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ABSTRACT

Problems in using the adjoint of moist physical processes that include “on-off” switches are
analyzed via using both analytical examples and a numerical model. The analytic examples
allow us to access such problems accurately since there exists the truth for both the model
perturbation solution and the gradient of the cost function. The numerical model, which is the
Penn State/NCAR nonhydrostatic mesoscale model version 5 (MMS5), is used to test the “on-
off” problems in a real-data environment. The SESAME 10-11 April 1979 storm case is chosen
for the MM5 simulation since the forecast is strongly affected by moist diabatic processes.
Analysis based on idealized continuous examples shows that if (i) the moist physics contains
“on-off” switches, (ii) these switches are retained in the assimilation model, (iii) the tangent
linear model (TLM) and adjoint model follow the same route as in the NLM for the basic
state around which the linearization is carried out (a way of constructing the TLM and adjoint
model of a discretized numerical model), a sufficient condition for such developed TLM and
adjoint model is that the perturbation solution of the NLM or the tendency equation is continu-
ous at switching points. Otherwise, the accuracy of the TLM and adjoint model depends on
the relative magnitude of the jump caused by “on-off ” processes with respect to other terms in
the tendency equations. However, numerical experiments using a discretized model including
cumulus parameterization show that such errors, if any, do not seem to impact the validity of
the TLM and the adjoint model for use in rainfall assimilation. The presence of “on-off ” switches
increased the degree of the nonlinearity more than that of the loss of accuracy in TLM and
adjoint model, the former makes the TLM solution different from the true perturbation solution
after a few hours of model integration. Three 4DVAR experiments are carried out in order to
test the performance of the minimization procedure using numerical models which possess
different “on-off” properties. The 4DVAR experiments are carried out over a 3-h window in
which the initial precipitation associated with the Wichita Falls tornado outbreak took place.
Assimilation of the 3-h rainfall observation produces a close fit to the observed 3-h rainfall
during the assimilation window. Combination of the 3-h rainfall with the wind, temperature,
surface moisture, and precipitable water produces a significant improvement on the short-range
rainfall prediction. The presence of the “bad behavior” of the Kuo scheme with convection
being turned on and off every other time step does not cause the minimization to fail, and
similar results are obtained as far as the convergence rate and improvement to the model
forecast are concerned.

1. Introduction Center (NMC) has implemented a three-
dimensional variational data-assimilation system

Over the past few years, it has become apparent (3DVAR) (Parrish and Derber, 1992), and is cur-
that variational assimilation schemes could be rently testing a four-dimensional variational data
made practical. The National Meteorological assimilation (4DVAR) system (Navon et al,, 1992;
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Zupanski and Zupanski, 1995). The European
Centre for Medium-Range Weather Forecasts
(ECMWF) has put forth tremendous effort in
developing the 4DVAR system, and is now testing
both the 3DVAR and 4D VAR systems (Andersson
et al,, 1994). The Met Office in England is expected
to finish the development of the basic 3DVAR
system by mid-1996 and have a feasible 4DVAR
by 1997 (Lorenc, 1995). The HIRLAM project,
which is a joint effort among the several weather
services in the Nordic countries, the Netherlands
and Ireland for research and development in short-
range mesoscale numerical weather prediction, has
started to develop a 4DVAR system in order to
better utilize the new sources of data that are
becoming available via satellites and radars
(Gustafsson and Lonnberg, 1995). The main trend
of data-assimilation schemes in numerical weather
prediction (NWP) is the 4DVAR, which makes
the analysis and forecast algorithms more consist-
ent than other schemes, such as multivariate
optimal interpolation, nudging, and 3DVAR.

The objective of 4DVAR is to find the solution
to the constraining forecast model that will best
fit a series of observational fields distributed over
some space and time interval. One possible meas-
ure of the fit, the cost function J, consists of a
weighted least-square fit of the model forecast to
the observations. The cost function can be, in
general, defined as

J(xo)=3xF E 'x}
+3(CHL(xp + x,) —0)"
x F~1(CHL(x} + x,) —0), (1)

where x, is the background estimation of
the model state (short-range forecast),
Xp=Xo— X, Xo is the analyzed variable at the
initial time, o is a vector of the observations, L is
a transform from analyzed variables to model
variables, C is a transform from model variables
to observational variables, H represents the
numerical model integration, E is the short-range
forecast error covariance matrix, and F is the
observational error covariance matrix.

In order to find the minimum xg* of the cost
function defined in (1), an unconstrained minim-
ization scheme is used to iteratively find xg*, which
allows the model to produce the best fit to all
available observations in a least-square sense. In
order to do that, the values of the cost function J

and the gradient of the cost function VJ with
respect to the initial condition (IC) are required.
The value of J can simply be calculated by integ-
rating the numerical model forward. It is pro-
hibitive to calculate VJ using finite-difference
approximation due to the large dimension of the
control variable. The use of the adjoint model
made such problems possible to solve. The VJ
can be found by integrating the adjoint model
backward, and is expressed as (Navon et al., 1992):
VJ=E 'x,+ LTH"C"F 'CH(L (x5 + x,;) — 0)

(2)
where H™ is the adjoint model operator and
C"F '(CHL(x; + x,)—o0) is the forcing term
determined by J.

Adjoint techniques were successfully used in
meteorological data assimilation with different
numerical models ranging from simple models (Le
Dimet and Talagrand, 1986), adiabatic primitive
equation models (Thépaut and Courtier, 1991;
Navon et al,, 1992; Zou et al, 1993a), to high-
resolution simple models (Sun et al, 1991; Qiu
and Xu, 1992). However, none of these models
contain physical parameterization processes. In
1993, moist physical processes were added to a
few 4DVAR systems using primitive equation
models and some preliminary data-assimilation
experiments were conducted (Zou et al, 1993b;
Zupanski, 1993).

It is also generally recognized since the “Second
Workshop on Adjoint Applications in Dynamic
Meteorology” (held on 2—6 May 1994 in Visegrad,
Hungary) that physical parameterization processes
should be included in the 4DVAR system, ie., the
best model should be used for the real-data 4DVAR
experiments. Since moist processes play a signific-
ant role in simulating various large-scale and meso-
scale phenomena, they should be the first to be
incorporated into the adjoint model. If an adiabatic
or a simplified physics version of the NLM is used
for real-data assimilation, there exist two problems:
(1) the misfit between model solution and data will
remain large due to the imperfect nature of the
numerical prediction model; (ii) many satellite
observations, such as radiances, rainfall measure-
ments, and cloud properties, cannot be directly
assimilated into the model. Developing, testing, and
including the adjoints of various physical para-
meterization schemes in the 4DVAR system thus
become a major task in the near future.
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Parameterized moist processes often contain “on-
off” switches. Since the adjoint model is initially
derived for differentiable systems of equations, (Le
Dimet and Talagrand, 1986), the following prob-
lems should be addressed before a full-physics
adjoint model is employed: How do we deal with
these “on-off” switches in adjoint models? What
do we obtain by integrating the adjoint model
backward in time with the forcing terms 0J/0x(t,)
(Navon et al., 1992) added to its right-hand side?
How does the minimization perform?

Several papers touched on the problems related
to “on-off” processes for the TLM and adjoint
model (Douady and Talagrand, 1990; Vukicevic
and Errico, 1993; Zou et al., 1993b; Zupanski,
1993; Verlinde and Cotton, 1993; Bao and Warner,
1993; Zupanski and Mesinger, 1995; Bao and Kuo,
1995; Xu, 1996). Vukicevic and Errico (1993)
tested the accuracy of the TLM of a mesoscale
model, against the “true” perturbation obtained
by direct nonlinear integration and concluded that
significant errors may be expected in the regions
where the moist diabatic processes are important
for finite perturbations in IC. Zou et al. (1993b),
Zupanski (1993), Verlinde and Cotton (1993), and
Bao and Warner (1993) applied the adjoint of
moist processes to 4DVAR using various numer-
ical models ranging from a simple one-dimensional
cloud model to complicated primitive-equation
models. Zou et al. (1993b) showed how to develop
adjoints of a Kuo—Anthes type cumulus para-
meterization scheme and a large-scale precipita-
tion scheme containing “on-off” switches. The
adjoint version of moist parameterization was
constructed by linearizing the nonlinear model
around the basic state at every time step while
keeping the “on-off” switches the same as in the
nonlinear model, and then transposing the TLM.
They showed that the minimization procedure
converged at a similar rate as the one with the
adiabatic version of the NMC model without any
difficulty. Zupanski (1993) and Zupanski and
Mesinger (1995) eliminated some selected switches
by applying a vertical smoothing to the layers of
transition in the Betts—Miller cumulus convective
scheme before it was used for the 4DVAR experi-
ments, and the other “on-off” switches were
treated same as in Zou et al. (1993b). Verlinde
and Cotton (1993) completely eliminated the
switches before developing the adjoint model to
avoid problems caused by the switches. After these
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modifications and approximations applied to the
moist processes, they found that the adjoint tech-
nique worked well with TLM and adjoint model
linearized about the basic-state solution at every
time step, although the physical process modeled
might change rapidly when processes turned on
and off. These studies demonstrated that minim-
ization still converged with “on-off” switches
appearing during the model integration.

In 4DVAR, the adjoint model is used to derive
the sensitivity — values of gradient of the cost
function to changes in IC, lateral boundary condi-
tion (LBC), and model parameters. The use of
adjoint model for sensitivity analysis appeared as
early as the 1940’s. It was seeded in the earliest
works on sensitivity analysis of reactor physics
problem. Later on, Cacuci (1981) presented an
adjoint sensitivity theory for a class of discretized
nonlinear systems to treat problems involving
discontinuous state function. It was shown that
an adjoint-based procedure can be rigorously for-
mulated, provided that G-differential of the nonlin-
ear operators describing the physical problem
(model equation, lateral boundary condition, cost
function) exist. The necessary and sufficient condi-
tion in order that a nonlinear operator admit a
G-differential that is linear in perturbation was
also provided.

Therefore, having “on-off” switches in the
assimilation model may not be a problem for a
rigorous formulation of the adjoint-based sensitiv-
ity calculation. In the practical coding of an
adjoint model of a discretized numerical weather
prediction including physics, the “on-off ” switches
are kept the same as in the basic state (the
reference state), if the switches in the original
model are to be retained for data assimilation
(Zou et al.,, 1993b; Zupanski, 1993; Vukicevic and
Errico, 1993). Recently, both Bao and Kuo (1995)
and Xu (1996) made a detailed study using ideal-
ized continuous examples with delta function mim-
icking the “on-off” switches in physical schemes.
They indicated that ignoring the variation of the
switch point due to the perturbation in IC, ie.,
keeping the switching point in the TLM the same
as in the basic state, could cause significant errors
in TLM solution and gradient calculation. There
is thus a need to re-examine the appropriateness
of such treatment of “on-off” switches for adjoint
development of a discretized model.

In this paper, both simplified examples similar
to those used by Xu (1996), and realistic storm
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convection simulated by MM5 will be used to
analyze the “on-off”-related problems in more
details, and to examine the feasibility of using the
tangent linear and adjoint of moist processes for
4DVAR. The simplified examples make such ana-
lysis very accurate since an analytic solution of
the first order variation exists. The TLM and
adjoint of MMS5 including “on-off” switches
allows us to examine such problems in a realistic
context. Specifically, the following problems are
considered: (i) What kind of information are
the TLM and adjoint models able to provide if
the “on-off” switches are kept the same as in the
basic-state solution? (ii) What modifications are
needed so that these “on-off” switches could con-
tribute to the change of model prognostic variables
in space and time? (iii) Does the “on-off” switch
impact the accuracy of the TLM solution as the
first-order approximation to the nonlinear per-
turbation, as opposed to how good the TLM
solution approximates the nonlinear perturbation?
(iv) How do we check the accuracy of the TLM
and adjoint models in the presence of “on-off”
switches? (v) Can we use a less frequent basic
state-update frequency instead of every time step
when the model contains “on-off” switches?
(vi) Are the gradient values calculated by adjoint
model integration able to provide the minimiza-
tion process with a good descent direction?

In the simple examples, “on-off” switches are
introduced through a Heaviside unit-step function,
one with a constant increment and the other a
variable (model-dependent) increment added to
the model equation when the moist processes are
turned on. In both examples, the switch time is
assumed to be model-dependent. In MMS, the
“on-off” switches are introduced through two
moist processes: (i) the Kuo cumulus parameteriz-
ation; and (ii) the resolvable-scale precipitation.
The special data sets collected in Project SESAME
1979 are used to provide IC and lateral boundary
conditions (LBC) for model simulation and obser-
vation data in 4DVAR experiments.

The following section describes the MMS5
modeling system, the 4DVAR problems, and the
minimization procedure. The MM5 adjoint model,
the gradient calculation using the adjoint model,
and a generalized definition of the derivative of
the cost function are presented in Section 3. The
analytical derivations using simple examples are
provided in Section 4. Section 5 shows numerical
results including MM5’s TLM test and 4DVAR

experiments, while the summary and conclusions
are given in Section 6.

2. Numerical model

2.1. Dynamics of MM5

The TLM and adjoint model of the nonhydro-
static version of MMS5 have recently been
developed. The nonhydrostatic model eliminates
the limitation on the resolution inherent in a
hydrostatic model. It can thus be used to investi-
gate meteorological phenomena with scales ran-
ging from a few to several hundred kilometers.
The model is based upon a set of equations for a
fully compressible atmosphere in a rotating frame
of reference. It uses a terrain-following o vertical
coordinate. For more detailed descriptions of the
nonhydrostatic model, see Dudhia (1993).

The version of MMS5, the TLM and adjoint
model (Zou et al., 1995, Kuo et al., 1995), includes
model dynamics, diffusion, bulk planetary-bound-
ary-layer processes, surface friction, a semi-implicit
time-split integration scheme, dry convective
adjustment, a cumulus parameterization scheme,
and resolvable-scale precipitation processes. Since
MMS5 is a limited-area model, the adiabatic MMS5
adjoint is developed with the flexibility of control-
ling either IC or LBC, or both.

For the convenience of the follow-up discus-
sions, we will describe the Kuo cumulus para-
meterization scheme first. The purpose is for the
ease of clarifying some problems related to this
scheme and to supply a base for a critical evalu-
ation of its suitability for use under various
circumstances.

2.2. Kuo cumulus parameterization scheme

Cumulus parameterization is an attempt to
formulate the collective effect of cumulus (subgrid-
scale) clouds in terms of the prognostic variables
of grid scale. The large-scale potential-temperature
and water-vapor budget equations may be written,
in a general form, as:

or_(ery 1
ot \ ot ) o &

P

dq oq 1
o (c’it)Ls 1%

where the subscript LS denotes the contribution
to the time derivative by large-scale advective

(2.1)

(2.2)
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processes, and Q; and Q, are the apparent heat
source and apparent moisture sink, respectively.
All the other symbols are standard. The assump-
tion of the Kuo scheme, which is widely used in
NWP, is based on the coupling of the Q; and Q,
terms with the (0T/0t),s and (0g/0t). s terms.

Three checks are performed to impose realistic
limits on the types of columns that are capable of
supporting convection. The first criterion is
defined through moisture convergence:

Criterion 1

MtE(ﬁ) f‘m@_})da
g/ Jo m

=3x1077 (cbs™1), (2.3)

where v is the horizontal wind vector, V * repres-
ents the divergence calculation, p* is defined as
ps — P.» Where p; is the surface pressure, and p; is
the pressure at the top of the model (100-hpa).
The value of 3.0 x 10”7 ¢bs™! is the precipitation
threshold for moisture convergence. The second
criterion is the cloud thickness check:

Criterion 2
>0.3, (2.4)

where Kcyop and Kepgee are cloud top and cloud
base, respectively. The third criterion is related to
the stability check.

o-kCtop - O-kcbase

Criterion 3

kctop

2 (0= (6:)) A0, >0,

k=kcvase
i.e., there is a positive buoyant energy in the cloud.

The procedures for calculating the cloud base
(kcbase) and cloud top (keyp) are provided in
Appendix A.

If all three criteria are satisfied, then convective
precipitation occurs. The moisture convergence is
then partitioned into a rain-producing portion
(1 — b)M, and a humidity increasing portion bM,,
where b is calculated from the column-integrated
relative humidity:

(2.5)

(2.6)

The cumulus clouds are assumed to exist only
momentarily, and they dissipate by mixing with
the environmental air at the same level. The heat
and moisture carried out by the cloud air are
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imparted to the environmental air on the basis of
the vertical distribution of an empirical normalized
vertical profile of convective heating (N,(c)) and
moistening (N,,(0)), and a vertical eddy-flux diver-
gence of water vapor associated with cumulus
convection (V;¢(0)) by the following relations:

L,

Ty=T+ E—(l —b)gM Ny (1), (27)
P

q¥ = @i + bgM Ny (0)) + Voslow), (2.8)

P*=(1—b)M,, (2.9)

where T} and gf are the temperature and specific
humidity after mixing.

For expressions of Ny(6), Ni(0), and Vi¢(0), see
Grell et al. (1994).

Many case studies show that the Kuo scheme
performs reasonably well, although it is not the
best one among the seven cumulus parameteriza-
tions available in MMS. Since this scheme is
simple and computationally inexpensive while pos-
sessing typical “on-off” switches as in most moist
parameterization schemes, it is worthwhile to give
a detailed analysis of its tangent linear and adjoint
versions and their validity for use in 4DVAR
experiments.

2.3. Mathematical representation of the 4DVAR
problem

To be definite x(¢) is considered to be the unique
solution of the physical problem described by
MMS5. This requirement is usually fulfilled (or
assumed to be fulfilled when rigorous existence
and uniqueness proofs are lacking) in most NWP
problems of practical interest, where a discretized
numerical model is used. In 4DVAR, a minimiza-
tion problem is solved. This problem arises in the
course of attempting to estimate certain para-
meters (IC, LBC, or model parameters) in a func-
tional relationship by means of observational data.
Suppose, for example, that some quantity y is
measured at various times, say, ti,...,tn; it is
desired to estimate the vector x, of the model
state at the initial time t,. If these measurements
are exact and the model is perfect, then the
parameter vector x, would satisfy Cx(t,)=y,, r=
1, ..., m, which is a system of m equations in the n
unknowns x, = (X;,X,, ..., X,)", where C is an
operator projecting the model forecast to observa-
tional quantities. However, in general, the y, will
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be subject to error, and the model solution x() will
be subject to model error. Then a standard proced-
ure is to take more measurements than the number
of unknowns, so that m >n, and to find x, so as
to minimize the sum of the weighted squares of the
deviations Cx(t,) — y,; that is, we seek to minimize
the functional J: R"— R! defined by

Jxo)= 3 W(Cx(1,)— 3,

r=1
where W is a weighting matrix proportional to
the inverse of the error covariance of observations.
If J is differentiable, then it is known from calculus
that the partial derivative of J must all vanish at
x¢; that is:

(2.12)

d
8= ‘a“;-](xo):o;
! (2.13)
i=1,...,n

Therefore, the problem of locating the minimizer
leads naturally to the solution of systems of
equations.

In meteorology, usually n>m. A background
term (the first term in (1)) is thus included in the
cost functlon which possesses prior information.
Having defined a cost function, the 4DVAR prob-
lem is solved by a minimization procedure. An
essential concept in the minimization algorithm is
that of a measure of progress. For an iterative
method, it is important to have some reasonable
ways of deciding whether a new IC is “better”
than the old IC. A natural measure of progress is
provided by the value of the cost function. It
seems reasonable to require a decrease of J at
every iteration; ie., J(x&* V) < J(x¥) for all k> 0.
This requirement is imposed by all descent
methods for unconstrained minimization prob-
lems, and has the following common structure:

when x, = x§,

(1) choose a guess IC x{? and set £ =0;

(2) compute a search direction d;;

(3) compute a step length oy, for which it
holds that J(x§ + o d,) < J(x$);

(4) update the estimate of the minimum: set
xE) =xP + o dy, k=k+ 1;

(5) test convergence. If the conditions for con-
vergence are satisfied, the algorithm terminates
with x{ as the solution; otherwise, go to step (2).

Since J is bounded below, if J(x¥* V) < J(xd),
then clearly the sequence {J; } converges. However,
the requirement that J(x§* V) < J(x¥) is not suffi-

cient in itself to ensure that the sequence {x{'}
converges to a minimum of J, x¥. There are two
obvious situations in which the decreasing sequence
{Ji} might converge to a non-optimal point:

(i) whatever the choice of search direction 4,
the sequence of step lengths {a; } could be chosen
so that J is reduced by an ever-smaller amount at
each iteration;

(ii) d, is almost orthogonal to the gradient
g.=VJ and J is almost constant along d.

Therefore, to avoid these two situations, o, must
be chosen so that J is “sufficiently decreased” at
each iteration, and there must be a limit on the
closeness of d, to the negative gradient direction
to avoid its orthogonality to the gradient. The
limited-memory quasi-Newton method of Liu and
Nocedal (1989), which is used in this paper, calcu-
lates the search direction by

d,=—H.g, (2.14)

where the matrix H, is an approximation of the
inverse Hessian matrix obtained through an
updating cycle using current and previous gradient
information (for details, see Zou et al, 1993c).
Such a choice of d; prevents its orthogonality to
gi- The step lengths ({o,), k = 1, 2, ...) are obtained
by using the cubic interpolation method to satisfy
the so-called Wolf conditions:

J(x(k) + akdk) < J(x(k)) + ﬁl “kgk (2.15)
and
| + o) di| < — B8k d, (2.16)

where f; = 0.0001 and §, =0.9. The first criterion
prevents the possibility of J being reduced by an
ever-smaller amount at each iteration, and the
second criterion ensures that «, will be a close
approximation to a minimum of J along d,.

Examining the entire procedure of finding the
minimum of J, we find that both the values of J;
and the derivative g, are required at each iteration
to find the search direction and step length. J can
be calculated by integrating the model forward,
and the gradient g, is obtained through adjoint-
model backward integration with proper forcing
terms added to its right-hand side (see Sub-
section 3.2). Therefore, the concern in 4DVAR with
the moist physics possessing “on-off” switches in
the adjoint model is really related to whether the
adjoint technique can provide sufficient information
for minimization-finding descent directions.

Tellus 49A (1997), 1
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3. Adjoint model and gradient calculation

3.1. MMS5 adjoint model

The discretized MMS can be symbolically writ-
ten as

x(t,) = Qa(x)x(to), (3.1)

where x(ty) =(u,v, T, ¢, p’, w)l,—,, Tepresents a
vector of IC for the model integration, x(t,) repres-
ents the model forecast at time t,, and QF repres-
ents all the operator matrices in MMS5 to obtain
x(t,) from IC x(t,). Here we assume that the LBC
which specifies values of the model variables at
the boundaries of the model domain will not
change during the data-assimilation procedure.
The TLM was obtained by linearizing the MMS5
around the NLM solution, and can be written as:

x(ty) = Py(x)x;, (32)

where x’ and P represent the perturbed model
solution and the TLM’s operator, respectively.
For those “on-off” switches (if statement
depending on model variables), we use the basic
state values to determine whether they are
switched on or off.

The adjoint model is simply the transpose of
the TLM (assuming that an Euler norm is used
for inner product and P¢ is a real matrix), which
can be written as

£0(to) = (P(x))" £(1,), (33)

where £ and (P9)T represents the adjoint variables
and the adjoint model’s operator, respectively. The
term %(t,) on the right-hand side of the adjoint
model (3.3) is the initial condition for the adjoint
model, but is often called the forcing term in the
practical application where adjoint model is used
for the gradient calculation. The value of £(t,)
depend on the specific problem one solves.
However, the existence of the adjoint model does
not depend on any specific application.

In 4DVAR, the NLM (3.1) is integrated forward
in time to provide the value of the cost function,
and the adjoint model (3.3) is integrated backward
to provide the value of the gradient of the cost
function with respect to IC. For different defini-
tions of the cost function, one needs to supply
proper forcing terms #(t,) for the adjoint-model
backward integration. Therefore, the adjoint-
model development involves the two stages:
(i) differentiation to obtain the TLM, and
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(ii) transpose to obtain the adjoint model. The
correctness of the TLM can be checked against
the NLM, and the correctness of the adjoint model
is verified against the TLM.

For a model without “on-off” switches, the
linearization around the basic state — the NLM
solution — can be carried out exactly without any
approximations required except some modifica-
tion required purely due to computational reasons.
For example, for x=1Ing, ¢ >0, in the TLM it
becomes x’ = q'/q, q > ¢, where ¢ is a small number
equal to zero in the range of machine accuracy.
However, when the forward model includes “on-
off” switches, which depend on the model state,
how to linearize the NLM at switching points
becomes ambiguous. One common used method
(Zou et al.,, 1993b, Zupanski, 1993; Vukicevic and
Errico, 1993; Bao and Warner, 1993) is to keep
the “on-off” route the same as in the NLM
solution. This is carried out under the assumption
that a very small perturbation in IC will not
change when and where the “on-off ” switches take
place. However, the validity of such approximate
treatment to the “on-off” switches have not been
rigorously analyzed. That the adjoint model integ-
ration seems to provide an accurate enough first-
order information of the cost function is experi-
mentally verified by all the 4DVAR conducted in
the papers by Zou et al. (1993b), Zupanski (1993),
(1993), and Bao and Warner (1993). Recently, a
detailed analysis using idealized examples is given
first by Bao and Kuo (1995) and then by Xu
(1996) and it was pointed out that such treatment
of the “on-off” switches in the TLM and adjoint
model could be a problem in expecting them to
provide gradient information. A careful examina-
tion of the feasibility of using such developed
adjoint model for 4DVAR experiment is thus
required.

3.2. Gradient calculation through adjoint
techniques

The gradient of the cost function defined in
(2.12) with respect to IC can be obtained through
the use of adjoint equations for the forecast model.
As shown in Navon et al. (1992), the gradient of
the cost function can be expressed as

R

VIx(to)) = Z 2(to),

r=0

(34)
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where the values of the adjoint variables £(¢,)
(r=0,1,..., R) are obtained through adjoint model
integration:

(to) = (PY)TCTW(t,)(x(t,) — y°**(t,)). (3.5)

The eqgs. (3.4) and (3.5) were obtained under the
assumption that the TLM provides the first-order
approximation to the nonlinear perturbation.
Conceptually, (3.4) and (3.5) can still be used for
a model containing “on-off” switches. However,
since the gradient of J is discontinuous at switch-
ing points, a more general definition of the derivat-
ive of the cost function is required to understand
the result of adjoint model integration.

3.3. A generalized definition of the derivative of J

The concept of the derivative to functionals
can be generalized in several ways, such as the
Frechet differential, the Gateaux differential
(G-differential) and the Gateaux variation (see
Sagan, 1969). They are defined as follows.

Frechet differential L;[A]
L¢[A] is called the Frechet differential of J(x,)
at x§ if and only if there exists a 6 >0 such that

J(x? + k) — J (x§%) = Le[h] + &, (h)

(3.6)
for all |k| <4,
where L¢[h] is a linear function of A and where
el _
wi-o Al

Here, A is a small perturbation to the initial
condition x{.

G-differential
L,[h] is called the G-differential of J(x,) at
x$ if and only if there exists a 6 > 0 such that

J(x§? + h) — J(x§?) = Ly [h] + &, (h)

(3.7)
for all || &] <4,
where Lg(k) is a linear function of A and where
oh
tim 2% _,
a0 o

Gateaux variation
VJ[h] is called the Gateaux variation of J(x,)
at x$ if and only if there exists a 6 > 0 such that

JP + ) — J(xE)y= VI[h] + e3(h)

(3.8)
for all ||A|| <4,

where

. &(oh)
m-— =

li

=0 O

0.

We see that the concept of the G-differential is
somewhat weaker than the concept of both the
Frechet differential and the derivative (the conven-
tional first-order derivative for differentiable func-
tion), since for the Frechet differential and the
derivative, &(k) or ¢,(h) has to tend to zero uni-
formly in A, while in the case of the G-differential
or Gateaux variation, ¢,[A] only has to tend to
zero along each hA. It is also important to note
that J does not need to be continuous with respect
to x, for the existence of the Gateaux variation,
and the Gateaux variation is not even required to
be linear in A.

By considering a typical nonlinear problem as
a mapping defined on a space R", Cacuci (1981)
indicated that the adjoint procedure (3.4) and
(3.5) can still be formulated rigorously if the
Gateaux variation exists (Notice that the
G-differential in Cacuci (1981) is equivalent to the
Gateaux variation defined here). This completely
eliminates the need for the existence of the derivat-
ives of the model state with respect to IC.
Therefore, when models contain “on-off ” switches
introduced by moist physical parameterizations,
the G-differential may still exist. Methods for
unconstrained minimization of non-smooth func-
tions may be used to solve the variational problem.
However, variational approaches do not require
(in principle) the existence of continuous derivat-
ives of the cost function with respect to the state
functions IC, although variation of a functional
(i.e., the Frechet differential, the G-differential, or
the Gateaux variations) is still needed. Gill et al.
(1981) also indicated that if a function has just a
“few” discontinuities in its first derivative and
these discontinuities do not occur in the neigh-
bourhood of the solution, the smooth methods
are likely to be more efficient. The success of
minimization will then depend critically on
whether the model gives a close fit to the data.

4. Analytical study
When the Kuo cumulus convection is turned

on at a grid point at time z, the moisture conver-
gence is partitioned into a rain-producing portion

Tellus 49A (1997), 1
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and a humidity-increasing portion; the latter is
added to the specific humidity tendency at this
particular point and time. We will use two simple
examples to examine theoretically the feasibility
of using the adjoint model constructed above,
including “on-off” switches which depend on
model variables for adjoint sensitivity studies and
4DVAR experiments. The first example assumes a
constant increment to the tendency of model
variables when moist processes are turned on, and
the second assumes that the increment to the
tendency term depends on model variables. In
both cases, the “on-off” switches are turned on
and off depending on the model variables.

4.1. Constant increment

The time evolution of the specific humidity at
one grid point can be simplified into the following
equation, as was used in Xu (1996):

dq

E=F+ﬁH+(q—qc)

qli=0=4o
where f is the humidity-increasing portion
resulting from cumulus convection, and we
assumed that >0, and H, (-) is the unsymmet-
rical Heaviside unit-step function defined as
1, ifx>=0,

0, if x<O.

(4.1)

H+(x)={

To ensure that the switch is turned on once during
the times t, and t,,, we assume ¢, < ¢, and F >0.
The switch time is dependent on the model state
q, and g, is the threshold moisture for the switch.
This resembles both the large-scale precipitation
and cumulus parameterization. We assume that
the 4DVAR is to find the best estimate of g, that
minimizes the following cost function:

r"l
J(go) = % (g—q°™) dt,
to
where ¢ is the solution of (4.1), and ¢°* is the
observed value of g during the assimilation period
[to, tn]- We will compare the TLM or adjoint-
derived AJ with the true variation 6J, where we
assume that the TLM and adjoint models are
constructed by keeping all the switching points
the same as in the NLM, which determines the
basis-state solution.

(42)
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The true solution of (4.1) is
qc— 4
q=Ft+qo+ (t— T") BH.(g—q.).  (43)

For a perturbation of g; to IC g,, the perturbed
solution is

" =Ft+qo+4do
+ (r E W) BH, (@~ g.). (44)

Here ©=(q. — 4o)/F and 7' =(g. — g0 — q0)/F are
switching times for the basic-state solution and
the perturbed solution, respectively. Assuming
q6 > 0, the difference between the perturbed and
basic state solution can be expressed as

a'=¢"—q=q,+ Bt —)H (" —q.)
—pt—7)H.(q—qc)

0, ifr<t
_ q6+ﬁ(t—gfy), fr<t<r.
q6+ﬁq<’>, ift>1
F

(4.5)
The perturbation in the cost function resulting

from the perturbation dgy = gq to IC g, is

tm
oJ = '[ (g —q°®)q’ dt. (4.6)
to

Substituting (4.5) into (4.6) gives

tm tm
1= " a-emaar [ - farar
to z

- j a— g™ —7)Bde

= Jm (a—q°) (1 +§H+(q—qc)) qo dt

+ Z(qo)- 4.7)

Since in the integral of Z, [t—7'|<|t—71'|=
|go/F|, we have

i Z(gq0)
mm  — =

" ’
200 qo

0. (4.8)
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We thus obtain the G-differential of J:
tm
VJ(4o; 40) = J (g—q°™)
fo
B ,
X\ 1+ FH@—q) Jgodt.  (49)

Keeping the “on-off ” switch the same as in the
NLM (ie., the Heaviside unit-step function will
not depend on perturbation), and linearizing the
rest of the terms in (4.3) we obtain

Popeox =Ft + 4o+ 45
9e —do— 40

+(t— 5

’ ’ ﬂ ’
Qapprox = qla)l‘:l‘;rox —q=4qo+ F qOH+(q - qc)
(4.11)

) BH (9 —q.), (4.10)

Substituting (4.11) into (4.6) we obtain the same
result as (4.9). This proves that keeping the
“on-off” switches fixed the resulted “first-order”
perturbation solution is correct. However, in the
practical TLM and adjoint model development,
linearization is carried out for the tendency
eg. (4.1) instead of its solution (4.3), result becomes
different as shown below.

The TLM equation of (4.1) should take the
form of

dq’ —0
de for 1<, (4.12a)
q'li=0=4d0
dq’
a =’
for t>1. (4.12b)

qli=c=qo+ F 45

Notice that due to the presence of a discontinuity
occurring at the “on-off” switch on time ¢t = 7, the
TLM now split into two equations preserving the
discontinuity at the switching point. Therefore,
(4.12a) and (4.12b) together form the TLM of
(4.1). The adjoint model can thus be written as

(see Navon et al., 1992)

dq obs
-7 =9—q

dt for t <, (4.13a)
A't—t=0

dq’\ obs
-, =44

t fort>=r, (4.13b)

4|t=tm =0

where § represents the adjoint variable of specific
humidity, 6J/dg=q—q¢°® is forcing term.
Integrating (4.13a) and (4.13b) backward in time,
we obtain

do= J (g —q°™)dt,
to

tm
4.= f (g—¢°*)dt. (4.14)
Following the gradient derivation in Navon et al.
(1992) using adjoint technique, we obtain that the
first-order variation can be expressed as

AJ = Goqo + 4.4:

A ’ A ’ ﬁ ’
=4dodot4: (‘10"'}‘10 . (4.15)
Substituting (4.14) into (4.15) we obtain the first-
order variation of J, in the presence of the discon-
tinuous “on-off” switch, as

AJ = f (4—q"")qo dt
to

tn ﬁ
+J (q—q"‘”)(qa+;qé)dt
fm obs ﬁ ’
= (g—¢°™) 1+FH+(q—qc) qo dt,
to

(4.16)

which is exactly the G-differential of J in (4.9).
However, in the practical adjoint development
with moist physics, egs. (12b) and (13b) are not
considered. The adjoint model is integrated back-
ward continuously from ¢, to t, and the gradient
of the cost function is obtained as g, + §,.
Examining (4.15) we see that this is right if §/F < 1.
Otherwise, the straight backward adjoint model
integration will contain an error of magnitude
{m(B/F)(q—q°™) dt, where t,—t is the time

Tellus 49A (1997), 1
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duration of the moist process being turned on.
Such error could be significant (Xu, 1996).

Analyzing the example given by (4.1), we find
that the reason which causes such errors in the
gradient calculation is two: (i) NLM solution is
discontinuous at the switching point, and (ii) the
switch on-off information is totally lost in the
TLM due to the overly simplified assumption for
a constant increment due to convection.

4.2. Variable increments

A more realistic assumption for a conceptual
model would be that the contribution to the

The solution to (4.17) is

temperature and moisture time tendency intro-
duced by the moist convection depends on model
variables, which may be illustrated as

dgq

—=F+H,(q—q.)x

i +(g—9gc)xq (4.17)

dli=0=4o0
where o is a constant. We will now use this case
to examine the feasibility of using the “on-off”
adjoint for 4DVAR. The same cost function as
defined in (4.2) will be used for the following
discussions. Again we assume ¢, > ¢o, F >0, and
that the “on-off” process will occur at least once
between time f, and t,,.

Ft+ qq, ift<t
9= (qc+§> ea(t-(%*‘lo)/’")_g, ift>1. (4.18)
The perturbed solution can be written as
Ft+ g0+ 90, ift<t
ptb _
! (qc + g) &%t~ @20~ 20)/F) _ g, ift>1. (4.19)
Assuming go > 0, we can obtain the perturbation solution as
40, ift<t
F . F
(qc +— et @0 P _ — _(Ft4gq,), ifv<t<t
ql = qptb —q= o a
F (stt= o= to- Py _ gati-e—aoP
\qc+; (e o~ 20~ 0)/F)) _ et~ We" /PN if £ > ¢
q(/), lf t< T’
F F
(Qc + ;) et~ e~ 40)/F) _ ; —(Ft +qo)
< fr'st<r 420
- L2 g+ F qp et~ @20~ %VF) 4 O(q2), (4.20)
F\™ «a
F\ «a .
\(qc_|_E)Feu(l—(qc'qo)/F)qb_Fo(q(')z , ift>1
Substituting (4.20) into (4.6) gives
o b: F\a t—(qc— F,
8/=| (@—g")|1+H(q—d)| e+ | 5“7 Jgodt
to
! b F —emae_E
+ | @—g((|g+7 )@ O =)~ (Ft+g0) (421)
y

Tellus 49A (1997), 1
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F\ a
+ <<qc + ;) F et~ (@~ ao)/F) _ 1)) q(f) dt + O(q(,z

tm F\ «
= J (4—4°*) (1 +H.(q—q.) (qc + ;) = e“"““°“‘°”"’) 4o dt + Z(qo) + O(43).
o

F

Using the following Taylor expansion near t = t(t=(q. — qo)/F):

2
—(q.— dc— 40 dc— 490
a(t— (4.~ 20)/F) — | f— 2= (o) t——= =
¢ *“( F )+ << F ))

we obtain

lim £(40)
im —— =

’ 7
-0 4o

0.

Therefore, the G-differential of J at g, exists and is equal to

VJ(qo; 90) = j (4—4°*) (1 +H.(q—q.) (qc +
to

If the switch on-off points are kept same as in the NLM solution, linearizing (4.18) we obtain

Ft+ g0+ 90, ft<rt
ptb —
qapprox <qc + E) e“(“(‘lc“lo_cﬁl)/l'-) _ E’ if t > T
o o
and

’
9o

’ = ptb = F\ o
Qapprox = Japprox — 4 < g+ ;> — eMt-@-0Pg 4 O(g2), ift>1

F

Substituting (4.26) into (4.6) gives the same results
as (4.24). This shows that the approximated per-
turbation solution (assuming that the switch on
and off timing and location are not influenced by
the perturbation) also provide correct G-differen-
tial of the cost function in the case of variable
increment due to convection.

Now we examine what happens if the lineariz-
ation is carried out on the tendency equation
(4.17), not the NLM solution itself (4.18).
Linearizing the model equation (4.17), assuming
that the “on-off” switches are determined by gq,
we obtain the TLM

’

dq H.( Jog’
dq _ — g
” +(@—4q.)og (427)

q(l)|t=t0 ={go.
The perturbation solution from TLM is

q'=qo+ H.(q—q;)C et~ @ 20/h), (4.28)

(4.22)
(4.23)
F) - ew-(%—qom) go dt. (4.24)
(4.25)

ift<zt
(4.26)

where coefficient C is the value of the perturbation
solution at the switching time t =t =(q. — go)/F.
Since the perturbation solution of (4.17) is discon-
tinuous at t=7v, there are two options in the
choice of the C value (4.20):

F
C=lim q(t)= <qc ¥ —) 2@, (4.29)
tt >t [v4 F
or
C = lim q(t)=g. (4.30)
t —t

Substituting (4.29) or (4.30) into (4.28) we obtain

q=q0+H.(q—4.) (qc + g) %q& et T a/M),
(4.31)

and

q'=qo+ H.(q — gc)qo €™~ 479D, (4.32)

respectively. Substituting (4.31) into (4.6) we

Tellus 49A (1997), 1
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obtain the same expression as the right-hand side
of (4.24). However, if the perturbation solution of
(4.32) is used we obtain

VJ™(qo; go) = J (q—q°)
to

X (1+ H,(q— q,) e~ @~ 0/F)

x g dt, (4.33)

which is different from the true solution (4.24).

We see that the TLM solution will provide the
G-differential of J if the perturbation solution
q' at the switch-on point takes the value of
lim,+_,q(t) as in (4.27) and (4.29). In the TLM
and adjoint model, the perturbation solution ¢’
at the switch-on point takes the value of
lim,- .. q(¢t) as in (4.30). No additional informa-
tion related to the perturbation values at switching
points are used in the TLM and adjoint model
integrations. Therefore, an error seems to occur
in the gradient calculation using the TLM and
adjoint model when

lim g(t) # lim q'(t). (4.34)
tT -t t -t

The magnitude of the relative error depends on
the value of g.a/F. This is of course not desirable
in the adjoint applications.

The reason that such error exists in the gradient
calculation using conventional adjoint model is
because of the existence of discontinuity at switch-
ing point in the perturbation solution, which is
neglected in the TLM and the gradient calculation
using adjoint model (see second term in eq. (4.15)).
If the perturbation solution is continuous at the
switching point, such error in the gradient calcula-
tion will not exist. This can be further illustrated
as follows.

Modifying (4.17) into

dq

—=F+H,(q— —q.

ar +(g —g)dqg —qc) (435)
qli=0 = qo-

The analytical solution of (4.35) and the true
G-differential of the cost function (4.2), corres-
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ponding to (4.18) and (4.24), are

Ft+Q(), ift<t

g= (4.36)

F F
—et=@—w/P) _ _  ft>
@+ ; 5 T,
and
‘m
V(405 96) = j (a—-q°™)
to

x (1+H,(q—q.) et " 2/D)g0 dt,
(437)

The TLM of (4.35) is the same as (4.37), and its
solution (4.32) provides the correct G-differential
as in (4.37). This proves that if the perturbation
solution is continuous at the switching point, i.e.,
a gradual change (instead of an abrupt change)
are brought into the model, the conventional TLM
and adjoint model will still provide the correct
first-order approximation to the NLM perturba-
tion solution and the cost function, respectively.
A sufficient condition for the correctness of
approximated TLM and adjoint model solution
is

lim q'(t)=tl_im q'(1), (4.38)
tT o, -1

which is equivalent that the right-hand-side of the
forward model equation is continuous at the
switching time ¢ = 1. If (4.38) does not hold, we
may still expect a good approximation of the
TLM and adjoint model solution to the first-order
information if

q—§<1,

(4.39)
which is obtained by comparing (4.33) with (4.24).
Eq. (4.39) means that if the heating and moistening
due to convection at the switch-on point is much
smaller than all the other terms in the tendency
equation, then the possible errors in the TLM
solution and the adjoint calculated gradient
resulted from keeping the “on-off” switches fixed
will be small.

For a discretized numerical model, the discon-
tinuity of the tendency equation becomes less
obvious. The jump occurs over a At (time step)
window, not at a single time level as the case in
continuous model. For instance, we can always
modify (4.17) into (4.35) over time window t; — At
and t;, where 7; is the switch-on time of the moist
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processes, which is not turned on at the previous

time step 7 — At. In this case, we can assume that

there exists threshold time t,, where

T, —At<t,<7t;, and q(t,)=q.. The g in the

second term of (4.17) on the right-hand side may

be modified into
., — qc

q= (t'—‘[i)_‘_qti:
‘Cl'—tc;

(4.40)

near the time t=1;. The right-hand-side of the
tendency equation (4.17) thus becomes continuous
at the switching point f,. Notice that values of
the NLM, TLM, and adjoint model solutions are
not altered by (4.40) at every time step. From the
previous derivation we know that the TLM and
adjoint model developed assuming that all
“on-off” switches are determined by the unper-
turbed NLM solution may still provide a correct
first-order information.

The MMS5 contains much more complicated
“on-off” related functions than examples in (4.1),
(4.17), and (4.35). It is impossible to derive their
analytical expressions for the solutions. The MMS5
TLM and adjoint model are developed at the
coding level and the linearization is carried out
around the instantaneous NLM solution. When
the moist processes are turned on, the linearization
is carried out for the moist processes. Constructing
the adjoint model at the coding level may prove
to be more advantageous than deriving the adjoint
equations in analytic form followed by the discrete
approximation. It avoids not only the inconsist-
ency arised from different discretization in the
forward and adjoint model, but also the above-
mentioned “on-off” linearization problem.

In the following, we will examine how these
conclusions are valid for a realistic model applied
to a mesoscale storm case in which convection
occurs.

5. Numerical results

5.1. Nonlinear model solution with “on-off ”
switches

In order to better understand what affect the
“on-off” processes may bring to the model vari-
ables, we will first examine the NLM solution.

We choose the case of a strong convective storm
from 1800 UTC 10 April to 0600 UTC 11 April

1979. This case was selected because the forecast
was strongly affected by moist processes. The
experiment was initialized with an analysis using
all the available surface and upper-air data col-
lected at 1800 UTC 10 April. In order to identify
the regions where “on-off” switches occur, we
plotted in Fig. 1 the observed (a-b) and model-
predicted (c-d) 3-h rainfall ending at 2100 UTC
and 2400 UTC 10 April 1979, respectively. The
model-predicted precipitation took place near the
border of Oklahoma and Texas during the first 3-
h, to the southeast of the observed 3-h rainfall
(Fig. 1a). This convective rain corresponded to the
Wichita Falls tornado outbreak (Kuo et al.,, 1993).
In the next three hours, the observed precipitation
expanded into a line pattern, and by 2400 UTC
10 April, it covered western Oklahoma (Fig. 1b).
The model precipitation from 2100 UTC to
2400 UTC April 10 (Fig. 1d) exhibited some skill
in both the pattern and the magnitude of the 3-h
rainfall as compared with observations (Fig. 1b),
except that there existed a southeast bias errors
of the rain over Oklahoma. The model over-
estimated precipitation over Colorado.

To examine the detailed behavior of the convect-
ive precipitation during the MM5 model integra-
tion, time series of convective rain produced at
every time step are shown in Fig. 2. These time
series are produced for the three model grid points
that are shown in Fig. lc. Point A is in the center
of the first-hour rainfall, point B is located
northeast of point A where there was no rain ini-
tially, and point C is located even further north.
Convective rain was repeatedly turned on and off
during the first three and a half hours (At = 2 min)
at point A. We noticed that gradual delays of
convective precipitation at points B and C, which
corresponded to the northeastward movement of
the convective system. We also noticed several
occurrrences of 2At oscillations with convective
rain being turned on and off at every other time
step. This feature was also pointed out by
Vukicevic and Errico (1993). In order to under-
stand what was really causing such undesirable
“discontinuities” in Fig. 3, we present the three
criteria listed in section 2.3 for convection to occur
at point A during the 3-h forecast. We found that
these oscillations are caused by the violation to
stability criterion 3. We also checked results at
points B and C, and similar behaviors were found.

We can therefore remove such 2At oscillation
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18-21 UTG, 10 April

40°N

35°N

30°N

40°N . - s,
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35°N
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105°W  100°W  95°W
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90°W

105°W  100°W  95°W

Fig. 1. The observed (a-b) and model-predicted (c-d) 3-h rainfall (mm) ending at 2100 UTC and 2400 UTC 10 April

1979, respectively. Contour interval is 2.5 mm.

simply by eliminating the third criteria in the Kuo
cumulus parameterization scheme (we will call it
as smoother Kuo scheme). Fig. 4 shows the vari-
ation of the convective rain at every time step
during the 12-h forecast using the smoothed Kuo
scheme. We observe that the amount of convective
rain is slightly higher than the original run while
the 2At oscillations disappear. This modification
will be used for comparison study of the “on-off”
switches under different circumstances.

To examine the contribution of these moisture
processes to the evolution of the model’s solution,
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the time variation of T and g at point A at 6 =
0.25 and ¢ =0.85 are given in Fig. 5, where the
original Kuo scheme is used. On each panel, we
can detect the signals of 2Ar oscillations, even
though the amplitude of the jigs is very small
compared to the total changes of temperature and
moisture during the 12-h forecast (<10%). This
also shows that condition of (4.39) is satisfied here
for the TLM and adjoint model to produce a
good approximation of the first-order information
to the NLM solution and the gradient of the cost
function, respectively.
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Fig. 4. The variation of the convective rain at every time
step (cm/2 min) during the 12-h forecast with (thick solid
line) and without (thin solid line) criterion 3 turned off.

Convective rain rate at point (21,28)

9-12h forecast, dt=120s, IFDRY=0,ICUSTB=1,ICUP=2
IC: analysis at 1800 UTC 10 April, 1979
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Fig. 3. Tracing of the 3 criteria for convection to occur at point A during the 3-h forecast.

scheme afterward is assumed, and x, is the first-
order approximation to

5.2. Tangent linear approximation

Knowing IC and LBC, (3.1) determines a
unique solution in time. We will restrict the discus-
sion to IC here, leaving LBC and model para-
meters fixed.

Xp = X,(Xq + Axg) — X,(Xo)- (5.2)

Operator P is obtained through a linearization

The TLM (3.2) can be specifically written as
xy = P3(xo)xo,

’

X, n=23...
1_ pn—2 n-2 ?
xn_Pn (xn—laxn—2)<x; >>

n—1

(5.1)

where a forward two-time-level integration at the
initial step and three-time-level leapfrog time

procedure linearized about the NLM solution
x,_; and x,_, at every time step:

P:_z EP(xn—l’ xn—Z)

=<6Q(x,._1,x..—2) aQ(xn—-l’xn—2)>. (5.3)

0x, 1 0x,_

The TLM operator in (3.2) is now decomposed
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Fig. 5. The time variation of the temperature (°C) (left panel) and the specific humidity (right panel) (g/kg) at point

A with ¢ =0.25 and ¢ = 0.85.

into several operator matrices:
Py =Py P23 PYPS. (54)

If the NLM includes “on-off ” switches, which
might cause either discontinuities or non-differen-
tiabilities, we should carefully examine the feasibil-
ity of applying the adjoints of such processes for
gradient calculation. However, the accuracy of the
TLM may mean either of two things:

(1) How well does the TLM solution approxi-
mate the NLM solution?

(2) How accurately does the TLM provide the
first-order approximation to the NLM solution?

The answer to the first question depends on the
degree of nonlinearity of the NLM solution. The
TLM results may still be reasonably accurate even
for significantly large perturbations if the NLM
solution has a weak nonlinearity, such as during
the initial short forecast period. However, when
the NLM solution becomes highly nonlinear,
using TLM to approximate such a NLM solution
will, of course, not be accurate, especially for finite-
amplitude perturbations. The higher-order terms
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become important. Including the “on-off” related
physical parameterization schemes in the model
may increase the model’s nonlinearity. However,
in 4DVAR application, the adjoint model is used
no more than to provide the first-order derivative
information for a quantitative aspect J of a numer-
ical model:

J(xo + Axo) — J(xo)
Axo ’

Since the derivative of a cost function J at x, is
derived for an infinitesimal perturbation Ax,
(Axq <&, where ¢ is an arbitrary small number),
the accuracy of the TLM and adjoint calculated
derivative should be checked against very small
perturbations in IC, not for significantly large
perturbations; the same is true for the TLM test.
“Very small” perturbations means small enough
to be able to ignore the higher-order terms and
“large” enough to avoid machine round-off errors.
The TLM and adjoint model should not include
any kinds of approximations for these tests, such
as an incomplete physics in the TLM and adjoint
model compared to the NLM, or a less frequent

VJ= lim

Axg—0

(5.5)
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basic state updating procedures than at every time
step. These are separate issues due to computa-
tional practice or other research interests.

One way of verifying the correctness of the
TLM for a model without “on-off” switches is as
follows: Define

O(xo + ah) — Q(xo)
aP,h )

®() = (5.6)
From (5.6) for values of « that are small but not
too close to the machine zero, one should expect
to obtain a value for @(«) that is close to 1.
(5.6) should be verified at any grid point in the
model domain. However, when the denominator
is close to zero, the function of ®(x) is not appro-
priate to use.

The values of ®(x) for the specific humidity and
temperature at ¢ = 0.95 and point A are shown in
Fig. 6 for 1-h, 2-h, 3-h, and 4-h forecasts, in which
the 64-bit real numbers were used (Cray). It is
clearly seen that, for « between 1073 and 10712 a
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Fig. 6. The value of ®(«) for the temperature (a) and the
specific humidity (b) at ¢ =0.95 for 1-h (solid line), 2-h
(dashed line), 3-h (dotted line), and 4-h (dash-dotted
line) forecasts.

unit value of ®(«x) is obtained only for the 1-h to
3-h forecasts.

From Fig. 2, we know that repeated on-off have
occurred during the first 3-h forecast. But a unit
value of ®(x) defined in (5.6) is still obtained. The
non-unit value for the 4-h forecast may thus be
attributed to other reasons, such as the gradual
increase of the nonlinear effect which causes the
perturbation solution at 4h not to be small
enough for the accuracy check of the TLM. This
will be illustrated by the following discussions.

For a perturbed IC;

x0+Ax0, (57)

we can obtain the perturbation solution: x,, n=
1,2,3,..., through 2 ways: one is to integrate the
NLM (3.1) twice from ICs of x, and x,+ Ax,,
respectively; the other is to integrate the TLM
(3.2) from x; at time t,. We will denote the first
one as xP® and the second as x'™, which is the
first-order approximation to xP®.

In order to examine how well the TLM solution
approximates the true perturbation, we show in
Fig. 7 the true perturbation (P, solid line) and
the TLM approximation (P"™, dotted line) of the
convective rain rate at every time step using (a) the
original Kuo scheme and (b) the smoothed Kuo
scheme. We observe that the degree of discrepancy
between the true perturbation and the TLM
approximation is quite similar no matter whether
or not a smoothed Kuo scheme is used. In order
to see the match between PP® and P'™ more
clearly during periods when 2At oscillations
occurred, we plot in Fig. 7c the initial 6-h predic-
tions. P"'"™ approximates PP™ quite well when 2A¢
oscillations occurred. This shows that the large
discrepancy between the NLM and TLM solutions
is not so much related to the presence of seemingly
discontinuous “on-off” switches.

To better understand the impact of nonlinearity
and discontinuity of the cumulus parameterization
on the accuracy of TLM solution, we examine the
time variation of the true perturbation for the
specific humidity at point A from the NLM integ-
ration g?™®, and the corresponding TLM solution
g™, using (a) an adiabatic version of MMS5
without moist physics, (b) a diabatic version of
MMS5 with the original Kuo scheme, and (c) a
diabatic version of MM5 with the smoothed Kuo
scheme (Fig. 8), where Ax,= 10"°x, is assumed.
Switches not depending on initial perturbation

Tellus 49A (1997), 1
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Fig.7. The time variation of the true perturbation for
convective rain rate from NLM integration (P?*, solid
line) and the TLM solution (P2™, dotted line) using
(a) the original Kuo scheme and (b) the smoothed Kuo
scheme during the 12-h forecast. (c) is the same as (a)
except the x-axis scale is increased to plot only the first
4-h result in order to see more clearly the details when
2At oscillations occurred.

x5, which could exist in the adiabatic model, are
not considered as “on-off” switches in this paper.
The “on-off” switches in the perturbed solution
X,(x,+ Ax) occur at the same time and same
location as in the basic state solution x,,(x,) (figure
omitted). A significant increase for the value of
xP® (about an order of magnitude) occurs in the
initial 2 h in both diabatic runs with or without
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Fig. 8. The time variation of the true perturbation from
NLM integration (g®*®, solid line) and the TLM solution
(g¥™, dashed line) at o =0.95 using (a) an adiabatic
version of MMS, (b) a diabatic version of MM5 with
moist physics, and (c) a diabatic version of MMS5 with
the smoothed Kuo scheme.

the 2At oscillation. In the adiabatic integration,
such an increase is delayed by 3h. A general
feature is that the TLM solution (dashed line)
differs from the nonlinear solution (solid line) at
the time when the perturbation become larger.
The magnitudes of such discrepancy between
TLM solution and the true perturbation (distances
between the solid and dotted line) are similar after
the magnitude of the initial perturbation having
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had a one order of magnitude increase with three
versions of the forward model. Since “on-off”
switches occur during the initial two hours (see
Fig. 2) and the run with the smoothed Kuo scheme
in which 2At oscillation eliminated (Fig. 8c) gives
similar results to the run with a complete Kuo
scheme (Fig.8b), it seems that the “on-off”
switches are not a major contributor to the differ-
ence between the TLM approximation and the
total perturbation, comparing to the increase of
model’s nonlinearity due to the introduction of
moist physics.

From (5.1) and (5.2), we observe that x™ is
the first-order approximation to xE® obtained
through (5.1) and satisfies:

’

—1f %n-1 , ,
xg:‘-’l: :—Fi( ;/ )+8(xn—1;xn) (58)
n

where

. elox) _ 4, ax,

lim _(_&__L)=0_ (5.9)
Xp—1,X,0 o

rtlm

Therefore, x'™ can approximate xE'® to a high
degree only if both x,_, and x,_, are sufficiently
small, which is not ensured for a model solution
as time continues. For a highly nonlinear model,
xP™® can become rather large starting from a small
initial perturbation x;. Therefore, we conclude
that the fact that the moist processes contain “on-
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off” switches does not necessarily mean a loss of
accuracy of the TLM and adjoint model. However,
since moist processes are highly nonlinear, it may
substantially increase the nonlinearity to the
model solution, as seen from Fig. 8a and 8b. This
is also illustrated in Fig. 9, which shows the time
evolution of the following quantity

|gP™® — g™

at 0 = 0.95 for the three models used in Fig. 8. We
notice that the complete diabatic model has a
maximum increase of the nonlinear part in the
perturbation solution x;, within 60 time steps (two
hours) of model integration. It shows an increase
of about 4 orders of magnitude and then remains
as the highest during the subsequent 4 h, while
the adiabatic model has the lowest level of nonlin-
earity during the first 6 h. All three models arrive
at the same level of nonlinearity after 6 h of
integration.

So far, we only examine the moist linearization
problem at one particular point in the domain
(point A in Fig. 1c). Fig. 10 shows the horizontal
distribution of the specific humidity at ¢ =0.75
for g°** and g™ for the 2-h forecasts. We find that
the largest perturbation area is concentrated over
southern Texas and the southeast coast where
moisture advection is important. The second max-
imum is located at the border of Texas and

(5.10)
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Fig. 9. The time evolution of |gP®® — gP**| (g/kg) at o = 0.95 for the diabatic model including the large-scale precipita-

tion scheme and the Kuo scheme (solid line), a diabatic
an adiabatic model (dash-dotted line).

model with the smoothed Kuo scheme (dashed line), and

Tellus 49A (1997), 1



TANGENT LINEAR AND ADJOINT PROCESSES

23

18-21 UTC, 10 April
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Fig. 10. The horizontal distribution of the specific humidity at ¢ =0.95 for (a) g*® and (b) ¢"™ (b and d) at 2-h
forecasting times. Contour interval is 4 x 1073 g/kg. Values in the figure are multiplied by 108,

Oklahoma, where precipitation occurs. The TLM
approximates the NLM solution quite well, except
at the Texas-and-Oklahoma border, where the
perturbation from the TLM is smaller than the
true perturbation. From the previous discussions,
we believe that this discrepancy between g™ and
g°® is due to the higher-order nonlinear terms,
which is not accounted for by the TLM approxi-
mation g'™.

Therefore, we concluded that the “on-off”
switches presented in the moist physical para-
meterization schemes will not prevent developing
a meaningful TLM and adjoint model for use in
different adjoint applications as far as only the
first-order information is required. By definition,
the TLM and adjoint model will not account
for errors in the higher-than-first-order terms.
However, the presence of “on-off ” processes along
with the moist processes may increase the forward
model’s nonlinearity to a large extent. Such
increase of nonlinearity in the model solution due
to the moist physical processes will make the
forecast from the TLM deviate from the NLM
solution after a certain time. It may also render
the minimization problem more difficult to solve,
especially over a long assimilation window, since
the behaviour of the minimization procedure
depends implicitly on the Hessian matrix, which
is the second-order information of J. For adjoint
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sensitivity study, the poor approximation of the
TLM solution to the NLM perturbation solution
becomes more serious than that in 4DVAR since
the adjoint calculated gradient contains less
information and is less accurate for significant
perturbations.

Another issue to be addressed is related to how
to check the correctness of the TLM when moist
physics is present. As we pointed out, due to the
rapid increase of perturbation with time, (5.6) may
not be valid for long time integrations. Since the
TLM code at each time step is the same except
for the first time step, a short-time integration
check is sufficient. If convection does occur during
the first few hours, we can break the TLM check
into several short time periods starting from
different time steps.

5.3. 4DVAR experiments

Three 4DVAR experiments using the diabatic
MMS5 and its adjoint including “on-off” processes
are conducted to examine the performance of the
minimization procedure. Analyses of wind, tem-
perature, surface moisture, precipitable water
(PW), and 3-h rainfall using data collected during
SESAME 1979 were assimilated into the model.
These observations were available at an interval
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of 3 h, and we thus performed 4DVAR data assim-
ilation with a 3-h window.

In the first experiment (Exp. 1), only 3-h rainfall
between 1800 UTC and 2100 UTC 10 April is
assimilated into the model, which includes the
large-scale precipitation and the Kuo cumulus
convective parameterization scheme and their
adjoints. The cost function is defined as

J(x0) = (P3 — PR°Y, (5.11)

where P, and P3Y* represent model-predicted and
observed 3-h rainfall from 1800 UTC to 2100
UTC 10 April, respectively. The initial guess for
the minimization (x§) is taken as the analysis.
This problem is obviously an underestimated
problem, since the number of observations (m) is
much less than the degrees of freedom of the
control variable (n = 60 m, see Subsection 2.3). In
such case, minimization is easier to converge and
adjustments in the ICs could be rather arbitrary.
In fact, with infinite number of iterations, the
model will exactly fit to the observations.
Nevertheless, we would like to see what changes
such rainfall assimilation will bring to the guess
IC and how much improvement the rainfall assim-
ilation may have to the short-range rainfall predic-
tion comparing to the forecast starting from
analysis by assimilating 3-h rainfall data.

The minimization converges very fast. The cost
function decreases one-and-a-half orders of magni-
tude in 10 iterations when a minimum is
approached. The gradient of the cost function with
respect to IC decreases two-and-a-half orders of
magnitude during 30 iterations. As pointed out in
the previous sections, the adjoint-derived “gradi-
ent” is the G-differential when “on-off” switches
are included in the model since the gradient is
discontinuous in such a case. This experiment
shows that the adjoint-calculated G-differential is
sufficient to provide the minimization procedure
a descent direction. Fig. 11a,b shows the model-
predicted 3-h accumulated rainfall during the 6-h
forecast, starting from the optimal IC after 30
iterations. We find that the position of the model-
predicted 3-h rainfall compares very well with the
observed 3-h rainfall (Fig. 1a). The intensity of the
simulated rain (9.35mm) is weaker than the
observed rain (14.5 mm). This may be due to
the model’s deficiency since we used a rather
simplified version of MMS5 and a relatively coarse
resolution (40 km). The subsequent 3-h rainfall

predicted from the optimal IC (Fig. 11b) also
occurs at the right place (see Fig. 1b), although
the amount of the rain is less than the observed
value. Comparing Fig. 11b with Fig. 1d, we find
that the fictitious rain over Colorado and south
Wyoming in the no-data assimilation run (Fig. 1d)
is removed after assimilation (Fig. 11b).

In the second experiment (Exp. 2), not only 3-h
rainfall, but also wind, temperature, surface mois-
ture and PW analyses at time 1800 UTC and 2100
UTC 10 April are assimilated into the model
during the 3-h assimilation period. The cost func-
tion consists of

2
Jxo)= Y. (W,(u(t,)—u™(t,)
r=1
+ I/Vv(v(tr) - v°bs(tr))2
+ Wa(T(t,) — T°%(¢,)?
+ Wq,(qs(tr) - ngs(tr))z)

+71(Psn — PS°)

+ ZZ: 72(PW(2,) — PW°P(1,))?,

r=1

(5.12)

where W,, W,, W, and W,_are weighting coeffi-
cients for the wind, temperature and surface mois-
ture, respectively, which are diagonal matrices
obtained by taking the inverse of the square of
the maximum difference between the observations
at 1800 UTC (¢t,) and 2100 UTC (¢,) 10 April. v,
and y, are penalty coefficients taking the values
of y; = 500 and y, = 30. Notice that we are dealing
with the following situation: no observational
error statistics, an unperfect assimilation model
with simple physics, and rather coarse horizontal
(40 km) and vertical (10 levels) resolutions.
Compared to Exp. 1, Exp. 2 produces a closer
fit to the observed 3-h rainfall during the assimila-
tion period (Fig. 11c), with a maximum value of
11.4 mm. The subsequent 3-h rainfall prediction
(Fig. 11d) resembles the observations (Fig. 1d)
very well. It is very encouraging, since the period
between 2100 UTC 10 April and 2400 UTC
10 April is not in the assimilation window.
Comparing Fig. 11b and 13d, we find that combin-
ing rainfall observation with conventional wind,
temperature, and surface moisture and PW meas-
urements produces a better short-range rainfall
prediction. Fig. 12 shows the threat scores of the
model predicted 3-h rainfall from analyzed IC,
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Fig. 11. The model-predicted 3-h rainfall (mm) during the 6-h forecast, starting from the optimal IC in Exp. 1
(a and b) and 2 (c and d) after 30 iterations. Contour interval is 2.5 mm.

optimal IC in Exp. 1, and the optimal IC in Exp. 2
at a threshold value of 2.5mm, 5.0mm and
10.0 mm. We observe that the forecast in Exp.2
gives the highest threat score. However, the
forecast skill drops quickly after 6-h prediction.
In order to see what causes the improvement of
the 3-h rainfall prediction after 3-h 4DVAR, we
plot the difference fields between the optimal IC
and the analysis in Fig. 13. The left panel is the
difference between Exp.1 and analysis and the
right panel is the difference between Exp.2 and
analysis. We find a maximum of 1°C warm area
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over southern Oklahoma at ¢ =0.85 near the
precipitation area in Exp. 2 (Fig. 13b). Not much
difference is found in the low-level moisture field
in Exp.2 (Fig. 13d). The u-component of the
upper-level jet (¢ =0.35) over northwest Texas is
intensified by an amount of 294 ms™%, and the
zonal wind over eastern Texas is weakened in
Exp. 2 (Fig. 13f). The difference in the low-level
(o6 =0.85) meridional wind has a maximum on the
Texas-and-Oklahoma border, which allows more
moisture to be brought to the initial precipitation
region (Fig. 13h). The difference in IC of Exp. 1 is
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Fig. 12. The threat score of the model predicted 3-h
rainfall from analyzed IC (dotted line), optimal IC in
Exp. 1 (dashed line), and optimal IC in Exp. 2 (solid line)
at the threshold value of (a) 2.5 mm, (b) 5.0 mm and
(c) 10.0 mm.

relatively small and localized, except that a signi-
ficantly large negative area of low-level specific
humidity is found over central Texas.

One of the reasons that Exp.2 outperforms

Exp. 1 is that the wind, temperature, surface mois-
ture, and PW observations at 2100 UTC 10 April
are assimilated into the model, which will limit
the freedom of the minimization procedure to
arbitrarily adjust the IC. At 2100 UTC 10 April
the RMS error of g in Exp. 2, calculated over all
the 35 sounding stations, is smallest among
4DVAR experiment, Exp. 1, and Exp.2 (figure
omitted). The RMS error of ¢ in Exp. 1 is higher
than the no-data-assimilation result. It seems that
in order to produce a realistic precipitation loca-
tion in Fig. la as opposed to the one obtained
in the straight model simulation (Fig.1c), the
4DVAR procedure with the Kuo scheme generat-
ing convective rain decides to decrease the amount
of moisture content over central Texas at the
initial time. This will reduce the northward mois-
ture advection and avoid precipitation occurring
over the north of Texas as in Fig. 1c. This happens
because there is no additional moist data con-
straint in the cost function. Therefore, it is better
to add other moist data to rainfall observations
during the assimilation procedure to reduce the
arbitrariness of 4ADVR in adjusting the initial
moisture field.

In Exp. 1 and 2, the smoothed Kuo scheme is
used, which removes the 2At oscillations in the
Kuo scheme as discussed in Section 5.1. In order
to examine the impact of “badly behaved” “on-
off” switches, an experiment (Exp. 3) similar to
Exp. 2 is carried out, except that the original Kuo
scheme is used during the assimilation procedure.
Fig. 14 compares the variation of the cost function
and the norm of the gradient with respect to IC
between Exp. 2 and 3. Both Fig. 14a,b reveal that
Exp. 2 and 3 have the same convergence rate, and
Exp. 3 has a smaller value of the cost function
through the assimilation procedure resulting from
a closer fit to the observation with a complete
Kuo scheme than with a modified version of Kuo
scheme in which the stability check is turned off.
Fig. 15 shows the distribution of the model-
predicted 3-h rainfall in Exp.3. Comparing to
Fig. 11cd and Fig. la,b, we find that the same
improvement for the short-range rainfall predic-

Fig. 13. The difference fields between the optimal IC and the analysis. The left panel is the difference bet-
ween Exp. 1 and analysis (no data assimilation) and the right panel the difference between Exp. 2 and analysis.
(8) T52ogs, (B) ToZo.555 () 452085, (d) 45 %085, (€) UERo.355 () UeZo0.s5, (8) VERoss, and (h) v)Zogs. The units for T
are °C, for g is g/kg, and for u and v is m/s. Contour intervals for T, g, u and v are 0.4°C, 1 g/kg, 0.6 m/s and 0.5 m/s,

respectively.
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Fig. 14. Variation of the values of (a) the cost function
and (b) the norm of the gradient with the number of
iterations in Exp.2 (solid line) and 3 (dotted line), in
which the wind, temperature, surface moisture, PW and
3-h rainfall measurements are assimilated, during the
minimization procedure with a 3-h assimilation window.
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tion is observed in both Exp. 2 and 3. These results
show that the “badly behaved” version of Kuo
scheme does not decelerate the convergence rate,
nor degrade the 4DVAR results.

6. Summary and conclusions

The tangent linear and adjoint versions of moist
parameterization with “on-off” switches fixed and
their feasibility for use in data assimilation are
discussed by using both simple examples and the
Penn State/NCAR mesoscale model MMS.
Through a few analytic examples, we proved that
for a continuous model, the TLM and adjoint
model, developed by assuming that the “on-off”
switches are kept the same as in the basic state
and then linearizing the NLM around the basic
state (TLM) and transposing it (adjoint model),
may be feasible for 4DVAR under certain condi-
tions. A sufficient condition for the TLM to pro-
vide a correct first-order approximation to the
NLM solution, and the adjoint model to provide
the G-differential of a cost function is that the
nonlinear tendency equation is continuous at
switching point. If not, errors may exist in the
TLM solution and the adjacent calculated gradi-
ent. The magnitude of such errors depends on the
magnitude of the increment added to the tendency
equations at the switching point and the duration

18-21 UTC, 10 April
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Fig. 15. The model-predicted 3-h rainfall (mm) in Exp. 3 during (a) 1800-2100 UTC 10 April, and (b) 2100-2400

UTC 10 April. Contour interval is 2.5 mm.
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of moist processes being turned on. The larger the
increment is comparing to other terms in the
tendency equations, the bigger the errors will be.

However, examination of the discretized
model — MMS5, including the grid-resolvable non-
convective precipitation and the Kuo cumulus
parameterization, indicates that the moist physics
containing “on-off” switches seem to have no
impact on the validity of the TLM and the adjoint
model for use in 4DVAR, in which the gradient
information is required. Presence of “on-off”
switches in moist parameterizations increases the
degree of nonlinearity of the forward NLM solu-
tion, due to the strong nonlinearity introduced
by moist physics. The forecast from a small per-
turbation may thus experience quick growth
during the first few hours. Such an increase in
the magnitude of the perturbation solution
Xp = X,(xg + Axy) — x,(x,) will cause the TLM
solution x'™ to become a poor approximation to
x, after a certain time of integration, since the
TLM is linearized around the time-dependent
basic state, and is accurate for small enough
perturbations at every time step. Such an increase
in the nonlinearity might cause the minimization
problem to have more difficulty converging since
the performance of the minimization depends
upon the structure of the Hessian matrix of the
cost function (Zou et al, 1993), which is not
experienced in this research.

The 4DVAR experiments assimilating the wind,
temperature, surface moisture, PW and 3-h rainfall
observations using a diabatic version of MMS5 are
carried out over a 3-h window from 1800 UTC to
2100 UTC 10 April during the SESAME 1979
storm case. We find that (i) the 4DVAR using a
diabatic version of MMS5 and its adjoint, including
“on-off” switches, works successfully; (ii) combi-
ning the rainfall observations with the wind, tem-
perature, surface moisture, and PW results in a
better rainfall prediction than the one assimilating
only the rainfall observations; and (iii) switching
on and off at every other time step does not make
the minimization fail, and similar results are
obtained as far as the convergence rate and
improvement to the short-range rainfall prediction
are concerned.

In this research, we use the NLM solution as
the basic state in the TLM and adjoint model at
every time step. The “on-off” switches are recal-
culated at every time step. In practice, this may
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present a computational problem concerning both
the disk space and CPU time. If MMS5 and its
adjoint model are to be used for very high-
resolution problems, which is one of our future
goals, we need to consider a less frequent basic-
state update cycle while maintaining good accu-
racy of both the TLM and the adjoint model.
Preliminary results show that using less frequent
updates of the basic state, say, every half-hour,
will still give a very high accuracy for the adiabatic
version of MMS5 and its adjoint. However, in the
presence of “on-off ” switches, this presents a prob-
lem for the accuracy of both the tangent linear
model and adjoint model. Further research is
underway to use a less frequent basic-state update
cycle, yet to retain the accuracy of the TLM and
adjoint model, probably by only updating “on-
off” switches at every time step.

7. Appendix

The cloud top (Kcep) and the cloud base
(Kcpase) are determined by the following
procedures:

(1) Given an amount of T'(=1K) and ¢'(=
103 kg kg ~!) perturbation to the model temper-
ature and specific humidity, calculate the equiva-
lent potential temperature (6,); for the perturbed
temperature T} and the specific moisture gy’

m

k
(p/1000)% ©

where TP + T, + T, qft = q,, = ¢, T, and g, are the
temperature and specific humidity of the air at
level k before the cumulus parameterization, L =
2.5 x 10° T kg~ is the latent heat of liquid water,
¢, =1004Jdeg ' kg™! is the specific heat at
constant pressure, and R =287 J kg ' k™! is the
Universal gas constant.

(2) Find the lifting condensation level (LCL)
below 700 hpa at which (6,), reaches maximum

(Ge)LCL = (Ge )k for Dr = 700 hpa (A2)

The cloud base is defined as the layer where the
LCL is located: kcpase = LCL.

(3) Compute the saturate potential temper-
ature (6,), with T;:

(O = LakicpTE, (A1)

— —T;‘— L(gs)i/cpTic
0= o (a3)
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The cloud top is defined as the layer above kcpaee
on which

(0)c — (O > 3K, (A4)

if the above condition is not satisfied for all
k <kcpases kciop=1. Note that the model levels
are counted from the top to the bottom.
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