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ABSTRACT

The dissipative behaviour as well as the conservative and spectral properties of a class of high-
order non-oscillatory advection schemes, developed by Holm (1995), are investigated for the
incompressible, two-dimensional, constant density Euler equations. These equations are closely
connected to large scale atmospheric flows. The advection schemes are applied to two different
forms of the governing equations: the vorticity-stream function form and the momentum-
pressure form. For both forms, the advection schemes are found to be essentially kinetic energy
conserving. This includes several tests, for example isotropic turbulence simulations. Further-
more, enstrophy is dissipated at a correct rate predicted by theory. In turbulence simulations,
enstrophy spectra with an inertial subrange slope of ~ —1.2 are observed, in accordance with
theory. The time-evolution of the kinetic energy, enstrophy and the enstrophy dissipation
are also found to be consistent with the theory of viscous, incompressible, two-dimensional
turbulence. For the shorter waves, the spectral amplitudes fall off more rapidly than what is
expected for the real flow. It is shown that this damping of the short waves is necessary for
obtaining non-oscillatory physical fields, since otherwise oscillations would appear due to Gibbs’
phenomenon. Thus it is impossible to have a perfect spectrum and a non-oscillatory physical
field at the same time, and a compromise between these two aspects needs to be found. If it is
desirable that the physical field be non-oscillatory, then the high-order, non-oscillatory schemes
give better conservation properties and a more realistic spectrum than a reference energy and
enstrophy conserving scheme supplied with artificial viscosity. In general, it is found that high-
order, non-oscillatory advection schemes have the properties required for accurate simulations
of large-scale atmospheric motions.

1. Introduction

In all atmospheric models a balance has to be
found between, on the one hand, an accurate
description of the physical phenomena of interest
and, on the other hand, the model resolution,
so that the simulation can be performed within
realistic time limits set by the available computer
facilities. In this context, high-order non-oscil-
latory advection schemes are of interest, since they
deliver accurate simulations at low model resolu-
tions (Bell etal., 1989; E and Shu, 1994; Holm,
1995) and automatically ensure that the simula-
tions are nonlinearly stable and without unphysi-
cal oscillations (see, e.g., Hirsch (1990) for a
review). In the present paper the properties of the

high-order, non-oscillatory advection schemes of
Holm (1995) are investigated, with the main focus
upon the conservative and spectral behaviour of
the schemes in two-dimensional incompressible
flows. This system contains the basic features of
large scale atmospheric and oceanographic flows
(Monin and Ozmidov, 1985). Measurements of
atmospheric wind and temperature wavenumber
spectra (Gage and Nastrom, 1986) show this
similarity on scales above 700 km. For the present
study, two different formulations of the governing
equations are used. In the first formulation, the
vorticity (a scalar) is advected, with the velocity
field determined from a stream function. In the
second formulation, the momentum (a vector) is
advected, with the pressure gradient appearing
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as a source term (which makes it necessary to
address the accurate inclusion of source terms in
the time integration as well). Both formulations
have important correspondences in elastic flows:
the momentum-mass form and the vorticity-
divergence form.

A knowledge of the conservative and the spec-
tral properties of an advection scheme is important
for assessing the realism of the simulations per-
formed with the scheme, and for a comparison
with simulations performed with other advection
methods. In a perfect model the spectrum of the
variables of interest should be indistinguishable
from the spectrum of the natural phenomena in
the resolvable wavenumber range (Gage and
Nastrom, 1986, for a comprehensive evaluation of
measured atmospheric spectra). Further the basic
physical conservation laws of the system should
remain fulfilled for the “truncated” model, which
simply means that model variables representing a
given volume should equal the average value
of the real atmosphere inside this volume. From
the theory of incompressible two-dimensional tur-
bulence (Monin and Ozmidov, 1985) it is also
known that the kinetic energy cascades towards
larger scales, which are essentially unaffected by
weak dissipation, and that the enstrophy cascades
towards smaller scales, which are affected by dis-
sipation. Thus kinetic energy should be essentially
conserved, while enstrophy should be dissipated in
simulations of large scale atmospheric flows. In
between the large scale and the dissipative scale the
enstrophy flows at a constant rate, unaffected by
the dissipation. As a consequence the spectrum
contains a range with constant spectral density
slope, the inertial subrange. The slope of the iner-
tial subrange has been theoretically estimated as
k3 —k—*(Lesieur, 1990), and measured as k ~*in
the atmosphere (Gage and Nastrom, 1986).

A strong motivation for using high-order non-
oscillatory advection schemes is the nonlinear
stability and suppression of unphysical oscillations
inherent in these methods. With traditional centred-
in-space finite difference schemes and spectral
schemes it is necessary to introduce artificial
viscosity terms in the model equations to achieve
nonlinear stability. But the artificial viscosity must
be carefully formulated in order for the kinetic
energy spectrum to become realistic (Basdevant
etal, 1978). Further, as found in the review of
Smagorinsky (1993), the formulation of the
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artificial viscosity terms and the coefficient values
involved need to be adjusted for each new appli-
cation. Numerical integration techniques which
achieve nonlinear stability without having to use
artificial viscosity have been developed by, e.g.,
Arakawa (1966), Arakawa and Hsu (1990), and
Walsteijn (1994), based on conservation principles
(e.g., energy conservation). Although the numeri-
cal instability can be eliminated with such tech-
niques, considerable noise is often created on the
smallest scales, which can interact with other
variables and physical processes of the model
and lead to destabilisation. Artificial viscosity (or
filtering) is again needed to remove this noise (see
also Walsteijn, 1994). But when an advection
scheme which conserves energy and/or enstrophy,
e.g., Arakawa (1966), is combined with an explicit
artificial viscosity, then energy and/or enstrophy
are not necessarily conserved any more. However,
energy conserving and enstrophy dissipating
artificial viscosity has been developed by, e.g.,
Sadourny and Basdevant (1985).

A characteristic of non-oscillatory advection
schemes is that they have a built-in implicit diffu-
sion, which depends on the local flow. This
diffusion has several consequences for simulations
using these types of advection schemes. Even if the
model equations consist of the incompressible,
constant density, Euler equations, which in theory
have no viscosity, the result in effect agrees with
the incompressible Navier-Stokes equations. Note
however that near boundaries, where the friction
plays a large role, the Euler equations will not
agree with the Navier-Stokes equations. The
theory of two-dimensional viscous turbulence
can be used to predict the behaviour of certain
integrals of the motion, e.g., the kinetic energy,
the enstrophy and their dissipation rates. Since
analytical solutions to the equations are rare, and
are generally only available for very simple flows,
the theory of viscous turbulence is useful for testing
how the physical advection process is influenced
by the numerical advection schemes. Further, the
mathematical relations for energy and enstrophy
dissipation of viscous turbulence can be used for
directly estimating the magnitude of the implicit
numerical diffusion present in the non-oscillatory
schemes (for another approach to estimating the
implicit viscosity, using numerical solutions for the
laminar spread of mixing layers, see Grinstein and
Guirguis, 1992).
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From the above discussions, some conclusions
can be drawn as to what could be required of an
advection algorithm for use in large scale atmo-
spheric flows. It is desirable to have an advection
scheme which is nonlinearly stable, approximately
conserves kinetic energy, dissipates enstrophy, has
realistic spectra (including inertial subrange with a
correct slope) and is free of unphysical oscillations.
Further, when subgrid scale parametrizations are
considered, one has to be certain that the magni-
tude of the implicit diffusion does not overshadow
these processes (as when the traditional upstream
scheme is used, which is certainly non-oscillatory,
but also excessively diffusive). In the following sec-
tions I will investigate to what degree the schemes
of Holm (1995) can meet these requirements, but
the results should be relevant for other high-order
non-oscillatory advection schemes as well. For
reference, the energy and enstrophy conserving
scheme of Arakawa (1966) with or without (linear
fourth order) artificial viscosity will be used.

The paper is organized as follows. In Section 2,
some results from the theory of incompressible two-
dimensional viscous turbulence are summarized.
Section 3 describes the model and the numerical
integration techniques. Then the accuracy and
the dissipative properties of the non-oscillatory
scheme is investigated in Section 4. In Section 5,
turbulence simulations are used to demonstrate
the main differences between the non-oscillatory
scheme and the reference energy and enstrophy
conserving scheme, in both physical and spectral
space, and the results are compared with theory.
The effect of the implicit diffusion of the non-
oscillatory scheme on the spectrum are also
analysed in Section 5, before the conclusions are
given in Section 6.

2. Results from the theory of incompressible,
viscous turbulence

The incompressible Navier-Stokes equations
together with the continuity equation, which
describe two-dimensional incompressible turbu-
lence, are given by

U+ (uu), + (vu), = —p./p+v Vu, (1)
v+ (uv) + (vw), = —p,/p+ vV, (2)
u,+v,=0, (3)

E. V. HOLM

where v = (i, v) is the velocity, p is pressure, p is
the constant density and v is the kinematic
viscosity (which for atmospheric motions would
be replaced by a turbulent viscosity). It is con-
venient to eliminate the pressure by introducing
the stream function, ‘P, and the vorticity compo-
nent perpendicular to the flow plane, {, as inde-
pendent variables,

kxV¥=—-Y¥i+V¥, j=0v, (4)
(=(Vxv) - k=v,—u, (5)

where i, j and k are orthogonal unit vectors. The
equations for the vorticity and the stream function
are given by

(o4 )+ (00), =vV, (6)
VI =, (7)

In incompressible, two-dimensional turbulent
flows without viscosity, momentum, vorticity,
kinetic energy and enstrophy are conserved. For
viscous turbulence, momentum and vorticity are
still conserved, and the effect of the viscosity is to
redistribute the vorticity and the momentum. But
the total kinetic energy and enstrophy, E and Q,
are dissipated (Herring et al., 1974, and Monin
and Ozmidov, 1985) according to

dE

a‘t‘=a (v-0)/2)
=_d_<(u2+u2)/2>=—2v9 (8)
dr ’

dQ d

5 =5 C[Vx0) k172>
_4d L322y = —2vP %)
dr ’

where the total palinstrophy P has been intro-
duced (Lesieur, 1990 and Pouquet et al., 1975)

P={[Vx(Vxv) -k]?2>
=D+ ()12,

Here the brackets { > denote integration over the
space domain. The kinetic energy dissipation rate
is thus proportional to the enstrophy, while the
enstrophy dissipation rate is proportional to the

(10)
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palinstrophy. In freely decaying, viscous, two-
dimensional turbulence, the kinetic energy and
enstrophy decrease with time. But for small
viscosity, calculations show (Lesieur, 1990) that
the palinstrophy increases with time to a maxi-
mum, whereafter it decreases due to the action of
viscosity. As a consequence, enstrophy can be dis-
sipated quickly without any significant decrease in
kinetic energy. The dissipation of enstrophy and
essential kinetic energy conservation are also
characteristic of large scale atmospheric flows,
and can be deduced from measured atmospheric
spectra (Gage and Nastrom, 1986) as discussed in
the introduction. Generally, the relation between
the dissipation of kinetic energy and enstrophy
depends both on the viscosity and on the initial
relative magnitudes of the kinetic energy, enstrophy
and palinstrophy.

Given the relations between the dissipation of
kinetic energy and enstrophy, egs. (8-10), it is
possible to estimate the effective viscosity implicit
in a given advection scheme from, for example,
eq. (9)

1 dQ
= T3P dr
The enstrophy dissipation, rather than the kinetic
energy dissipation, is preferred for the determi-
nation of the viscosity, since the kinetic energy
dissipation has a much smaller magnitude for a
small viscosity. The effective viscosity can be used,
instead of the explicit viscosity appearing in the
equations with viscosity, to calculate the charac-
teristic parameters of the flow. As in Herring et al.
(1974), it is possible to characterize the size of
the eddies contributing most to the enstrophy (the
integral-scale L) and to the enstrophy dissipation
(the scale /). For each of these length scales,
Reynolds numbers can also be defined if the effec-
tive viscosity in eq. (11) is used,

(1)

L=k"! =_El/_2_ (12)
L T v P
E'2L E

= - 13

RL Ve (ZVZP)]B, ( )

Q 1/2

(= 14

l <2P> , (14)
/2 372

g U010 (15)

! Ve 2v P
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Further, an enstrophy dissipation wavenumber
is defined by
kq=(2P/v2)"e (16)
Motions on scales larger than this wavenumber
are not influenced significantly by scales much
smaller than this wavenumber, and a two-dimen-
sional turbulence simulation truncated at or above
k4 can be considered as a closed system. If there is
a separation in the integral-scale and the dissipa-
tive-scale wavenumbers, such that k; <k <k,
then it is possible to simulate an inertial subrange,
provided that the simulation is accurate for these
wavenumbers. The length scales L and / can also
be inferred from the spectrum of the motion:
L corresponds to the maximum in the enstrophy
and / corresponds to the maximum in the palin-
strophy. If these two maxima are well separated,
and the flow is accurately simulated for scales
larger than /, then the possibility of simulating an
inertial subrange follows. The energy spectrum
should have a slope between —3 and —4 in the
inertial subrange (Brachet et al., 1988; Lesieur,
1990), corresponding to a —1 to —2 enstrophy
slope.

3. Numerical integration techniques

In the simulations, both the momentum-
pressure form in egs. (1-3) and the vorticity-
stream function form in egs. (4-7) are used, but
without explicit viscosity (i.e., v=0). The high-
order non-oscillatory advection schemes with
forward-in-time differencing described in Holm
(1995) are used for advecting the velocity and
vorticity, and a standard second order successive-
over-relaxation scheme is used to solve the equa-
tions for pressure and for the stream function: For
the evaluation of pressure derivatives, the fourth
order accurate formulas of Gupta (1991) are used.
This helps to prevent re-introduction of over/
undershooting caused by the solution of the elliptic
equation, as shown in Holm (1995). Three ver-
sions of the non-oscillatory scheme are used, which
use second, fourth or sixth degree polynomials to
represent the advected variable within the grid-
cells. These schemes are referred to as FPM2,
FPM4 and FPM6. Furthermore, FPM2/M and
FPM2/V etc. will be used to separate simulations
performed with the momentum-pressure (M) and
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the vorticity-stream function (V) form. The time-
accuracy of the complete algorithm is second
order. The momentum-pressure form of the
algorithm advances the solution from timelevel »
to n+1 with a timestep At¢, employing the fully
second order time-accurate correction of the
forward-in-time algorithm given by Smolarkiewicz
and Margolin (1993),

p" 2= 150" — 050", (17a)
At ’

v = 4 <v”—ZVp”, o+, At>, (17b)

Vzp"“=2A—'IZV~v“", (17C)

vn+1=vad_é_t_vpn+1 (17d)
2p

The vorticity-stream function form of the equa-
tions is advanced with the following second order
algorithm,

Cn+1/2=A(Cn,vn~l/2’ At/2), (18&)
VZ\Pn+1/2=cn+1/2’ (18b)
cn+1 ZA(cn, vn+1/2, A[) (180)

In the above equations, the operator 4 denotes the
advection scheme, so that in, e.g., eq. (18c), an
advection step with length At is performed with the
fluxes calculated from {” and advective velocity
v+ 12, Note that in eq. (18a), v~ is used, since
it is already available and enough for an overall
second order accuracy (Bell et al,, 1989). But it
would also be possible to use v”*'%, which can be
obtained from linear extrapolation. In the first
timestep, only initial values are available, so a
simple forward step is employed.

For reference, the second order energy and
enstrophy conserving advection scheme of
Arakawa (1966) is used together with a fourth
order linear diffusion, x V* (with a standard
second order discretization of the biharmonic
operator). For the comparison with the non-
oscillatory schemes, the magnitude of the diffusion
coefficient is tuned for each case to be the mini-
mum necessary for avoiding visible unphysical
oscillations. For the time-stepping, egs. (18a—c)
are used, except that (" is replaced by {"+!2 in
eq. (18c). This scheme is refereed to as AEE, and
AEE + DF if diffusion is included.

E. V. HOLM

4. Accuracy and dissipative properties

In Ho6lm (1995), a first-order accurate forward-
in-time integration of the momentum-pressure
form is found to be kinetic energy dissipating. The
largest source of this dissipation lies in the source
term integration (the pressure gradients). By using
fully second order accurate modification of the
forward-in-time integration with source terms
(Smolarkiewicz and Margolin, 1993) the largest
source of dissipation is removed, and the resulting
kinetic energy conservation is better than for
reference simulations from the literature (Bell
etal., 1989). In this section, the accuracy and
dissipative properties of the momentum-pressure
form, egs. (1-3), will be compared with the
vorticity-stream function form, egs. (4-7), which
has no source terms. The accuracy and the effective
viscosity of the two formulations can be assessed
by a comparison with an analytic solution. For
this purpose a steady state solution of the inviscid
equations is used as an initial condition.

The steady state solution (initial condition),
together with the corresponding viscous solution is
given in terms of the vorticity (Taylor, 1960)

{(x, y,0)=2asin ax sin ay, (19a)

{(x, y, t) =2a sin ax sin ayexp( —2a*vt). (19b)

This solution consists of an infinite system of vor-
tices rotating in alternate directions (see Fig. 1 of
Taylor (1960)). To demonstrate the main charac-
teristics of the integration algorithms, a long wave
with wavenumber a=1 and a short wave with
a=4 are used. The test domain is a doubly peri-
odic square with dimension L =2z and gridsize
Ax=Ay=2n/N. In the tests the initial condition
is translated half a gridlength in each direction,
{9c=2asina(jAx — Ax/2)sina(k Ay — Ay/)2).
The equations are integrated to =10 time-units,
with a constant maximum Courant-Friedrichs—
Lewy number, CFL_,, =max(|u| At/Ax, |v| At/Ay)
=0.5, and at 642 resolution.

In Table 1, the dissipative properties of the non-
oscillatory schemes and the reference scheme
(Arakawa, 1966) are summarized. For the long
wave solution, both kinetic energy and enstrophy
are conserved better than ca. 99.8 % for all second
order accurate versions of the non-oscillatory
scheme. If FPM2 is applied to the momentum-
pressure form with a first order time-stepping, then
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Table 1. Dissipative properties of the non-oscillatory and the reference advection schemes for the analytic

tests (CFL,,,. = 0.5, 647 resolution, t = 10)

Long-wave test (a=1)*

Short-wave test (¢ =4)*

Scheme** E/E, Q.0/Q Ve, €q. (11) E\/E, Q10/Q0 Ve, €q. (11)
UsS 0.597 0.618 12x1072 0.026 0.029 29x1073
FPM2/O(Ar) 0.801 0.804 54%x1073 0.124 0.128 24x1073
FPM2/M 0.99781 0.99782 55%x10~° 0.626 0.630 7.6x104
FPM4/M 0.99872 0.99874 32x1073 0.745 0.754 45x10~*
FPM6/M 0.99872 0.99874 3.1x10°° 0.746 0.758 44x10~4
FPM2/V 0.99948 0.99949 1.3x1073 0.913 0.909 1.3x10~°
FPM4/V 0.99997 0.99998 45x%1077 0.976 0.971 13x10~°
FPM6/V 0.99998 0.99999 2.8x1077 0.983 0.970 13x1073
AEE 1.00000 1.00000 1.00000 1.00000 0
AEE + DF 0.99745 0.99745 64x107° 0.528 0.528 1.0x1073

* Initial energy, enstrophy and palinstrophy are: for a=1, E;=0.25, Q,=05, P,=1.0; for a=4, E,=0.25,

Q, =80, Py=243.

** US = upstream scheme, O(At). FPM2/O(At) = momentum-pressure form, O(At). FPM2, 4, 6/M = momentum-
pressure form, O(Ar?). FPM2, 4, 6/V = vorticity-stream function form, O(A#?). AEE = Arakawa (1966) energy and
enstrophy conserving scheme applied to the vorticity-stream function form, O(At?). AEE + DF = AEE with linear

artificial viscosity, 3.2 x 10 7% V4¢, O(Ar?).

the conservation drops to 80% (cf. 60% for the
upstream scheme). Thus a second order time-
accuracy is essential for conservation. In the short
wave test, the dissipation is larger. This can be
understood by considering the relation of the
initial energy, enstrophy and palinstrophy of the
two tests. The ratio of initial enstrophy to kinetic
energy is 2 for the long wave test and 36 for the
short wave test. From the energy and enstrophy
dissipation relations, eqs. (8-9), it is seen that this
causes a more rapid dissipation for the short wave.
These deviations from the stationary analytical
solutions are unavoidable when non-oscillatory
schemes are used, due to the built-in diffusion. If
the Arakawa energy and enstrophy conserving
scheme is used, then there is an exact conservation
of the initial condition. The reason for the excellent
behaviour of the Arakawa scheme is that the dis-
crete Jacobian used for evaluating the advection is
exactly zero for the analytical initial condition.
However, in atmospheric flows, the Arakawa
scheme has to be supplemented with an explicit
artificial viscosity to hinder the occurrence of small
scale oscillations. When the Arakawa scheme is
used together with a linear fourth order diffu-
sion (x = 3.2 x 10 ~° m?/s, which at 642 resolution
corresponds to the minimum viscosity needed for
removing the oscillations in the simulations of
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Subsection 5.1), then the dissipation is somewhat
larger than for the least accurate high-order non-
oscillatory scheme, FPM2/M (see Table1 for
notation). The effective viscosity of the different
schemes are also given in Table 1. The non-
oscillatory schemes have larger dissipation when
applied to the momentum-pressure form than
when applied to the vorticity-stream function
form. The vorticity-stream function form versions
FPM4/V and FPM6/V have two orders of magni-
tude less effective viscosity than the other schemes
for the long wave tests, including the Arakawa
scheme with artificial diffusion. This is an advan-
tage for example when atmospheric boundary
layer processes are parameterized in a model
which uses either one of these two advection
schemes. Then the small numerical viscosity of the
non-oscillatory schemes is likely to be negligible as
compared to the effect of physical processes.

In Fig. 1, the errors of the different second-order
accurate schemes are compared. The L,-norm is
used for calculating the error of the x-component
of the velocity and of the vorticity: |ul,=
[T (u*—u*)?/N]'2, where u™ is the numerical
solution, u* is the analytical solution, and the
summation is performed over all N gridpoints of
the model (similar for the vorticity (). The first
thing which strikes the eye is that for the vorticity-
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Fig. 1. L,-errors for the analytic long wave test for the
non-oscillatory schemes and the reference scheme
for t=0-10 (a=1, 64 resolution, CFL _,, =0.5, ca.
200 timesteps). The notations for the different schemes
are the same as in Table 1. (a) Velocity error |ull,.
(b) Vorticity error ||{||,.

stream function formulation [[u[/, is nonzero at
t=0, Fig. la, and for the momentum-pressure
formulation |{||, is nonzero at =0, Fig 1b.
The reason is that these quantities are diagnosed.
The nonzero error at ¢ =0 is the truncation error
of the diagnostic formulas, which should be sub-
tracted from the total error in order to obtain the
error caused by the model integration. Since the
momentum will normally be needed as an output,
the accuracy, of e.g., the Arakawa scheme becomes
comparable to the other schemes when the
momentum field is diagnosed, in spite of its
extremely accurate vorticity field. In Fig. 1a, it can
be seen that FPM2 is less accurate than FPM4
and FPM6, which are comparable in accuracy.
Actually, FPM4 is slightly more accurate, which
can be related to that the possible increase in
accuracy with FPM®6 is much less than the second
order truncation error of the total integration

E. V. HOLM

algorithm. Instead of increasing the accuracy,
the small modifications then affect the remainder
of the algorithm unfavourably. The advantage
of FPM6 is noticed in flows involving sharp
gradients, where FPM6 can, e.g., resolve thinner
shear layers than FPM4. At last, it is noticeable
that the error increases nearly linearly with time
for the non-oscillatory schemes, which is consis-
tent with the presence of implicit viscosity. In this
case the implicit viscosity is a disadvantage, but in
real atmospheric flows, which are always at least
weakly dissipative, it could be that the presence of
implicit viscosity does not affect the simulation
negatively (this question will be investigated
further in the following section).

In conclusion, the dissipation of kinetic energy
and enstrophy is small for both the momentum-
pressure and the vorticity-stream function ver-
sions of the high-order non-oscillatory advection
schemes. FPM4 applied to the vorticity-stream
function form is the best option of the tested ver-
sions (FPM6 gives comparable results, but at
higher computational costs): kinetic energy and
enstrophy are conserved better than 99.99% for
long waves, and the effective viscosity is two orders
of magnitude less than with the other tested
schemes.

5. Turbulence simulations

In this section, further tests with time-dependent
turbulent flows are performed. No analytic solu-
tions are available, but a look at the solution in
physical space immediately reveals if there are
artificial oscillations present, and a look at the
enstrophy and palinstrophy spectra reveal whether
the simulations are consistent with the theory of
two-dimensional, incompressible, viscous turbu-
lence. In particular, the slope of the spectrum in
the inertial subrange (when it is possible to
simulate) and time-development of the kinetic
energy, enstrophy and palinstrophy can be com-
pared with the theoretical predictions (Lesieur,
1990). The spectrum also reveals how the implicit
viscosity of the non-oscillatory scheme affects dif-
ferent scales of the motion.

5.1. A comparison of the physical and spectral
solutions

High-order, non-oscillatory advection schemes
give very “pleasant looking” solutions in physical
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space, and resemble what is expected from the physical space. This test was also used by Holm
atmosphere. But how do these solutions look in  (1995) for the momentum-pressure form of the
spectral space? A shear layer simulation given by equations. Since the initial shear layer quickly
Bell et al. (1989) is used for investigating the spec-  develops sharpened gradients which become unre-
tral appearance of a simulation which is smooth in ~ solvable on the grid, the kinetic energy will

-4.5 -3.0 -1.5 0.0 1.5 3.0 45

Fig. 2. Vorticity field for the shear layer simulation at the time of maximum enstrophy dissipation, ¢ = 8 (2562 resolu-
tion, CFL,,,, =0.5). (a) FPM4 applied on the momentum-pressure form. (b) FPM4 applied on the vorticity-stream
function form. (c) Arakawa energy and enstrophy conserving scheme applied on the vorticity-stream function form.
(d) Arakawa scheme with minimum artificial viscosity for controling numerical oscillations (diffusion constant
k=50x10""m?/s).
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decrease when a non-oscillatory scheme is used. In
order to see if this development can be explained
with viscous turbulence theory (Lesieur, 1990), the
time-development of kinetic energy, enstrophy and
palinstrophy is also studied.

For the vorticity, the initial field is

£ cos x — 6 cosh [ (y —n/2)/5],
y<m,

£ cos x + 0 cosh %[ (3n/2 — )/6],
y>mn,

C(x: Y, 0) =

(20)

with ¢=0.05 and é=15/z. This initial field is
integrated in a doubly periodic domain of size
27 x 2x to the final time ¢ = 20.0 with CFL_,, =0.5,
at the resolution 2562, giving Ax = Ay = /128 (see
Fig. 7 of Holm, 1995, for the time evolution of this
initial field up to = 10).

Fig. 2 shows the vorticity at =28 for the non-
oscillatory scheme FPM4 applied to the momen-
tum-pressure and the vorticity-stream function
form, Figs. 2a-b, and the solutions from the
Arakawa scheme without artificial viscosity and
with the minimum artificial viscosity required to
control the numerical oscillations (x = 5.0 x
10~7m?/s), Figs. 2c—d. Both non-oscillatory
simulations, Figs. 2a-b, are smooth and almost
indistinguishable, whereas the Arakawa reference
scheme, Fig. 2c, has significant small scale oscilla-
tions, which are removed by applying artificial
viscosity, Fig. 2d. The maximum value of the vor-
ticity is 4.85 with FPM4/M, 4.78 with FPM4/V,
6.09 with AEE, and 4.92 with AEE + DF. The
maximum amplitude of the numerical oscillations
for AEE and for AEE + DF are ca. 1.5 and 0.25,
respectively (see Section 3 for notations). It is
possible to remove the oscillations of the Arakawa
scheme almost completely, by doubling the artifi-
cial viscosity, but then the conservation properties
will become unacceptable, at least compared to the
high-order non-oscillatory schemes.

In Fig. 3, the time-development of the kinetic
energy, the enstrophy and the palinstrophy are
shown for the four simulations in Fig. 2, and for
two extra simulations performed with the non-
oscillatory scheme FPM2 applied to both forms of
the equations. In all simulations, kinetic energy is
conserved within 0.5%. For AEE and FPM4/V,
there is a slight increase in kinetic energy, which
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Fig. 3. Time-evolution for the shear-layer simulation up
to =20 (2567 resolution, CFL_,, =0.5). (a) Kinetic
energy. (b) Enstrophy. (c) Palinstrophy. The values are
normalized by their initial values: FPM2/M and
FPM4/M are non-oscillatory schemes applied to the
momentum-pressure form; FPM2/V and FPM4/V are
applied to the vorticity-stream function form; AEE is the
Arakawa scheme; AEE + DF is the Arakawa scheme
with artificial viscosity (the diffusion constant x =
5.0 x 1077 m?/s is the minimum necessary for controling
numerical oscillations).
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indicates that the second order-accurate time-
stepping algorithm used in the present paper for
the vorticity-stream function formulation is
weakly unstable. The momentum-pressure versions
FPM2/M and FPM4/M preserve the kinetic
energy best. The enstrophy is dissipated, except for
the Arakawa “energy and enstrophy conserving”
scheme. Here, the enstrophy is first conserved, but
it finally grows very large due to the ever increas-
ing small scale oscillations. If artificial viscosity is
added to the Arakawa scheme in order to remove
the oscillations, then the enstrophy dissipation
is slightly larger than for the non-oscillatory
schemes. The explosive enstrophy increase in the
simulation with the Arakawa scheme is surprising,
until it is recalled that the Arakawa scheme is
exactly energy and enstrophy conserving only for
continuous time. When time is discretized, the
exact conservation is generally lost (note, however,
that Walsteijn, 1994, has developed time-stepping
which in combination with the Arakawa energy or
enstrophy conserving scheme gives exact conserva-
tion). The palinstrophy evolution is realistic in the
non-oscillatory simulations, with an exponential
build-up period up to ¢~ 8, and a decrease during
the later self similar decay stage, which is charac-
teristic of freely decaying turbulence (Lesieur,
1990). Note that the enstrophy decay during the
later stage of the evolution is also consistent with
the theory.

The enstrophy spectrum at 7 =20 is shown for
some of the above simulations in Fig. 4. For
homogeneous isotropic turbulence there should be

T T T TTT]

Enstrophy spectral density (m/s’)

! Lo lisgl ] R |

1 3 6 10 30 60 100
Nondimensional wavenumber kL

Fig. 4. Enstrophy spectra for the shear-layer simulation
at r=20 (256> resolution, CFL,_, =0.5) for three
different schemes: FPM4/V, AEE and AEE+DF
(x =1.25%10""m?Ys).
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an inertial range in the enstrophy spectrum with
slope of —1 to —2 (corresponding to a slope of
—3 to —4 in the kinetic energy spectrum). The
non-oscillatory scheme, FPM4/V, has a realistic
enstrophy spectrum with an inertial subrange
slope —1.2. Above wavenumber 40-50, the ampli-
tude falls of as £ —°. However, the structure of the
spectrum is irregular due to the anisotropy of the
flow field. When the Arakawa scheme is used, a
build-up of enstrophy takes place in the smallest
scales, since no enstrophy can leave the resolved
scales, and the spectrum is totally unrealistic.
When the scheme is supplemented with artificial
viscosity, x=125x10""m?/s, the inertial sub-
range is similar to the non-oscillatory simulation,
but the spectrum falls of much quicker, as k=%,
above wavenumber 70. In the spectrum for x =
5.0 x 10 =7 m?%/s (not shown) this damping of short
waves sets in already at wavenumber 50.

The effects of the non-oscillatory schemes and
the Arakawa scheme with artificial viscosity are
thus similar. The important differences are that
there is larger diffusion and deformation of the
spectrum when fourth order linear diffusion is used
to obtain non-oscillatory results. An advantage
of the non-oscillatory scheme is that no flow
dependent tuning of the dissipation is needed.
When a discontinuous shear layer is used as an
initial condition (6 — oo in eq. (20)) and integrated
to t=10 (FPM4, CFL_,, = 0.5, at the resolution
642), then the kinetic energy reduces to 96 % and
the enstrophy reduces to 23 % of its initial value. In
this case the Arakawa scheme gives 20 % increase
in kinetic energy and the enstrophy grows without
control. Dissipation is needed to control the
enstrophy, but its magnitude is larger this time.
A decrease in CFL_,, from 0.5 to 0.1 damps the
increase in enstrophy, but does not remove the
oscillations.

In conclusion, high-order non-oscillatory
schemes give automatic control of numerical
oscillations. The enstrophy spectrum is realistic,
but is however not as regular as in isotropic
turbulence due to the anisotropy of the flow. The
evolution of the flow is also consistent with the
theory of incompressible viscous two-dimensional
turbulence: there is an approximate kinetic energy
conservation, and enstrophy is dissipated at the
correct rate. However, when fourth order linear
diffusion is used to obtain non-oscillatory results
with the Arakawa scheme, the diffusion is larger
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and the high-wavenumber portion of the spectrum
is deformed more than with a non-oscillatory
scheme.

5.2. Homogeneous isotropic turbulence simulations

The shear layer test in the previous section gives
enstrophy spectrum with a realistic slope, but
the form of the spectrum is irregular due to the
anisotropy of the flow. An isotropic turbulence
simulation is needed in order to make the connec-
tion to theory more convincing. For this purpose
an isotropic random initial vorticity field with a
Gaussian distribution is constructed. The field is
constructed by assigning each wave of the initial
field a random amplitude, equally distributed in
[ —1, 1], and then each amplitude is multiplied by
a Gaussian distribution, so that the resulting initial
field has the following wavenumber distribution
(see also Fig. 6a)

(K, 0) = >

k—12<|k'|<k+1/2

(K", 0)

— K exp[ = (k—k)?(207)],

o./2n

(21)

where the wavenumber magnitude is k= k| =
|(k, k,)|, the mean wavenumber is given by &,
and the standard deviation by ¢. Only sine com-
ponents are included, which means that there is a
certain symmetry in the initial field (Brachet et al.,
1988). In the tests the values used are k,, =6/L =
6/(2n)m~" and o =2/L =2/(27) m~'. With these
values, the initial field is well resolved with a 642
resolution. In the simulations, the resolutions are
642, 1282, 2562, and 5122 Only the vorticity-
stream function formulation is used in the simula-
tions reported in this section.

Fig. 5 gives the time-development of the energy,
enstrophy and palinstrophy (enstrophy dissipa-
tion). Freely decaying two-dimensional turbulence
goes through two distinct stages. During the first
stage, the palinstrophy grows exponentially until
the viscosity becomes dominant, and thereafter
the palinstrophy decreases proportional to 773
(Lesieur, 1990). The evolution of the palinstrophy
in the simulations is consistent with this picture,
although it is not possible to see whether the decay
is proportional to ¢~* or for example 72 It is
noteworthy, that there is a large difference between
the two high-order non-oscillatory advection
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schemes in terms of kinetic energy conservation
(Fig. 5a). The FPM4 scheme conserves as much
energy at a 647 resolution as the FPM2 scheme
at 256 resolution. Further, the palinstrophy
attains higher amplitudes when FPM4 is used. The

1.05 T T T T
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r //FPM4N/256
1.00 ~
. NFPM4/V/64 ]
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w
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0.80 L 1 sl 1 PP B s
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12— T ]
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s 08r FPM4/V/128 ]
g osf
] L
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s ]
a FPM2/V/256
=- 3r FPM4/V/128 .
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Fig. 5. Time-evolution for the freely decaying turbulence
simulation up to =50 (642 1282 and 2562 resolu-
tion, CFL,, =0.5). (a) Kinetic energy. (b) Enstrophy.
(c) Palinstrophy. FPM2/V/64 refers to a simulation with
FPM2, vorticity-stream function formulation and 64>
resolution, etc.
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enstrophy dissipates for both schemes at a similar
rate, where again FPM4 and higher resolution
give less dissipation. Even if it is not possible to see
whether the simulated enstrophy decays propor-
tional to the theoretical value 772, it can be seen
that the enstrophy dissipates at a lower rate than
the palinstrophy, which is consistent with the
theory.

In Fig. 6, the development of the enstrophy
spectrum for the 2562 FPM4 simulation is shown.
From Fig. 5c it is known that the palinstrophy
reaches a maximum at ¢ = 14, whereafter it decays.
Fig. 6a gives the evolution of the spectrum up to
this time, and it is seen that this stage is charac-
terized by a build-up of a spectrum with an inertial
subrange. In Fig. 6b the subsequent evolution of
the spectrum is displayed, and it is seen that the
spectrum decays self-similarly, with an inertial
subrange slope —1.2. This behaviour is consistent
with the theoretical predictions for freely decaying
two-dimensional viscous turbulence discussed
above (Lesieur, 1990). Finally, Fig. 6c shows the
palinstrophy (enstrophy dissipation) spectrum
during the decay period of the simulation. Most of
the amplitude is concentrated between wave-
numbers 30 and 50, and only waves longer than
this can be accurately represented in the present
simulation. It is also seen that the implicit viscosity
of the non-oscillatory scheme works as a filter
which in the present simulation causes the spectrum
to fall off approximately as k ~> above wavenumber
40-50.

In order to get some measure of how accurate
the simulation is, the 256> FPM4 enstrophy spec-
trum is compared with a 5122 FPM4 solution at
t=14 and ¢t =18. These times are chosen from the
consideration that the simulations are essentially
inviscid and accurate for the resolved scales during
the build-up period of the flow, which at 2562
resolution ends at ¢ = 14 for FPM4. Therefore the
simulations should be quite accurate at this time at
both resolutions, which is indeed seen in Fig. 7a,
where the two (unfiltered) spectra coincide for
wavenumbers less than 30, and have a similar
detailed form above this wavenumber, although
the slope is different there. At r=18 the coarser
resolution simulation has entered the decaying
stage, whereas the finer resolution simulation has
just reached the peak in the palinstrophy evolution
(not shown) and is therefore still quite accurate.
There are now visible differences in the spectra,
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Fig. 6. Spectra for the freely decaying turbulence simula-
tion up to =50 (256 resolution, CFL,, =0.5) for
FPM4/V. (a) Enstrophy spectra during the build-up
phase of the flow, =0, 2, .., 12. (b) Enstrophy spectra
during the self-similarly decaying phase of the flow, ¢ =
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spectra during the self-similarly decaying phase of the
flow, ¢ =20, 30, 40, 50.
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Fig. 7. Comparison between enstrophy spectra for the
freely decaying turbulence simulation at 256 and 5122
resolution (FPM4/V, CFL_., =0.5). (a) t=14 (time
of maximum palinstrophy in the 2562 simulation).
(b) r=18 (time of maximum palinstrophy in the 5122
simulation ).

Fig. 7b. The shear layers in the high-resolution
simulation have just reached the minimum
thickness which can be supported by the non-
oscillatory advection scheme, and the Reynolds
number, eq. (15), has decreased from R, = 40000
at t=0, to R, ~ 25 at t = 18. In the low-resolution
simulation, the solution has passed the point when
the shear layers could be supported by the non-
oscillatory scheme, and the implicit viscosity has
already influenced the simulation considerably
(R, ~ 5000 at t=0, has decreased to R, ~19 at
t = 18). But in physical space, the two fields are still
quite similar, Fig. 8a-b, and the lower resolution
simulation looks like a smoothed, or averaged,
version of the higher resolution simulation, with
the different flow features in the right place. This
is the essence of a finite-volume integration
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technique, which makes it useful for simulating
flows with unresolved scales.

The difference between the two spectra in Fig. 7a
is no coincidence, and can be understood from
both mathematical and physical considerations. If
a spectrum is truncated at a given wavenumber,
and then transformed back to physical space, there
will always appear oscillations which were not
present in the original, untruncated field. This
is simply Gibbs’ phenomenon. In order to avoid
oscillations in the truncated field, it is necessary to
multiply the truncated spectral coefficients with a
“window” function, which decreases the amplitude
of the shortest waves, while the long waves are
unaffected. In signal processing, so called smooth
filters are used to -achieve this effect, e.g., the
Butterworth filter (see Hamming, 1989). These
filters have the side effect of chopping peaks and
filling in valleys of the original field. But with a
high-order smooth filter it is possible to minimize
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Fig. 8. Vorticity field for the freely decaying turbulence
simulation at ¢ = 18. (FPM4/V, CFL_,, = 0.5): (a) 256
resolution, and (b) 5122 resolution.
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this effect. The analogy to Fig. 7a is obvious. The
high resolution simulation can be assumed to be
very close to the continuous solution for wave-
numbers less than 128. The spectrum of the low
resolution simulation then looks as a truncated
version of the full spectrum which has been
multiplied by a smooth window function. The
appearance of the truncated physical solution is
also consistent with this picture: no oscillations,
but the low resolution solution, Fig. 8a, looks like
a smoothed version of the high resolution field,
Fig. 8b.

Another explanation of the damping of high
wavenumbers is obtained from considering the
enstrophy flux between different wavenumbers.
Due to nonlinear interactions, every wave will
interact with larger as well as with shorter waves.
This interaction gives rise to a net enstrophy flux
across the wavenumber range. When the wave-
number range is truncated, the non-oscillatory
advection scheme can be interpreted as a one-way
filter, which allows a flow of enstrophy from the
resolved to the unresolved wavenumber range,
but which does not receive any feedback from
unresolved wavenumbers. This process will in the
long run create an unnatural damping of the
resolved waves, as compared with the full spec-
trum of the flow. In particular, the flow from
resolved to unresolved scales is obvious during the
build-up period of the inertial subrange (as in
Fig. 6a).

Further understanding of how the implicit
viscosity of the non-oscillatory schemes works can
be obtained by considering the evolution of the
system described by either egs. (1-3) or egs. (4-7),
see also Fig. 8. The vorticity is here concentrated in
shear layers, which shrink and elongate with time.
As the shear layer shrinks, viscosity becomes
important and smoothes the vorticity distribution.
Eventually the effect of viscosity hinders the shear
layer from shrinking further. When the equations
are used without viscous terms, as in the present
case, the minimum width of the shear layer is
determined by the resolution, i.e., by the gridcell
size A or a maximum wavenumber k. When a
non-oscillatory advection scheme is used, the
minimum size of the shear layer is larger than one
gridcell. High-order non-oscillatory advection
schemes can maintain large gradients over one to
three gridcells, whereas low-order non-oscillatory
schemes, like the upstream scheme, may smear

Tellus 48A (1996), 1

135

the shear layer over several gridcells. Near large
gradients, a non-oscillatory advection scheme auto-
matically damps the advected field just enough in
order not to create unphysical over- or under-
shoots. The effect is that the maximum resolvable
wavenumber is smaller than the theoretically
resolvable.

Finally, the different aspects of an ideal model,
mentioned in the introduction, can now be recon-
sidered. On one hand, an ideal model should have
a perfect spectrum in the resolvable wavenumber
range, and on the other, an ideal model should be
conserving and free of numerical oscillations, i.e.,
non-oscillatory. But due to Gibbs’ phenomenon,
it is impossible to have a truncated model which
fulfils these two requirements simultaneously. The
best one can hope for is a good balance between
these two aspects. If the small scale motions are
important for the model, e.g., for obtaining
realistic statistics for the atmosphere in a general
circulation model, then the perfect spectrum aspect
should be emphasized. If it is important that small
scale oscillations do not occur, e.g., in a weather
forecast model, where the interaction of the small
scale oscillations with cloud physics and other
processes could destabilize the model integration,
then the non-oscillatory aspect should be stressed.

In summary, the isotropic turbulence test
shows convincingly that the conservative and spec-
tral properties of the high-order non-oscillatory
schemes are very good. The balance between
obtaining a non-oscillatory physical solution and a
realistic spectrum is about as good as can be hoped
for from theory, and much better than what can be
obtained with linear fourth order diffusion applied
to Arakawa’s energy and enstrophy conserving
scheme. The simulations essentially conserve the
kinetic energy of the large scales, and the enstrophy
is dissipated at the correct rate predicted by
turbulence theory.

6. Conclusions

In the present paper the high-order, non-
oscillatory advection schemes of Holm (1995) are
applied to two important forms of the equations
of non-elastic flow: the momentum-pressure form
and the vorticity-stream function form. When
fully second-order accurate time-integration tech-
niques are used, including a second order accurate
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integration of source terms, both formulations
essentially conserve kinetic energy and dissipate
enstrophy. High-order non-oscillatory advection
schemes automatically control the numerical
instabilities, which originally motivated the use of
artificial viscosity in atmospheric models, and thus
no artificial viscosity is needed in addition to a
non-oscillatory advection scheme (if other model
processes are properly formulated).

It is argued in the paper, that simulations per-
formed with non-oscillatory advection schemes
will in effect behave as viscous flows in the interior
of the fluid, even if the governing equations
without viscosity are used, due to the built-in
implicit viscosity of non-oscillatory schemes. This
has several consequences.

First, the theory of viscous, incompressible,
two-dimensional turbulence can be used for con-
trolling the accuracy of the simulations, instead of
analytic solutions, which only exist for very simple
flows. With this approach, the development of
energy, enstrophy, and the enstrophy dissipation
(palinstrophy) are shown to be consistent with the
theory of viscous turbulence in the high-order
non-oscillatory simulations. In particular, the
palinstrophy at first grows exponentially, until it
levels of and then decays, whereas the enstrophy
decays all the time, but at a lower rate than the
palinstrophy.

Second, the viscous turbulence theory can be
used to define an effective viscosity (which is flow
dependent) for the non-oscillatory schemes, even if
there are no viscous terms in the governing flow
equations. With this effective viscosity, several
characteristics of the flow, like Reynolds numbers
etc., can be calculated. Further, the magnitude of
the effective viscosity can be used to detect poten-
tial problems when the non-oscillatory advection
schemes are incorporated in models with param-
etrizations of subgrid scale processes. The effective
viscosity should be small enough to affect the
model variables negligibly compared with the con-
tribution from the parametrization of subgrid scale
processes like vertical diffusion processes, gravity
wave propagation, boundary layer processes and
surface energy exchanges. The high-order non-
oscillatory scheme with fourth degree polynomials
applied to the vorticity-stream function formula-
tion is most promising from this point of view,
since it has two-orders of magnitude less effective
viscosity for long waves than other tested schemes.
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Third, the turbulence theory is useful for predic-
ting the spectral appearance of the simulations.
The enstrophy spectrum of freely decaying, two-
dimensional, viscous turbulence should have an
inertial subrange with a slope between —1 and
—2, depending on how much large scale eddies are
present. In simulations both of a developing shear
layer and of isotropic turbulence, an inertial
subrange with a slope of —1.2 is observed. The
time-development of the spectrum closely follows
theory. First the spectrum goes through a stage
when the inertial subrange builds up. During
this stage the enstrophy dissipation also grows
exponentially. Then follows a stage of self similar
decay, during which the enstrophy dissipation also
decays.

A problem with the enstrophy spectrum of the
non-oscillatory simulation is the steep decay,
~k =3, of the upper half of the wavenumber range.
In order to understand the reason for this damping
of the shorter waves, the origin and the effect of the
implicit diffusion in non-oscillatory advection
schemes is analysed. When a spectrum is truncated
at a given wavenumber, and the truncated spec-
trum is transformed back to physical space, then
oscillations will appear which were not present in
the original field, due to Gibbs’ phenomenon. By
making an analogy with the “smooth filters” used
in signal processing, it is shown that the truncated
spectrum must be modified, by decreasing the
amplitude of the shortest waves, for the physical
truncated solution to be non-oscillatory. Thus it is
impossible to have a perfect spectrum and a non-
oscillatory physical field for a truncated model.
A balance has to be found between these two
aspects from case to case. If the non-oscillatory
aspect is more important, then the high-order,
non-oscillatory schemes give better conservation
properties and a more realistic spectrum than the
reference Arakawa scheme with fourth order linear
artificial viscosity. The non-oscillatory aspect is
essential when the advection process is coupled to
other physical processes and parametrizations in
atmospheric models.

A general conclusion of the studies performed
in this paper is that high-order non-oscillatory
advection schemes have the properties required for
the simulations of large-scale atmospheric flows.
The only potential drawback of high-order, non-
oscillatory advection schemes is that they are
generally computationally more expensive than

Tellus 48A (1996), 1



ENERGY CONSERVATION AND ADVECTION SCHEMES

simple, centred, finite difference schemes. This
brings one back to the problem that a balance
has to be found between the accuracy of the
atmospheric simulation, and the time required to
complete the calculations. Obviously high-order,
non-oscillatory advection schemes are accurate for
complex atmospheric flows. But a further study
has to be made of the efficiency of this approach.
Simulations of elastic flows, in particular the
simulation of the shallow water equations on a
sphere (Williamson et al., 1992), are required for a
convincing answer to the question whether the
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high-order, non-oscillatory advection schemes are
competitive in large-scale atmospheric models.
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