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ABSTRACT

Numerical models of convective clouds with a bulk-water parameterization scheme extend the
hail spectrum unrealistically to zero size. Since some of the microphysical characteristics of
clouds depend critically on the hail accretional growth, it is desirable to see how the accretion
rates may be improved by considering only hail sized particles, equal or greater than 0.5 cm in
diameter. An equation for hail accretion rates which includes only hail particles larger than
0.5 cm is derived. Calculations show that the new hail accretion rates may differ from their
earlier values by a factor of more than 3. The new equation for hail accretion rates is tested in
a 1-D time-dependent model. The numerical results show that the modeled cloud with the new
formula is more effective to produce the amount of rainfall and hail in shorter time than in
previous case. The result is in fair agreement with observations.

1. Introduction

The hail acretion rates essentially contribute to
the mass transfer between different precipitation
elements in intense Cumulonimbus clouds.
Therefore, their parameterizing in numerical
models has received increased attention in recent
years (Mizuno, 1990; Verlinde et al, 1990). Hail
accretional growth is numerically treated by a
collection equation. Most models with a bulk-
water parameterization scheme use the approxi-
mate solutions to the integrand form of a stoch-
astic collection equation introduced by Kessler
(1969) and Wisner et al. (1972), like, for instance,
Orville and Kopp (1977), Lin et al. (1983), Curi¢
and Janc (1989, 1991, 1993) and Farley et al.
(1994). These solutions are derived by integrating
the corresponding equations over hail sizes from
0 to + oo (hereafter called the idealized hail spec-
trum) when hail follows two-moment exponential
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size distribution with one moment fixed. The hail
size spectrum is treated rather loosely by taking
into account the hail with size extension to zero,
since the calculation of incomplete gamma func-
tions is computationally expensive (Farley et al.,
1989). However, the observed hail size spectrum
is quite different. Therefore, the treatment of hail
spectrum in existing models does not represent a
real process.

In reality, a hailstone is a particle which has an
equivalent sphere diameter of 0.5cm or more
(Pruppacher and Klett, 1978; Matson and
Huggins, 1980, Bohm, 1989). Smaller sizes are
attributed to different kinds of graupel (Bohm,
1989). On the other hand, graupel terminal velocit-
ies are mainly quite different compared to those
for hail (Locatelli and Hobbs, 1974; Knight and
Heymsfield, 1983; Heymsfield and Kajikawa, 1987;
Murakami, 1990). Most hail models (e.g., Lin
et al., 1983) assume the hail size distribution of
exponential type found by Federer and Waldvogel
(1975) adjusted for incloud conditions. Mean-
while, the graupel number concentrations are often
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of two orders of magnitude greater than those
appropriate for large stones (Rutledge and Hobbs,
1984; Murakami, 1990; Randell et al., 1994). The
inclusion of such a spectrum (a hailstone diameter
of 0.5 cm or more), hereafter called the real hail
spectrum, in modeled hail accretion rates may
change their values compared to those derived
with the idealized one.

We overcome the noted deficiencies of the ideal-
ized hail accretion rates (those with the idealized
spectrum assumption) by considering the real hail
spectrum. The accretion rates involve hail/rain,
hail/snow and hail/cloud water (or cloud ice)
interactions. The rate of hail accreting graupel is
not considered according to Farley and Orville
(1986) and Farley (1987). It is assumed that a
graupel particle may attain the size comparable
to that for a small hailstone by collecting water
and other ice classes. The purpose of this study is
to compare our hail accretion rates (those with
the real spectrum assumption) and idealized ones.
Finally, the formula for our accretion rates are
tested in the 1-D forced time-dependent model of
Curi¢ and Janc (1993).

2. Hail terminal velocity

The knowledge of hail terminal velocities is
important because they determine essentially the
hail accretional growth. Idealized hail accretion
rates (Lin et al., 1983; Farley et al,, 1994) employ
the hail terminal velocity introduced by Wisner
et al. (1972):

4gpuDy\"?
UHD—( ea) (1)

(shown graphically in Fig. 1), where py and p, are
hail and air densities, whereas Dy is the diameter
of a hailstone. Density of hail is assumed to be
pu =900 kg m 3. Expression (1) follows the rigid
sphere concept with a fixed drag coefficient (Cy4 =
0.6) appropriate for the oblate spheroids as it was
suggested by Macklin and Ludlam (1961). The
other proposed hail terminal velocities (Roos and
Carte, 1973; Matson and Huggins, 1980; Bohm,
1989; Mitchell, 1995), (all proportional to DY?),
underpredicts (1) by no more than 12%.
Pruppacher and Klett (1978) proposed the expres-
sion for hail terminal velocity (proportional to
D%®) which overpredicts (1) only for the giant
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Fig. 1. Curve representing terminal velocity used versus
hailstone diameter. It has been adjusted to an air density
of 0.73kgm™3.

hailstones. These velocities are rarely employed in
numerical modeling (Hu and He, 1988).

3. Hail accretion rates

Our hail accretion rates for two precipitation
elements interacting may be determined from the
continuous growth equation in the form:

+ 00
PHX_IUX—UHIJ J\ EHX24

x (Dx + DH)ZNXDD3 o NHD dDx dDyg, (2)
where Egy is the collection efficiency of hail for
particle-X. Pyy is the total mixing ratio increase
rate of hail due to the accretion of the X particles.
The subscript X refers to rain (R) or snow (S),
respectively; Dx is a diameter of particle X;

=0.5cm; Nxp and Nyp are spectral densities
of diameters Dy and Dy, while pg and pg are
densities of water and snow. Terminal velocities
Uy and Uy represent the mass-weighted particle
velocities for particle-X and hail respectively. That
for hail is following the Srivastava (1967) method:

+o0
J' UHDQHD dDH
Uy="2 : 3)
f Qup dHy
DY

In (3), Qyp is the mixing ratio of hail of diameter
Dy. With regard to possible application in numer-
ical modeling, we include into our hail accretion
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rates the most widely used hail terminal velocity
(eq. (1)). Then, eq. (3) becomes

_ T(45) 1—o, ( 4gpu \'*
T 6(An)*% 1~ 0, \3Cap,)

4)

The parameters o; and o, that include the
incomplete gamma functions (Abramowitz and
Stegun, 1970) are defined as follows

_ T(45; /uD}) _ T4 4uD})
“=TTEs 2T T TW

For real hail spectrum, the slope parameter iy
for the hail size distribution is obtained in the

form:
N\ 025
Apo = (an OH> P (6)

where Ay, is the slope parameters as used in
previous hail models (Lin et al., 1983; Farley et al.,
1994), while f is a coefficient defined as follows:

I'(4; 2 D3)

f=l—T. (7

(5)

A= o f %%

As noted from eq. (6), the slope parameter so
far used (450) is now multiplied by a factor of f°25.

In eq. (6), Noy is the intercept value in hail size
distribution taken to be 4 x 10° m* according to
Lin et al. (1983), while p, =0.73kgm™3 in our
calculations.

Our mass-weighted particle velocity defined by
egs. (4)—(7) and idealized ones (calculated from
eq.(4) when D =0) versus hail mixing ratio
(ranged from 5x 107% to 5x 107 3kgkg™!) are
shown graphically in Fig. 2. As can be seen, the
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Fig. 2. Mass-weighted mean particle velocity plotted
against hail mixing ratio. Our and idealized ones are
designated by solid and dashed lines, respectively.
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velocities we compute are considerably higher
than what was obtained for the idealized spectrum,
especially for lower hail mixing ratios. The differ-
ence attains a maximum of 34ms™! for Qy =
5x 10 *kgkg™!. This is induced primarily by
the coefficient f (egs. (6) and (7)).

Eq.(7) clearly shows the size range of the
coefficient f. Its maximum value (f = 1) is attained
for idealized hail spectrum (D =0). In general,
the real hail spectrum (egs. (6) and (7)) induces a
lower slope parameter compared to an idealized
case, needed to enable the same mixing ratio.
Consequently, this implies more large stones com-
pared to the idealized hail spectrum. The coeffi-
cient f versus hail mixing ratios is shown in Fig. 3.
Its maximum value (f=0.7) is reached for Qy =
5x 10 3kgkg ! and p,=1kgm™3. It is deter-
mined by solving the corresponding transcend-
ental equation with a relative error less than 0.1%.

Our accretion rates when hail accretes mono-
disperse size distributed cloud water (or cloud ice)
may be derived under the assumption that their
sizes and terminal velocities can be disregarded
compared to those for hail. Thus, it becomes:

+ o0 _

Pyy = ‘[ EHYZDﬁ UnpNup @y dDy, (8)
D

where Eyy is the collection efficiency of hail for

particles-Y; Y refers to cloud water (C) or cloud

ice (I), while Qy is the corresponding mixing ratio.
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Fig. 3. Coeflicient f versus hail mixing ratio for different
air densities.
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Our accretion rates (2) and (8) use the mass-
weighted particle velocity (4) and the slope para-
meter (6). They are presented in Section 8.

4. Comparison of hail accretion rates

This section reports the results of comparisons
which are made between our and idealized hail
accretion rates. The comparisons are presented as:

P
k= 10g10 (PHZI), (9)

HZ2

where the subscript Z refers to rain (R), snow (S)
and cloud water (C). Our accretion rate Py, is
compared to the idealized value Py,,. Positive k
values indicate that our hail accretion rate over-
estimates the idealized value, while negative values
indicate underestimation.

Two-dimensional plot diagrams (Figs. 5, 6) use
the modified values Qg instead of original mixing
ratios Qq, which ranged from 5x107* to
5x1073kgkg ! for rain and hail, or from
10" "kgkg™! to 5x 10" kgkg™! for snow. The
subscript Q refers to rain (R), hail (H) and snow
(S), respectively. The relationship between both
values are:

Qar=1logy,o Qo +7. (10)

Fig. 4 shows our and idealized hail accretion
rates for certain values of hail mixing ratio. The
mixing ratio of the class of particle being accreted
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Fig. 5. Ratio k, when hail accretes rain, for various hail
and rain mixing ratios. The modified values of corres-
ponding mixing ratios instead of original ones are used.

A

is taken to be 10 3kgkg ! Compared to the
idealized one, the real hail spectrum contains more
large hailstones providing greater mass-weighted
particle velocities and smaller hail number concen-
tration. This leads to reduced hail/rain (or snow)
accretion rate, (Fig. 4a-b). In contrast to hail/rain
(or snow) case, the accretion rate when hail
accretes cloud water is now enhanced (Fig. 4c).
Smaller number concentrations of hailstones in
real spectrum compared to idealized one weakens
the effectiveness of collisions between hail and
large drops. Therefore, the new accretion rate of
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Fig. 4. Accretion rate, Pyz(x 107%s71), versus hail mixing ratio when hail interacts with: (a) rain; (b) snow and
(c) cloud water, for Q, = 1073 kg kg™ '. Our and idealized accretion rates are designated by solid and dashed lines,

respectively.
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Fig. 6. As in Fig. 5 but when hail accretes snow.
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rain by hail is reduced by 13-24% (k= —0.06 and
—0.119), as can be seen in Fig. 5. The minimum
k-value is found out for large rain and hail
mixing ratios.

Fig. 6 demonstrates k-ratios for the accretion
rate when hail accretes snow plotted against modi-
fied hail and snow mixing ratios. Our accretion
rates are reduced by a factor of 3.4 (k= —0.53).
In contrast to hail/rain case, the minimum k-ratio
value is displaced towards the lowest hail mixing
ratio. This is attributed to low density snow flakes
providing lower number concentration compared
to that for rain.

Fig. 7 clearly shows that our accretion rates
when hail accretes cloud water (or cloud ice)
always overpredict corresponding idealized values.
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Fig. 7. Ratio (k) between our and idealized accretion

rates when hail accretes cloud water versus hail mixing
ratio.
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They are enhanced by 15-51%. More large hail-
stones in real hail spectrum compared to idealized
case essentially determine the effectiveness of the
collection of small droplets.

Calculations with the other expressions (results
not shown here) for hail terminal velocity (all
proportionate to DY) indicate that the k-ratios are
very sensitive to an exponent (b). For instance,
Pruppacher and Klett (1978) expression with b =
0.8 instead of (1) significantly changes the k-ratios.
Then, our accretion rate when hail accretes the
rain is enhanced by a factor of 77.6.

5. Hail accretion rates in a numerical model

Since some of the microphysical characteristics
of a cloud depend critically on the accretion, it is
instructive to see how these constituents are
induced by accretion. The change of cloud micro-
physics involved by egs. (2) and (8) have been
examined via a numerical model. The model
applied is a 1-D time-dependent model. The ver-
sion used here was proposed by Curi¢ and Janc
(1988). It was further modified, including new
ways of representing entrainment, forced lifting
and pressure perturbation (Curi¢ and Janc, 1993).
It combines dynamical equation with water con-
tinuity equations that include ice phase microphys-
ical processes.

Fig. 8 shows the time-height cross section of
hail (Qy), rain (Qg) and cloud water (Q.) mixing
ratios. The influence of the difference in the hail
size domain (Figs. 8 to the left, case (a), refer to
idealized hail spectrum; those to the right, case
(b), are for real one) is shown for a simulated
storm based on the 23 June 1985 sounding at
Belgrade. It can be seen that hailstones are pro-
duced earlier in case (a) than in (b) in the middle
part of a cloud, as clearly shown in contour of
0.2 x 10"*kgkg 3. Fig. 8 (left) shows that Qy
continues to increase with time at all levels of a
cloud until 14 min when its peak value of
5x 1073 kg kg™ ! appears at the level of 5 km.

The peak value of Qy=4.6x10"3kgkg™*
appears at the level of 7 km at 15 min in case (b),
and its extension to lower levels is faster than in
case (a) due to the higher values of the mass-
weighted particle velocity of hail (see Fig. 2). After
15 min, there are some different evolution of Qy
for cases (a) and (b). It is to be noted that in case

Tellus 49A (1997), 1
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Fig. 8. Time-height cross-sections of hail (Qy), rain (Qg) and cloud water () mixing ratios for idealized (to the left)
and our (to the right) hail accretion rates. Height (km) above ground level.

(a), in which many small hailstones are assumed
to exist, it tends to decrease with time more slowly
than in case (b).

The rearrangements with time of rain and cloud
water are also depicted in Fig. 8. It can be seen
that raindrops are produced earlier than hail. The

Tellus 49A (1997), 1

maximum of Qy is reached at the higher level in
case (b) than in case (a). In both cases drops with
Or =02 x 1073 kg kg~ ! reach the ground nearly
at the same time. Later, hail through the accretion
removes rain water from the cloud, leading to a
faster decrease with time of Qy in case (b) than in
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case (a). Therefore, the modeled cloud with the
new formula for hail accretion rates (eqs. (2) and
(8)) would be more effective to produce the
amount of rainfall and hail in reasonably shorter
time than previously. This result is in fair agree-
ment with observation. Thus, the need for a more
complete description of accretion was justified.

6. Conclusions

Our hail accretion rates treat the hail spectrum
by considering only hail sized particles, and not
extending it unrealistically to zero size. Con-
sequently, significant differences of their values
compared to idealized accretion rates are found.

Our accretion rates are reduced compared to
idealized ones when hail collides with raindrops
and snow. In contrast, they are enhanced when
hail/cloud water (ice) interaction is considered.
Our hail accretion rates differ from corresponding
idealized values by a factor of 3.4.

In order to show how our accretion equation
induces a change of some microphysical character-
istics of a cloud, additional numerical experiments
were conducted. They show that the modeled
cloud with the new formula is more effective in
removing the rain and hail in shorter time than
in idealized case. The results shown here offer an
example that a change in hail spectrum domain
leads to a profound effect on the simulated cloud
life. Therefore, the need for a more complete
description of the hail accretion rates is still actual.
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8. Appendix

New hail accretion rates

Our accretion rate at which a hailstone collides
with raindrops or snow is:

M. CURIC AND D. JANC

2
Pyx = %E—HXI;_:NOXNOHlUX_ Ul
« F(6)F(1)(1—ﬁ1)+F(S)F(2)(1—ﬂ2)
A8 A 2303
r4re)1—as)
T .
where
Bi=T(1; ayDf),  B.=T(2; uDf), (12)

B3 =0.5 xT'(3; Ay D).

In (11) Nor and Ny are the intercept values in
rain and snow size distributions supposed to be
fixed with respective values of Nog =8 x 10°m™*
and Nyg=3x10°m™% pg=100kgm™3 pg=
10 kg m™~3; Eyg = 1, while Eyg is dependent on
temperature for cold regions of a cloud. If the
temperature is warmer than 0°C, it is assumed to
be 1. Corresponding mass-weighted particle velo-
cities for rain or snow (Uy) are:

axL(4+1) (po\'?
where Ay is the slope parameter for rain (Ag) or
snow (1g) size distribution; ag = 842 m®?s™!, ag=
4.84 m®7% 5L po=1.2 x 10* kg m 3, while i takes
values of 0.8 for rain and 0.25 for snow, respect-
ively. All values of the parameters used are taken
from Lin et al. (1983).

Our rate at which hail collides with cloud
droplets (or cloud ice), for the monodisperse size
distributed cloud droplets (cloud ice), may be
written in the form:

. "By Nou(3.5)(1 = )0y ( 4gpu \'"
"Y 4%3° 3Capa)
(14)

where

T (3.5 AuD})

I'(3.5) (13)

In (14), Eyy are assumed equal to 1.0 for cloud
water and ice, but only 0.1 for hail collecting cloud
ice in the dry growth regime.
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