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ABSTRACT

Weakly non-linear response of a stably-stratified shear flow without a critical level of specified
heating is investigated analytically using the perturbation method. The heating is prescribed to
be bell-shaped in the horizontal and uniform from the surface to the non-dimensional heating
depth of one, in the vertical. The non-dimensional vertical wind shear varies from 0.1 to 0.6.
As the vertical wind shear increases, the magnitude of the zeroth-order (linear) perturbation
vertical velocity above the forcing region increases by extracting energy from the mean shear
flow. On the other hand, the magnitude of the perturbation horizontal velocity in the forcing
region decreases with increasing wind shear because part of the heating is used to compensate
for the positive vorticity induced by the positive wind shear. The forcing to the 1st-order
equation exists not only in the specified heating region but also above the heating region because
of the wind shear. The magnitude of the Ist-order (weakly non-linear) perturbation vertical
velocity above the specified forcing region, varies irregularly with vertical wind shear, because
the forcing to the Ist-order equation depends non-linearly on the wind shear. In the forcing
region, the magnitude of the perturbation horizontal velocity decreases with increasing wind
shear due to both the reduced effective forcing results from the compensation of the vorticity
by the wind shear and the forcing to the 1st-order equation which decreases with increasing
wind shear. The magnitudes of the momentum flux for the zeroth-order and 1st-order perturba-
tions decrease monotonously with increasing wind shear, and the vertical convergence of the
momentum flux exists below the forcing top. Above the forcing region, the vertical convergence/
divergence of the momentum flux exists for the 1st-order perturbation. It is suggested that
vertical convergence/divergence of the momentum flux can influence large-scale mean motion
in terms of gravity wave drag; hence, gravity wave drag induced by the thermal forcing should
be included in large-scale models.

1. Introduction

Linear response of a stably stratified atmosphere
to thermal forcing has been studied analytically
with a wide range of applications to mesoscale
phenomena such as heat island, orographic-con-
vective precipitation, rain-induced cold pool in
convective system, etc. (Smith and Lin, 1982; Lin
and Smith, 1986; Raymond, 1986; Lin, 1987, Lin
and Chun, 1991; Baik, 1992). Even though these
linear studies have contributed much to under-
standing the basic dynamics of thermally-induced

mesoscale circulations, there is an obvious limita-
tion to a real situation where non-linearity
becomes important. Recently, Chun and Baik
(1994) (CB hereafter) investigated the weakly non-
linear response of a stably stratified atmosphere
to heating in a uniform flow. They showed that
the major non-linearity effect is to produce a
strong convergence near the forcing center, regard-
less of the specified forcing type. This convergence
is responsible for producing upward motion at the
center of the forcing region that extends upstream.

Vertical shear of the basic-state wind is one of
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the important factors in mesoscale convective sys-
tems. Specifically, vertical wind shear plays a
crucial dynamical role in the maintenance and
generation of long-lived convective systems, by
(i) preventing outflow from moving away from
the convective system (Thorpe et al., 1980), (ii) bal-
ancing the cold-pool induced circulation effecting
to spread downshear (Rotunno et al., 1988),
(iii) increasing density current speed in multi-
cell storms (Fovell and Ogura, 1989), (iv) con-
trolling characteristics of the cloud forming
along an outflow collision line (Droegemeier and
Wilhelmson, 1985).

Linear response of a stably stratified atmosphere
to thermal forcing in a constant shear flow with
(Lin, 1987; Lin and Chun, 1991) and without
(Baik, 1992) a critical level was studied analytic-
ally. These studies indicated that the flow response
is characterized by the Richardson number of the
basic flow and the heating/cooling depth. Lin
(1987) showed that when a critical level is located
in the thermal forcing region, the vertical velocity
there is in phase with the thermal forcing for a
wide range of the Richardson number. Lin and
Chun (1991) showed that the speed of the density
current propagating upstream is slowed down by
the vertical wind shear in the lower layer because
part of the cooling is used to compensate for the
positive vorticity produced by the vertical wind
shear; accordingly, the effective cooling producing
density current become small.

Mesoscale convective phenomena generally
reveal non-linear behavior with vertical wind shear
that is not accessible to linear analytic study.
Thus, an impetus to the study of non-linear
response of an atmosphere to thermal forcing
stems from a need for a better understanding of
mesoscale phenomena. However, as mentioned in
CB, in a fully non-linear analytic approach with
thermal forcing, there are mathematical difficulties,
but a weakly non-linear approach is feasible. In
the present study, the weakly non-linear response
of a stably stratified atmosphere of heating in a
constant shear flow without a critical level, is
investigated analytically. In Section 2, governing
equations and solutions for the lowest two powers
are presented. The energy and momentum flux
equations are derived and discussed in Section 3.
In Section 4, the effects of vertical wind shear on
the weakly non-linear response of a stably strati-
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fied atmosphere to heating are discussed. Finally,
a summary and conclusions are given in Section 5.

2. Governing equations and solutions

2.1. Governing equations

The governing equations of a 2-dimensional
(x—z plane), steady-state, hydrostatic, non-rotating,
inviscid, Boussinesq flow in a constant shear flow
with thermal forcing can be written as (CB):

3¢ b 0%
axaz2+ax_"(¢’ﬁ>"°’ (1)
b .0 __8

Uax—N ax—J(fi’,b)—can- (2)

Here, ¢ is the perturbation streamfunction defined
by u = 0¢/0z and w= —d¢/dx, b the perturbation
buoyancy, U the basic-state wind, N the Brunt—
Vaisala frequency of the basic flow, g the gravita-
tional acceleration, c, the specific heat at constant
pressure, T, the basic-state temperature, and g
the thermal forcing. The symbol J is the Jaco-
bian defined by J(4, B)=(0A/0x)(0B/dz)—
(0A/0z)(0B/0x). Following CB, (1) and (2) are
non-dimensionalized using the following scale
parameters.

U
x=L%, z= (—c) 2,
N

Uc 5 gch n
d‘(N)¢ ¢‘<%%NJ¢

g9.L -
-l =q.d U= i
b (cpToUc)’ q=q.4 u.Uu (3)

Here, variables with carets denote non-dimen-
sional quantities. Note that in CB, U is 1 because
the basic-state wind is constant. In the present
study, the non-dimensional basic-state wind U is
a function of Z. Substituting (3) into (1) and (2)
yields (with all the carets dropped hereafter):
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The parameter u is called the non-linearity
factor of the thermally-induced finite-amplitude
waves. The perturbation streamfunction and buoy-
ancy are expanded in small values of the para-
meter p.

d=do+ up,+ 1o+, (7)
b=b0+ﬂb1+ﬂ2b2+"'- (8)

Now, assume that the thermal forcing g has
only zeroth-order term. In addition, the basic-
state wind U is assumed to have only zeroth-order
term. Then, the equations of the lowest 2 powers
are given by

UO%—%—%, (10)
N R
UO%_%% = J(¢o, bo)- (12)

The zeroth-order egs. (9) and (10) can be
reduced to a single equation for the perturbation
vertical velocity of:

2

0%w,
2 0
Uo 0z%

+ Wo = qo. (13)

Similarly, the first-order equations (11) and (12)
can be reduced to

vz F 14
o 622 +W1 - (x’ Z)’ ( )
where
9*¢o
F(x,z)=—UyJ (%, ) + J(¢o5 bo)- (15)
Using (9) and (10), (15) becomes
Fx,2)= 2o, by + 3.0 0 200 (16)

ox 0z%°

The 2nd term in the right-hand side of (16) is
related to the basic-state wind shear. In the uni-
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form wind case, the second term is zero. Therefore,
(16) is a general expression of F(x, z). We define
a one-sided complex Fourier transform pair by:

x 1 (=
G(k,z)=;f

—

= Re{ J “ Gk, z) €™ dk}.

2.2. Zeroth-order solutions

G(x, z) e~ ™= dx, (17a)

G(x, z) (17b)

Taking the Fourier transform of (13) yields
2.~

0w,
Ud—~ o2 +W0—(10 (18)

The non-dimensional basic-state wind is assumed
to have a constant shear without a critical level
(19)

Here, the non-dimensional wind shear « is defined
by a=oa*/N where a* is the dimensional wind
shear. For convenience, we let f=1/a. The g, is
assumed to have the same form as in CB, that is,

{al(e'“l"—e_“l") for0<z<d
Ao =

0 for z>d.

Up=1+az.

(20)

Here, a, and a, are the non-dimensional half-
width of the forcing. Then, the general solution to
(18) is

Wolk, 2) = Ao(K)(z + )™

+ Bz + P+ g, for0<z<d,

(21a)
Wolk, 2) = Co(k)(z + )+ ™
D)+ B " forz>d,
(21b)
where v=1/8>—1/4. Note that p? is the
Richardson number since Ri=(N/a*)*= 2 In

this study, we consider dynamically stable flow
(Ri>1/4). The 4 unknown coefficients Ay(k),
By(k), Co(k), and Dy(k) can be determined by
proper boundary and interface conditions. The
flat bottom boundary condition requires w, =0 at
z =0 and the upper radiation boundary condition
for Uy>0 requires Dy(k)=0 (Booker and
Bretherton, 1967). At z=d, interface conditions
that W, and 0w, /dz are continuous are imposed.
Then, the zeroth-order solution in the wave-
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number space is given by:
1
Wolk,2) = o {(2 i )(d+ﬁ) et
X [B-Ziu(z+ B)l/lh'v_(z +ﬁ)1/2—iv]

_ﬂ—1/27i0(2+ﬁ)1/2+iv + 1}

1 1
Wo(k, 2) = §o {(2 4w>

X [ﬂ—ZiU(d+ B)—1/2+iv_(d+ ﬂ)—l/Z—iv]
_ﬂ-1/2—iu+(d+ﬁ)—1/2+w} (Z+ ﬂ)1/2+iu,

for 0<z<d, (22a)

for z>d, (22b)

After taking the inverse Fourier transform of
(22a) and (22b), the zeroth-order solution in the
physical space can be obtained.

WO(x’ Z)
1
=X, | zs{? 3 ~[cos z; —cos z,]

. . 12

+ ™ [sinz; —sin z,] p — zs3/* cos z3 + 1
v

1. .
— X, | zsi? 3 ~ [sin z; —sin z,

1
e [cos z, —cos z,] ¢ — zsi/? sin z,
U

for 0<z<d, (23a)

wo(x, 2)

1
=X, | zsi? 3 = [cos z, + cos z, ]
1. .
+ o [sin z; + sin z,] p — zs3/% cos z;
1. .
—X,| zsi? 3 [sin z; —sin z,]

1
T [cos z; —cos zz]} — zs4? sin 23]
for z>d, (23b)
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where
zsy =(z+ p)/d+ p),
zs, =(z + B)/B,
zy=vIn[(d+ B)(z + B)/B*],
2, = —vIn(zsy),
z3 =0 In(zs,),

a? a,a,
x2+a?

¥ x x
2=a1 S 5 "5 5 |
x2+ad x*+adk

From the definition, the zeroth-order perturba-
tion streamfunction can be obtained by integrating
w, from — oo to x with respect to x.

¢O (x’ Z)

X1= -
Zia

(24)

1
=—X, [zs”2 {2 [cos z; —cos z,]

1 _.
+ —[sinz, —

sin 22]} —zs3? cos z3 + 1]
4v

1
+ X, l:zs”2 {2 [sin z; —sin z,]

1
——[cos z,

— €08 z,] ¢ — zsi? sin z3
4v

for 0<z<d, (25a)

$olx, z) = [zs { [cos z; +cos z,]
| . "
+ ™ [sin z, +sin z,] p — zs3/? cos z3
172 L ;
+ X, zs1 2 —[sin z; —sin z, ]
1 1/2
4 [cos z; —cos z,] p — zs3/* sin z3
for z>d, (25b)
where
-
X;=a,|tan”"— —tan”" " — |},
ay az

2, 2
ag X“ 4+ ay
= . 26

X4 21n(x2+a§) (26)

The zeroth-order solution is proportional to zs;
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and zs, which increase with height. This implies
that the solution will not be bounded as z— co.
This is due to the assumption that the basic-state
wind increases linearly with height. In reality, the
basic-state wind should be bounded at any height.
In other words, the solutions (23) and (25) are
valid where the assumption for the basic-state
wind is valid. A similar problem could arise from
the studies by Lin (1987) and Lin and Chun
(1991).

The other zeroth-order variables u, and b, can
be obtained using the perturbation streamfunction
as follows.

ug(x, z) = 66;’:0’ (27)
1 X
bo(x, z) = E; <¢o + JL do dx). (28)

2.3. Ist-order solutions

The 1st-order perturbation is forced by F(x, z)
which is determined by the zeroth-order perturba-
tion. It follows that

1 0
F(x,2)= [2)(1 %o
0z
3 dU, ¢o
U G+ X5 (29)
In the uniform flow case, F(x, z) = —2X, 0¢o/0z.

The 2nd term on the right-hand side of (29) is
related to the basic-state wind shear. This implies
that even though the zeroth-order forcing g, is
the same as both in the uniform flow case and in
the shear case, the 1st-order perturbation is forced
by additional forcing resulting from the wind
shear. In addition, contrary to the uniform flow
case, F(x, z) exists above the forcing top height d.
Note that X; and X; have values only below the
forcing top height (zeroth-order forcing region
0 < z < d). Therefore, it may be more convenient
to write F(x, z) in separate forms for each region:

Fi(x,z)=F(x, z) for 0<z<d, (30)
_ 34U, 34)0
FZ(X’ Z) - Uz dZ 4’0
3a 6 ¢0
= Uo 8x< ) for z>d. (31)

The forcings F, and F, are discontinuous at z=d
because of the discontinuity of X; and X; at z=
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d, even though solutions for the perturbation fields
are forced to be continuous at z =d. The integra-
tion of F, from x = — o0 to oo with respect to x
is not zero as discussed in CB, while that of F, is
zero, since it is in a perfect derivative. Therefore,
there is no net forcing problem above the zeroth-
order forcing region (z > d), and the solution may
be bounded safely on far downstream side (Smith
and Lin, 1982).

The governing equations of the 1st-order per-
turbation forced by F can be written in each
region as

92w, )

U2 —- P Lyw =F  for0<z<d, (32a)
02w, )

U2 af v, =F, forz>d (32b)

The general solutions to (32a) and (32b) are

Wik, 2) = A, (k)(z + B)'> "™
+ By (k)(z + )P + Wip
for 0<z<d, (33a)
W (k, 2) = Cy(k)(z + B)' 2+
+ Dy(k)(z + BY>P + Wy, for z>d.
(33b)
Here, Wy, is the particular solution given by
Wip(k, 2) = ay (k, 2)(z + )2+ (34)
+aa(k, 2)(z + BT,
where
2,k 2) = — I Chal )
: Wi+ B2 e,  + pye]
(35a)
i 1/2+iv
ay(k, z) = Wiz f_(lz;)f/)z(f: (i)_’_ B)H2v] dz.
(35b)

Here, the symbol W is the Wronskian defined
by  W(C, D)= C(dD/dz) — D(dC/dz). Because
Wl(z + B)2+% (z 4 B)Y2~*] = —2iv, the particu-
lar solution becomes

Wlp(ks Z)

— _L 1/2+iv
5=+ ) f

-

©

S(x, z) e * dx

o

4o (z 4 B J T(x, 2) e~ % dx, (36)
2nv

—
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where
S(x, z)= jF(x, 2)(z + B?~" dz, (37a)
T(x, z) = '[F(x, 2z + B da. (37b)

By the definition of the Fourier transform, (36)
is equivalent to

Wiplk 2)= = o= (2 + B2 Sk, 2

+ - (z+ BV Tk, 2). (38)
2v

since S(x,z) and T(x,z) are different for each
region, S(k, z) and T(k, z) are discontinuous at z =
d. As was done for the zeroth-order solution, the
lower boundary condition of w; =0 at z=0, the
upper radiation boundary condition [D,(k)=0],
and the interface conditions of the continuity of
W; and 0w, /0z at z=d are imposed to determine
the 4 unknown coefficients 4, (k), B;(k), C,(k), and
D; (k) in (33a) and (33b). After relatively complic-
ated manipulations, the solution for the first-order
perturbation vertical velocity can be obtained by:

wl (k: Z)

= i [3,(k, 0) — B~2T, (k, 0)](z + B)2*+¥
+ 2L g2 {[Tl(k, d) — Ty(k, d)]
v
! +iv a_gl _ @_2
_ Z(d-l- B2 [ = (k, d) s (k, d)]

i oL oT,
+5.@+p) [‘a? s d)— 220k d)]}
X [(Z + B)1/2+iv _ BZiv(Z + ﬁ)l/Z—iv]

— ZL [(Z + ﬂ)1/2+iv§1(k, Z)

v

—+ PP Tk, 2)],
for0<z<d, (39a)

Wwy(k, z)
BE —2iv 7y
=% {51(1% 0)—B~*"T;(k, 0)
~ ik, d) — 8k, )] + B~ [Ti (k, d)
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- Tl(k9 d)] - 2_11) (d + ﬂ)[ﬂ'Ziv(d+ ﬁ)Ziv _ 1]

a8, a8,
x ['a? (k. d) — =2 (k d)]

i —2iv —2iv
o, @A — @+ pH™]

<| G- Lwa]f e

Y L N

- (Z + ﬁ)l/Z—iviﬂz(k, Z)]a
forz>d. (39b)

Here, the subscripts 1 and 2 in S(k, z) and T(k, z)
denote S(k, z) and T(k, z) in the regions of 0 < z < d
and z > d, respectively. Note that all the variables
of F(x, z) in (29) are continuous at z=d except
for the specified forcing including X, and X;. The
only difference in S(k, z), T(k, z), 08(k, z)/dz, and
8Tk, z)/0z between 2 regions is the specified for-
cing term. As mentioned in the zeroth-order solu-
tion, the 1st-order solution also includes zs; and
zs, terms implicitly. In addition, the 1st-order
solution for z>d includes S,(k,z) and Ty(k, z),
which also include the zs; and zs, terms. However,
because S,(k, z) and Ty(k, z), are proportional to
a/U3 [(31) and (37)], they may be bounded safely
as z— oo.

To get the 1st-order perturbation vertical vel-
ocity field in the physical space, first S(x, z) and
T(x, z) are numerically evaluated by solving the
matrix system, as analytical integrations appear
to be fairly complicated to perform ((37a) and
(37b)). Differentiations of S(x, z) and T(x, z) with
respect to z give, respectively,

s = F(x, 2)(z + B)**"*, (40a)
0z
oT = F(x, z)(z + B)1/2*7. (40b)

0z

The 4th-order finite difference equations of (40a)
and (40b) in the z-direction (subscript j) in each
region are given by

Hj+2—8Hj+1+8Hj_1_Hj_2=12Azhj, (41)

where H and h denote S(x,z) (or T(x,z)) and
F(x, 2)(z + B)Y*7% (or F(x, z)(z + B)/?*"), and Az
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is the vertical grid interval. 0S(x,z)/0z and
0T(x, z)/0z are analytically evaluated using (40a)
and (40b). Then S(x, z), T(x, z), 0S(x, z)/0z, and
0T(x, z)/0z are forward-transformed (x— k) to get
Sk, z), Tk, z), 88(k, z)/dz, and 8T (k, z)/0z, and from
(39a) and (39b), w,(k,z) is evaluated. Finally,
wy(k,z) is backward-transformed (k— o) to
obtain wy(x, z). A fast Fourier transform (FFT)
algorithm is employed to perform the forward-
and backward-transforms. For the computa-
tions, the number of horizontal wavenumbers is
specified as 512 over the horizontal domain size
of 51.1 and the vertical domain size in 10 with a
vertical grid interval of 0.05. The non-dimensional
length scales a; and a, in (20) are set to 1 and 5,
respectively.

3. Energy and momentum flux argument

From the zeroth-order horizontal momentum,
thermodynamic energy, mass continuity, and
hydrostatic equations, the zeroth-order wave
energy equation can be derived as follows.

0 0
x [UoEq + mouo] + 7 (mowo) = qobo — atigwo.
(42)

Here, E, is the zeroth-order total wave energy
defined by (u3+b2)/2 and m, the zeroth-order
perturbation kinematic pressure. This is identical
to the dimensional form in Lin (1987). In contrast
to the uniform basic-state wind case in CB, the
vertical wind shear can be a wave energy source.
Because the zeroth-order momentum flux uyw, is
negative for the vertically propagating waves, the
2nd term on the right-hand side of (42) is positive
for positive vertical wind shear (a > 0), as in the
present case. This implies that the wave can extract
energy from the mean flow with vertical shear.
Since the zeroth-order energy argument is already
given in several studies (Lin, 1987; Chun, 1991;
Baik, 1992), our interest here lies in connection
between the zeroth-order and 1st-order wave
energy.

Using the 1st-order governing equations, the
1st-order wave energy equation can be obtained
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from:

0 0
x [UoE; + myu ] + P (mywy)

u, [ 0
==, [a—x— (UoEo) — boqo]
blF bIW()bO
-+ 2 ~oz|:u1w1+ 2U0 :|. (43)

Here, E, is the 1st-order total wave energy defined
by E; = (u} + b?)/2 and 7, the 1st-order perturba-
tion kinematic pressure. The 1st 3 terms on the
right-hand side of (43) are equivalent to those in
the uniform basic-state wind case in CB, while the
last 2 terms in (43) are related to the vertical shear
of the basic-state wind. Therefore, (43) is a general-
ized form of (47) in CB. The 1st term in the last
bracket is the 1st-order vertical momentum flux
which should be negative for the wave energy to
propagate upward (Booker and Bretherton, 1967).
Multiplying (Ugu; + ;) with the 1st-order hori-
zontal momentum equation and integrating from
X = —o0 to oo with respect to x yields the follow-
ing vertical wave energy equation:

o0
f mywy dx
— o0

=—U0J

+ i r (Uouy + m,)J (¢o, a¢0) dx.

o 0z

The 2nd integrand in the right-hand side of (44)
represents wave interaction between the zeroth-
order and 1st-order perturbations. Integrating (43)
from x = — oo to oo with respect to x and differen-
tiating (44) with respect to z gives the following
equation of the vertical variation of the
momentum flux:

d @
- J_w uywy dx

R A Y R
A 2 YTz

1d (= oo
e o ulj(%’ 5z)dx
1 d (< 8¢,
+ U, dz ) mJ (¢0, P ) dx.

Tellus 49A (1997), 5

uywy dx

(44)

bywoby dx

(45)



RESPONSE OF A STABLY STRATIFIED SHEAR FLOW TO THERMAL FORCING

Note that (43)—(45) are valid only when there is
no critical level (U, #0). The 1st term on the
right-hand side of (45) represents the source of
the momentum flux divergence by diabtic forcing
to the 1st-order perturbation induced by the
Jacobian of the zeroth-order perturbation. There
is a vertical convergence of the momentum flux
when the buoyancy perturbation in the heating
region is positive for the case of U, > 0. The 2nd
term represents a connection between the zeroth-
order and 1st-order perturbations. The 3rd and
4th terms also represent connections between the
zeroth-order and Ist-order perturbations through
J (o, 09o/0z).

Unlike the zeroth-order (linear) perturbation,
there exists a vertical covnergence of the
momentum flux both inside and outside the speci-
fied forcing region. The vertical convergence of
the horizontally-averaged momentum flux is
especially important because it can influence the
large-scale mean motion in terms of gravity wave
drag. It is well-known that the observed zonal
mean zonal wind and temperature are simulated
in general circulation models (GCMs) when the
gravity wave drag parametrization is included. In
most theoretical (Lindzen, 1981; Pierrehumbert,
1986) and GCM (Palmer et al., 1986; McFarlane,
1987) studies of gravity wave drag effects on the
large-scale atmospheric motion, the mountain has
been considered as a source of gravity waves. For
the linear, steady-state, inviscid mountain waves,
the momentum flux is constant with height with-
out a critical level (Eliassen and Palm, 1960).
Therefore, the contribution of gravity waves to
the large-scale mean flow is possible only where
wave braking occurs. However, for the thermally-
induced gravity waves, there exists a vertical con-
vergence of the momentum flux wherever the
thermal forcing exists even for the linear, steady-
state, inviscid flow without a wave breaking. If
the flow is non-linear, even weakly non-linear, the
vertical convergence of the momentum flux exists
outside the thermal forcing region by the vertical
wind shear through the wave-wave interaction
(zeroth-order and 1st-order perturbation inter-
action for the weakly nonlinear case). During
summer-time when the surface wind is weak and
stability is small compared to winter-time, the
contribution of mountain waves for gravity wave
drag becomes small. However, the thermal forcing
by the cumulus convection cannot be ignored for
the gravity wave source. Furthermore, in the trop-
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ical region where cumulus convection is persistent,
gravity waves induced by tall cumulus impinging
the stable lower stratosphere may influence the
large-scale mean flow (Fovell et al.,, 1992).

In general, there is no actual non-linear inter-
action between the mean flow and waves for the
weakly non-linear approach using the perturba-
tion expansion. It is much like a one-way inter-
action from lower to higher order, such that the
mean flow influences the zeroth-order wave and
the zeroth-order wave influences the 1st-order
wave. However, if we consider a time-dependent
problem, basic-state wind itself can be changed
with time where the vertical convergence/diver-
gence of the wave momentum flux exists as in the
present case. In this sense, steady-state response
and asymptotic behavior of the transient response
as t— oo for a given structure of the basic-state
wind may not be the same. This may be because
the basic-state wind for the steady-state case
should be different from that for the transient
case, since basic-state wind itself can be changed
by wave momentum flux. Therefore, the basic-
state wind in the present study is better considered
as a steady-state (¢t — oo) basic state wind.

4. Results and discussion

Figure 1 shows the specified heating g,, the
forcing F, to the 1st-order equation in the specified
forcing region, and the forcing F, to the 1st-order
equation above the specified forcing region. The
heating depth and the vertical wind shear o are
specified as 1 and 0.1, respectively. This value of
a corresponds to 10 ms~! wind speed difference
between the surface and 10km height with a
typical value of N=0.01s"'. As in the uniform
basic-wind case (CB), F; represents cooling in the
specified heating region. The F; field shows an
upstream phase tilt because the zeroth-order solu-
tion itself has an upstream phase tilt by the
constraint of upward energy propagation. Unlike
CB, however, the forcing to the 1st-order perturba-
tion above the specified heating region is non-zero
because of the vertical wind shear [(31)]. The F,
field shows wave type, and its magnitude is one
order smaller than that of g, for F, in this case.
Horizontally, F, represents cooling on the
upstream side and heating on the downstream
side just above the specified forcing and reverses
its forcing type periodically with height. As men-
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Fig. 1. The fields of (a) the specified heating g,, (b} the forcing F, to the 1st-order equation below d, and (c) the
forcing F, to the 1st-order equation above d for the case of d=1 and a = 0.1. Contour intervals in (a), (b), and (c)
are 0.05, 0.07, and 0.003, respectively.
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tioned earlier, an integration of F, from x = — o0
to co with respect to x is zero. The forcings F;
and F, are discontinuous at z = d, since F; includes
a ¢, term which is discontinuous at z=d. The
vertical structure of F, is related to that of the
zeroth-order perturbation. Because the non-
dimensional vertical wavelength of dominant grav-
ity wave (4,=AF/(U;/N)=(2rU*/N)(U/N)=
27(1 + az), where the superscript * denotes dimen-
sional) depends on the basic-state wind, an infinite
number of vertical wavelengths are possible for
the present shear flow case. The vertical wave-
length increases with height and increasing wind
shear.

The zeroth-order and 1st-order vertical velocity
fields for the cases of d =1 and « =0.1 are shown
in Fig. 2. The 2 fields almost reverse their signs
while the maximum and minimum values remain
slightly different from each other. The downward
motion on the upstream side of the heating in the
zeroth-order perturbation field is one of important
findings of the linear analytic studies. The nega-
tive-phase relationship between the heating and

Fig. 2. The perturbation vertical velocity fields of (a) the
zeroth-order and (b) the 1st-order for the case of d =1
and « =0.1. The contour interval is 0.05.
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the induced vertical motion in the vicinity of the
forcing center, results from the mean wind advec-
tion (Smith and Lin, 1982; Lin and Smith, 1986).
On the other hand, there exists an upward motion
in the Ist-order perturbation field at almost the
same place where the downward motion exists in
the zeroth-order perturbation field. This response
is somewhat expected because the main forcing to
the first-order perturbation F; is a localized cool-
ing located at the place where the specified heating
exists as shown in Fig. 1b. Note that F; represents
cooling near the surface regardless of the specified
forcing type (heating or cooling) as pointed out
in CB. Therefore, a weakly non-linear response of
a stably stratified flow to specified heating is
similar to the linear response to both heating and
cooling. However, the cooling in this study is not
specified as in Lin and Chun (1991) but induced
by the zeroth-order perturbation. Thus, F; is nei-
ther horizontally symmetric nor vertically uniform
as in g, but tilted upstream by the upstream tilted
zeroth-order perturbation.

Fig. 3 shows the zeroth-order and 1st-order
vertical velocity fields for the case of d=1 and
o = 0.2. Because the vertical wind shear is doubled

0
X

Fig. 3. As in Fig. 2 except for o =0.2.
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compared with that in Fig. 2, both the vertical
wavelength and the slope of phase tilt increase. In
comparison with the a = 0.1 case, the zeroth-order
maximum vertical velocity increases slightly, while
the 1st-order maximum vertical velocity decreases
slightly simply because the w; maximum is located
above the plotting domain due to the increased
vertical wavelength. Within the vertical domain
considered in this study, the magnitude of the 1st-
order perturbation can be alternatively checked
by the 1Ist-order minimum vertical velocity.

Fig. 4a shows the domain maximum zeroth-
order vertical velocity and minimum 1st-order
vertical velocity as a function of the vertical wind
shear. The maximum w, increases with increasing
wind shear because waves can extract energy from
the mean flow with wind shear. Note that the
domain maximum w, exists above the forcing
region where the only source of wave energy
comes from the basic-state wind shear (42).
However, the magnitude of the minimum w,
remains little changed with increasing wind shear.
This seems to be related to the magnitude of F,
which varies with wind shear. Fig. 4b shows the
domain maximum absolute magnitude of F, as a
function of the vertical wind shear. Because F, is
determined by the multiple of «/(1+ 0z)* and

0.6
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Fig. 4. (a) The domain maximum zeroth-order perturba-
tion vertical velocity (Womax) and the domain minimum
Ist-order perturbation vertical velocity (W) and
(b) the domain maximum absolute magnitude of F,
(| F3|max) as @ function of a.
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d(43)/0x, the vertical wind shear is directly related
to af(1+az)® and indirectly to 0(¢3)/0x. The
increasing vertical wind shear reduces the value
of a/(1 + «z)® term for a given z above z=d and
increases the value of the d(¢2)/0x term. Since « is
non-linearly related to both the terms in F,, the
absolute magnitude of F, does not monotonously
increase or decrease with a.

Fig. 5 shows the zeroth-order and 1st-order
horizontal velocity perturbations for the case of
d =1 and a =0.2. In the zeroth-order perturbation
field, there exist a low-level divergence (conver-
gence) on the upstream (downstream) side of the
specified heating below z=d, and this pattern
reverses periodically with height above z = d. This
divergence (convergence) is responsible for the
downward (upward) motion as shown in Fig. 3a.
One the other hand, there is a strong convergence
at the surface from the upstream to the center of
the heating in the 1st-order perturbation field.
This convergence produces upward motion on the
upstream side of the specified heating through the
mass continuity equation as shown in Fig. 3b.

The domain maximum zeroth-order perturba-
tion horizontal velocity and minimum 1st-order
perturbation horizontal velocity are located at the
surface on the downstream side of the specified
forcing. The magnitudes of both the zeroth-order
and Ist-order perturbation horizontal velocities
for the o = 0.2 case are smaller in the lower layer
(z<d) than those corresponding to the a=0.1
case (not shown here). Fig. 6a shows the domain
maximum u, and minimum u, as a function of the
vertical wind shear. The magnitudes of both the
maximum u, and minimum u; decrease as the
wind shear increases. When we consider that
the maximum w, increases with increasing wind
shear, decreasing maximum wu, with increasing
wind shear appears to be inconsistent at the first
glance. However, this may be explained by a
vorticity concept. Since the vorticity in the present
system is given by 0u/0z, the basic-state wind can
produce vorticity as much as « for the constant
shear flow. On the other hand, the localized
heating can produce negative (positive) vorticity
on the upstream (downstream) side of the heating
(Rotunno et al., 1988). Therefore, when the inflow
has a stronger shear, a larger part of the specified
heating should be used to compensate for the
positive vorticity induced by the positive basic-
state wind shear. Consequently, the effective heat-
ing to produce the perturbation horizontal vel-
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Fig. 5. The perturbation horizontal velocity fields of (a) the zeroth-order and (b) the 1st-order for the case of d =1
and « =0.2. Contour intervals in (a) and (b) are 0.08 and 0.07, respectively.

ocity becomes smaller for stronger shear case.
Thus, the magnitudes of the perturbation hori-
zontal velocities on both upstream and down-
stream sides become smaller for stronger shear
case. Lin and Chun (1991) presented a similar
result that the density current speed propagating
upstream can be reduced by the basic-state wind
in the present case are reversed compared to those
in Lin and Chun (1991), the positive wind shears
for both the cases reduce the effective forcing to
produce the perturbation horizontal velocity.
For the 1st-order perturbation horizontal vel-
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ocity, the minimum u,; decreases as the vertical
wind shear increases. This can be explained in 2
ways. Firstly, as in the zeroth-order case, increas-
ing wind shear reduces the effective forcing to the
Ist-order perturbation by compensating for the
positive vorticity induced by the basic-state wind
shear. Secondly, F, itself depends on the basic-
state wind shear directly through the basic-state
wind and indirectly through the zeroth-order per-
turbation (29). As shown in Fig. 6b, the magnitude
of the minimum F; decreases monotonously as
the wind shear increases.
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Fig. 6. (a) the domain maximum zeroth-order perturba- 2
tion horizontal velocity (4pmax) and the domain min-

imum 1st-order perturbation horizontal velocity (i yis)
and (b) the domain minimum F (F, ;,) as a function of a..

In CB, the main non-linearity effect of the
weakly non-linear response of the stably stratified
uniform flow to specified heating, is the low-level
convergence and resultant upward motion on the
upstream side of the heating. In the present study,
emphasis is put on the effects of the basic-state
wind shear on the weakly non-linear response.
Effects of the vertical wind shear on the horizontal
convergence both by the zeroth-order and 1st-
order perturbations at the surface with different
wind shears are shown in Fig. 7a and 7b, respect-
ively. Wind shears considered here are in the range
of 0.1-0.6 with a 0.1 increment. These values of
the wind shear correspond to the Richardson
numbers of 2.87 < Ri < 100. For the clarity of the
figures, only limited number of labels are included.
Curves a and f in Fig. 7a represent cases with o =
0.1 and 0.6, respectively. In Fig. 7b, curves a, b, c,
and f represent cases with o = 0.1, 0.2, 0.3, and 0.6,
respectively. There exist horizontal divergences for
the zeroth-order perturbation from upstream to
the center of the specified heating and weak con-
vergence on the downstream side. The magnitudes
of these divergence and convergence decrease with
increasing wind shear. Horizontally, the diver-
gence pattern is more symmetric with respect to
x =0 as the wind shear becomes stronger. This is

Fig. 7. The horizontal convergence (— du/dx) of (a) the
zeroth-order and (b) the 1st-order for the case of d =1
with different vertical wind shears. Curves (a) and (f) in
(7a) represent cases with «=0.1 and 0.6, respectively.
Curves a, b, ¢, and f in (7b) represent cases with & = 0.1,
0.2, 0.3, and 0.6, respectively.

also true for the convergence and divergence of
the 1st-order perturbation. In contrast to the weak
shear case, there exists weak divergences both on
the upstream (x = —2) and downstream sides of
the heating for the stronger shear case. Thus, as
the wind shear increases, the magnitudes of the
divergence (convergence) on the upstream side and
the convergence (divergence) on the downstream
side of the heating for the zeroth-order (1st-order)
perturbation, decrease.

Overall, the wind shear decreases the magni-
tudes of the perturbations for both the zeroth-
order and 1st-order in the lower layer. This can
be seen from the momentum flux profiles. Fig. 8
shows the momentum flux defined by j"f’w uw dx
for the zeroth-order and 1st-order with different
vertical wind shears. As in Fig. 7, only a limited
number of labels are included for the clarity of
the figures. Curves a, b, ¢, and f represent cases
with «=0.1, 0.2, 0.3, and 0.6, respectively. The
momentum flux for the zeroth-order perturbation
above the specified heating region is constant with
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Fig. 8. The momentum flux profiles of (a) the zeroth-order and (b) the 1st-order for the cases of d = 1 with different
vertical wind shears. Curves a, b, c, and f represent cases with « =0.1, 0.2, 0.3, and 0.6, respectively.

height. Even though the maximum w, above the
heating height increases with increasing wind
shear, the horizontal integration of u,w, becomes
smaller for stronger wind shear case. In this study,
the momentum flux is integrated numerically over
a horizontal domain size of 51.1. This horizontal
domain size appears to be large enough to elimin-
ate periodic boundary condition for the Fourier
transform. The magnitude of the momentum flux
in the specified heating region decreases monoton-
ously with increasing wind shear for both the
zeroth-order and 1st-order perturbations. Above
the specified heating region, there exists a vertical
convergence or divergence of the momentum flux
for the 1st-order perturbation. This is obvious for
the stronger wind shear case. It appears that the
vertical variation of the momentum flux is different
with height for a given wind shear and different
with wind shear for a given height due to the
vertical wavelength.

5. Summary and conclusions
A weakly non-linear response of a stably strati-

fied shear flow to the specified heating was investi-
gated analytically. Emphasis was put on the effects
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of the basic-state wind shear (a) on the weakly
non-linear response compared to a similar study
by Chun and Baik (1994) in the uniform basic-
state wind case. A two-dimensional (x—z plane),
steady-state, hydrostatic, non-rotating, inviscid,
Boussinesq flow system in a shear flow with diab-
atic heating was considered. The basic-state wind
was assumed to have a constant shear without a
critical level. The diabatic heating was prescribed
to be uniform from the surface to a certain height
vertically and bell-shaped horizontally.

Using the perturbation expansion in small
values of the nonlinearity factor of the thermally-
induced waves, the equations of the lowest 2
powers (zeroth-order (linear) and 1st-order (larg-
est weakly nonlinear)) were solved. The zeroth-
order solution was obtained analytically in the
physical domain, while the 1st-order solution was
obtained analytically in the wavenumber domain
and transformed back to the physical domain
using the FFT algorithm. The non-dimensional
heating depth (d) or inverse of the Froude number
associated with the diabatic forcing (Smith and
Lin, 1982) was fixed as 1, and the range of the
vertical wind shear was in the range 0.1-0.6. Under
the given d, the forcing to the 1st-order perturba-
tion F induced by the Jacobian of the zeroth-
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order perturbation represents cooling in the speci-
fied heating region which decreases with increasing
wind shear. Unlike the uniform basic-state wind
case, the forcing to the 1st-order perturbation
above the specified heating region (F,) has a non-
zero value by the basic-state wind shear. The F,
field shows a wave-type structure which is one
order smaller in magnitude than F in the forcing
region (F;). The magnitude of F, varies irregularly
with wind shear because it is non-linearly related
to the wind shear.

The zeroth-order maximum vertical velocity
above d increases with increasing vertical wind
shear by extracting energy from the mean flow. On
the other hand, the corresponding 1st-order vertical
velocity perturbation varies irregularly with wind
shear because of the variation of F, by the wind
shear. The maximum perturbation horizontal vel-
ocity in the lower layer (z < d) decreases for both
the zeroth-order and 1st-order perturbations with
increasing wind shear. For the zeroth-order per-
turbation, this is because the effective heating used
to produce the perturbation horizontal velocity is
reduced by compensating for the positive vorticity
induced by the positive basic-state wind shear. For
the 1st-order horizontal velocity perturbation, this
is because of both the effective forcing reduced by
compensating for the basic-state wind shear, and
the magnitude of F, itself decreasing with wind
shear. The magnitude of the horizontal divergence
(convergence) for the zeroth-order (1st-order) per-
turbation at the surface of the upstream (upstream
or center) decreases with increasing wind shear and
the structure becomes more symmetric with respect
to the center of the heating (x =0). As the wind
shear is strong enough, there is a weak divergence
for the 1st-order perturbation on the upstream side
of the heating.

The energy equation for the 1st-order perturba-
tion with the basic-state wind shear showed that
there is a vertical convergence of the momentum
flux in the specified heating region for both the
zeroth-order and 1st-order perturbations, decreas-
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ing with increasing wind shear. In addition, unlike
the uniform basic-state wind case, there is a ver-
tical convergence/divergence of the momentum
flux for the 1st-order perturbation above the speci-
fied heating region. The magnitude of the vertical
convergence/divergence varies irregularly with
wind shear, because it depends on the vertical
wavelength which varies itself with wind shear.
The existence of the vertical convergence/diver-
gence of the momentum flux is important to the
large-scale mean flow as the subgrid scale gravity
wave drag, suggesting that the gravity wave drag
induced by the thermal forcing cannot be ignored
for certain conditions where the diabatic forcing
is dominant.

Even though the behavior and magnitude of
each order perturbation are independent of the
non-linearity parameter in general ¢, and ¢, in
this study are not totally independent of u because
u includes N which can control the Richardson
number. However, if we consider increase/decrease
of u based upon the increase/decrease of heating
rate for given N and U, ¢, and ¢, are totally
independent of u. Rather, ¢, and ¢; depend on
the non-dimensional heating depth d which is the
inverse of the Froude number. Note that above-
mentioned results are based on the cases with d =
1 and 0.1 € 2 <0.6. Therefore, any conclusions in
this study are a subset of those for the full para-
meter domain of d and «. However, this research
provides an insight into how the non-linearity
affects a stably stratified shear flow to specified
heating for different shears, even though there
may exist fundamental differences between the
weakly non-linear response and the fully non-
linear response as discussed in Baik and Chun
(1996).
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