
Tel/us ( 1996), 48A, 74-95 
Printed in Belgium - all rights reserved 

Copyright CO Munksgaard, 1996 

TELL US 
ISSN 0280--6495 

The tangent linear model for semi-Lagrangian schemes: 
linearizing the process of interpolation 

By SAROJA POLAVARAPU*, MONIQUE TANGUAY 1
, RICHARD MENARD2 ** and ANDREW 

STANIFORTH 1
, Data Assimilation and Satellite Meteorology Division, Atmospheric Environment 

Service, 4905 Dufferin Street, Downsview, Ontario, Canada M3H 5T4; 1 Division de Recherche en 
Prevision Numerique, Service de !'Environnement Atmospherique, 2121, route Transcanadienne, Dorval, 
PQ, Canada H9P JJ3; 2Department of Atmospheric and Oceanic Sciences, McGill University, Montreal, 

PQ, Canada H3A 2K6 

(Manuscript received 9 January 1995; in final form 16 May 1995) 

ABSTRACT 

The tangent linear model may be used in diverse applications such as Kalman filtering, 
variational assimilation using the adjoint method, sensitivity studies or predictability studies. 
A "correct" tangent linear variation contains all of the linear part of the nonlinear variation. This 
concept is used to show that simply differentiating a nonlinear model's code does not necessarily 
lead to a tangent linear model which is correct in all circumstances. The example of linearizing 
interpolation schemes is used. For infinitesimal variations, the linear variation is correct if and 
only if the first derivative of an interpolator is continuous. Even if the tangent linear variation 
is occasionally incorrect, the size of the error can be determined and may in fact be quite 
tolerable. Therefore, there should be no fundamental difficulty in linearizing semi-Lagrangian 
schemes if care is taken in choosing an appropriate interpolation scheme. 

1. Introduction 

4-dimensional variational assimilation refers to 
the process of determining the model initial state 
whose evolution over a given time interval varia­
tionally minimizes the distance to a set of observa­
tions. Since the introduction of four-dimensional 
variational assimilation using the adjoint method 
( 4DVAR) to meteorology (Lewis and Derber, 
1985; LeDimet and Talagrand, 1986; Courtier and 
Talagrand, 1987; Derber, 1987; Talagrand and 
Courtier, 1987), steady progress has been made in 
demonstrating the method's ability to propagate 
information and implicitly generate flow-depen­
dent structure functions (Rabier and Courtier, 1992; 
Rabier et al., 1993; Thepaut et al., 1993; Andersson 
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et al., 1994). Because of these encouraging results 
and the recent proposal of Courtier et al. ( 1994) 
which reduces the cost of 4DVAR by an order of 
magnitude, the operational implementation of this 
method is now viable and imminent. Nevertheless, 
the cost is still high and with the inclusion of physi­
cal processes it will be even higher so that the 
efficiency advantage offered by the large time steps 
of semi-L~grangian time integration schemes is 
desirable (Chao and Chang, 1992 ). While this 
efficiency has been demonstrated in the context of 
4DVAR (Li et al., 1993; 1994), such models have 
yet to be fully embraced by the data assimilation 
community. One reason for the reluctance to use 
such models for 4DVAR is due to the difficulty in 
linearizing interpolation schemes (Li et al., 1993; 
Menard, 1994 ). Li et al. ( 1993) have also suggested 
that the range of validity of the tangent linear 
hypothesis is reduced where large gradients in the 
flow are combined with strong advection and this 
imposes an additional restriction on the time step. 
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