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ABSTRACT

A two-layer semigeostrophic model is developed for cold fronts passing over a quasi-two-
dimensional mesoscale mountain ridge oriented north-south. A constant potential vorticity is
assumed for the cold air in the lower layer, while a steady-state geostrophic flow is specified in
the upper layer. A hyperbolic differential equation is derived for the movement of the surface
cold front. As long as the topographic slope is not as steep as the frontal slope on the lee side
of the mountain, this equation remains valid and can be integrated by following the character-
istic velocity which is expressed analytically in terms of the frontal position and the topography
underlying the cold air. Solutions are obtained for two cases of different upper-layer geostrophic
wind: southwesterly in case 1, and northwesterly in case 2. The topographic effects on the frontal
evolution are examined in detail from a kinematic viewpoint in connection with the character-
istic velocity and from a dynamic viewpoint in connection with the geostrophic and ageostrophic
components of the perturbation wind field in the cold air. It is shown that the frontal evolution
can be roughly divided into two stages: the upslope stage and the downslope stage. During the
upslope stage, the surface front moves on the upstream side of the mountain, the cold air layer
becomes shallower over the mountain, and the perturbation geostrophic flow is curved anticyc-
lonically under the constraint of potential vorticity conservation. During the downslope stage,
the surface front moves on the lee side of the mountain, the front becomes steep, and the
perturbation geostrophic flow becomes strong and fairly parallel to the distorted front. As the
frontal-wave propagates further downstream, leaving behind an'anticyclone associated perman-
ently with the topography, the transient and long-term effects of the topography on the flow
field are essentially decoupled. Noticeable differences in the frontal evolution between the two
cases are revealed.

the Pyrenees on a cold front using high resolution
surface data, and showed that the surface front is
trapped significantly in the vicinity of the moun-

1. Introduction

In recent years, much research has focused on

issues related to front movement over complex
terrain. Observations of cold fronts passing the
Alps have been analyzed by many authors (Buzzi
and Tibaldi, 1978; Steinacker, 1981, 1983; Davies,
1986; Hoinka, 1986). More recently, Hoinka and
Heimann (1988) described the channeling effect of
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tains. In addition, the southerly buster, a unique
phenomenon in the coastal regions of south east-
ern Australia, seems to be associated with the
deformation of a cold front interacting with local
mountains (Baines, 1980; Colquhoun et al., 1985;
Garratt et al.,, 1989).

There have also been considerable theoretical
and numerical studies concerning topographic
effects on cold fronts (Bannon, 1984; Davies, 1984;
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Schumann, 1987; Williams et al., 1992; Gu and
Wu, 1992; Egger and Hatt, 1994), although most
of these studies have been two-dimensional ana-
lyses. In particular, Davies (1984) has obtained an
analytical solution of cold front movement over
an idealized mountain ridge using a two-
dimensional semigeostrophic model on an f-plane.
This solution appears to be very useful for under-
standing the orographic retardation of cold fronts.
According to the aforementioned and other obser-
vational studies, however, the movements of cold
fronts around real mountains often involve three-
dimensional features (see also Smith, 1986; and
Egger and Hoinka, 1992 for reviews). The three-
dimensionality of topography brings certain
difficulties to theoretical and numerical analyses.
Theoretical studies in this direction have been
very limited (Blumen and Gross, 1987; Schumann,
1987; Blumen, 1992), and hence the dynamics of
frontal distortion by three-dimensional topo-
graphy remains only partially understood.

The purpose of this paper is to provide detailed
analyses of the effects of quasi-two-dimensional
topography on cold front movement in three-
dimensional space. For a cold front moving toward
an elongated mountain roughly parallel to the
front, semigeostrophy can remain valid. This and
related conditions allow an analytical treatment
of the model’s equations, and the derived formula-
tions will be employed to analyze the frontal
movement influenced by the topography. Solu-
tions will be obtained for two cases of different
upper-layer geostrophic flows: southwesterly and
northwesterly. The frontal movement and related
topographic effects will be examined for each case
from a kinematic viewpoint in connection with
the characteristic velocity of the frontal propaga-
tion and from a dynamic viewpoint in connection
with the geostrophic and ageostrophic compon-
ents of the perturbation wind in the cold air.
Special attention will be given to the along-front
structure produced by the interaction between the
front and the underlying topography. The paper
is organized as follows. The model equations and
front configuration are described in the following
section. Section 3 derives a hyperbolic partial
differential equation that governs the movement
of the surface front. Numerical solutions are
obtained and examined in Section 4, while analyt-
ical solutions of the frontal motion in the absence
of topography are derived in the Appendix.
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Section 5 ends the paper with a summary and
discussion.

2. Basic equations and front configuration

Consider two homogeneous layers of fluid of
different densities, with the lighter (warmer) fluid
lying over the denser (colder) one. The lower-layer
fluid approaches a constant depth H far upstream
(ie, x » —o0), and the cold front is represented
by the sloping interface h=h(x, y, t) between the
two fluids. The surface front is defined as the line
where the frontal interface intersects the under-
lying topography h,=h.(x, y). The upper-layer
fluid affects the lower-layer flow through the pres-
sure gradient force and the associated geostrophic
wind, denoted by (u;, v,), is assumed to be station-
ary. Initially, the cold front is oriented north-
south (along the y-direction in the Cartesian
coordinates) and moves with an eastward velocity
component u, >0 towards an isolated quasi-two-
dimensional mountain. The mountain is elongated
in the y-direction and is relatively narrow in the
x-direction. The horizontal extensions of the
mountain can be characterized by two length
scales: 7 in the x-direction and L in the y-direction,
with L>/. Here, L is in the synoptic scale range
and / is in the subsynoptic or mesoscale range.

The model variables are scaled as follows:

xex/t, yey/L, t<t/L/V),
(u9 ul)“(u’ ul)//V/L)’
(U’ UI)F(Ua Ul)/V3 (h’ ho)‘_(h, hO)/H,

where the variables on the right-hand side of each
arrow are dimensional, the variables on the left-
hand side are dimensionless and will be used
throughout this paper. Here (u, v) is the total
velocity field for the cold air in the lower layer,
V=(Hg")! is the velocity scale for the v-compon-
ent, VZ/L is the velocity scale for the u-component,
g'=gAp/p, is the reduced acceleration of gravity,
Po is the density of the lower-layer fluid, Ap is the
density difference between the two fluids, and fis
the constant Coriolis parameter.

Using the above scaling, one can derive a dimen-
sionless system of shallow-water equations for the
lower-layer fluid (not shown). This system of equa-
tions contains only one small parameter: (¢/L)?,
and this small parameter is associated only with
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the Lagrangian time derivative term in the u-
momentum equation. When this time derivative
term is neglected, the truncated leading-order
system gives the following semigeostrophic equa-
tions (see Hoskins and Bretherton, 1972):

v=R0oh/0x+v,, (2.1)
Rdv/dt+u= —Roh/dy+u,, (22)
Oh/0t + 0[(h— ho)ul/0x + O[(h—h,)v]/0y=0,

(2.3)

where d( )/dt=4d( )/0t+ud( )ox+vd( )/0y is the
Lagrangian time derivative of () following the
total velocity (u, v), and R=V/(f£)<O(1) is the
Rossby number. Since the parcel acceleration term
is neglected only in (2.1), geostrophic balance is
assumed only in the x direction. In comparison
with Davies’ model (1984), the additional terms
retained in our model include the meridional
momentum advection and meridional pressure
gradient force in (2.2), and the meridional mass
convergence term in (2.3). From (2.2) and (2.3),
we see that these terms have comparable orders
of magnitude to the other terms.

From (2.1)—(2.3), we obtain the following poten-
tial vorticity conservation equation:

dg/dt=0, (2.4)

where g =(1+ Rov/ox)/(h— h,) is the potential vor-
ticity for the lower layer flow, that is, the absolute
vorticity divided by the depth of the lower layer
fluid. Note that another part of the vorticity is
related to —0u/dy, and this part is neglected in
the expression of g according to the semigeostro-
phy assumed in the model egs. (2.1)—(2.3). A direct
scale analysis further shows that the ratio between
— 0u/dy and dv/0x is measured by (£/L)?, which is
much smaller than O(1). As the lower-layer fluid
is from far upstream where the potential vorticity
is assumed to be unity (scaled by f/H), potential
vorticity conservation (2.4) implies the following
constraint

1+ Rov/Ox=h—h,,

which requires the absolute vorticity to be propor-
tional to the depth of the cold air.

Eliminating v between (2.1) and (2.5) we obtain
an equation for h:

(R?0?/0x*—1)h = —1—h,— Rov, /0x.
The solution of (2.6) has the following general

(2.5)

(2.6)
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form:

h=D(x, y)+ A(y, t)e*R+ B(y, t)e ¥R, 2.7

where A(y, t) and B(y, t) are integral constants to
be determined, and D is the particular solution—a
response function to the forcing on the right-hand
side of (2.6). Since h, and v, are independent of ¢,
the particular solution is given by

D(x, y)=1+ j (hy—v,)e™ "Ry’

—

+J(h°+v1)e"("""’”‘dx’ /(2R), (2.8a)

which is a bounded function of x and y. When v,
is constant, this solution reduces to

D(x, y)=1+ J h, e™ TR dx’

— oo

e

+ j h, e~ "R dx’ |(2R). (2.8b)

x

Physically h is bounded as x— —oo, and this
implies B=0 in (2.7). The interface intersects the
ground at the surface front, and this can be
expressed by

h=h, at x=&(yt), (2.9)

where &£(y, t) denotes the surface frontal position
in the x-coordinate. Substituting (2.9) into (2.7)
with B=0 determines the other integral constant
A and thus the general form of solution in (2.7)
reduces to

h=D(x, y)+[h,—D]; e* 9 (2.10)

where the subscript ¢ indicates that the value in
the parentheses is evaluated at x =¢—the position
of the surface front. This convention for the
subscript ¢ is adopted throughout the paper. As
shown in (2.10), the structure of the frontal inter-
face is described by two parts: a steady part D
associated with the mountain, and a transient part
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that translates with the surface front and decays
exponentially away from the surface front.
Differentiating (2.10) with respect to t gives:

Oh/0t=[0(h, — D)/dx —(h,— DY/ R1{0E/2r) 91X
(2.11)

This shows that 0h/dt is proportional to 6£/0t and
the transient behaviors of h and & are interrelated.
Note that the transient variation of h vanishes as
(x—¢)/R— —oo. This implies that the transient
part of h is primarily confined to the vicinity of
the surface front within the Rossby radius of
deformation scaled by /. (Note that R=V/(f)=
(Hg)?/(f£)) Away from this vicinity, h is
described by D. Since the function &(y, t) is
unknown in (2.10), we need to derive the gov-
erning equation for ¢ in Section 3.

3. Equations governing cold front movement

3.1. Characteristic equations

In the previous section, the frontal interface h
is expressed in terms of (£, h,) in (2.10). By
substituting this expression into (2.1) and (2.2),
we can obtain expressions for u and v in terms of
(&, h,). Further substituting these expressions with
the time derivative of & in (2.11) into (2.3), we can
derive a single hyperbolic equation that describes
the evolution of the surface frontal position &. The
derivation can be done in many ways. The most
convenient way that we found involves a few
intermediate steps, and the details are presented
as follows.

By using (2.5), the momentum eq. (2.2) can be
rearranged into the following form

Rov/ot=u;—(h—h,)u— RJOE/dy, (3.1)
where
E=h+v?/2 3.2)

is the semigeostrophic Bernoulli energy for the
lower-layer flow. Eliminating & from (2.1) and
(2.5), we obtain

(R?*6?)0x*~1)v= —v,— Roh, [0x. (3.3)
Substituting (3.1) into the time derivative of (3.3)
gives
(R?8?/6x*—1)[(h—ho)u—u, + ROE/0y]=0.

3.4)
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The solution of (3.4), that is bounded as x— — oo,

has the following form

(h—h,Yu=u; — ROE/dy —[u, — ROE/Oy], e~ 'R
(3.5)

This result can be used for the second term in the
continuity eq. (2.3).

The expression for the last term in the continuity
eq. (2.3) can be derived as follows by using (2.5)
and rearranging the momentum eq. (2.1):

(h—hy)v=0v,+ ROE/0x . (3.6)

Substituting (2.11), (3.5) and (3.6) into the con-

tinuity eq. (2.3) gives

[0(h, — D)/0x —(h, — D)/R](0¢/0t)
=[u;/R—0E/0y];. (3.7)

By using (2.1), (2.10) and (3.2), [0E/dy]; can be

expressed in terms of (&, h,). Substituting this

expression into (3.7) yields the following governing
equation for &

OE/ot +v,0E[0y=u, , (3.8)
where v, and u, are defined by

vo=[140,]¢, (3.9a)
u,=[u; —ROh, /0y — Rv,0v,/0y]:/C, (3.10a)
C=[RA(h,—D)/0x—(h,—D)]; . (3.11a)

where v, =v; + ROD/dx— D+ h, and D is given by
(2.8a). If the upper-layer wind (u,, v,) is a constant
vector, D is given by (2.8b), and egs. (3.9a)—(3.11a)
reduce to

¢
D=0+ f (0h, /Ox)e>" DR dx

(3.9b)
U,=| u; —R(Oh,/0y):+ R(1—v,)
¢
X f (8h,/0x0y)e™=~9R dx |/C, (3.10b)
¢
C=1+R J (0%h,/0x*)e>" R dx . (3.11b)

-0
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Note that (3.8) is a hyperbolic partial differential
equation, and its characteristic velocity (u,, v,) is
given as a known function of (¢, y) in (3.9)—(3.11).
The related initial value problem can be solved
by integrating the associated characteristic equa-
tions:

doé/dt = uo(éa y) s (3123.)

doy/dt=0,(¢, ), (3.12b)

where d,( )/dt denotes the ordinary time differen-
tiation of ( ). When (3.12) is integrated forward
in time, the solution (¢, y) describes how the
surface front moves following the characteristic
velocity (u,, v,). In this paper, the initial surface
front is assumed to be a straight line along the y-
direction far upstream to the west of the mountain
(although in general the initial surface front can
be curved as shown in the Appendix). The high-
accuracy Runge-Kutta method will be employed
to integrate (3.12a,b) with the characteristic vel-
ocity (u,, v,) given by (3.10b) and (3.9b).

3.2. Characteristic velocity and parcel velocity at
the surface front

Now we examine how the characteristic velocity
(u,, v,) is related to the parcel velocity on the
surface front. Since there is no internal vertical
circulation within the lower-layer fluid in this
model, the surface front is a material line described
by x=£&(y, t) or, equivalently, by (h—h,);=0. The
surface frontal movement satisfies the following
Lagrangian equation:

u=dx/dt=0&/0t +v0E/dy

Sfollowing parcels on x=E&(y, t), (3.13a)
or
d(h—h,)/dt=0

following parcels on (h—h,):=0, (3.13b)

where d( )/dt is the Lagrangian time derivative of
() as defined in (2.2), and the subscript ¢ implies
x=¢. By substituting (2.10) into (2.1) and using
(3.5) and (2.10), v and u can be expressed in terms
of ¢ and (x, y, t). By setting x=¢(y, t) in these
expressions, we obtain

U(é, Y t)=vo—19 (3143.)
where (u,, v,) is the characteristic velocity given
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by (3.9)-(3.11). Note that the vector difference
(o, vo)—[u(&, y, 1), v(& v, )]=[8¢/ay, 1] is
tangential to the surface frontal line: x=£&(y, 1),
so the characteristic velocity (u,, v,) is not the
frontal parcel velocity but is the sum of the frontal
parcel velocity and an along-frontal vector
(9¢/0y, 1).

The model breaks down under a certain condi-
tion. To see this, we need to derive the following
relationships. By using (2.10), we obtain:

[o(h—h,)/0x];= —[d(ho — D)/8x —(h,— D)/R]¢
=—C/R, (3.15)

where C is given in (3.11). This result shows that
the relative slope of the surface front with respect
to the topography in the x-direction is given by
—C/R in the dimensionless space. Substituting
(3.15) into (2.11) at x=¢ gives

[d(h—h,)ot]:= —[0(h—h,)/0x].0&/0t

=(C/R)0¢/ot . (3.16)
Similarly, by using (2.10) and differentiating h—h,
with respect to y, we obtain:

[0(h—ho)/0y)e= —[0(h—ho)/0x]:0/0y
=(C/R)3¢/dy .

According to (3.10a), (3.14b) and (3.15), u, — 0
and thus [u]; —» o as R[d(h—h,)0x].= —C—0or,
say, as the relative slope of the front becomes zero
with respect to the topography in the x-direction.
This implies that the surface front propagates in
the x-direction with an unbounded speed, that is,
0¢jot—oo as C—0, but [d(h—h,)/0x].0¢/0t and
[0(h—h,)/0t]; can remain finite in (3.16). Thus,
C=0 is a breakdown condition for the semigeo-
strophic model in this paper, and this condition
is similar to that in the two-dimensional model
of Davies (1984). The assumed quasi-two-
dimensionality and related semigeostrophy require
that the surface front not be distorted dramatically
from the y-direction. At least, [0&/0y|<oo is
required as C—0. Substituting this into (3.17)
gives [0(h—h,)/0y]; >0, as C—0, so the surface
front must be along the y-direction as C—0. This
feature is seen in our model’s solution, and it
ensures the validity of the quasi-two-dimensional
semigeostrophy used in this paper.

(3.17)
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4. Numerical results and discussions

For a quantitative analysis, the following
Gaussian-type mountain profile is adopted:

ho(X, y)=7ho(x, y)=yexp[—(x*+y*)], (4.1)

where y is the dimensionless mountain height
(scaled by H— the far-upstream depth of the
lower-layer cold air); ﬁo(x, y) represents the
Gaussian-type profile. Note that the x-coordinate
is scaled by #, while the y-coordinate is scaled by
L, so the e-folding height contour of the mountain
in the dimensional space is an elongated ellipse
with its short axis equal to 2 £ in the x-direction
and its long axis equal to 2L in the y-direction.
The upper-layer geostrophic wind (uy, v;) is also
scaled anisotropically (as shown in Section 2) and
is assumed to be constant in this section.
Because of the semigeostrophic approximation
used in the model, the dimensionless mountain
height y is restricted above by a critical value y,
(which is a function of the Rossby number as
shown in Fig. 1). When y reaches this critical
value, the topographic slope becomes as steep as
the frontal slope on the lee side of the mountain
and the frontal movement speed becomes locally
unbounded (implying a strong downslope wind
beyond the description of the present model). As
a result, the model breaks down. The breakdown
condition will be derived in the following subsec-
tion. Then, solutions will be obtained for two
cases of different upper-layer geostrophic winds
with a specified mountain height y <y,.. The frontal
evolution and related topographic modification in
each case will be examined both from a kinematic
viewpoint in Subsection 4.2 and from a dynamic
viewpoint in Subsection 4.3. As will be seen in
these subsections, the frontal evolution can be
roughly divided into 2 stages: the upslope stage
and the downslope stage. During the upslope
stage, the surface front moves on the upstream
side of the mountain, and the transient and long-
term effects of the topography on the flow field
are closely coupled as a result of the interaction
between the front and topography. During the
downslope stage, the surface front moves on the
lee side of the mountain. As the frontal-wave
propagates downstream, leaving behind an anti-
cyclone permanently associated with the topo-
graphy, the transient and long-term effects of the
topography on the flow field are decoupled.

J. ZONG AND Q. XU

4.1. Breakdown condition

From the frontal configuration defined in the
preceding  sections we have  0h/0x <O.
Furthermore, 0h,/0x>0 on the west side and
0h,/0x<0 on the east side of the mountain.
Therefore, the breakdown condition (C=0) can
only occur on the east side where Oh/0x and
dh,/0x have the same sign. In order to quantify
how the breakdown condition is related to the

‘mountain height y, we need to examine the min-

imum of C=1+C,, where

¢
C,=R f (6%h, /ox?) e~ O dx (4.2)

is the 2nd term in (3.11b). Since h, in (4.1) is
separable in x and y, the minimum of C, occurs
on y=0 and, thus, we only need to examine the
behavior of C, with respect to £ along y=0.
Differentiating (4.2) with respect to ¢ gives

8C, /08 +Co/R=R0%h, J0F2 . (4.3)

The right-hand-side forcing Rd%h, /02 in (4.3) is
oscillatory with respect to ¢ with a negative min-
imum at £=0, and the solution C, has a similar
but shifted oscillatory pattern (not shown). At the
minimum point of C,, C,/d¢=0, and hence (4.3)
reduces to

[Cole, =R?[8°h,[0E%];,, (44)

where £ denotes the minimum point of C,. Since
[C,1e. <0, (4.4) suggests that

[0%h,/0E%]:<0. (4.5)

By using (4.1) and (4.4), the minimum of C is
given by [Clo=1+[C,]=1+R*[0h,/08];,
=1+yR%[8*h,/0¢%,,=0. Setting [C].,=0 gives
the critical value of y:

Vo= —R7?/[0%h/0E e » (4.6)
which is positive due to (4.5). When y<y,, C >0
and there is no breakdown. Note that £ can be
determined as a function of R from (4.4) and (4.2),
$0 —[0%h,/3¢%];,=(R%,) " can be calculated as
a function of R™! and the result is plotted in
Fig. 1. As shown, (R%.) !—2 when R !>, so
y.—1/(2R?) in the limit of infinitely strong rotation
(R—0). Note that the vertical and horizontal
coordinates have different scales in Fig. 1 and the
dotted straight line is the 1:1 diagonal, so
(R*y,)"'>R™! as R— w. Therefore, y,— R~ 1 >0
in the limit of infinitely weak rotation (R—o0).

Tellus 49A (1997), 5
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(R*Y)™!

The overall quantitative results obtained in this
subsection are similar to those of Davies (1984),
but (4.6) and the related formulations allow the
breakdown condition to be examined in a broader
range of the parameters involved.

With the Gaussian-type mountain profile given
in (4.1), the dimensionless flow is controlled by
four external parameters: the Rossby number R,
the dimensionless mountain height y, and the two
components of the upper-layer geostrophic vel-
ocity (uy, vy). The model solution remains valid
as long as y is below the critical value y.. As
shown in (4.6) and Fig. 1, the critical value y,
increases monotonically with R ~! and is independ-
ent of (u;, v;). When R=1 is chosen for a mesos-
cale mountain, y.=1.1515 is obtained from (4.1)
and (4.6). In the following subsections, solutions
are obtained and examined for R=1, y=0.5 (<y,.)
and different (u,, v,).

4.2. Frontal movement and topographic
modification of the front

The analytical formulations derived for the
characteristic velocity in (3.9)—(3.11) are used in
this section to interpret the computed frontal
movements and to analyze the asymptotic

Tellus 49A (1997), 5
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Fig. 1. Variation of —[8%4,/3£%], =(R%.,)" " as a function of R™*. The dotted straight line is the 1: 1 diagonal.

behaviors of the solutions in the limit of small
Rossby number. In particular, the frontal move-
ment and related topographic effect will be exam-
ined from a kinematic viewpoint in connection
with the characteristic velocity in the following
subsections for two different cases of upper-layer
geostrophic wind: (u;, v;)=(1, 1) in case 1, and
(uy, v1)=(1, —1) in case 2.

4.2.1. Case 1. The characteristic velocity fields are
plotted in (&, y) space in Figs. 2a—c where the
parameters used are R=1, y=0.5 and (u;, v;)=
(1, 1). As functions of ¢ and y, u, and v, are not
explicitly dependent on time ¢ in (&, y) space, but
&(y, t) is a function of time in physical space. By
superimposing the isochrones of the surface front
(Fig. 3a) on the vector field of (u,, v,) in Fig. 2c,
one can see how the characteristic velocity (u,, v,)
changes with time as the surface front moves in
physical space. The v, field in Fig. 2b is symmetric
with respect to the £-axis and has a maximum on
the west side and a minimum on the east side of
the mountain. This distribution of v, can be
explained by the second term in (3.9b) that repres-
ents the topographic effect on v,.

Fig. 2a shows that the u, field is not symmetric.
This asymmetry is a mesoscale feature, because it
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Fig. 2. Component and vector fields of the characteristic velocity (u,, v,) plotted in (¢, y) space for case 1 (R=1, y=
0.5, u; =1, and v, =1): (a) u, field; (b) v, field; (c) (u,, v,) vectors and |(u,, v,)| field. Contour increment is 0.1 in (a)
and (b), and 0.25 in (c). The vector scale in (c) can be inferred from the fact that (u,, v,)=(1, 1) far away from the
mountain. The dotted circle shows the e-folding height contour of the mountain.

vanishes in the limit of small R,
following O(R?) truncation of (3

as shown by the
.10b):

o= [1+R2&%h,/0x*];

[u;— R0k, /8y + R*(1—v,)0h, /0x0y],

(4.7

Eq. (4.7) is obtained under the condition of small
R. For (uy, v;)=(1, 1), the third term vanishes in
the numerator of (4.7). The second term in the
numerator describes a pattern that is symmetric
about the y-axis and antisymmetric about the &-
axis, while the second term in the denominator of

Tellus 49A (1997), 5



DYNAMICS OF COLD FRONTS 567

Fig. 3. Frontal movement in the dimensionless (x, y) space for case 1: (a) Isochrones of the surface front with
dimensionless time interval 0.5; (b) Time shift caused by the mountain for the front to reach the concerned location;
(c) Frontal local speed computed from (4.10). The front is initially straight and located at x= —5. Contour increment
is 0.1 in (b) and (c). The dotted circle shows the mountain as in Fig. 2.

(4.7) describes a pattern that is symmetric about  the truncation error of (4.7) is actually as large as
both y-axis and ¢&-axis. The combination of the O(R3y)=O(y). Thus, (4.7) explains only a part of
numerator and denominator in (4.7) describes a  the u, field in Fig. 2a, although it does show that
pattern that is symmetric about the y-axis. For the asymmetry in Fig. 2a is due to the mesoscale
the solutions obtained here with R=1 and y=0.5, dynamics.
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Fig. 2¢ shows that the vector field (u,, v,) con-
tains an anticyclonic rotation induced by the
mountain. This anticyclonic rotation may be dem-
onstrated partially by the O(R) truncation of (4.7)
and (3.9b) with R« O(1):

U =1y —R[aho/aﬂe >
Vo =Uq +R[aho/ax]§ .

(4.82)
(4.8b)

The truncated characteristic velocity (u,, v,) con-
sists of two parts: the constant part (u,, v,), and
the topographic part R[—0dh,/dy, oh,/0x];. The
second part is an anticyclonic vector field showing
how the surface front is distorted by the mountain
to O(R). Again, since the solution is obtained with
R=1 and y=0.5, the truncation errors of (4.8a,b)
are actually as large as O(R%*))=0(y). As will be
further discussed in Subsection 4.3, the anticyc-
lonic rotation can be explained by the conserva-
tion of potential vorticity of the cold frontal flow
over the mountain ridge.

Shown in Fig. 3a are the isochrones of the
surface front which is initially straight and located
at x= —5. The numerical value on the solid lines
represents the time by which the front is located.
The surface front is distorted in the mountain
area. After the surface front passes the mountain,
the distorted front becomes nearly stationary to
the upper-layer wind, indicating that the effect of
the mountain on the surface front movement is
significantly reduced and the characteristics are
quite similar to those described by the solutions
in the absence of topography in the Appendix.
Fig. 3b shows the time shift caused by the moun-
tain for the front to reach the concerned location
in comparison with the time needed for the front
to reach the same location without the mountain.
As an integral measure of frontal acceleration/
deceleration, this time shift is similar to the frontal
displacement caused by topography in Bannon
(1984). Positive time shift means that the front is
displaced backward by the mountain, while nega-
tive time shift means that the front is displaced
forward by the mountain. As shown in Fig. 3b,
the front is displaced backward over the major
part of the mountain, with the maximum time
shift approximately coinciding with the peak of
the mountain. Negative time shift is found to the
north and northeast of the mountain peak. Down-
stream of the mountain and south of the above
negative time shift area is another region of posit-
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ive time shift. The banded negative and positive
areas downstream to the northeast of the moun-
tain are caused by the translation of the dis-
torted front.

In a synoptician’s weather map, frontal propa-
gation speed is often measured locally in the
direction normal to the surface front. We denote
by n the local unit vector normal to the surface
front, and by »n the local coordinate in this direc-
tion. By definition, n=(1, —0d&/dy)/[1+(0&/
0y)*1'2. For a given time interval At, the local
displacement of the front is given by

An=AL/[1+(0¢/0y) 1, (4.9)

where AE=E(y, t+At)—E(y, t) is the frontal dis-
placement in the x-direction during the time inter-
val of At. The frontal local speed is then given by

on/ot=(0/0t)/[ 1 +(6&/oy)*]"2 . (4.10)

Here, d£/0t is the frontal speed measured in the
x-direction. Clearly, for a straight front along the
y-direction, d£/dy=0 and hence 0n/dt=0E/0t. For
curved fronts, however, |0n/dt| <|0&/0t| in general.
Substituting 0£/dt from (3.8) into (4.10) and
making use of the definition of n, we further obtain

on/ot=(u,, v,)n. (4.11)

As shown in Fig. 3c, the frontal local speed reaches
minimum on the western slope and maximum on
the eastern slope of the mountain, indicating that
the front is locally decelerated while climbing up
the ridge and accelerated when running down
the hill.

4.2.2. Case 2. The parameters used here are the
same as in case 1 except that v, is changed from
1 to —1. The topographic effect on the v, field is
represented by the second term in (3.9b) and is
independent of v,, so the v, field is affected by the
mountain in the same way in this case as in case
1. Therefore, the v, field (figure not shown) is the
same as that in case 1 (Fig.2b) except for a
constant value of —2. The topographic effect on
the u,, field is not independent of v, or v, as shown
in (3.10b). According to (4.7), the u, field is affected
by v; on O(R%).

The 3rd term in the numerator of (4.7) is a
cross-derivative term and can cause an asymmetric
feature in the u, field. This cross-derivative term
vanishes in case 1 (v;=1) but not in case 2 (v; =
—1), so the asymmetry in the u, field is a feature
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of O(R¥) in case 1 and is a feature of O(R?) in
case 2. This may partially explain why u, field in
Fig. 4a is very different from that in Fig. 2a. Fig. 4b
shows that the vector field (u,, v,) contains an
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Fig. 4. As in Fig. 2, but for case 2 (R=1, y=0.5, u; =1,
and vy=—1): (a) u, field; (b) (u,, v,) vectors and |(u,,
v, )| field.
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anticyclonic rotation. This anticyclonic rotation
can be explained partially by (4.8) as in case 1.

The surface frontal movement is shown by the
isochrones in Fig. 5a. The front is distorted by the
mountain more severely in this case than in case
1 (Fig. 3a). After the front passes the mountain,
the bulged part of the distorted front expands
southward. This is different from that in case 1.
The banded positive area in Fig. 5b indicates that
the front is displaced forward more persistently
following the upper-layer geostrophic wind in this
case than in case 1. Fig. 5c shows that the frontal
local speed is positive on the eastern slope of the
mountain and significantly larger in this case than
in case 1 (Fig. 3c).

4.3. Geostrophic and ageostrophic winds

To understand the dynamic aspect of the frontal
movement and related topographic modification
of the front, the frontal motion needs to be ana-
lyzed in connection with the geostrophic and
ageostrophic components of the perturbation wind
field. The related problems are examined in the
following subsections for the same two cases as in
Subsections 4.2.1 and 4.2.2. To facilitate the ana-
lysis, the lower-layer total wind is partitioned as
follows: (u, v)=(uy, vy)+W, v)=(uy, v;)+(u,
vy ) +{u,, v,), wWhere (v, v') is the perturbation
wind, (4, v,")=(-ROh/dy, ROh/0x) is the perturba-
tion geostrophic wind, and (u,, v,)=(u,, 0) is the
ageostrophic wind with v, =0 as assumed in
(2.1)—~2.3).

4.3.1. Case 1. The vector field of the perturba-
tion wind (v, v') at t =5 is shown in Fig. 6a, where
contours are plotted for the zonal ageostrophic
wind u,. The height field h is shown in Fig. 6b,
from which the perturbation geostrophic wind can
be inferred by using (u,’, v,")=(—R0h/dy, R0Oh/0x).
Clearly, there is no perturbation wind on the
warm side of the surface front, and the northerly
jet-like perturbation wind behind the front is
geostrophically balanced with the frontal slope
(that is, v'=R0dh/0x as in (2.1)). The height field
in Fig. 6b suggests that the perturbation geo-
strophic flow is curved anticyclonically over the
mountain. This anticyclonic flow curvature can be
explained by the conservation of potential vorti-
city of the shallow frontal flow over the mountain
(see eq. (2.4)). The perturbation geostrophic wind
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Fig. 5. As in Fig. 3, but for case 2.

intersects the distorted surface front and, thus,
affects the propagation of the wave pattern of the
distorted front.

By rewriting (2.2) into Rdv/dt=—u,
= —(u'—u,’), we can see that —u, represents the
imbalance between the perturbation Coriolis force
(represented by —u’) and perturbation pressure
gradient force (represented by —u,’=R0dh/0y) in
the y-direction. This force imbalance accelerates

the total flow in the y-direction and tends to
produce a southerly mountain-barrier jet in the
negative u, area— the area prone to cold-air dam-
ming on the upstream side of the mountain (Xu,
1990; Xu et al., 1996). Since v=v,+v" and v, is
constant, we have dv/dt=dv’/dt. By applying the
above force analysis to Rdv’/dt= —u, and noting
that v" <0, one can understand why the northerly
component of the perturbation wind decreases in
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Fig. 6. (a) Perturbation wind vector («, v') and the zonal ageostrophic wind u, (contour increment is 0.1 with solid
lines for positive and dashed lines for negative values), and (b) height field 4 (contour increment is 0.1) in (x, y) space
at =3 for case 1. The vector scale can be inferred from the fact that (i, v')—(0, —1) as {y|—> oo along the surface
front (shown by the thick curve). The dotted circle shows the mountain as in Fig. 2.

the negative u, area but increases in the positive
u, area, as shown in Fig. 6a.

The surface front can be distorted only if (', v')
intersects the front. The distorted part will grow
locally if the along-front distribution of the front-
normal component of (¥, v') is in phase with
respect to the wave pattern of the front, and will
propagate along the front if the along-front distri-
bution of the front-normal component of (¢, v') is
90° out of phase with respect to the wave pattern
of the front. In Fig. 6a, the along-front distribution
of the front-normal component of (u’, v') is slightly
less than 90° out of phase with respect to the wave
pattern of the distorted front, suggesting that the
wave pattern grows very slowly while propagating
southward along the front relative to the upper-
layer geostrophic wind (Fig. 3a). Note further that
the along-front distribution of the front-normal
component of (u,’, v,") is nearly 90° out of phase
with respect to the wave pattern of the distorted
front (Fig. 6b), while the along-front distribution
of u, is significantly less than 90° out of phase
with respect to the wave pattern (Fig. 6a). Thus,
the along-front propagation of the wave pattern
is caused mainly by the perturbation geostrophic
wind, while the growth of the wave pattern is
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caused mainly by the ageostrophic wind at this
time (i.e., t=>5).

Fig. 7a shows that by t=6 a northwesterly jet-
like flow is formed in the perturbation wind field
on the northern slope of the mountain. A similar
jet-like flow exists in the geostrophic perturbation
wind field, as shown by the height field in Fig. 7b.
The u-component of this jet-like flow is enhanced
by the ageostrophic wind as shown by the positive
contours in Fig. 7a. Since u, is strongly positive
in the jet-like flow area, the imbalance between
the Coriolis force and pressure gradient force is
strong in the y-direction and accelerates the flow
southward. This explains why the northwesterly
jet-like flow is enhanced in Fig. 7a as the surface
front moves down to the lee side of the mountain.

In Fig. 7a, the along-front distribution of u, is
almost completely out of phase (by 180°) with
respect to the wave pattern of the distorted front,
suggesting that the ageostrophic wind causes the
wave pattern to decay at t=6. The along-front
distribution of the front-normal component of (u,’,
vg') is 90° out of phase with respect to the wave
pattern of the distorted front in Fig. 7b, so the
perturbation geostrophic wind still causes the
wave pattern to propagate southward along the
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Fig. 7. Asin Fig. 6, but for the results at t=6.

front relative to the upper-layer geostrophic flow
at this time.

4.3.2. Case 2. The upper-layer geostrophic wind
is northwesterly in this case, and the lower-layer
total wind is enhanced by the strong northerly
perturbation wind behind the front. As the front
moves onto the mountain (say, at ¢t=35), this
northerly component flow is decelerated
(—dv/dt<0) on the northwestern slope but is
accelerated (—dv/dt > 0) on the southwestern slope
of the mountain. Consequently, the along-front
distribution of u, (= — Rdv/dt) in this case (Fig. 8a)
is stronger than and opposite to that in case
1 (Fig. 6a).

The along-front distribution of u, in Fig. 8a is
more than —90° out of phase with respect to the
wave pattern of the distorted front, so the ageos-
trophic wind tends to cause the wave pattern to
slowly decay and propagate northward along the
front at this time (¢=5). Fig. 8b shows that the
front-normal component of the perturbation geo-
strophic wind is stronger than in case 1 (Fig. 6b),
and its along-front distribution is similar to that
in case 1 but less than 90° out of phase with
respect to the wave pattern of the distorted front.
Thus, the perturbation geostrophic wind tends to
cause the wave pattern to grow and propagate
southward along the front at this time (t=5).

J. ZONG AND Q. XU

(b)

Since u," and u, have opposite signs along the
front, the front-normal component of the per-
turbation wind »’ is much weaker than that in
case 1 and its along-front distribution is nearly in
phase with the wave pattern of the distorted front,
as shown in Fig. 8a. Thus, the southward propaga-
tion of the wave pattern caused by the perturba-
tion geostrophic wind is largely offset by the
northward propagation caused by the ageos-
trophic wind, but the growth caused by the per-
turbation geostrophic wind is a dominant feature.

Fig. 9a shows that an anticyclonically curved
perturbation flow is formed on the eastern slope
of the mountain by r=6. A similar feature exists
in the perturbation geostrophic wind field as
shown by the height field in Fig. 9b. The curved
flow is enhanced by the strong westerly ageos-
trophic wind on the northeastern slope and by
the strong easterly ageostrophic wind on the
southeastern slope of the mountain (shown by
contours in Fig. 9a). The strong westerly ageos-
trophic wind on the northeastern slope implies
that the northerly flow component is accelerated,
while the strong easterly ageostrophic wind on the
southeastern slope implies that the northerly flow
component is decelerated by the imbalance
between the Coriolis force and pressure gradient
force.

The along-front distribution of u, in Fig. 9a is
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Fig. 9. As in Fig. 7, but for case 2.

nearly 90° out of phase with respect to the wave
pattern of the bulged surface front, so it tends to
cause the bulged pattern to propagate northward
relative to the upper-layer flow. On the other
hand, as shown in Fig. 9b, the perturbation geo-
strophic wind intersects the bulged front only on
its southern part and thus tends to cause this part
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to move southward relative to the upper-layer
flow. The combination of the above two compon-
ent wind fields explains why the total perturbation
flow nearly parallels the southern part but inter-
sects the northern part of the bulged front, as
shown in Fig. 9a, and why the bulged pattern
expands as the front moves eastward (see Fig. 5a).
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5. Concluding remarks

A two-layer semigeostrophic model is developed
to study the movements of surface cold fronts over
a quasi-two-dimensional mountain on an f-plane.
This model can be considered as an extension of
the two-dimensional model of Davies (1984).
Analytical expressions are obtained for the lower-
layer height and velocity fields in terms of the
surface frontal position and topography, and a
hyperbolic differential equation is derived for the
movement of the surface front. This hyperbolic
differential equation is cast into a set of coupled
ordinary differential equations and thus integrated
by following the characteristic velocity. It is shown
that the movement of the surface front can be
conveniently described by the characteristic vel-
ocity, although the latter is not the parcel velocity
at the surface front.

The present model breaks down when the topo-
graphic slope becomes as steep as the frontal slope
on the lee side of the mountain. In this case, the
zonal component of the characteristic velocity
becomes unbounded and the model’s surface front
is along the meridional direction at the point of
breakdown. This breakdown condition is similar
to that of Davies (1984). The unbounded charac-
teristic velocity indicates unbounded parcel vel-
ocity at the front, which implies a very strong
downslope wind on the lee side of the mountain
caused by a fast geostrophic adjustment process
beyond the description of the present model. For
a given Gaussian-type mountain profile, the break-
down condition sets an upper limit or, say, critical
value for the model’s mountain height (scaled by
the far-upstream depth of the lower-layer cold
air). This critical height is independent of the
upper-layer geostrophic flow and increases mono-
tonically as the Rossby number decreases (see (4.6)
and Fig. 1).

Solutions are obtained for flows over an isolated
Gaussian-type mountain in the dimensionless space
(scaled by the short semi-axis and long semi-axis
of the e-folding height contour of the mountain in
the x-direction and y-direction, respectively). These
solutions are examined for two cases of different
upper-layer geostrophic wind: southwesterly in case
1, and northwesterly in case 2. It is found that in
both cases a jet-like northwesterly flow develops in
the perturbation wind field on the northern slope
of the mountain as the surface front passes the
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mountain. This feature represents a quasi-steady
response to the mountain, and becomes more dis-
tinctive as the surface front moves further down-
stream to the east of the mountain. The jet-like
northwesterly flow is enhanced by the westerly
ageostrophic flow superimposed on the northern
branch of an anticyclonic circulation of the geo-
strophic flow, while the anticyclonic geostrophic
flow and its associated positive height anomaly are
maintained by the conservation of potential vorti-
city for the shallow lower-layer flow over the
mountain. This type of topography-induced strong
wind phenomena has been observed in the real
atmosphere (Colquhoun et al., 1985).

In the absence of topography, the front is
advected by the upper-layer geostrophic wind and
the frontal flow is purely geostrophic as shown in
the Appendix. Therefore, the deviation from this
behavior is the essential part showing the topo-
graphic effect on the frontal movement. Since this
deviation can be expressed analytically in terms
of the perturbation characteristic velocity obtained
by subtracting the upper-layer geostrophic vel-
ocity from the characteristic velocity (see Sections
3 and 4.2), the topographic effect can be examined
conveniently from a kinematic viewpoint in con-
nection with the perturbation characteristic vel-
ocity. In terms of a small Rossby number
expansion, the first-order perturbation character-
istic velocity describes an anticyclonic circulation
that follows the mountain’s height contours (see
(4.8)). This implies that the surface front experi-
ences a clockwise deformation when it passes the
mountain following the upper-layer geostrophic
wind. This feature is seen in our model’s solutions
and also agrees qualitatively with the numerical
results of Schumann (1987) and the analytical
results of the quasi-geostrophic extension of
Davies’ model (1984) to three-dimensions by
Blumen (1992). The higher-order terms of the
characteristic velocity show that the meridional
component of the characteristic velocity is inde-
pendent of the upper-layer geostrophic wind and
has a symmetric distribution with respect to the
short axis of the mountain’s height contours. The
zonal component, however, is affected by the
meridional component of the upper-layer geo-
strophic wind and has an asymmetric distribution
purely due to the mesoscale dynamics.

The frontal evolution and related topographic
modification are examined from a dynamic view-
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point in connection with the geostrophic and
ageostrophic components of the perturbation wind
field. Roughly, the frontal evolution can be divided
into two stages: the upslope stage and the
downslope stage. During the upslope stage, the
surface front moves on the upstream side of the
mountain, the cold air layer becomes shallower
over the mountain, and the perturbation geo-
strophic flow is curved anticyclonically under the
constraint of potential vorticity conservation. The
curved perturbation geostrophic flow intersects
the distorted surface front and tends to move the
distorted frontal pattern southward (in both
cases). This tendency is largely offset by the ageos-
trophic process in case 2 but not in case 1. Thus,
the distorted frontal pattern propagates southward
relative to the upper-layer geostrophic wind in
case 1 but not in case 2. The slow growth of the
distorted frontal pattern is caused mainly by the
ageostrophic wind in case 1 but by the geostrophic
wind in case 2. Features in the ageostrophic wind
field are interpreted in terms of mountain-induced
Lagrangian deceleration (or acceleration) of the
geostrophic flow.

During the downslope stage, the surface front
moves on the lee side of the mountain, the front
becomes steep, and the perturbation geostrophic
flow becomes strong and fairly parallel to the
distorted front. The ageostrophic wind becomes
strong in both cases but has very different distribu-
tions in the two cases. The combination of the
geostrophic wind and ageostrophic wind causes
the distorted frontal pattern to slightly decay in
case 1 and causes the bulged pattern of the dis-
torted front to expand in case 2. After the
downslope stage, the surface front moves further
downstream to the east of the mountain (see Figs.
3a, 5a), the perturbation geostrophic flow becomes
nearly parallel to the front and the ageostrophic
wind becomes very weak, and the distorted front
becomes nearly stationary with respect to the
upper-layer geostrophic wind in both cases.
Overall, the characteristics of the front after the
downslope stage are quite similar to those
described by the solutions in the absence of topo-
graphy in the Appendix. As the distorted front
propagates far downstream, leaving behind an
anticyclone permanently associated with the topo-
graphy, the transient and long-term effects of the
topography on the flow field are essentially
decoupled.
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In addition to the previously mentioned break-
down condition, the assumed quasi-two-
dimensionality and semigeostrophy represent fur-
ther limitations of the present model when it is
applied to strongly curved flows around more
realistic three-dimensional topography (Gent
et al,, 1994). Even with the quasi-two-dimensional
topography, caution should be used when the
model is applied to situations where surface fronts
intersect the long axis of the topographic height
contours at significant angles. Flows in these
circumstances might be described in terms of
balanced dynamics with certain intermediate
models (McWilliams and Gent, 1980; Xu, 1994),
but solutions of such models remain to be sought.
Despite the restrictions mentioned above, how-
ever, the present analytical model provides useful
insights into the dynamical effects of a quasi-two-
dimensional mountain ridge on the movements of
cold fronts that are nearly parallel to the mountain
ridge and impinge upon the mountain ridge in a
nearly normal direction.
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7. Appendix

Solutions in the absence of topography

In the case of h,=0 and constant u; and v,,
(3.10b) and (3.9b) reduce to u,=u; and v,=v,,
respectively. If the surface front is initially
described by £=¢&,(y), where £,(y) is a given
function of y, (3.8) has a solution of ¢ in the
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following form

Sy, )=8o(y—vit)+uyt. (A1)
Here, (A1) shows that the surface front translates
at the speed of u; in the x-direction, while its
initial pattern given by &, shifts in the y-direction
at a speed of v,. According to (2.8b), D=1 in the

J. ZONG AND Q. XU

absence of topography, so (2.10) reduces to:
h=1—e&"9R (A2)
With h given in (A2), it is easy to verify the
following relations

u=u,=u, —(0&/dy)e "Ik, (A3)

that is, the frontal motion is purely geostrophic if
there is no topographic effect.
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