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ABSTRACT 

Seeking an index characterizing the best-determined mode of variability leads to a natural 
generalization of principal-component analysis with an explicit metric characterizing the uncer­
tainties of the data. This formalism, which distinguishes between state-space patterns and pat­
terns of coefficients defining principal components, allows the more accurate data to exert a 
greater influence on the definition of the indices than they do in conventional principal-compon­
ent analysis; in all other aspects, the new formalism is the same as the old. Within the context 
of the simple example of Bretherton and collaborators, metric-based principal-component ana­
lysis is shown to be capable of finding correlated patterns of variability in two different data sets. 

1. Introduction 

This paper presents a generalization of prin­
cipal-component analysis (Pearson, 1901; Jolliffe, 
1986) that accounts for uncertainties in the data. 
This is particularly important in oceanography 
and meteorology where the data characterize 
spatio-temporal averages. For example, COADS 
summaries (Woodruff et al., 1987) provide sea­
surface temperatures in the form of monthly means 
for 2° x 2° latitude-by-longitude cells. The number 
of observations contributing to a particular mean 
reflects the number of ships that happened to be 
in the region that month. For a particular month, 
one cell's mean may be computed from hundreds 
of observations, while others may be based on 
only two or three, and there may be no observa­
tions at all for some cells. Another example might 
be provided by meteorological analyses of heights 
of 500 hPa pressure surfaces: the height is better 
estimated over populated regions than over the 
oceans where the observational network is sparse. 
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Principal-component analysis involves estimating 
covariances from such data. Clearly, covariances 
between poorly sampled regions are less meaning­
ful than those between regions that have been well 
observed throughout the analysis interval, so it is 
desirable to discount their influence. 

Traditional principal components are linear 
combinations of the original variables, e.g., sea­
surface temperatures and/or 500 hPa heights, 
which are uncorrelated within the sample and are 
ordered by their efficiency at explaining the total 
variance of the data. They can be determined 
variationally by seeking the linear combination of 
variables that has the greatest variance, subject to 
the constraint that the coefficient vector has unit 
length. Similarly, principal components that 
account for uncertainties in the data can be found 
by seeking the linear combination having the 
greatest variance relative to the variance of its 
error, i.e. by maximizing a signal-to-noise ratio. 
This variational problem leads to a generalized 
eigenproblem involving two matrices, the first 
being the usual sample covariance matrix of the 
data and the second being a covariance matrix 
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