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ABSTRACT

This article presents a method for transforming atmospheric model data to isobaric coordinates
in such a way that mass-weighted integrals are conserved and that the variable surface pressure
is naturally treated. The transformation is based on integrating model variables over finite
pressure intervals. Representative values at isobaric levels are defined in terms of these integrals.
Evaluation of atmospheric budget equations in pressure coordinates using transformed data is
discussed on the example of the thermodynamic energy equation. Layer-integrated budgets
calculated in model coordinates may be satisfactorily reproduced if the layout of the target
system is carefully designed. In the specific case treated, the most delicate component is the
energy conversion term, which can be accurately evaluated in the isobaric frame only if the
vertical resolution is comparable to that of the model system. Nevertheless, good quantitative
estimates of vertical integrals and qualitatively reasonable three-dimensional distributions of
individual terms are obtained even after a significant reduction of the vertical resolution. The
transformation scheme is conceptually simple and easy to implement. The method is applicable
to transformations between arbitrary coordinate systems.

1. Introduction

An increasing number of empirical investi-
gations on the atmosphere is being based on
archives of meteorological data assimilation prod-
ucts (Schubert et al, 1993; Gibson et al., 1994).
Most studies rely on the availability of data bases
of a manageable size, especially for investigations
covering extended periods of time. As most
forecast models are now running with more than
20 levels, a significant reduction of the data volume
is automatically realized by moving from the
model frame to a standard pressure system
consisting of some 10 to 15 levels, a procedure
included in operational postprocessors.

* Corresponding author.
email: carl.fortelius@helsinki.fi

The adoption of the isobaric system may be
largely due to historical reasons, but there are
distinct advantages still valid to date (Trenberth,
1995). In particular, contrary to model coordinate
systems, the isobaric frame is formally independent
of the surface pressure, and therefore well suited
for creating archives of so-called circulation
statistics.

Operational transfer schemes are based on local
interpolation, typically linear or logarithmic in
pressure. They yield accurate level values for
the specified pressure surfaces, but these values
are not representative for finite sized layers
(Trenberth, 1991). Thus, integral quantities, such
as the precipitable water, are generally not pre-
served by the transformation. A related problem
of many operational schemes is that they create
an artificial atmosphere by extrapolating fields
below ground. Later, care must be taken that such
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spurious data are not propagating into diagnostic
results. This can be attained by introducing an
auxiliary variable, as elaborated by Boer (1982).
Of course this problem is related to the funda-
mental drawback of the isobaric system, namely
that earth’s surface does not coincide with a
coordinate surface. Both of these problems can be
elegantly solved by considering integrals over finite
pressure layers, as defined in terms of the untrans-
formed fields, instead of local level values.

Yet another disadvantage of operational post-
processing routines is that diagnostic relationships
which hold in the model frame are no longer
satisfied when variables are interpolated independ-
ently of each other. This is most evident in the
budget of mass (Savijirvi, 1982), but is potentially
a large source of error in all budgets calculated
using transformed data because all such evalu-
ations implicitly assume that mass is conserved.
Fortunately, the fact that there exist no real
sources and sinks of dry air makes it possible to
restore the mass balance with an appropriate
modification of the fields of motion (Trenberth
et al,, 1995). Another possibility to ensure a state
of mass balance in the output frame is to compute
the vertical velocity directly from the transformed
horizontal mass flux. This vertical velocity field is
consistent with the original one only if the trans-
formation conserves the vertically-integrated mass
flux and if the same physical boundary conditions
are applied in both reference frames.

One may question the utility of being able to
compute budgets in an alternative frame, since, in
principle, all terms could always be evaluated in
the original system of coordinates and transformed
subsequently. As far as we are aware, data analysis
centres have not yet been ready to include indi-
vidual terms of budget equations in their archives.
Moreover, even if this could be realized for some
quantities, an algorithm for computing budgets in
pressure coordinates would still be useful for
investigations based on filtered data.

In Section 2 of the present article, we describe
an algorithm for transforming model data to the
isobaric system. The scheme is based on comput-
ing integrals over finite layers. In Section 3, we
discuss evaluating atmospheric budget equations,
as exemplified by the thermodynamic energy equa-
tion, with the aid of layer integrals of the state
variables. In approximating layer integrals of non-
linear terms by nonlinear combinations of the
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transformed variables, one neglects the correla-
tions arising from the variability of the original
fields within the pressure layers. The magnitude
of the resulting error depends on the layout of the
target system, and is the subject of Section 4. We
explore this dependence by comparing estimates
computed in the pressure system to reference
values, obtained by diagnosing the same physical
quantities by their appropriate expressions in the
model frame, and then transposing the results into
the pressure frame.

The work reported on here is the first part of
an undertaking to assess the utility of products
of the HIRLAM data assimilation system
(Andersson and Gustafsson, 1994) in investi-
gations of the atmospheric cycles of energy and
water over the Baltic Sea area. Although we
present a procedure adapted to a particular
weather prediction system, our results should be
applicable quite generally.

2. The transformation algorithm

The HIRLAM model employs a hybrid vertical
coordinate (1), that follows the terrain at low
levels and approaches the isobaric system above.
Except for the surface pressure, prognostic vari-
ables (horizontal wind, temperature, specific
humidity and liquid water content) are carried at
N full levels, representing N layers bounded by
N +1 half levels. The vertical velocity 7 is diag-
nosed at the layer boundaries. The pressure at the
half levels is given by:

P('?n+1/2)=An+1/2+Bn+1/2Ps, n=0,1,..., N,
(v

where p; is the surface pressure and the coefficients
A,y and B, ., are specified so that p(n,,,)=0
and p(1n+12)=ps-

The layout of the constant pressure grid and
the distribution of variables are analogous to those
of the model grid. There are K layers represented
by K full levels and delimited by K + 1 half levels;
pip is at O0hPa, whereas the lowest half level
pressure is chosen sufficiently large so that the
relation pg 4 1,,>p; is always satisfied.

The primary requirement of our transformation
procedure is the conservation of vertical integrals.
The problem thus reduces to expressing integrals
over pressure-layers in terms of the original level
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values. The discretization of the continuity and
hydrostatic equations in the model formulation
(Simmons and Burridge, 1981) implies that
prognostic variables are representative of their
respective layer. We can therefore define a mass-
weighted integral &, of a model variable & over a
model layer n as:

Eu:fn[P('lnﬂ/z)—l’('?n-l/z)l (2)

The mass-weighted integral &, of & over an arbit-

rary layer k of the isobaric frame is then obtained

as a linear combination of the layer integrals &,:
N

£k= Z Wkngn' (3)

n=1
Assuming the model variables to be constant
within the layers, the coefficients w,, are simply
given by the ratio of the part of the model layer
n overlapping the isobaric layer k to the total
depth of the model layer, that is:

s .
0 if Pk—1/2>P(’1n+1/2),

P(’In+1/2) —Pk-1p2
P(Mn+172) = P(n—-112)

if P(Mn—12) <Px-172

<P(n+12) SPr+1s25

Px+1/2—Pr—1)2
/. 1/2) =Pt 12)

if Pe—172>P(n—172)

and
Pr+12 <P +1/2),

1 if P 1o SP(Wn-112)

and

.

Pr+12 ZP(Mn+12)s

Dk + 1/2—P('ln— 1/2)
(1. 1/2) —P(ﬂn—uz)

if pr— 12 <P(Mu-12)

<Pr+12<PWns1/2)s

L0 if Prt 1 <P(n-172)-
(4)
Egs. (3) and (4) completely determine the trans-
formation of model data to isobaric coordinates
and in principle nothing more is needed. However,
we find it in order to discuss some important
properties of the transformation scheme. We begin

by remarking that the coefficients satisfy the fol-
lowing relations:

N
0< Y w,<N,Vk

n=1

(5a)
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and

K

Y Wm=1,Vn.
k=1
Consequently mass-weighted integrals over the
whole atmospheric column are conserved exactly
regardless of the value of K, since:

K K N . N _ K

Z €k= z Z Wkn¢n= z En Z Win
k=1 n=1 k=1

k=1n=1

(5b)

2

=¥ & (6)

]
L}

The specific assumption concerning the variation
of the variables between model levels will of course
to some extent influence the contribution of a
given model level value to a given layer integral
and therefore the vertical distribution of the fields
in the pressure frame.

Egs. (3) and (4) show that the layer integrals
remain well-defined when the layer is intercepted
by the surface and even when the layer is entirely
below the surface, in which latter case the integral
automatically vanishes. This important character-
istic of the transformation recalls the action of the
multiplier f introduced by Boer (1982) for level
data, and modified by Trenberth (1991) to cope
with finite sized layers. We can recover Trenberth’s
B by applying (3) to the unit function:

N
L= Y Wl,, (7
n=1
where
in=P(’7u+1/2)—P(’1n—1/2)- (8)

Since 1, is the physical depth of the layer k, it
is easily demonstrated that:

i

Pk+12—Pr—1/2

=P

1 if P12 D5,

Ds—Dr-112

if pr_12<Ds
= { Prx+12—Pk-1/2

<Prk+172>

0 ika—1/2>Ps~

9)
Using the physical layer depth it is easy to
compute representative layer averages of a vari-

Tellus 48A (1996), 5



REPRESENTATION OF MODEL DATA AND EVALUATION OF DIAGNOSTIC EQUATIONS

able ¢:

if 1,>0;

It

RS

Sk (10)

arbitrary otherwise.

For moderately thick layers, the layer averages
may also serve as excellent approximations for
local values. The particular value assigned to the
representative averages of layers entirely below
the ground can be chosen according to one’s
purposes. In the present context, we leave it arbit-
rary, but finite, because it does not influence
diagnostic results when budget relations are evalu-
ated according to the scheme presented in
Section 3.

It will be seen in the next section that it is
convenient to include a definition of surface values
&, in the transformation scheme. The definition of
these values must depend on the specific circum-
stances. For the computations presented in
Section 4, we simply take the values at the lowest
model level.

We close this section by two remarks. The first
concerns a computational aspect of the trans-
formation scheme. Because the model’s hybrid
levels are a function of the surface pressure, the
same holds true also for the coefficients of the
transformation wy,. In principle they should thus
be calculated for each horizontal grid point and
at each time. In practice we have found it expedient
and sufficiently accurate to recover them by linear
interpolation from a look-up table containing
precomputed coefficients for an adequate range of
surface pressure values. The retrieval is efficient
because hunting in the table can be started either
from the position of a neighbour grid point or
from the position at a previous time step. This
makes the computational demand of our trans-
formation scheme comparable to that of algo-
rithms based on linear interpolation.

As a second and final remark, we wish to point
out that the procedure outlined here is not
restricted to transforming data from the hybrid
coordinate system to the isobaric system, but is
applicable quite generally. The only requirement
is that the integrals over suitable intervals of the
target coordinate may be accurately expressed in
terms of the original fields.
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3. Diagnostics in pressure coordinates:
evaluation

Evidently, the pressure coordinate representa-
tion of any budget equation suffering the least
from a change of the frame of reference is the one
obtained by transforming the diagnostics com-
puted in the model framework. However, in the
event that the budget one wishes to study is not
included in the applied postprocessing, it becomes
necessary to retrieve it directly in the pressure
frame from fields that have been previously trans-
formed. Naturally, the accuracy of any such
approximation will depend on the layout and
vertical resolution of the target frame. We will
return to this issue in Section 4. Here we present
a finite difference scheme suited to our representa-
tion of isobaric data as integrals over finite sized
pressure layers and discuss some general features.
We derive the scheme specifically for the thermo-
dynamic energy equation, written in the form:

0 oh
— h+oV,h+o — —aw=J, (11)

oty op

where h=c,T denotes the dry enthalpy per unit
mass, c, is the specific heat at constant pressure,
T is the temperature, « is the specific volume, J is
the diabatic heating rate and, finaily, 6/0t, and V,
are the isobaric local tendency and gradient
operators.

We choose to treat this particular equation
partly because of its general interest, but also
because it is highly sensitive to small errors in the
data (Holopainen and Fortelius, 1986). Yet
another reason to examine this particular form of
the thermodynamic energy equation is that a
specific formulation of the energy conversion term
aw is provided in the model, and we wish to find
out how well this particular term can be repro-
duced. The discussion concerning the local tend-
ency and horizontal and vertical advection can, of
course, be immediately extended to any budget
equation.

The integral of the local tendency can be
expressed in terms of the integrated enthalpy
without particular assumptions. Invoking Leibniz’
rule we have:

Oh d .
( > =_hk+hstk’
k

)" (12)
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where the boundary term 7, is given by:

0 if pr+12<Ds,
ops .
T = ~ if pr—1/2<Ps<Px+1)2 (13)
0 ika—1/2>Ps,

and where h, denotes the value of the specific
enthalpy at the surface. The surface pressure tend-
ency is computed as:

op, & .
E =-V z Uk,

k=1

(14)

a formulation which, according to (6), yields
exactly the same numerical value as one would
obtain in the model framework.

The horizontal advection is more problematic
in two respects. First, we need a simple and well-
behaved representation valid even for layers affec-
ted by the earth’s surface. This is best achieved by
restating the advection with the aid of the flux
divergence according to:

(Vo h)e=(Vyho) —(hV o), (15)
or, applying again Leibniz’ rule:
0V, ), = V-(ho) + hy Ay — (RV D), . (16)

In expressing the advection as in (16) we take
advantage of the fact that the layer-integrated
enthalpy flux is defined in every circumstance, and
the same holds true for its divergence. However,
we are still left with the second, and more funda-
mental problem of the nonlinearity of the advect-
ive term. In the case that only the variables of
state are transformed, the first and third terms on
the r.h.s of (16) are not available directly in the
isobaric frame. Here, we resort to the following
approximation, which neglects the vertical vari-
ation of wind and temperature within the layers:
OV h)e =Vl + hydg+ Aoy, (17)
where b, is the layer-averaged enthalpy as defined
by (10) and —Aw, is the layer integrated hori-
zontal mass flux divergence, calculated in exact
analogy with the enthalpy flux divergence as:
Aw,= —V-0,— .

(18)
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Analytically, the boundary term 4, is given by:

0 if Prt12<Ds>

A= —0,Vpy i P 1 <Py <Prs1s2 (19)

0 ika—l/z 2Ds»

where v, denotes the horizontal wind at the sur-
face. An algorithm suitable for the discrete case is
presented in the Appendix.

To match the formulation of the horizontal
advection, the vertical advection is restated as:

oh
I:(D —] =(hk+I/Zwk+1/2—hk—1/2wk—1/2)
op I

—hy Awy. (20)

We derive the half level values of the specific
enthalpy by requiring that, for layers not affected
by the surface, our procedure should be equivalent
to a scheme employed in many weather prediction
models, including HIRLAM, because of its conser-
vation properties (Haltiner and Williams, 1980).
This leads to:

Y+hev1) A Pev12<pss
$(h+hy) if P12 <Ps<Pk+1j2>

hy ika-1/2>Ps’

hk+1/2=

(21)

Keeping the value of h constant below the surface
is a simple way to guarantee that the vertical flux
divergence vanishes there.

The values of w at the layer boundaries are
already defined by the transformed horizontal
mass flux through the continuity eq. (18):

k
Ops12=015+ Y, Aw;.
i=1

(22)

With the boundary condition ,, =0, w1 ;, satis-
fies the condition:

ps
Wy 412 =Ws= e +0v,'Vp,,

if pr-1/2<Ps <Pi+1j2» (23)
where the surface pressure tendency is again given
by (14). Further, inspection of (18) and (19) shows
that below the earth’s surface w formally remains
constant at the surface value. This is coherent

with a vanishing mass flux there.
Approximating (16} by (17) is not dictated
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merely by practical considerations. The funda-
mental reason is the need to make the numerics
employed for the advective terms matching those
used for the continuity equation (18) and to
achieve a complete equivalence between the three-
dimensional advection and three-dimensional flux
divergence. When this has been attained, the sums
of these terms over all the layers satisfy the
relation:

K ( — " oh X 0ps
2'1 {(v Voh)+ (w ap)k} =V ;;1 h 6.+ h, s
(24)
so that:
K ((Gh\ ——— [ oh
— vV, h +<co —) } 25
kgll {(atp>k ©Voh)e op/x (23)

0 X K
= a z hk+V' Z hkﬁk'
k= k=1

Hence vertically-integrated budgets over the whole
atmosphere are not influenced by the formulation
chosen for the vertical enthalpy flux, but only
by the approximate formulation of the layer-
integrated horizontal flux.

We come finally to the last term in the enthalpy
budget. The computation of the energy conversion
term aw does not require further assumptions or
approximations. Keeping the temperature and
wind constant and integrating over a layer gives,
making use of the equation of state pa=RT:

(e

-~

R il Ao+ ( Aa)k)
— M| AWy T Die—12—Pr—172 7§ .
Cp L, if prsip

<Pk+1/2> <Ps»
xIn | ——=
Pr-112

T R A(Uk
= he | Awy+| Ox— 12— Pr—1p2 _i'k_ if pr_sp2
P <Ds
xln( Ps ) SPr+1/25
Pr-172
ika-1/2
0 >0,
(26)

where R is the gas constant for air. The expression
(26) is the pressure coordinate form of the expres-
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sion derived by Simmons and Burridge (1981).
Note that the terms involving the logarithmic layer
depth vanish in the top layer due to the boundary
conditions at the top of the atmosphere.

4. Diagnostics in pressure coordinates:
validation

We apply the transformation scheme to data
from a re-assimilation experiment carried out
by SMHI, the Swedish Meteorological and
Hydrological Institute, based on the HIRLAM
limited area data assimilation system (I jungemyr
et al., 1996). A concise description of the HIRLAM
model is given by Andersson and Gustafsson
(1994). It is a grid-point limited area model
employing Arakawa-C horizontal staggering. The
computational domain is centred over Norway at
about 63°N and 6°E. The grid consists of 162
points in the zonal and 142 points in the meridi-
onal direction, respectively, with a mesh size of
approximately 22 km. The vertical discretization
is realized with 24 hybrid layers.

In order to isolate the consequences of the
vertical transformation, we compute isobaric dia-
gnostics of the thermodynamic energy equation
keeping the same horizontal grid structure and
attendant numerics. We conduct the analysis for
just one short-range forecast, valid at 12 UTC,
18 December 1986. Doing so, we cannot study
explicitly the enthalpy tendency, but we have
shown in Section 3 that an exact representation is
possible for this particular term. Moreover, since
the model solution is relaxed towards external
boundary values near the edges of the domain, we
omit the outermost 20 gridpoints along all four
boundaries. We design three sets of constant pres-
sure layers suited to investigate the implications
of a reduction of the vertical resolution. The first
set has 21 layers, defined by the 22 half level
values 0, 14, 44, 88, 142, 204, 271, 341, 412, 482,
550, 615, 675, 730, 779, 824, 864, 904, 944, 984,
1024 and 1064 hPa, chosen to coincide as close as
possible with the model layers, except in the lower
troposphere, where the model vertical coordinate
becomes terrain-following. This set, labelled 121,
ought to ensure a minimum loss of accuracy. The
second and third sets have 16 and 9 layers. They
are denoted by L16 and L9, and are defined by
the half levels 0, 14, 44, 88, 140, 210, 285, 365, 455,
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550, 650, 750, 830, 900, 965, 1025, 1075 hPa and advection, the energy conversion term and the
0, 50, 150, 275, 400, 525, 650, 800, 950, 1100 hPa, difference between the three-dimensional advec-
respectively. In the lower troposphere, the layout tion and the energy conversion. This latter, com-
of these two latter sets is not too far from the one  bined with the enthalpy tendency, would yield an
of the standard isobaric system employed in most estimate of the apparent diabatic heating (see eq.
operational postprocessors. 11). In the case studied, which was characterized

For each of the three layer configurations, we by vigorous synoptic activity with, in particular,
provide reference fields by evaluating the enthalpy a deep cyclone between Scotland and Norway and
advection and the energy conversion term within an associated strong easterly flow over the
the model framework making use of the appro- Scandinavian mountains, the energy conversion is
priate expressions for V, and 9/0t,, and trans- mainly balanced by vertical enthalpy advection
forming the result. We quantify the departure from in the middle troposphere and by horizontal
this reference by the area-mean error and by the enthalpy advection in the stratosphere. Note that
standard deviation of the error (Sass and the very large mean and standard deviation of the
Christensen, 1995), whereas we describe the fields horizontal enthalpy advection and energy conver-
themselves by their area average and standard sion in the L21 and L16 sets above 100 hPa are
deviation. not an artefact of the transformation, since this

Fig. 1 shows vertical profiles of the descriptive latter is trivial when model and pressure layers
statistics for the horizontal and vertical enthalpy coincide. The proof is provided by Fig. 2, which

0horizontol advection o vertical advection energy conversion advection—conversion
T 0 0 -
4
— 200 200 - 200 1 200 1
o
a
£ 4004 400 1 400 W 400 1
u
S5 600 600 4 600 1 600 -
8
5 8001 800 4 8001 800 A
1000 4 1000 1 1000 B 10004

-6-30 3 6 912 -6-30 5 6 9 12 -6-30 3 6 0 12 -6-30 3 6 9 12

mean (K/day) mean (K/day) mean (K/day) mean (K/day)
0 [V} 0 0
2001 2001 200 200 1
)
a
£, 400 4001 400 400*
p
5 600 1 600 600 600
g
380(% 800 1 800 800 1
1000 q 1000 4 1000 1 1000 1

0 20 40 60 O 20 40 60 0 20 40 60 O 20 40 60
sd (K/day) sd (K/day) sd (K/day) sd (K/day)

Fig. 1. Vertical distribution of the area mean and standard deviation (sd) of the enthalpy advection, the energy
conversion term and their difference, as evaluated using transformed winds and temperature. Both statistics are
divided by the nominal layer thickness and are shown in units of K day ~*. The crosses, open and full circles pertain
to the configurations L.21, L16 and L9, respectively.
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horizontal advection vertical advection
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energy conversion advection—conversion
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§ 1
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1000 4 10001 % 10001 1000
-06-03 0 03 06 09 -06-0.3 0 0.3 0.6 0.9 -06-03 0 03 06 0.9 -09-06-03 0 03 0.6
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)
a
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"
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10001 1000 1000 1000
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error sd (K/day) error sd (K/day)

Fig. 2. Vertical distribution of the area mean and standard deviation (sd) of the error in the isobaric estimate of the
enthalpy advection, the energy conversion term and their difference, defined as the departure of the approximate
value from the reference value obtained in the model framework. Both statistics are divided by the nominal layer
thickness and are shown in units of K day~'. The crosses, open and full circles pertain to the configurations L21,

L16 and L9, respectively.

indicates that for the L21 and L16 configurations
the standard deviation of the error is in fact
negligibly small above 100 hPa.

As seen further in Fig. 2, with 21 layers a
significant standard deviation of the error occurs,
for all fields, only in the lower troposphere, where
the model grid and the pressure grid are indeed
different entities.

Of the three terms considered separately, the
horizontal advection displays the least sensitivity
to the layout of the vertical grid. Almost paradox-
ically, decreasing the vertical resolution in the
lower troposphere improves the accuracy of the
results. The reason is that the small-scale noise
near steep orography is partially filtered out when
the layer thickness is increased.

In the middle and upper troposphere, the
accuracy of the vertical enthalpy advection drops
substantially as the vertical resolution decreases.
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This must be directly related to the specification
of the temperature at the layer boundaries for
evaluating (21). Actually, the vertical advection is
not only sensitive to the layer thickness itself but
even more so to abrupt thickness changes between
any two adjacent layers.

The accuracy of the isobaric representation of
the energy conversion term does also show a
strong dependence on the vertical grid structure,
although it is formally calculated under the same
assumptions as the horizontal enthalpy advection,
namely those of constant temperature and wind
within the layers. The deep layers employed in the
L9 configuration are entirely inadequate for the
computation of this term. The reason must be a
relatively high level of correlation in the vertical
dimension between sub-grid scale variability of
the temperature and the vertical velocity.

The comparison of the standard deviation of
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the error to that of the fields themselves shows
that for the 116 set the ratio of these two rarely
exceeds a value of 0.3 for any of the single terms.
It seems thus possible to obtain a good qualitative
depiction of the three-dimensional distribution of
the single terms appearing in the thermodynamic
energy equation using transformed data despite a
marked reduction in the number of layers.

The situation is more critical for the difference
between three-dimensional enthalpy advection
and energy conversion, due to the close balance
of the two fields. Remember that the accuracy of
this difference can be directly interpreted as the
accuracy of the isobaric estimate of the diabatic
heating. For the L16 and L9 configurations the
standard deviation of the error is almost as large
as that of the field itself, a fact which renders the
quantitative evaluation of the diabatic heating
hopeless at these resolutions.

The vertically-integrated enthalpy budget is
somewhat less sensitive. As suggested by the stat-
istics of Table 1, for the case studied a mean
relative error of about 5% should be expected for
the total diabatic heating with the L16 configura-
tion, whereas locally the relative error can attain
some 30%. The numbers in Table 1 indicate fur-
ther that, at the L9 resolution, the mean relative
error of the total diabatic heating can increase to
30%, with local maxima up to 100%.

As could be expected based on the discussion
concerning (25), Table 1 shows that the vertically-
integrated enthalpy flux divergence is excellently
reproduced even with merely nine layers. Very
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likely, this finding can be extended to the flux
divergence of other fields. Consequently, even after
substantially reducing the vertical resolution, it
should be possible to obtain excellent estimates of
the moisture budget, which does not contain any
term analogous to the energy conversion term in
the enthalpy equation.

Finally we would like to point out that even
the reference values may depart significantly from
the physical truth. Such a departure can be due
to a combination of data and model errors. For
instance, the sensitivity to the vertical resolution
noted in the energy conversion term is not only
relevant in addressing the transformation of data,
but also for the designing the vertical grid of the
model itself. In many applications the error arising
from the transformation to the isobaric system
could be tolerated if proven to be of unsystematic
nature and small compared with the uncertainty
of the reference value.

5. Summary and conclusions

We have introduced a method for transferring
atmospheric model data to an isobaric coordinate
system, based on the integration of model variables
over finite pressure intervals. The chief advantage
of this procedure over interpolation between
model levels is that the mass-weighted integrals of
variables are conserved. The application of an
integral-conserving transformation not only to
prognostic model variables, but to explicitly com-

Table 1. Comparative statistics for the vertically-integrated budget of specific enthalpy

exact L21 L16 L9
flux divergence mean —181 -179 —175 -179
standard deviation 2124 2112 2079 2062
error standard deviation 42 145 226
correlation coefficient 1.000 0.998 0.995
energy conversion mean —273 —273 —272 —301
standard deviation 2424 2417 2415 2497
error standard deviation 31 96 687
correlation coefficient 1.000 0.999 0.961
flux divergence-energy conversion mean 92 94 97 122
standard deviation 489 490 506 745
error standard deviation 33 101 618.6
correlation coefficient 0.998 0.980 0.565

All parameters except the correlation coefficient are in units of Wm ™2,
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puted and parameterized terms in relevant budget
equations as well, would yield a very accurate
representation of the budget in question, as defined
by the assimilation system used. The accuracy of
such a representation would be independent of
the vertical resolution of the pressure coordinate
system.

Unquestionably an integral-conserving trans-
formation is a major advantage even in the tradi-
tional application of diagnosing budget residuals
in the pressure frame using the isobaric representa-
tion of state fields, because it allows one to com-
pute the vertical velocity from the transformed
winds without any further adjustments. To draw
the full benefit of this property, it is essential to
express all advective terms in flux form and to
take care to use exactly the same numerical formu-
lation for the horizontal divergence operator
whenever it appears. However, it must be kept in
mind that any nonlinear term computed directly
in the pressure frame as a nonlinear combination
of state variables will always suffer from an error
whose magnitude will depend on the structure of
the output system.

We have explored this degradation in the con-
text of the HIRLAM reanalysis project of the
SMHI. It was found that the budget of dry
enthalpy implied by the model data can be satis-
factorily reproduced using transformed state vari-
ables, provided that the pressure grid is outlined
with the necessary care. The most delicate com-
ponents in this budget are the vertical advection
and, even more, the energy conversion term.
Besides the influence of the general assumptions,
the vertical advection is affected by the definition
of half level values in the isobaric frame. The
sensitivity of the energy conversion term must
stem from a high correlation in the vertical dimen-
sion between the small-scale variability of the
temperature and the vertical velocity fields. This
correlation is neglected when variables are
assumed to be constant within pressure layers.
For the energy conversion term, therefore, to the
extent that one needs to recover this term exactly
as defined by the model data, there seems to be
no alternative to computing it in the model frame
and transforming the result. On the other hand,
the approximation obtained in the pressure frame
provides a very reasonable picture of the three-
dimensional distribution of the field. The perform-
ance of the transformation and evaluation scheme
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was demonstrated explicitly only for the thermo-
dynamic energy equation. However, since this
budget is probably the most susceptible to changes
of the vertical environment, we are confident
that other budgets can be recovered essentially
undistorted.
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7. Appendix.
The boundary term A

According to Leibniz’ rule, the integral of the
mass flux divergence over a layer pyi1;—pr-1,2
satisfies the relation:

(Vo oh=Vi+4, (A.1)
where the boundary term 4, is given by:

0 if Pes12<Ds>
A= —0sVps i pro1p<P<Pi+1s2s (A2)

0 if py—122ps,

and v, and p, are the values of the horizontal wind
at the surface and the surface pressure,
respectively.

The conditions in (A.2) state that a non-zero
boundary term arises whenever the layer under
consideration is neither completely within the
atmosphere nor completely below the ground. In
a horizontally discrete environment this has to be
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verified not only at the grid point where the
divergence is computed but also at all the grid
points where the flux is specified. If the same
condition is not satisfied at each one of these
relevant points, none of the simple expressions in
(A.2) is the correct one. We cope with this problem
in the following way. In every column, we first
determine those layers, distinguished henceforth
by an index k', for which one and the same of the
conditions in (A.2) is valid at all the relevant
horizontal grid points. For these layers we com-
pute the boundary term as in (A.2) and we form
the sum:

Si= Y (Voo =V Y B+ Y Ay (A3)
[3 K K
We then require our scheme to satisfy the
discrete analogue of the relation

Ps Ps
j Voo dp=V- '[ v dp—uv,'Vp,, (A4)

0 0
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so that:

K K
S;=3 (Vyu)=V Y 6,—v,Vp,. (A5)
k=1 k=1
Provided that the lowest layer is chosen so that
Px+1/2>Ds at every gridpoint, this is achieved if
the integral of the flux divergence over all the
problematic layers is equal to the difference
S,—8,. We retrieve the layer-integrated flux diver-
gence of the individual problematic layers simply
by distributing S,—S; among these layers in
proportion to the actual layer thickness at the
divergence point:

-1

(Vyo)=1, ( Y 1j> (S,—Sy), Yk#k'. (A6)
j#EK

(A.1) and (A.6) together define the boundary term

for the problematic layers as:

he=(Vy0) =V, Vk#k. (A7)
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