z, t): but when f (x, y, p, 1), we
write

Df

E=f,+ufx+vﬁ,+(6j;,, (2.5)

where, u, v, @ are functions of (x, y, p, t) and

w = % (2-6)

In Sutcliffe’s terminology, a weather situation
in which @ is different from zero, is said to be
“/developing”, whilst if @ is zero, there is
no development.

If we identify f with p and use (2.3), it is
easy to show that

g

so that @ is the result of transforming

(2-7)

dp (x,7,2,1)
dt
by (2.2).

In the following pages we shall be con-
cerned with the (x, y, p) system in which w,
strictly speaking, plays no part being replaced
by Dz/Dt. Nevertheless is it convenient to
retain w and to write

w (x7 Y, p: t) = 2t Uzt sz+ (sz. (2.8)

3. The kinetic metric and the fundamental
equations

In order to translate the general formulae
of MI and MII to our special case we shall
bear in mind the following identifications

Xt =t, X' =x, X* =y, x3 =
. . AR IS
X=ul=u, y=u*= v,p=u3= w,

in accordance with the usual convention of the
tensor calculus. If then K is the kinetic energy
of unit mass of air we have (MI (4.4)), In
the (x, y, 2) system,

K=={x2+p+22+[k(z+a—ly]x +

(3-2)

where a is the Earth’s radius. In this expression
for the kinetic energy the “‘centrifugal” part
— proportional to w? — is neglected for it
can be regarded, in the equations of motion,
as being incorporated in g. Using (2.2), (2.8)
we have, in the (x, y, p) system

|~

+ Ixy—kxz},

K = ;—{u2+vz+ (et uzet+ vz, + 02p) +
+ [k(z+a) — Iy u+ Ixv—
—kx (2t uze + vz, + @2) ). (3.3)

By (3.1) the corresponding kinetic metric is,
(MII par. 2),

ds: =(1 — %) (dxe)2 —

3
- 212 S (Pardxtdx’ 4 2 p,,dx1dxs),

gr=1

(3.4)

where

yas = 22— kxz,
I

Y= {222, +k(z+a)—ly—kxz,},
1 , L

yu= 3 {22z, + Ix—kxz, |, (3.5)
1

V= o {222, —kxz, |,

Y= I+ 2% Yaa=1+2,% Y33=2p%

Viz = Zx 2y, Y13 = Ix Zpy, Y23 = 2y 2.
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Since y12, Y13, Y23 are not zero, the system (x,
y, p) is not an orthogonal coordinate-system,
but is “skew”. We shall require the determi-
nant, A, of the y,, (g, r=1, 2, 3) whose value

by (3.5) is
I+ 2% 23y  2x3p
A= 2,2« I+ 22 2,2 | =2, (3.6)

2
2y Zx 2,2, %

It is essential that A = o, a condition satis-
fied in the atmosphere where z, cannot be
zero.

(i) We can now write down the expressions
for the divergence and the equation of conti-
nuity which, by (3.1), (3.6) above and
MII (3.4) and (5.12), are respectively

_ 1 Dy ;
6= z. Dt Fuy v, + @p,  (37)
1D (02p)

oz, Di + et v, + @ =0 (3.8)
?

Since the coordinate-system is skew the
simplest way of finding the equations of
motion is to use the Lagrangian method
(McConnerL 1931). These equations in
terms of the notation (3.1) are

—
B
[N’

D (JK JK _ 1dp
Di(ow) —F = AR
(=1, 2, 3), (3.9)

where F, is the (generalised) force, apart
from the pressure-gradient. In the (x, y, p)
system we have, obviously,

Px=0,p, =0, pp=1, (3.10)

whilst if gravity is the only external force
acting, F, is derivable from the potential
gz so that '

Fi=—gz, F.=—gz, F3=—gz,

(3.11)

Using (3.3) in (3.9) and also taking account
of (3.5), (3.10) and (3.11), the equations
ecome, after some calculation,

Du Dy Do
I — -+ Y13 =
B TR TV

—(g+b—ku)z,—kw + l»v,

Du Dy Da
‘yuﬁ + '}/225 + 7235—
(3.12)
— (g + b—ku)z,— lu,
Du Dv Do
rap, trupg, Trapg =
— (& +e5) — 06—k,
where
Dz, Dz, Dz, . Dz,
_ —r 7
b Dt+th +VDt T
(3.13)

We can solve equations (3.12), with the
help of (3.6), for the relative accelerations
and thus obtain the final form of the
equations of motion in the (x, y, p) system,
viz: —

.,D_l_l—-—lv—{—kw=—gzx—1—
Dt
2z (1
+—"<—+ z>, 1
z, \e g3y (3.14)

Dy zy(1
T)?"f— Ih = —gz, + z_;<5+gzp>» (3.15)

D@ 2

H“F;;(lv—kw)—

By, 8 L L (b)) =
, lu 2 (2x*+2y7) + z (b—ku)

:-i(IJ_zZ_*_zZ) _I_+ z
2, T Rx y 0 83>

(3.16)

where w is given by (2.8).

(it]) The rate of change of vorticity following the

motion may be found thus: — By MII
(3.13) and (3.5) above, the components of
(absolute) vorticity are
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fr=— vy () — (W)} (319)

L=k + — {y— (w2p) + (w22)y 1o (3.18)

{3 = zip {14 ve—u, + (wz)s — (wzy), —
— kzy }, (3.19)

the indices 1, 2, 3 referring to the x, y
and p components respectively. The rate
of change of {; is then by MII (6. 8)

D
DS e 00+ it + iy +
. X; + Y
Tan T
where by MII (6.7) and (3.10), (3. 11)
above,
Xy = (Fi)y— (F2)y = — g2y —2p) =0,

I I
= (G)or (), e

Hence by (3.7)
C} DZp

D{; N ,
Dt z, Dt 5 (it + 1) A

+ Ly + Caidy. (3.20)

Now in (3.19) write

— (wzy), — kz,,

(3.21)

= vy — iy, ' = (wz)x

and then (3.20) is

1 Dz,

1 Dz,

z,2 Dt

Dt(

(I+Z+8)—

- zi (e +vy) ([ + T+ 0) 4 Ladox + Loy,

p

the rate of

or, finally, by (3.17)
') is given

change of the quantity
by the vorticity-equation

, (3.18)
(I+C+¢
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D
Dt(

— @y + @y, + @, (wpzx—

+C+) =— (e + ) [+ +0) —
Wiz, + k2, —
— @y (Wy2y—w,2,), (3.22)

where (u;+ v,) is the isobaric divergence.

(iv) Lastly the equation of heat transfer by bodily
motion (conductivity, viscosity, radiation,
etc., not explicitly analysed) is, by MII

(75)s
£) o

where ] is the mechanical equivalent of
heat, g is the heat content of unit mass of
air and ¢, the specific heat of air at con-
stant volume.

Dyq DT D
JD =Jopr TP o

It should be noticed that the equations found
above are quite general within the limitation
imposed by the use of local rectangular coor-
dinates. In particular, .they do not depend on
the assumption that the equilibrium of the
atmosphere in the vertical 1s hydrostatic.

4. Dimensionless variables. Hydrostatic
approximation

We proceed to find approximate forms for
the fundamental equations of the preceding
section by an appeal to observation. To do
this we introduce dimensionless variables,
indicated by capital letters except in the case of
the time, the density and the temperature when
lower-case Greek letters will be used. We
write, for the dimensionless variables,

where po, go, To are the values of the pressure,
density and temperature at the point whose
coordinates in the (x, y, 2) system are (ro, fo, 20).
We also write
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_Dbx_u , DY v
Dt ke’ = Dt o’
_DP_ @, DZ_w
Dt Ipo Dr Iz

(4-2)

The conversion of some of the principal func-
tions to the dimensionless variables is given in
the following table. —

2o 2o
2 = — Zx, 2y = — Zy;
To To

Du DU Dv
— = Pro —,

Dt Dt
Do
Dt

— = [ DV,
Dt Dr
DIT
Dz’

=lpo

= [22,B = Iz, <5-—- +

DZy DZy
tUS TV T

C = l(Vx——Uy) - IE,

C/ - IZo2
o

(4.3)

{(WZy)x— (WZx)y} —

A

—k 2 zy,

(wzy), — (w2p), =

= i:;: {(WZy)p— (WZp)y};

(sz)p — (wzp) =
. 12’02
B PoTo

{WZx)p — (WZp)x } .

It is a fact of observation that the isobaric
surfaces in the atmosphere are only slightly
inclined to the horizontal, a gradient of 200
ft. in s0 miles being large an§ 200 ft. in 100
miles being appreciable. Thus we may say
that z,, z, have values of about 7.6 x 10-4to
3.8 X 1074. If then we take z,, 2, to be equal to
sx 1074 and assume that the corresponding
values of Zx, Zy are of order unity, we have

by (4.3).

Zo
— = §XI1074 (4-4)

To

In temperate latitudes (say ¢=60°) we also
have
g
]

- = 6X10™ cm. (4-5)

Consider the equation of motion (3.16) con-
verted to dimensionless units by (4.3) so that
it reads, after multiplication by zo/g,

Zolz{DH Zx k zo
2 b7+z_,,<V i)
Zy B} 2ot Z3% + Z3
Utz T e ze
klro U I{ 2o% ., 2=.

Po 1 4 Zp } (4.6)
L0020 O

In order to find zo and ro, let us assume that

Zol? Zo?
= — =2.§ X 1077,
g ro?

(4.7)

whence

klfo _

2 g2
— —12—, g

l fo,
Zo=1.§ X 104cm, ro =13 X Io7cm.[

k zo l

To

(4-8)

The location of the ““standard” point (r, ro, 2o)
is therefore at some 300 km from O and near
the plane Oxy. Thus this point is not far from
the stratosphere and the temperature there
(To) is therefore low. However it is not
necessary to know To at all accurately: its
value must certainly lie between 200°A and
300° A. In this range the coefficient of 1/o in
(4.6) is, using (4.8) also,

Po . RT,

g0020 g2 (+9)

= 49 9.

Thus, if in (4.6) we neglect all terms whose
coefficients are of order 1074 or 1077 and re-
tain those with coefficients greater than or
equal to unity, we find
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P I + Zp =o,
g0oZ0 O
or
I
0 + g2, =o. (4.10)

Reference to (2.3) shows that this equation in
the (x, y, 2) system is

(’)—pz

72z @

the familiar hydrostatic equation. Thus the
hydrostatic approximation may be deduced
from the observed fact that the isobaric sur-
faces in the atmosphere are, very roughly,
parallel to the Earth’s surface.

The equation of motion (3.14) may be
written, using (4.3), (4.7) and (4.10),

DU kZo
V=2Zx+ 5 +p W

To

Neglecting the term in this equation whose
coefficient is of order 1074, the equations of
motion (3.14), (3.15) may be written in dimen-
sionless units as

DU

V=2x+ D7’ (4-“)
DV

U= —Zy— Dy (4.12)

The equation of continuity (3.8) reduces, by (4.3)
and (4.10), to ‘

Ux + Vy + IIp = o, (4.13)
a form due to Godart (quoted in SI p. 371).
The vorticity equation (3.22) becomes, using

(4.3) and again neglecting all terms with
coefficients of orders 10~¢ and 1077,

D - -
E(I+:)=—(UX+ Vy) (1 4+ &) —

—HX Vp +Hy Up. (4.14)

The equation of heat-transfer we shall deal with
in par. 6.

G. C. McVITTIE

Equations (4.11) to (4.14) are therefore the
simplified forms of the fundamental equations
which result from an approximation equiva-
lent to the hydrostatic one. In the next section
we shall consider further simplifications arising
from certain definitions but we note one such
definition now. The geostrophic wind is defined
to be a wind whose relative acceleration
(DU/Dz, DV/Dx) is zero. Hence by (4.11),

(4.12)
U = Zy, V: Zx.

If the wind is not geostrophic, the so-called
“‘ageostrophic components’ are, by (4.11),
(4.12), (—DV/Dr, DU/Dz). Thus, apart
from sign, the “ageostrophic wind” is merely
another name for the rcfativc acceleration of
the true wind. For brevity we write (4.12),

(4.11) as
U=—Zy—V,
V= Zyg+ U

5. The vorticity equation

In the previous section we have seen how
we can reject certain terms in the fundamental
equations by means of an empirical approxi-
mation. In the course of doing this we have
also cleared the equations of the parameters
g, 1, 1o, 2o, po, po and To so that we are now
no longer able to perform further approxima-
tions of this kind. We are therefore thrown
back onto definitions of certain types of mo-
tion which may, or may not, be realised in
nature. An analogy may make this point
clearer: in elementary hydrodynamics we
begin with the study of the irrotational motion
of an incompressible fluid, i.e. motions in
which, by definition, a velocity potential @
exists such that

ID I IP
1 == = =, w=

= VT T

But in writing down these three “restrictive
conditions”, as we shall call them, we do not
imply either that all fluid motions are irrota- -
tional or even that they are approximately
irrotational: we are merely defining the
simplest case that arises.
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Turning now to the vorticity equation
(4.14), the first restrictive condition we con-
sider is expressed by the equation

HX Vp—HyUp=O. (51)
It would be satisfied if one or other of the
three following situations arose in an atmos-
pheric motion: —

(a) Up, Vp were negligibly small or zero, i.c.
if there were no change of wind-speed
or direction on passing from one isobaric
surface to another, keeping (X, Y) fixed;

(b) IIx, ITy were negligibly small or zero, i.e.
if there were no change of IT on passing
from one point to another in an isobaric
surface;

(¢) IIx, IIy, Up, Vp were large but happened
to satisfy (s.1) throughout the region of
the atmosphere considered.

Whether plausible or not, (s.1) is usually
asserted in discussing the vorticity equation
which then becomes, using (4.13) also,

D - =) =
o T8 =—(Ux+ W) (1 +8)=
(s.2)

The second restrictive condition we con-
sider concerns the “‘ageostrophic” wind (—V,

U). We have two mutually exclusive possibil-
ities, viz: —

(a)

:Hp (I +E)

The ageostrophic wind is comparable
in magnitude to Zx, Zy;

(B) The ageostrophic wind is negligibly small
compared to Zx, Zy.
(i) Consider first case (A) in which, by (4.15),
(4.16), (4.13),
E=Vx—Uy=Zxx+Zyy+ Ux+Vy
=2Z+Ux+ Vy,
IIp = — (Ux 4+ Vy) = Vx — Uy.

I (s-3)
Hence, in this case, & + /2 Z and
IIp + o, and we may write (5.2) as

D

E{log(l + &)} = IIp.

This equation may be integrated with
respect to P from an isobaric surface
where P = P: to another surface where
P=P, (< Pi), and the result divided by
Pr—P:. We obtain

P,
I D =\ _
P—Z_PI/E{log(I-%-),dP—
P,

I1.—IT, D
= 5P — Dr {log (P.—P1}}. (5.4)

If we define a pressure-average, =, of
£ by

Py
I D — .
P,

D =
= E{log(l+~) b

we obtain from (5.4)

CAREL AN
Dt pP,— P, -

or, returning to our original variables, and
writing ¢ = 1.5,

D { 1+ } 6

Dt P2— pPr -

which is a form of the Rossby potential-

vorticity equation for the case of ageo-
strophic motion.

(s5-5)

(i) Consider next case (B) in which U = o,

V=0, so that, by (4.15), (4.16), (5.3),
U=—Zy, V= ZA',E=VZZ, Hp=0.

(5:6)

Using these expressions in (5.2), we have

V2 Ze—2ZyN/* Zx+ ZxN/? Zy=—
— 1173 Zp. (5:7)

From this equation we can obtain a par-
tial differential equation of the third
order in Z by satisfying (s5.1) in either
of the following two ways: —
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(iii)
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(1) Up=o0, Vp=o0, which by (s5.6) lead
to Zyp =0, Zxp = 0, and so to
V*Zp = o. This restrictive condi-
tion is therefore equivalent to satis-
fying (s.1) by means of (a);

(2) IT= o, so that IIx=o0, [Iy= o0 and
(s.1) is satisfied in virtue of (b).

In either case (5.7) is

V32— ZyN* Zx + Zx\/* Zy =0
(5-8)

which may also be written by (5.6) as

V*Z:+ UG+ E)x+ V(I +E)y=o.
(5.8a)

If we convert this equation to our original
variables, use (4.7) to eliminate ro2, and
write h = gz, we obtain

I

w(I+0x+v(+0),+ i

(htxx + htyy) = 0,
(5-9)

which, in our notation, is Sutcliffe’s
equation SI (11) for the case he describes
as being that of ‘‘non-development”
dp/dt=o (i.e. IT=0). The equation how-
ever is valid also under the conditions
Up = o, Vp= 0, IIp = o, which imply that
U, V, IT are functions of (X, Y, 7) but not
of P. Equation (5.9) can thus be estab-
lished for a geostrophic wind provided
that (5.1) is satisfied in virtue of (1) and
(2) above.

To obtain the remaining formulae of
Sutcliffe’s theory we return to case (A)
in which, by (5.3), & *= V* Z and
IIp =+ o. Equation (5.2) may be written as

V2 Ze+Uge+ Vye+ UEx + VEy +
+HEp =IIp + IIpE. (5.10)

If we now introduce the restrictive condi-
tion expressed by the equation
Ux: + Vyr = lIpE — I1E)p,

(s.11)

we find that (5.10) becomes, using (4.13)
again,

V*Z: +UEx + VEy = IIp = —
— (Ux + Vy). (5.12)

On returning to our original variables,
with h= gz, we have

I

- T (htxx T htw) —{“ (l+c)x + V(1+C)y} =

=Il(u, +v,), (s.13)

which, in our notation, is Sutcliffe’s
equation SI (10) for the case of ageo-
strophic motion. It is therefore valid
whenever it is known a priori that (5.11)
is satisfied in the atmospheric motion
considered.

Sutcliffe however proceeds further by means
of a second restrictive condition. Consider the
equation (5.12) at two isobaric surfaces P=P;
and P=P, so that

1

iy

(v: Zr)z + U, (Ex)z + V. ( y)z (Hp)z,
(v: Zr)r + U (Ex)x + Vi (Ey)x = (HP)I.

Hence by subtraction
(V* Z)s—(V* Zs + Us(Ex)s— Us(Exs +
+ Va(8y): — Vi(8y): = (lp)s— (Ip).
(s.14)

If we now impose the restrictive condition
expressed by the equation

(Vz Z1)1+ Uz(Ex)x + Vz(Ey)1= (vzz‘r)Z +
+ Ux(sx)z + W (Ey)z, (S.IS)
and use it to eliminate (/2 Z,). — (V2 Z:)x

from (s5.14), we can write the result in the
form

(Uz—Ul) (I + =1 +52)X +
+ (Va=V3) (1 + Ex+ &)y = (ITp)a— (ITp): =
— (Ux + Vy)z + (UX + VY)I (5.16)

Returning to our original variables, this
equation is
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—_ (uz——ul) (l -+ CI + Cz)x—
“"(Vz—-Vl) (l + & +C2)y =
=1{(uy +v))2— (uz + )1}, (5.17)

which is equivalent to Sutcliffe’s final equation,
SI (14), as may be seen by writing

V' = (Mz-—-ux) i+ (VL'_VI)jy C0=CI,C=C%

(VX7 ) (I +E+ o) = (ha—ur) (I 4+Lc+E2)x +
+ (a—v1) (I + &1 + 83)y

div, V = (u, + v,)2, div, Vo =(uy + v))1.

Thus equation (5.17) is valid only if it is
known a priori that both the restrictive condi-
tions (5.11) and (s.15) are satisfied in the at-
mospheric motion under investigation. In
terms of our original variables, with h = gz,
these conditions are

D D N N
(D—?>x1 -+ <F:>y, =@, — @), (5.112)
T (s + bp)s + 12 G + 02 (6)s =

= ;_(htxx -+ ht:}'}')2 + (C")2 + v (CY)Z'
(s-152)

Hence Sutcliffe’s theory imposes more condi-
tions on the motion than that which led to
the potential-vorticity equation (5.5). It is
true that each side of the equation (5.152)
bears a superficial resemblance to the left-
hand side of (5.9), which is valid for geostrophic
motion. But Sutcliffe is not considerin

geostrophic motion, for the purpose of (5.17
is to deal with cases when (4, + v,), i.e. his
div,V, is not zero. It also does not seem possible
to deduce one of the equations (5.11a), (5.153)
from the other. Before, therefore, any synoptic
conclusions are drawn from (5.13) or (5.17)
it would seem necessary to investigate empir-
ically to what extent, and in what synoptic
situations, (5.11a) and (s5.152) hold good.

6. The equation of heat-transfer

The continued recurrence of \/2Z, in the
formulac of the preceding section suggests

2—200579

that further light would be thrown on the
problem if an independent method for cal-
culating Z as a function of (X, Y, P, 1) could
be found. To take a simple example: in the
geostrophic case, Z is a solution of the partial
differential equation (5.8) and Z would there-
fore involve a number of arbitrary ““functions
of integration”. Hence an independently calcu-
lated value of Z; would serve as a kind of
“boundary condition” and fix some of these
unknown functions. Sutcliffe and Forsdyke in
SII therefore seek such a determination of
Z, by means of the hydrostatic equation (4.10),
the gas equation p= Rp T and the equation
of heat-transfer (3.23). We have in fact by
(4.10)

T
P

g2, =— R —, (6.1)

and we also have the identity @ =p,+up,+
+ vp, + @p, which, by (3.10), gives p, =o.
Thus differentiating (6.1) partially with res-
pect to t, we obtain

T
gz}u = R _t . (6.2)
p
Integrating with respect to p from the isobaric
surface p= p: to the surface p= p,, we have

hh=gl{(z):—(=):} = RpfmT,d log p.
(6.3)

The equation of heat-transfer (3.23) and the
gas-equation yield

Dqg DT

I =Jo e =5 @

whence, if I' is the adiabatic lapse-rate, we
obtain

T, =— (uTe+ vT,) + @ <C L T,,>+
g0
1 Dg
¢, Dt

If this is introduced into (6.3) we have
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i hy = gf (z,)z - (Zt)l )=
:Rf{— (uTe + vT,) + & (5 -;-—T,,) +

P2

) 1_&1}
T ¢, Dt dlog p,

(6.4)
which is, in our notation, the equation SII (3).
In order to find the magnitude of its various
terms, we convert to dimensionless units by
(4,1), (4.3) and introduce also the dimen-
sionless heat-unit Q = g/go. We find

b,
RT,
(Z): — (Z = f{~ (Udx + V) +
4 2.
I'R 1 qo DQ}
+H< < ;—ﬁp) +CPT;7)’; legP.
(6-5)
Since
I'R _ 2.868 X 106 3
g 0.2405 X 4.1863 X 107 10’

it follows that all the terms in the integrand
of (6.5) are of the same order of magnitude
provided that the heat-content, ¢o, and the
temperature, To, of unit mass of air at our
“standard” point (ro, ro, 20) satisfy the condi-
tion go = ¢, To. If therefore the right-hand
side of (6.5) can be evaluated directly, we shall
have a value of Z; at an arbitrary level for
use in the equations of par. s.

We note however that a study of equation
(6.4) by means of the data of observation
does not, by itself, throw light on the dynamics
of an atmospheric motion. For this equation
depends only on the hydrostatic equation and
the equation of heat-transfer. It is only when
(6.4) is used in conjunction with equations
derived from the two “horizontal” equations
of motion and the equation of continuity that
dynamical consistency can be hoped for.

7. The equivalent-barotropic atmosphere

The methods of this paper can be applied
to the analysis of a form of the vorticity-equa-
tion which occurs in the work of J. G. Charney

(1949). This author employs the (x, y, 2)
system in his work but, in order to permit com-
parison with our results, we shall convert his
formulae to the (x, y, p) system. We deal
again with case (A) of par. s and once more
assert  (s.1). Following Charney, the first
restrictive condition on the motion is expres-

sed by

U=AP)U(X,Y,7), V=AP)V'(X,Y,1),
(7.1)

where A is an unknown function of P. This
condition means that, for fixed (X, Y, 1),
there is no change of horizontal wind-direc-
tion, but a possible change of wind-speed,
as we pass from one isobaric surface to another.
Let P =Pinow correspond to the Earth’s
surface whilst P = P, = o corresponds to the
“top” of the atmosphere where we also
assume that JI = 0. We define P= Pto be an
isobaric surface on which A(P) is equal to its
pressure average, i.e.

A(P)

|

- A = Ofp lA(P)dP. (7.2)

Let
U=AP)U, V=A@V,

so that, if U, 7 refer to some isobaric surface
other than P = P, we have

v=2gv==27p (7.3)
A A
We define
E="Vx— Uy,
so that
E = Vx— Uy = % Ex.v.v (7.4)

A = A\? == == Ap =
=& + <:> (UEx + V&y) +I2E =
A A A
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since Sp = 0. We next define the dimensionless
number

K={ [ 4@)dPY] [ [ AP)P]:, (76)

o]

which, apart from a reversal of limits in the
first integral that is probably due to a misprint
in his paper, plays the same part as Charney’s
K. If we then integrate (7.5) with respect to P
from o to P: and use (7.2) and (7.6), we find

We now impose a second restrictive condition

expressed by

Py
S 11 Ap dP = o, (7.8)

which corresponds to Charney’s neglect of
terms in the vertical velocity-component
w. Considering also the equation of conti-
nuity (4.13) we obtain, by (7.2),

P,
[ pdP =

b,
=—((7X+I7y)f§dp=
A

o]
= — ((_Jx + Vy)
or, if IT = II: at the Earth’s surface
I, = — (UX + I7y)

Hence integrating (7.8) by parts, using the
equation of continuity and this formula for
II; (# o), we find

A(P:) — KA(P) = o, (7.9)
which shows that the restrictive condition
(7.8) is essentially a limitation on the func-
tion A. Again

Py
fnp <1+ i?) dp= —
J A
P,

— ([Tx + Ty /l{% + <%>2

o]

n!

L ip =

— IT: (1 + K&).

Thus finally (7.7) may be written in either of
the equivalent forms

E. + K(TEx + VEy) +
+ (1 + KE)(Ux + Vy) =0, (7.10)
E, +K({UEx+VE)—ILG+KE) =o.
(7.11)

Returning to our original variables by (4.3) we
have

po A(p/pe) = 7 lA(p/po) dp,

P P
K= 1lpo S Axdp} [ (S Adp),
and (7.10), (7.11) become, respectively,

L +K@+79E,) 4+ (1+ KO) (4 + 7)) = o,

(7.12)
,+}f{Z+K@5+;®}_%§=“
(7.13)
where
W= 1IrU,
=IrV,

|

v
L=t —ia, =1

The equation (7.12) corresponds, in the (x,y,p)
system and for [ = constant, to an equation
given by Charney (1949, foot of page 383).
However, (7.13) differs from his next equa-
tion (1949, top of page 384) in the following
respects:—By (2.7) and the hydrostatic equa-
tion we have, for the last term,
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o1l Ip
Po __po{ﬁr Tgew tug F
] @}

I—vay i

whilst Charney has — in our notation —

NCL SN S (7 B }
Po - +p1 { It gew 1’

The discrepancy in sign is explained by an
error due to a reversal of the limits of integra-
tion in Charney’s manipulation of the tendency
equation at the foot of page 383. The substitu~
tion of the surface pressure p: for our po is a
consequence of the use of local rectangular
coordinates. The pressure po is that at our
standard point (ro, 7o, 2o} which is near the
plane Oxy. In the “flat earth” theory which
results from the use of local rectangular coor-
dinates, po could be identified with p:, though
we have preferred not to do so in par. 4.
Apart from these two points, our formula
agrees with Charney’s in the case of geo-

Ip L, 9P

strophic motion when u == + v -

dx dy

We return to the consideration of the geo-
strophic case, and write (5.8 a) as

= 0.

(+E, +UG+E)x+V (I + 8y =

o,
or, returning to our original variables by (4.3),
we have

T+ +u(l+Oc+v(+0)y =0
(7.14)

This equation corresponds, in the (x, y, p)
system, to the equation [1949, (42)] taken by
Charney as governing the motion of the
equivalent barotropic atmosphere. Since, by
(7.1), Up, Vp are not zero, the condition (1)
of par. 5 (i) is not satisfied and thereforc
condition (2) must apply. This means that
(7.14) is valid when w=o0 (Sutcliffe’s non-
development) throughout the atmospheric
motion, a restriction which replaces Charney’s
condition that dp/dt shall be zero at the
Earth’s surface. Thus in the geostrophic case,
Sutcliffe’s equation (5.9) is identical with
Charney’s (7.14) and both are equivalent
forms of the third-order partial differential
equation (5.8) for Z.

If the foregoing analysis is accepted, it
appears that Rossby, Sutcliffe and Charney
are each using models of atmospheric motions.
All three models use the restrictive condition
(5.1) and, in Rossby’s case, no further restric-
tions are needed in order to obtain the poten-
tial-vorticity equation (s.s). This appears to
be the most general case for ageostrophic
motion. At the other extreme is Charney’s
eguivalent barotropic atmosphere, with the
additional restrictive conditions of geostrophic
motion and (7.1), (7.9). Whether these addi-
tional restrictions are accepted or not, they are
certainly easy to interpret in physical terms.
Intermediately comes Sutcliffe’s model, in
which the additional restrictive conditions are
expressed by equations (s.11a) and (5.152).
Whilst Sutcliffe has thus escaped from the
case of geostrophic motion it is not apparent
that his additional restrictions have any ob-
vious physical interpretation.
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