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ABSTRACT

The ice-ocean response to variable winds is analysed based upon two types of models. An
analytical ice-ocean model with linear stress laws and forced by periodic winds is first derived.
Secondly a numerical, vertically resolved ice-ocean model is introduced. In the numerical model,
the ice-water stress law is calculated from a turbulence model and the wind stress is calculated
on the basis of a square law formation. By comparing the ice-ocean stress law formulations, it
is illustrated that the numerical model predicts an ice-ocean stress law that has a power slightly
less than 2 compared to 1 for the analytical model. The numerical prediction is in good accord-
ance with field observations and the slight deviation from 2 is due to wall effects close to the
ice-water interface. It is then demonstrated that the ice-ocean response to variable winds could
be well simulated by both models, but the analytical model did not capture the wind dependency
properly (because of the linear approach). The ice and current factors are amplified at wind
frequencies close to inertial (w = —f) and damped at high positive and negative frequencies.
The maximum ice and current factors at a wind frequency equal to the inertial oscillation are
shown to be dependent only on the friction coefficients. With the constants applied in the
present study, the maximum ice drift and current speed are equal to 7.8% and 5.5% of the
wind speed, respectively. These steady state values are however quite unrealistic as they would
require a uniformly changing wind direction for many inertial periods.

1. Introduction have been observed both in the ocean (Gustafson
and Kullenberg, 1936) and in the ice (McPhee,
1978, 1986). Pure inertial oscillation is a special
case, in which there is a momentum balance
between inertial and Coriolis accelerations. In the
case of drifting sea ice, the momentum balance is
due to air and water stresses, internal ice stress
and surface pressure gradient (Hibler, 1986). When
the ice interaction is weak (the free-drifting ice

The response of sea ice drift to winds is well
documented. From early studies with Fram in the
Arctic Ocean pack ice, Nansen (1902) found that
the surface ice drift deviated 20° to 40° to the
right of the wind. Ekman (1905) derived analytical
solutions for the vertical distribution of the ocean
surface currents and explained the deviation to

the right as being a consequence of the rotation
of the earth. Ekman also examined the ocean
response to variable winds and presented an ana-
lytical solution to frictional free oscillations of
currents due to a sudden wind increase.
Oscillations of this type are called inertial and
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case), the problem becomes more simple, and a
one-dimensional approach is possible. Several
studies have started from this approach when
analysing, for example, wind and surface currents
(Price, 1981), wind and ice drift in a deep sea
(Martinson and Wamser, 1990), wind and ice drift
in a shallow sea (Overland et al., 1984) and wind
and coupled ice-ocean response (Leppiranta and
Omstedt, 1990). In general, different solutions to
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constant winds have been analysed. But not many
results are available about the ice-ocean response
to variable winds, including spin-up, spin-down
and stationary solutions during transient wind
forcing.

The purpose of the present study is to analyse
the ice-water response in shallow seas to changing
winds over a wide range of forcing conditions,
expanding the earlier work by Leppéranta and
Omstedt (1990). Effects of ice interaction are not
dealt with, instead the ice is assumed to move
freely. The approach is based upon theoretical
considerations, and two types of models are
applied. An analytical model with linear stresses
and forced by winds is first derived and analysed.
This model is then calibrated and compared with
a vertically resolved numerical ice-ocean model.
In the numerical model the stresses are calculated
on the basis of a two-equation turbulence model
and the wind stresses from a square law formula-
tion. The problem considered is outlined in Fig. 1.

The basic equations are given in Section 2. In
Sections 3 and 9, the analytical model is derived
and analysed. Then, the numerical model is out-
lined. In Section 5, the analytical and numerical
models are compared and the response to variable
winds is discussed. The applicability of the theoret-
ical findings is discussed in Section 6. Finally, a
summary and some conclusions are given in
Section 7.

2. Basic equations

We consider the momentum conservation law
of the ice-water system in a shallow sea, neglecting
the lateral effects as well as interval waves. Then
the system behaviour, forced by the air and bottom
stresses, is determined by the internal and Coriolis
accelerations and momentum transfer due to shear
stress in the vertical.

We denote the velocity by U and the density
by p using subscripts i for ice, w for water, a for
air, b for bottom and the vertical shear stress by
7; the momentum equations in complex form then
read:
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Fig. 1. Schematic figure for the problem considered. The
wind, the ice drift and the current angles are denoted by
¢, ¢' and §™ respectively. All other notations are given
in the text.

where t is time, i is v/ —1, f is the Coriolis
parameter and z is the vertical coordinate positive
upward. The boundary conditions are:

T =1, at the ice upper surface,
T =1, at the bottom.

At the ice-water boundary, the interfacial ice-
water shear stress (to) couples the ice and the
ocean. This stress reads:

0
TO=(v+vT)apwaa (3)

where v is the kinematic viscosity and vy the
turbulent kinematic viscosity. In general vy> v
and therefore molecular effects can be neglected.
This will be the case in the present study. Eq. (1)
is the time-dependent free ice drift equation, which
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neglects the internal ice friction. Eq.(2) is the
time-dependent Ekman equation.

To close the system, the interfacial shear stress
needs to be determined. For simple assumptions
about this stress (introducing linear bulk formu-
las), analytical models can be solved, this is done
in Section 3. Using more advanced assumptions
one needs to introduce turbulence models and
solve the equations using numerical methods; this
will be outlined in Section 4. A comparison of
different interfacial stress laws are also given in
Section 5.1.

Friction coefficients need to be determined in
the stress formulations. In both the air-ice and the
ice-water friction coefficients physical processes as
skin and form drag are of importance. A promin-
ent feature in the ice/water boundary layer is the
large roughness elements which are due to ridged
ice. Form drag may thus play an important role
particularly at the ice-water interface. Drag
coefficients under first-year ice, as in the Baltic
Sea, are believed to be greater than under multi-
year ice, as multi-year ice undergoes melting. A
review on drag coefficients can be found in for
example Shirasawa and Ingram (1991). In the
present paper we apply friction coefficients from
an earlier field study from the Baltic Sea
(Leppiranta and Omstedt, 1990). For the model-
ling of form drag etc. the reader is referred to
Omstedt and Wettlaufer (1992).

3. Analytical approach

Simple analytical solutions of egs. (1) and (2)
can be derived if we only consider vertical mean
properties in the system and a linear ice-water
stress law. The vertically integrated momentum
equations take the following form.

Ice:
dy; .
'"I:Ta—‘fo—lfmui; (4)
Water:
dUu
ME=TO_Tb—l:fMU, (5)

where m is the ice mass per unit area (m = p;h;),
M is the water mass per unit area (M = p, H) and
U is the vertically integrated current velocity
(U=(1/H) {5 U, dz).
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Introducing linear stress laws according to:

Ta = Cﬂ Ua: (6)
1o=Co e*(U; — U), 7
= —rU, (8)

where U, is the surface wind, C,, C, and r are
friction coefficients with dimension [ML 2T 1]
and 0 is the deflection angle for the ice-water
stress. It should be noticed that in general the
linear drag law for sea ice is a good approximation
to the quadratic law over a broad range of forcing
(Martinson and Wamser, 1990). When linear
models are applied one should however apply a
linear air stress as well as linear ocean stresses
and not mix the stress formulations with a quad-
ratic law. The analytical solutions of egs. (4) and
(5) are given in Section 9.

Whether the ice drift and the current will amp-
lify or damp out can be studied by examining the
stationary solution in eq. (A.8) (Section 9) in some
more detail. With some rearrangements the equa-
tion reads:

U= Po(c, + iw)
° T eiey—a1a, — 0 +iw(ey +¢5)

)

This equation has a maximum value at @ = —f.
The maximum value for the ice velocity reads:

Upr 1 e
Ua _Cl(r M CO )
The largest value thus only depends on the drag
coefficients, and for constants given in Table 1 the
value becomes equal to 7.8% with an angular
deflection of 3.6° to the right of the wind. The
corresponding extreme value for the current reads:
ug G

. an

(10)

This extreme value now only depends on the
air and bottom friction coeflicients and becomes,
by use of the constants given in Table 1, equal to
5.5% with zero angular deflection. For o= —f,
all terms containing f in eq. (9) cancel, and the
above simple equations (10) and (11) result. For
o # —f, the corresponding expressions are more
complicated and contain terms giving more
dependency upon ice thickness and/or water
depth.

In the case of a constant wind direction (w =0)
and an ice thickness of 0.5m, the ice factor
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Table 1. Model constants in the analytical model

A. OMSTEDT ET AL.

Constant Value Unit
f Coriolis’ parameter 131074 s71
C. linear air drag coefficient 0.0164% kgm~2s7!
Co ice-water drag coefficient 0.7 kgm™2s7!
0 ice-water drag angle 12 degrees
r bottom drag coefficient 03 kgm~2s7!
Pa air density 1.3 kgm™3
0; ice density 9-10? kgm™?
Pw water density 103 kgm™3
H water depth 80 m

® C, = 1.3-0.0018 - 7; this linear drag coefficient gives the same air-ice stress as the commonly used square law for

U,=Tms™ L.

becomes equal to 2.3% with an ice angular
deflection of —20°. This is in good accordance
with observations from the Baltic Sea (Lepparanta
and Omstedt, 1990). The corresponding values for
the current factor and current angular deflection
is 0.15% and —93°, respectively. For definition of
the angles, see Fig. 1.

4. Numerical approach

Numerical solutions of egs. (1) and (2) can be
obtained if we close the equations by introducing
a turbulence model. Several models for the upper
layers of the ocean are available today. In the
present paper, we only deal with the two-equation
model, which was also applied in the study of
Leppdaranta and Omstedt (1990), see also
Burchard and Baumert (1995) for a comparison
between different turbulence models. The turbu-
lent kinematic viscosity is calculated from the
Prandtl/Kolmogorov relation:

vy =C,k%/e, (12)

where C, is an empirical constant, k the turbulent
kinetic energy and ¢ the dissipation rate of turbu-
lent kinetic energy. The k and ¢ equations read:

B0 (mak) | (0 5
ot 9z \oy 0z Tt oz & (
de 0 (vq O¢ e (0U,\? &2
at—zj;(;:a)*@ew( az> — Gl

(14)

where oy, o,, C;, and C,, are constants given
in Table 2.

Egs. (1), (2) and (12)—(14) form a closed system
and constitute the numerical model. This set of
equations, in their finite difference form, were
integrated forward in time using an implicit
scheme and a standard tri-diagonal matrix algo-
rithm (Svensson, 1986). The numerical solutions
were tested and found to be grid- and time-step-
independent. This was achieved by a grid with
40 cells covering a depth of 80 m and a time step
equal to 60 s.

5. Model calculations and results

5.1. Ice-ocean stress laws

In the parametrization of the ice-ocean stress
we are interested in the shape of the stress versus
velocity. In the analytical model given above, we
assume a linear stress law, while in the numerical
model the stress-velocity relation is calculated
from a turbulence model. From extensive measure-
ments in the Arctic Ocean, McPhee (1979) exam-
ined the ocean boundary layer under drifting sea
ice. By identifying free ice drift periods, with ice
inertial oscillations and fairly uniform wind condi-
tions, McPhee collected a 60 days observation
period from summer 1975, from which data on
the upper ice-ocean boundary layer were available.
The presence of inertial motions indicated that
internal ice forces were small, which therefore was
believed to define the best time for testing stress

Tellus 48A (1996), 4
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Table 2. Model constants in the numerical model
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Constant Value Units
C, constant in the turbulence model 0.09
Cy, constant in the turbulence model 1.44
Cs, constant in the turbulence model 1.92
Cs, constant in the turbulence model 0.8
oy Prandtl/Schmidt number 1.4
o, Prandtl/Schmidt number 13
f Coriolis’ parameter 1.3-1074 s!
Pa air density 1.3 kgm™3
2 air drag coefficient 1.8-1073
zy ice-water roughness length 0.05 m
z8 water-bottom roughness length 1074 m
p; ice density 9-10? kgm™3
Pu water density 103 kgm™3
H water depth 80 m

relationships, McPhee (1986). The ice-ocean stress
law was assumed to be proportional to the ice
drift with an arbitrary power b. The best statistical
fit to the data showed a power slightly less than 2
(b=1.78 +0.12).

The stress-velocity relation for the models
applied in the present study and the result from
McPhee are illustrated in Fig. 2. The absolute
values for the different models were calibrated to
give the same stress corresponding to an ice speed

|

WATER STRESS (Nm?)
]

0.4 —

0.0

10 15
WIND SPEED (m/s )

Fig. 2. Ice-ocean stress laws according to square law
(thick line), linear law (thin line), McPhee (1986) (dashed
line) and the numerical model (crosses).
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of 0.14 m/s, or a wind speed of 7m/s. The figure
illustrates an almost complete agreement between
the results from the numerical model and the data
from McPhee (1979). The linear law overestimates
the stress at low velocities and underestimates the
stress at high velocities. The deviation from a
square law dependence was discussed by McPhee
(1979), where he showed that b should become
equal to 1 for the classical Ekman approach with
constant eddy viscosity and equal to 2 for the case
in which the eddy viscosity is scaled by u%/f. By
introducing a wall layer close to the ice, where the
eddy viscosity increases linearly, McPhee (1986)
could predict the observed power relation. The
wall layer with almost linearly increasing eddy
viscosity close to the ice is also modelled in the
present numerical model, see Leppédranta and
Omstedt (1990, Fig. 11). This explains the very
good agreement between the numerical model and
the data in Fig. 2, supporting an ice-water stress
relation with a power slightly less than 2.

5.2. Stationary response during constant and
periodic forcing

In this section, we will first compare the analyt-
ical and numerical models by examining the
asymptotic or stationary solutions for the case of
constant winds. In Fig. 3, some results are illus-
trated. The figure shows that in the case of a wind
speed of 7 m/s, the solutions from the two models
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Fig. 3. Stationary solutions from the analytical and numerical models for constant winds. The analytical solutions
for the case of ice thicknesses of 0.5 and 3.0 m are denoted with fully drawn and dashed lines respectively. The
numerical solutions for ice thicknesses of 0.5 and 3.0 m are denoted with crosses and circles respectively.

are almost similar. This is the case we have used
for the calibration of the analytical model, see
discussion in the next section. By normalizing the
ice drift (the ice factor) and the current speed (the
current factor) with the wind speed it becomes
clear that the analytical solutions are constant
with changes in wind speed. The numerical solu-
tions, which are based upon wind stresses propor-
tional to the square of the wind speed, increase,
however, with the wind speed. When the ice
thickness is equal to 0.5 m, the ice factor increases
from 2.3% to 2.7% when the wind speed is
changing from 7 to 25m/s. The corresponding
change of current factor is from 0.15% to 0.55%.
Thus the wind speed dependency is stronger for
the current factor compared to the ice factor. This
indicates that linear stress laws are less applicable
in ocean models compared to sea ice models. For
an increasing ice thickness etc., see Table 3.
Stationary solutions with periodic forcing at the
inertial frequency (w = —f) are also presented in
Table 3. The ice factor and the current factor in
the analytical model do not show any wind or ice
thickness dependency. This is in accordance with
egs. (10) and (11), which give the maximum theor-
etical ice and current factors. The corresponding
values for the numerical model are in good agree-
ment but show a weak wind speed dependency.
Resonance conditions thus increase the ice factor

from about 2 to 8%, or a factor of 4. The
corresponding change of the current factor is from
about 0.2 to 5, a factor of 30. This is a quite
remarkable feature and illustrates that resonance
conditions increase the energy more into the sea
than into the ice. Energy fluxes to internal waves
may in nature reduce the current factor, this has
however not been dealt with in the present theory.

5.3. Transient response during constant and
periodic forcing

The spin-up and spin-down adjustments to con-
stant forcing are illustrated in Fig. 4. The wind
speed was taken to be equal to 7m/s during
63 days and then equal to 0 m/s, and the analytical
model was calibrated towards the numerical one
for this case. The calibration coefficients in the
analytical model were C,, 6 and r; see Table 1.
The corresponding values in the numerical model
z¥ and z8, see Table 2, were taken from an earlier
study when field data from the Baltic Sea were
analysed (Lepparanta and Omstedt, 1990). The
good agreement between the two models, with
almost exactly the same stationary values, should
be noticed. The main discrepancy between the
models was due to the fact that the numerical
model resolved the ocean in the vertical. Bottom
friction thus did not reduce the inertial oscillations

Tellus 48A (1996), 4
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Table 3. A comparison between asymptotic solutions based upon the numerical model (N) and the analyt-

ical model (A)

Current Ice angular Current angular
Ice factor factor deflection deflection
Ice Wind UP/U, Uux/U, ¢ —¢ * — ¥
Frequency  thickness  speed (%) (%) (360°) (360°)
) h; U,

(s7Y) (m) (ms™') N A N A N A N A
—f 0.5 7 7.8 78 51 5.5 0 —4 0 0
—f 0.5 15 80 78 5.2 5.5 0 —4 0 0
—f 0.5 25 80 78 5.2 5.5 0 —4 0 0
~f 3.0 7 7.8 7.8 5.1 5.5 0 —4 0 0
—f 3.0 15 80 78 5.2 5.5 0 —4 0 0
—f 30 25 80 78 52 5.5 0 —4 0 0

0 0.5 7 23 23 015 015 =27 -2 —-95 —-93
0 0.5 15 2.5 23 033 015 -—-22 -2 —93 —-93
0 0.5 25 27 23 055 015 =21 -20 -91 —-93
0 30 7 2.0 19 012 013 -4 -39 —114 —112
0 3.0 15 24 19 030 013 -33 -39 —-103 112
0 3.0 25 2.6 19 052 013 -29 -39 —98 —112

as effectively as in the case of a slab model (the
analytical model). In this figure, we can notice
rapid spin-up and spin-down for the ice with
oscillations during many days around the station-
ary values. The corresponding solutions for the
currents show a slower adjustment.

In Fig. 5, the spin-up and spin-down in the case
of constant forcing but with different wind speeds
are illustrated. In this figure, we only consider
solutions from the numerical model, as the analyt-
ical model results are wind-speed-independent.
Stronger winds cause larger amplitudes in the
inertial oscillations, but a more rapid convergence
towards the stationary values can be observed.
Again the winds were constant during the first
63 days and after that equal to 0 m/s.

The model results for the case of periodic wind
forcing at the inertial frequency (w= —f) are
illustrated in Fig. 6. The agreement between the
two models is excellent. The adjustment time is
several days, but already after two days the ice
factor is considerably increased, compared to the
corresponding value for a constant wind, see fur-
ther discussion in Section 6.

When the wind is shut off, the ice velocity in
both the analytical and the numerical model
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rapidly adjusts to the water velocity, and the
resulting inertial oscillations decay rapidly, at
about the same rate for all cases. The seemingly
fast spin-down of the ice velocity for the case
® =0 is thus mainly an effect of this adjustment
to the very low value of the water velocity (current
factors of the order 0.1-0.5%). For the case w =
—f, the current factor is nearly as high as the ice
factor; for values of w outside a narrow interval
around —f, the current factor is much lower.
Obviously, when the forcing has a frequency close
to —f, the transfer of energy to the water column
is very efficient. Otherwise, rather little energy
penetrates down into the water.

5.4. Stationary response during periodic forcing

The stationary response to periodic forcing with
constant amplitude at different frequencies can
most easily be analysed by examination of the
particular solutions for ice and currents in the
analytical model, see egs.(A.8) and (A.10) in
Section 9. The solutions are illustrated in Fig. 7,
together with some calculations from the numer-
ical model. The maximum amplitudes in the ice
and current factors are quite narrow peaks at the
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Fig. 4. Spin-up and spin-down for a constant wind speed of 7 m/s and an ice thickness of 0.5 m. The numerical and
analytical solutions are denoted by fully drawn and dashed lines respectively.

inertial frequency. The damping of the current
factor is almost complete for frequencies larger
than +f and less than —3 f. The damping of the
ice factor is less effective and also quite ice-
thickness-dependent.

In the numerical model, the currents were
resolved in the vertical. For comparison with the
analytical model, vertical means were calculated.
For more extreme changes in wind direction (fre-

quencies outside the interval —3f to 0.5f) the
difference between the wind and current directions
did not reach a stable value. The reason for this
was that the current in the deeper cells changed
its direction with the inertial frequency —f, while
the forcing penetrating from above had a much
different frequency. The vertical mean current
direction thus became poorly defined and was
subject to sudden changes when the lag reached

Tellus 48A (1996), 4
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Fig. 5. Spin-up and spin-down for constant winds of 7 (full drawn lines), 15 (dashed lines) and 25 (dashed dotted
lines) m/s and an ice thickness of 0.5 m. Numerical model simulations only.

values over 180°. Numerical solutions outside the
interval —3 f to 0.5 f were thus difficult to get and
are not further dealt with.

6. Discussion

The sensitivity of the ice and current factors to
changing winds have in the present work been
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studied only from a theoretical point of view. The
applicability of some parts of the theory to obser-
vations in nature is probably of minor importance,
as for example it is unrealistic to assume that the
winds change direction with inertial frequency for
many periods. Also in the theory we have neglected
energy fluxes to internal waves and only consid-
ered damping due to bottom friction (shallow
seas).
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Fig. 6. Spin-up and spin-down for a periodic wind with a speed of 7 m/s and a frequency @ = —f, and an ice thickness
of 0.5 m. The numerical and analytical solutions are denoted with fully drawn and dashed lines respectively. Note:

different scales compared to Figs. 3-5.

Observations of the oceanic response to tropical
storms, with changes in wind direction, are
reviewed by for example Price (1981), Shay et al.
(1992) and Price et al. (1994). Based upon oceano-
graphic observations, dramatic effects on sea sur-
face temperatures have been observed, large
temperature fluctuations in the thermocline with

frequencies close to the inertial frequency, and
mixed layer currents of the order of 1 m/s.

In the case of ice covered seas inertial motions
have been observed particularly during summer
melt periods and with inertial oscillations initiated
by the passage of atmospheric fronts. The response
to a changing wind with frequency close to inertial

Tellus 48A (1996), 4
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Fig. 7. Stationary solutions from the analytical and numerical models for periodic forcing of different frequencies
(w). The analytical solutions for ice thicknesses of 0.5 and 3.0 m are denoted by fully drawn and dashed lines
respectively. The numerical solutions for ice thicknesses of 0.5 and 3.0 m are denoted by crosses and circles

respectively.

is reanalysed in Fig. 8. As we can notice from the
figure, the model calculations rather slowly
approach the steady state values discussed in
Section 5. Again, the steady state results in the
case when w= —f are unrealistic, as it would
require a changing wind direction for many inertial
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periods before they are reached. However, if we
only consider the increased ice and current factors
for half an inertial period (about 7 h in the present
calculations) we can notice that the ice and cur-
rents factors increase from zero to 3.1% and 0.5%
respectively. Changing wind direction close to
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Fig. 8. Spin-up for a wind with a speed of 7 m/s and an
ice thickness of 0.5m. Two wind frequencies are illus-
trated w = —f (thick lines) and w =0 (thin lines). The
fully drawn lines represent the ice factor and the dashed
lines represent the current factor. Numerical model simu-
lation only.

inertial frequencies, which is not unusual during
cold front passages, could thus increase the ice
and current factors considerably. From observa-
tions in the Baltic Sea we have however not been
able to make observations that could support
these theoretical findings. In general, deviations in
ice and current factors are often claimed to be due
to such features as ice thickness, form drag, rough-
ness or atmospheric stability. In future field activit-
ies, we also need to consider the effects due to
changing winds.

7. Summary and conclusions

Here, we have examined the ice-water response
to changes in wind, particularly periodic forcing
in shallow seas. Two models have been introduced,
an analytical model based upon linear stress laws
and a numerical vertically resolved model, which
calculated exchange coefficients from a turbulence
model and applied a square law parameterization
of the wind stress formulation. The analytical
model was calibrated with the numerical one. The

A. OMSTEDT ET AL.

calibration coefficients were the air friction
coefficient, the ice-water drag coefficient and angle
at the ice-ocean interface, and the bottom friction
coefficient. The corresponding coefficients in the
numerical model were taken from an earlier study
where the numerical model was calibrated with
field data from the Baltic Sea. By comparing the
shape of the ice-ocean stresses versus ice velocity
a good agreement between the numerical model
and field observations from the Arctic Ocean was
found. The ice-ocean response to variable winds
was analysed from transient calculations with
different forcing conditions.

Our conclusions may be summarized as follows:

The ice-ocean response to variable winds could
be well simulated, both with an analytical and a
numerical model approach. The analytical model
did not capture the wind speed dependency, as
linear stresses were introduced, but otherwise
showed good agreement with the numerical model.

The spin-up and spin-down of the ice and
current response showed a rapid adjustment for
ice and a slower for currents. Strong winds
adjusted the currents more rapidly than weak
winds.

The maximum ice and current factors for peri-
odic forcing were found for winds with inertial
frequency (w= —f). The ice-ocean response at
that frequency (stationary solution) was shown to
be independent of wind speed and ice thickness
but dependent on friction coefficients. For typical
values used in the present study, the maximum ice
and current factors were calculated to 7.8% and
5.5%, respectively. These values are however
unrealistic as they would require a uniformly
changing wind direction for many inertial periods.

The amplification of the ice and current factors
due to winds near the inertial frequency and the
damping at higher and lower frequencies was well
documented in both models.

Finally, the study has demonstrated how useful
it is to compare different models. From the analyt-
ical model, which was more simplified, we could
get rapid solutions. From the numerical model
variation in forcing conditions could be studied
in more detail. For a typical run of 2000 h, a time
step of 60s and 40 grid cells in the numerical
model, and a time step of 3600 s in the analytical
model, the CPU time was 34 min and 2.5 s for the
two models, respectively.
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9. Appendix

The analytical model

Starting from the momentum egs. (4) and (5)
and introducing linear stress laws, egs. (6)—(8), the
analytical model equations read:

ay; Co e C, € 2
‘=—( o +if) Ui+ 2= U+2 (A1)
dt m m
du Coe® 7 Co €™
dt__( b +tf+M)U+ 22 v, (a2
If we now denote:
Coe C, e T,
c1=( (:n +zf>, a; = (:n , P=;,
Coe®® | r C,e"
C,= ?\4 +lf+_M, a, = ;)VI >
the equations read:
dUy;
—=—cU;+a,U+P, (A3)
dt
dUu
"‘7 = _02U+a2Ui. (A.4)

These equations can easily be solved using the
elimination method. A second-order equation is
then obtained for U;.

a*v, dau,

E‘{i +(c + Cz)"@ —(aya; — ¢;¢,)U;

dpP
=c, P+ @

The roots of the characteristic equation are:
1 1 R
A12= —E(Cl"'cl)i Z(CI_CZ) +a,a;,

Tellus 48A (1996), 4

(A.5)

(A.6)

605

and the solution of the homogeneous case for the
ice is:

Ub = A4 eM* 4+ Be', (A7)
where A and B are constants.

To solve the general case, we need to add a
particular solution to eq. (A.5). If we assume that
the forcing is periodic with constant amplitude,
ie. P(t)=P,e, a particular solution can be
found according to:

Py(c; + iw) €'
}.112 — (Dz - iw(il + 1‘2)

UP= = U, e,

(A8)

where

The general solution to egs. (A.3) and (A.4) can
now be written according to:

U;= A e + Be*t + U, e, (A.9)
1
= {A(A; + ¢;) €M + B(d, + ¢;) ™2
1
+(c; + iw)U, €@ — Py ei'}, (A.10)

where A and B are determined by the initial
conditions. If we assume no ice drift and currents
at an initial time (¢ =0), the constants read:

A=—-B-U,, (A.11)

B=(Py+ Uy(Ay —iw))/(Ay — Ay). (A12)
Egs. (A.8)—(A.12) form a closed system and con-
stitute the analytical model. It should be noticed
from equation (A.9), that the third term on the
right side represents the stationary ice drift solu-
tion (U{”) in the case of steady winds, while the
first two terms represent the transient part. The
first term approaches zero slowly and is negligible
after 15 days. The second term approaches zero
faster and becomes negligible after 2-15h,
depending on ice thickness and wind speed.
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