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ABSTRACT

The tangent linear model may be used in diverse applications such as Kalman filtering,
variational assimilation using the adjoint method, sensitivity studies or predictability studies.
A “correct” tangent linear variation contains all of the linear part of the nonlinear variation. This
concept is used to show that simply differentiating a nonlinear model’s code does not necessarily
lead to a tangent linear model which is correct in all circumstances. The example of linearizing
interpolation schemes is used. For infinitesimal variations, the linear variation is correct if and
only if the first derivative of an interpolator is continuous. Even if the tangent linear variation
is occasionally incorrect, the size of the error can be determined and may in fact be quite
tolerable. Therefore, there should be no fundamental difficulty in linearizing semi-Lagrangian
schemes if care is taken in choosing an appropriate interpolation scheme,

1. Introduction

4-dimensional variational assimilation refers to
the process of determining the model initial state
whose evolution over a given time interval varia-
tionally minimizes the distance to a set of observa-
tions. Since the introduction of four-dimensional
variational assimilation using the adjoint method
(4DVAR) to meteorology (Lewis and Derber,
1985; LeDimet and Talagrand, 1986; Courtier and
Talagrand, 1987; Derber, 1987; Talagrand and
Courtier, 1987), steady progress has been made in
demonstrating the method’s ability to propagate
information and implicitly generate flow-depen-
dent structure functions (Rabier and Courtier, 1992;
Rabier et al., 1993; Thépaut et al., 1993; Andersson
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et al., 1994). Because of these encouraging results
and the recent proposal of Courtier et al. (1994)
which reduces the cost of 4DVAR by an order of
magnitude, the operational implementation of this
method is now viable and imminent. Nevertheless,
the cost is still high and with the inclusion of physi-
cal processes it will be even higher so that the
efficiency advantage offered by the large time steps
of semi-Lagrangian time integration schemes is
desirable (Chao and Chang, 1992). While this
efficiency has been demonstrated in the context of
4DVAR (Li etal., 1993; 1994), such models have
yet to be fully embraced by the data assimilation
community. One reason for the reluctance to use
such models for 4DVAR is due to the difficulty in
linearizing interpolation schemes (Li et al.,, 1993;
Meénard, 1994). Li et al. (1993) have also suggested
that the range of validity of the tangent linear
hypothesis is reduced where large gradients in the
flow are combined with strong advection and this
imposes an additional restriction on the time step.
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Given the investment of operational meteorologi-
cal forecast models in this method, it is clear that
there is a need to provide a mathematical descrip-
tion of the potential difficulty of linearizing semi-
Lagrangian models as well as practical solutions
and quantitative error estimates. This is the goal of
the present work.

In this article, we examine the tangent linear
model (hereafter TLM) for semi-Lagrangian
schemes. The TLM can be used to describe the
evolution of short range forecast errors (Lacarra
and Talagrand, 1988; Vukicevic, 1991; Rabier and
Courtier, 1992) for numerical weather prediction.
As a result, this model finds application in the
determination of unstable modes, the propagation
of forecast error covariances for a Kalman filter,
and the verification of adjoint models which may
be used for four-dimensional variational assimila-
tion or sensitivity analysis. References on all of
these topics are found in Courtier et al. (1993).
References on meteorological applications of the
Kalman filter are found in Cohn (1993). In
developing an adjoint model, one must verify
its correctness (Thépaut and Courtier, 1991) to
machine precision. Similarly, in developing a
TLM, its correctness must be verified and the
range of validity of the tangent linear hypothesis
determined. Correctness is a property of the TLM
which can be objectively ascertained (Thépaut and
Courtier, 1991) and refers to the fact that all of the
linear part of the nonlinear variation is explained
by the TLM. On the other hand, the size of pertur-
bations for which the TLM hypothesis is valid
depends on the application within which the TLM
is utilized. Thus, we focus our attention on the
correctness of TLMs. As we shall see, simply
differentiating a nonlinear code does not always
lead to a “correct” TLM.

In Section 2 we isolate the nondifferentiable part
of the semi-Lagrangian scheme and in Section 3 we
clarify the concepts of “correctness” and “validity”
with respect to a TLM. We then proceed to deter-
mine the linearization error for a general inter-
polation scheme as well as for specific, commonly
used schemes in Section 4. Numerical examples
illustrating properties of error are also presented.
In Section 5, we re-integrate the results of the
preceding sections back into the meteorological
context of a simple one-dimensional semi-
Lagrangian model. The results are summarized
and discussed in Section 6.
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2. The semi-Lagrangian time
scheme

integration

A semi-Lagrangian treatment of advection when
combined with the semi-implicit time integration
scheme has proven to be an efficient way of
integrating the primitive equations (Robert et al.,
1985). In particular, a factor of 6 increase in the
time step over a corresponding Eulerian integra-
tion, may be obtained. For a review of the use of
the semi-Lagrangian method in meteorology as
well as a brief description of this method, see
Staniforth and Cété (1991). Perhaps the simplest
model with meteorological application for which
we may implement semi-Lagrangian advection is
Burgers’ equation with no viscosity (Kuo and
Williams, 1990):

(1)

A two-time-step semi-Lagrangian model of this
equation is

(2)

u(xh l) = u(xi -, I— At)’

where the subscript i refers to the ith grid point
and a, is determined from an O[(A¢)?] accurate
approximation to

(3)

dx
a =u(x,t).

The right-hand side of (2) involves interpolation of
velocity between grid points. As noted by Li et al.
(1993), the interpolation may possess a non-
differentiable operation. Specifically, for regular
grid spacing and linear interpolation,

u(x;—o;, t—Ar)=au(x;_,, t—At)

+ bu(x;, t — At),

where b= (x,—a;—x;_,)/Ax and a=1—b5. The
difficulty arises due to the following operation:

j=INT <%>+1,

which locates the grid interval that contains the
upstream interpolation point. INT is a Fortran
intrinsic function which truncates a real number to



76 S. POLAVARAPU ET AL.

obtain an integer. Note that j is a function of a con-
trol variable, «;, but j is not differentiable. As a
result, the tangent linear code is linearized about
this grid interval although a perturbed inter-
polation point may very well lie outside it. The
question then arises as to whether or not the TLM
is correct in such a circumstance. Furthermore, we
have thus far only mentioned linear interpolation
and regular grid spacing. Does this problem arise
for all interpolation schemes? In what follows
we address these questions by examining the
linearization error for various interpolation
schemes. First, however, we must define what is
meant by a “correct” TLM.

3. The concept of correctness in tangent linear
models re-examined

In this section, we define the concept of “correct-
ness” of a TLM, equating it with a linearization
error which is asymptotically second order in per-
turbed variables. We also discuss how correctness
differs from the validity of the TLM hypothesis.
Correctness can be objectively established for a
given discrete linear model (the TLM) and refers
to the ability of this model to asymptote to the
linear part of the nonlinear variation as the size of
perturbations is diminished. On the other hand,
the TLM hypothesis is valid when the difference
between the linear part of the nonlinear variation
and the total nonlinear variation is small when
compared to its linear part. Thus the validity of the
TLM hypothesis must be established for a given
discrete TLM and in the context of a particular
application and is not a property of a given model.
In this article, we shall be mainly concerned with
the issue of correctly deriving a TLM. As we shall
see in Section 4, simply differentiating a nonlinear
model does not always lead to TLM which is
“correct” in all circumstances.

Consider a model, M, which updates a state
variable, X, as follows:

M(X""), (4)

where X° is given and superscript 7 refers to time
n At. M is a vector valued function of dimension N
and N is the number of time-steps over which
data will be assimilated. For a given space-time
trajectory, X", n=0, 1, .., N, which satisfies (4),

X" =

perturbations or variations about this reference
trajectory evolve according to

OX"=M(X""'+6X"""H)—M(X" ") (5)

Now the tangent linear hypothesis says that for
small perturbations, i.e., for [6X| <|X], a good
approximation to (5) is given by the linear part of
this nonlinear variation:

dM
Xn—l X"_l.
dX( )6

(6)
By definition, the TLM describes the evolution of
the linear (i.e., 1st order) variation which is
tangent to the reference trajectory in phase space.
Thus, the TLM should contain all of the linear
part of the nonlinear variation and hence equal
the above expression. Clearly, this is true for a
continuous or theoretical model. However, for a
discrete, numerical model, the TLM is sometimes
obtained by differentiating the model code line by
line (Navon et al., 1992; Li et al., 1993) and due to
the existence of nondifferentiable or discrete
programming structures, the TLM is not
necessarily equal to the linear variation. Therefore,
it is necessary to distinguish between the linear
variation predicted by the TLM and denoted
(6X™)* (see equation below), and the linear part of
the nonlinear variation given by (6). The TLM
may be written as

(5xn)L=L(X_n—l) (SX"_],

where L is a linear operator which can be viewed
as a matrix. Thus the TLM is correct when it is
equal to the linear variation, ie., L =dM/dX. The

difference between the nonlinear variation and the

linear variation described by the TLM is

E=06X"—(6X":=M(X""'+6X""")
—M(X"" Y —(6X™)E (7)

We call E the linearization error. The component of
E corresponding to the ith component of the state
vector X is

E z < (Xn—l)_l (an)>5an

N N

n—1 n—1 n—1
gz-———aXan(x )oX2 16X,
(8)
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on expanding M, (X" !+ X" ~') in Taylor series
about X"~ 1. [; refers to the (i, j)th element of L.
Thus the TLM is correct if and only if for all i and
all X"~!, E, is 2nd-order in perturbed variables
as 6X"~! goes to zero. Also, when the TLM
is correct, the linear variation asymptotically
approaches the nonlinear variation as the size of
the variation diminishes. To conduct a test that
verifies the correctness of TLM, it turns out to be
useful to write the perturbation in a manner which
identifies its shape and amplitude:

0X=coX.

¢ is a positive real number defining the amplitude
of the perturbation while 5X defines its shape. The
linearization error may then be written as a func-
tion of perturbation amplitude if the shape is held
fixed:

E(c)=

ey

1==1

< HXnh -, (X"-1)>(52;—‘

N M,
21}: X , 0X; 0X,

+0((c6X"~ 1)),

(X"~1)oX;~'oXp!

)

Now if the TLM is correct then E,/c* will be
asymptotically independent of perturbation
amplitude, ¢, for all i. Thus the test that E;/c* be
asymptotically independent of ¢ establishes the
continuity of the derivative of M, in the direction
of 6X. If this is true for all such directions, then the
TLM is correct. Thépaut and Courtier (1991) use
the test,

lim RT€=1
éX—0

where

N —1
R,,TC=1+E{Z 1,.,.()?"-')5,\/;-1} . (10)

j=1
If the TLM is correct and E; is 2nd-order for all i
and for all variations, X, then R7C is asymptoti-
cally linear in variations. Thus both tests use the
same criterion for correctness and either test
provides a necessary condition for correctness. A
necessary and sufficient condition for correctness
obtains only when either test is passed for all
possible directions, 6X.
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As we have seen, there exists a quantitative,
objective means of determining whether a given
TLM is indeed correct. However, even when the
TLM is correct, the TLM hypothesis may not be
valid. The TLM hypothesis is valid when the linear
variation is a good approximation to the nonlinear
variation. A test of validity is obtained by looking
at the magnitude of the linearization error to the
first order term:

-1
[Z — (XY 5X;~‘] . (11)

Jj=1 ]
When R is small for all i, the TLM hypothesis is
valid. The concept of validity involves some
subjectivity since one must decide just how small
the 2nd-order term should be in relation to the
1st-order term in order for the TLM to be valid.
The ratio test of Rabier and Courtier (1992) is
similar (except that domain integrated errors are
used) and the reader is referred to their paper for
further discussion.

In this article we are mainly concerned with the
correctness of a TLM, which as noted above, can
be quantitatively verified for a given discrete linear
model. While some conclusions can be drawn
about the validity of the TLM’s considered, in
general, this must be determined by the applica-
tion in which the TLM is used.

4. Linearizing the process of interpolation

We now proceed to determine the linearization
error for a general piecewise-continuous inter-
polating function. We shall also consider some
examples of interpolation schemes in order to
determine the size of this error in practice. First,
however, we isolate the nonlinearity of the inter-
polation process and reduce the problem to its
essence.

Consider a continuously-differentiable function
y(x) with independent variable x. Interpolation of
y at a given point ¢ may be described as

n=y(&).

Because y(x) is known everywhere, the process of
interpolation has simply become function evalua-
tion in this case. In reality, y would be known only
at a finite number of points so y(x) would be

(12)
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approximated by some interpolating function.
Now assume y(x) and ¢ consist of two parts:
y(x) = p(x) +y(x) and &=+ 8¢ where barred
quantities are reference variables and the perturba-
tions about these reference variables, dy(x) and ¢,
are small. The tangent linear variation of n due to
variations in the function itself, 5y(x) and the point
of interpolation, &¢ is:

dy

on* =oy(&) + =

Ix (13)

K3
¢

We shall call (13) a tangent linear equation or TLE
because (12) is not, strictly speaking, a model.
From (12), it is easy to see that # is a linear func-
tion of y(x) but, in general, a nonlinear function of
£. Thus in the absence of variation in &, interpola-
tion would be a purely linear process. Therefore,
we shall now consider only variations of &, that is,
we set dy(x) to zero. This simplification is made in
order to isolate the nonlinearity of interpolation and
to ultimately identify conditions of linearization.
(We will return to the case of nonzero dy(x) in
Section 5.) Now by analogy with (7) we can define
a linearization error for interpolation as

E=6n—on*,

which for the special case of no variations in y(x)
is

s s 4y
E=y(€+5€)—Y(~f)—é(f)5é- (14)
With this definition, we may now determine the
correctness of the TLE for various common inter-
polation schemes starting from the general case of
a piecewise differentiable interpolating function.

4.1. The general principle

Let us consider the problem of interpolation in
one-dimension. We define a grid with N+ 1 grid
points, xg, Xy, .., Xy. A function y is assumed to
have known values at the grid points, namely,
Yo» V1s - Yy- Now consider a piecewise con-
tinuous interpolating function, P(x), which takes
values y; at P(x;) (Fig. 1). Let us assume that the
original interpolation point lies in the half-open
interval

é_e [xj—ls xj)y

P,(x)
P(x)

|
b----——-—f--——————-

i-1 i j-1 b

Fig. 1. Interpolation with a piecewise-continuous inter-
polator. The solid circles indicate locations where func-
tion values are provided. An interpolation point, & liesin
the interval [x;_,, x;) for which the interpolating func-
tion is P;(x). The perturbed interpolation point, &+ ¢,
lies in the interval [ x,_,, x;) for which the interpolating
function is P;(x). The thin solid lines are tangent to the
functions P;(x) and P,(x) at ¢.

and that the perturbed interpolation point lies in
the half-open interval:

E+ocelx;_y,x,)
Then the nonlinear variation is determined by
Pi(E+5E)—Pi(&),

where the subscript refers to the interval for which
the interpolating function is appropriate. The TLE
is given by

ar,

GRS

5Pj(£)=

so that according to (14), the linearization error is

ar,

E=P(E+60)~ Pé) ~

(&),

which can be expanded using Taylor series to show
that

- = dpP, - -
E=[P(&)=P/&)]+ [d—é'(a—d—’;(:)] (38)
1d°P, ,
+3 g7 (60 +01(60)°]. (15)
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Note that evaluation of P, and its derivatives at &
involves extrapolation of this function beyond the
interval for which it is defined. Therefore, all
further discussion pertains only to interpolating
functions which are defined over the whole
domain, such as polynomials. There are a number
of points to note regarding the linearization error
for piecewise continuous interpolating functions:

1. If the functions P, and P; are not equal at &
then there is a zeroth order term in &&.

2. If the first derivatives of P; and P; are not
equal at £ then there is a 1st-order term in &¢&.

3. Ifthe functions P, and P;as well as their first
derivatives are equal at ¢ then there is no lineariza-
tion error even if higher-order derivatives are not
equal at &.

4. The 2nd- and higher-order terms involve
extrapolating the function appropriate for the
interval containing &+ ¢ to the interval con-
taining & Thus the better this extrapolation, the
smaller the linearization error and the larger the
range of validity of the tangent linear hypothesis.

Therefore, it is easy to see that the TLE is correct
for all € if and only if P, = P; for all i and j. This is
true for spectral interpolation which we loosely
define to be as the evaluation of a series expansion
in terms of a finite number (corresponding to the
number of meshpoints) of globally-defined and
infinitely-differentiable basis functions whose sum
exactly fits the data at meshpoints: these basis
functions are usually the eigenfunctions associated
with the spectrum of a linear operator, whence the
nomenclature spectral. However, spectral inter-
polation is not well-suited for grids with variable
spacing and it is expensive for a large number of
grid points. Thus, piecewise-polynomial interpola-
tion is often necessary. For this type of interpola-
tion, P, = P, for all i and j when the interpolation
is exact, (i.e., if y(x) is a polynomial of at most
order n for a piecewise polynomial interpolant of
order n), or when using a single interpolating poly-
nomial over the whole domain. For a large number
of grid points, a single interpolating polynomial
would be of high order (which is expensive to com-
pute and may oscillate wildly near boundaries), so
low-order piecewise polynomials are preferable.
Thus, linearization error is unavoidable. In reality,
however, the perturbed interpolation point is
determined by the variation of the velocity which is
continuous, and for the purposes of determining
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forecast error growth, presumably small. Thus, in
practice, the perturbed interpolation point is likely
to remain within one or two grid intervals of the
unperturbed interpolation point. Therefore, it is
important to consider some special subcases of the
general one. Moreover, for 4DVAR, because
variations are infinitesimal, it is only the two cases
described below that are relevant.

Case 1

If the interpolation point and the perturbed
interpolation point lie in the same grid interval,
then i=jand

_1ep

E”z de?

(£)(68)*+O[(6¢)*].

(16)

Thus the TLE is correct since the interpolating
function and its first derivative are continuous
within a grid interval. Of course, in practice, there
is no guarantee that the perturbed and unper-
turbed interpolation points will lie in the same grid
interval.

Case 2

Now, if the interpolation point lands on a grid
point, say £ =x;,_,, all negative perturbations less
than the grid spacing will lie in the adjacent inter-
val. Then i= j—1 and since the polynomials are
continuous at x;_;:

_| 9P 4z,
B et s, -0 0] 60
1d2P,_ ,
+§Téz—l(xj_1)(5f)z+o[(5f) 1. (17)

For this situation, the TLE is correct if and only if
the interpolating function has continuous first
derivatives at grid points. If the interpolating point
does not land exactly on a grid point, then not
even the continuity of adjacent polynomials at & is
ensured so the linearization error contains a
zeroth-order term (which may be small) and is
given by the general expression, (15), except that
i=j—1.

Since piecewise-continuous interpolating func-
tions may not always have correct TLEs, it is
necessary to determine the size of these errors for
the important case where the perturbed inter-
polation point lies in the adjacent interval to that
containing the unperturbed one.
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4.2. Some practical examples of linearization
errors

In this section, we consider the linearization
error of some actual, commonly-used interpola-
tion schemes in order to show that while the TLE
may be incorrect in some cases, the size of the error
incurred may be, practically speaking, tolerable.

We shall consider interpolation schemes which
can be written in the following form:

P(x)=a;y,_1+b;y,

h?
+E] [(a]—a) y]_,+(b]—b) y/ 1,

(18)

where

X;—X
a.= N
J hj

xX—X;
by="—T11 (19)
J hj
hi=x;—x;_,.

For this type of interpolation, j is chosen such that

xelx;_y, x;).

By choosing how the y}s are computed, we obtain
various interpolation schemes. We consider four
such schemes: linear, cubic Lagrange, cubic spline
and deficient cubic spline. (See Appendix for
details.) Linear interpolation is the simplest and
cheapest interpolation scheme and is useful when
accuracy is not of great concern. The cubic
Lagrange and cubic spline schemes are formally of
the same accuracy. The cubic Lagrange scheme is
attractive because it is local in nature and hence
relatively cheap and easy to implement. On the
other hand, the cubic spline offers continuity of
first and second derivatives everywhere and a bet-
ter global fit. The price for this is the additional
solution of a tridiagonal set of equations for each
grid. The deficient cubic spline, provides a local fit
to the data and has continuous Ist derivative
everywhere. However, discontinuities at grid
points occur in the second derivative and it is for-
mally O(4) less accurate than the cubic Lagrange
and cubic spline schemes.

We now determine the linearization error for the
interpolation scheme described above. Let & be the

point of interpolation which obtains in the absence
of any variations and let 6¢ be the variation of this
point. We assume no variation of the function,
y(x) and hence dy;= 0 for all j. The linearization
error may then be computed following the proce-
dure used to obtain the error for the general case,
or simply by substituting (18) into (15). In either
case, the resulting error is

2
E=[diy_il +5iﬁi+'€’((d?_di) Vica

+(b} —b)) )7.-")] —| @745,

h? -

+ 2@ =) 71+ (B} =5) y';')}
y_i_ -f'— hi =~ =
+[—hf—‘+g(—(3a?—l) yioa
+ (362 —1) ) -

hj
h;

—g’(—(3ﬁf— D) 7 +(367 1) )7}')} (6¢)

1 _
tal@yiot b,y )(8¢)?
1 J71" =

- —YVi-1 3
+6——(5C),

7, (20)

where

]

Xp—

Case 1

First, consider the case where the original inter-
polating point and the perturbed interpolating
point lie in the same grid interval. Then i = j and
the above error becomes:

1 = SN L o
E=E(ajyj—1+bjyj }6¢)?
1V =V 50
+g =2 gy, (21)

J
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The TLE is correct since there is no first-order
term and this is so regardless of which particular
interpolator is chosen from the family. The second-
order term is simply the 2nd derivative of P(x)
evaluated at & The 3rd-order term is the third
derivative of P(x) at & Both terms are similar in
form to those contained in the true variation, d7.
However, because a cubic polynomial was used for
the approximating function, terms higher than
third order are identically zero since all derivatives
higher than the third are zero everywhere.

By substituting the specified forms for the
second derivatives, (31) to (35), into (21) we
obtain the linearization errors found in the
Appendix. To illustrate these errors, we have
performed some numerical experiments. The
experimental setup is as follows. A one-dimen-
sional grid consisting of N=91 equally-spaced
grid points is constructed where —0.5<x<0.5. A
regular grid spacing was chosen for the sake of
simplicity and since the correctness of the TLEs
of these schemes does not depend on variability of

function
0.08 T T
0.06 .
> 0.04 r 1
0.02 a
0.00 .
-0.6 -0.3 0.0 0.3 0.6
X
2nd derivative
3 T e T
2 . -
@>~.
1 - .
0 ‘
-0.6 -0.3 0.0 0.3 0.6
X

Fig. 2. The function y = x* and its first 3 derivatives.
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Telius A/48/1-7

resolution. For each grid interval, the interpola-
tion point was chosen to be 0.75 Ax from the left
edge. The linearization error was computed at
each interpolation point for the sequence of small
perturbations:

— o6& =10.005, 0.0005, 0.00005, 0.000005.

Thus the perturbed and unperturbed interpolation
points lie in the same grid interval. A known
analytic function, y(x)=x* was specified and
evaluated at grid points. These values were then
supplied to the 4 interpolation schemes mentioned
above and the linearization error computed. The
graphs of the function y(x) = x* and its derivatives
are shown in Fig. 2. In Fig. 3, we illustrate the
spatial variation of the ratio R2, where
E

R2=——=

ik (22)

When a TLE is correct and ¢ is sufficiently small,
E is dominated by a 2nd-order term so R2 is a con-

1st derivative

0.6
0.4

02r 1
€>.‘ 00 I T
-0.2+ 1

04 1
06
0.6

0.0 03
X

-0.3 0.6

3rd derivative

15
10+ ]

(iii)
y
[=4
T
1

5t ]
.10} ]

-15
-0.6

-0.3
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Linear
1.0 ' '
0.5+ ]
g oot 1
-0.5r ]
-1.0 . . .
-0.6 -0.3 0.0 0.3 0.6
X
cubic Lagrange
1.5 " ‘ '
1.0 1
o
0.5+ .
0.0 .
-0.6 -0.3 0.0 0.3 0.6
X

cubic spline

1.5
1.0+ 1
(&)
&
0.5+ 1
0.0 A
06 03 00 03 06
X
deficient cubic spline
L5 " ' '
1.0+ 1
(9]
o
05r T
0.0 .
06 03 00 03 06
X

Fig. 3. The spatial distribution of the ratio, R2 = E/(5¢)?, for various interpolation schemes. The interpolation point
is 0.75 Ax from the left edge of each grid interval. The solid, dash-dot, dash-dot-dot-dot and dashed curves correspond
to —da¢& = 0.000005, 0.00005, 0.0005, 0.005 respectively. The function which is being approximated is y = x*.

stant, independent of §&. Therefore plots of R2 for
o& of differing magnitude should almost exactly
coincide. On the other hand, if the TLE is incorrect
and there is a first- or zeroth-order term, then R2
will increase as J¢ decreases and the various curves
will spread apart. In Fig. 3, we see that all curves
coincide and hence all interpolation schemes have
correct TLEs when both perturbed and unper-
turbed interpolation points lie in the same grid
interval. As expected from (21), all ratios describe
one-half the second derivative of y(x) (c.f, Fig. 2)
except for the case of linear interpolation where the
ratio is zero because its interpolator has zero
second derivative. While all curves coincide, there
is a hint of some error for the deficient spline. This
is due to the modulation of the 2nd-order term by
the 3rd derivative (see(40)). This term is identically
zero when a=5b (ie., at the midpoint of a grid
interval) and is maximized when a or b is 1 (at
the edge of an interval). Since the latter case is
examined below, we shall see that even when this

term is maximized, it represents only a tiny (barely
perceptible) modulation of the dominant second-
order term.

Case 2

Now consider the case where the original and
perturbed interpolating points lie in adjacent grid
intervals. Let us allow the original interpolation
point to lie on a grid point. Then, in this case,
i=j—1,é=x,_,and

S
ot

7 j—1

E=

1 =S e/
s (hj—y Pl + 2k J0)-

/3 /4 1 ="
+2h 7+ hjy,—)} 55'*‘5 Fi-1-(8)?

1VG-0- =Y
6 h;

j—1

(88)*. (23)
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Because the deficient spline has discontinuous
second derivatives, left and right function values
are indicated by subscripts + and —. Substituting
the various forms for y” into the above yields the
specific errors:

E,m=[ —yf”hff—‘+y_f-;lfy_f-2] 65, (4)

J j—1

3 y _ V., V. —_— V. V.
Ed=%[y"‘3 izt 4y’+y’“] (8)
l Vi—2=2Y, 1+ ¥ 2
+é[—yj'3+3f’;§_3ﬁ"‘+f’] (68)°,
(25)
_l =n 2 1)71"’—1_)71",—2 3
Ea=3 Fj-sl0) +g S5 =200 (26)
Linear
1000 '
800} i
o 600 4
~
400+ .
200+ .
O . N .
-0.6 -0.3 0.0 03 0.6
X
2
l -
& of
A1F
2 . . ‘
06 -03 0.0 03 0.6

1 = = =1
Eg4, =5 [(65,_2—6y,_1+2h,_, Yi-2

5& \2
+4h;_17;_1)] <h—é>

j—1

1 — - =
+§ [(4y,_>~4y,_1+2h;_,y;_»

P 3
+2h, 701 (2

j—1

(27)

The subscripts lin, cl, ¢s and dcs refer to the linear,
cubic Lagrange, cubic spline and deficient cubic
spline interpolation schemes, respectively. Note
that the + and — have been dropped for function
values and for derivatives which are continuous.
When the 1st derivative is evaluated using (36), the
error for the deficient spline is

cubic spline

1.5

1.0r .

R2

05r T

0.0
-0.6

-0.3 0.0 0.3 0.6
X

deficient cubic spline

1.5

1.0 .

0.5+ 1

0.0 . ,
-0.6 -0.3 0.0 03 0.6
X

Fig. 4. The spatial distribution of the ratio, R2 = E/(6¢)?, for various interpolation schemes. The interpolation point
is 2.5x 10 7% Ax from the left edge of each grid interval. The solid, dash-dot, dash-dot-dot-dot and dashed curves
correspond to —d¢ = 0.000005, 0.00005, 0.0005, 0.005 respectively. The function which is being approximated is

y=x"
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_ 7 37, . — 37, 5,
B y"+y’](5é)2

+z e

1 { — ¥ 3430 =37+,
2

} (68)°. (28)

We may illustrate these errors using the same
numerical procedure described above except that
now the unperturbed interpolation point is a dis-
tance 2.5 x 107° & from the left edge of each grid
interval. Thus all perturbations lie in the left adja-
cent interval. Fig. 4 depicts the linearization errors
for this case by illustrating R2 as a function of x.
Because the curves are coincident for the spline
interpolants, the error is second order and there is
no linearization error. This is also verified by
the absence of first order terms in (26) and (28).

cubic Lagrange, N=31

10
Or TommTim T I
& -10f 1
20+ |
'30 B —— e
06 03 00 03 0.6
X
cubic Lagrange, N=91
2 T T T
0 L i
N
&
2F 4
-4 . . .
06 -03 00 03 0.6
X

The linearization error for the linear and cubic
Lagrange schemes is evidenced by the spread of the
curves. The error is clearly worse for the linear case
(note the change in scale). As expected from (24),
the curves are simply the second derivative of
y(x) = x* amplified by 6¢. For the cubic Lagrange
case, substitution of the derivatives of y(x) = x* for
the finite difference forms in (25) yields

W,
R2~E+ 67,

Thus we expect to see a parabola vertically shifted
downward by 44%/6¢, with the shift increasing in
magnitude as |d¢| decreases and, indeed, this is
what Fig. 4 depicts.

The effect of resolution on the linearization error
for the cubic Lagrange scheme is depicted in Fig. 5.
It is clear that as resolution improves, the curves
are close together and the error is reduced. This

cubic Lagrange, N=61

2
S e
0F \\E.‘\‘ ~—— /{T-"/ i
R B
>
2t |
4 \/
-0.6 -0.3 0.0 0.3 0.6
X
cubic Lagrange, N=121
2 T —T —
= e
Ny
0r \\-—--—-// i
N
K~
2F J
4 . . N
-0.6 -0.3 0.0 03 0.6
X

Fig. 5. The spatial distribution of the ratio, R2 = E/(J¢)?, for the cubic Lagrange polynomial for various numbers of
grid points, N, in the domain. The interpolation peint is 2.5 x 10 7 Ax from the left edge of each grid interval.
The solid, dash-dot, dash-dot-dot-dot and dashed curves correspond to — ¢ = 0.000005, 0.00005, 0.0005, 0.005
respectively. The function which is being approximated is y = x*.
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Fig. 6. The function y = —tan ~'(10x) and its 1st 4 derivatives.

resolution dependence is due to the presence of 4>
in the first order term of (25). Thus the higher the
resolution, the smaller the magnitude of this term.
The resolution dependence of the linearization
error is understandable since a finite segment
of a continuous function appears smoother with
increasing resolution and the difference between
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left and right derivatives at grid points is smaller
the smoother the function. Note that the error for
linear interpolation is also resolution dependent
because of the multiplication by /4 but an increase
in resolution will have a smaller impact on this
error than on that for the cubic Lagrange scheme.

Clearly, for this case, the cubic Lagrange has an
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incorrect TLE while the cubic spline does not.
How large is this error in practice? The ratio, R2,
while useful for determining the presence of
linearization error, is not the best indicator of the
size of the error. Better is the ratio, R, where

E
R=155

This ratio describes the relative error in the func-
tion to that of the interpolation point and is similar
to that of Ménard (1994) except that we use the
absolute value of 6¢. Now, if curves corresponding
to various J¢ coincide in a plot of R versus x, then
there is a 1st-order error term and the TLE is
incorrect. If there is no linearization error, each
successive curve will diminish in amplitude as 6¢
diminishes. To illustrate the size of the lineariza-
tion error in practice, consider the function
y= —tan"!(10x) which is illustrated in Fig. 6.
This function might represent temperature or

Linear
1000 P Y
\ \
500 - N
\.
&I or = — — S — = B
~.,
N
-500F N 1
\ \ ]
-1000 W | .
-0.6 -0.3 0.0 0.3 0.6
X
cubic Lagrange
1000 ' - i
500+ 1
|
g o —3f :
b N\
-500} d
-1000 ; .
-0.6 -0.3 0.0 0.3 0.6
X

velocity in the cross-front direction typical of fron-
togenetic flows. Now with this ratio, R2, we can
determine, at a glance, that the cubic splines have
correct TLEs while the cubic Lagrange and linear
schemes do not (Fig. 7). However, the same infor-
mation presented differently (Fig. 8) shows similar
behaviour of the curves for the cubic Lagrange and
cubic splines: the curves are reduced in magnitude
by a factor of 10 as 6¢ is reduced by a factor of 10.
(Because of the presence of the first-order term in
the TLE error for linear interpolation, all curves
coincide.) For the cubic Lagrange scheme, based
on (25) we expect

~ h3 Siv( £ 1—7/ £ 5_6
R~[;y (&)+57 (é)(éé)] e

Thus as |6| goes to zero, we see the relative error
due to the first-order term. In Fig. 8, the ratio is
zero for the smallest |5¢] (solid line), indicating the

cubic spline
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0.0 0.3
X

-0.3 0.6

deficient cubic spline
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=20+ 1
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0.0 03
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f‘ig. 7. The spatial distribution of the ratio, R2 = E/(6¢)?, for various interpolation schemes. The interpolation point
is 2.5 x 107% Ax from the left edge of each grid interval. The solid, dash-dot, dash-dot-dot-dot and dashed curves
corresponcl1 to —d¢ =0.000005, 0.00005, 0.0005, 0.005 respectively. The function which is being approximated is
y= —tan"'(10x).
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Fig. 8. The spatial distribution of the ratio, R = E/|d¢|, for various interpolation schemes. The interpolation point is
2.5x107% Ax from the left edge of each grid interval. The solid, dash-dot, dash-dot-dot-dot and dashed curves
correspond to —d¢& = 0.000005, 0.00005, 0.0005, 0.005 respectively. The function which is being approximated is

y= —tan~!(10x).

splines have correct TLEs while the cubic
Lagrange scheme is only slightly worse. Thus, the
first order term is small compared to the second
order term except when the perturbation size is
very small. Therefore, in practice, and for
moderate resolution and finite perturbations, the
cubic Lagrange TLE error is not large and is
perhaps tolerable.

In all cases considered so far, both the cubic
spline and the deficient cubic spline have per-
formed equally well. Both have continuous first
derivatives at grid points. What then is the advan-
tage, if any, of the cubic spline over the deficient
spline as far as linearization error is concerned?
To differentiate between these two schemes, we
examine the quantity, R3, where

2=
rR3=—L_ 147 (29)
The 2nd term is evaluated using the matrix solu-
tion of (33) for the cubic spline case while the first
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term of (28) is used for the deficient spline case (in
order to isolate the last two terms of (28)). R3 can
be used to examine terms smaller than the domi-
nant second-order term and is illustrated in Fig. 9
for both schemes. For the regular cubic spline we
expect to see

Fig.9 shows that we do indeed see the third
derivative appearing in the third-order term. (This
term is negative because ¢ is negative.) It is also
apparent that each curve is multiplied by é¢. For
the deficient spline, we expect the ratio R3 to be
dominated by a constant term modulated by the
third derivative due to the presence of an addi-
tional second-order term in (28). In Fig. 9, we see
that this is indeed the case. All curves coincide
except for the one corresponding to the largest 6&
(dashed line). (This is because the 2nd-order term
containing a third derivative is positive but since
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Fig. 9. The spatial distribution of the ratio, R3 for the cubic spline and the deficient cubic spline schemes. The inter-
polation point is 2.5 x 10 ~° Ax from the left edge of each grid interval. The solid, dash-dot, dash-dot-dot-dot and
dashed curves correspond to —4&¢& =0.000005, 0.00005, 0.0005, 0.005 respectively. The function which is being

approximated is y = —tan ~'(10x).

o¢ is negative, the 3rd-order term is negative. Thus
as ¢ increases, the third-order term, being of
opposite sign, cancels the second-order term to
some extent, with the result that the curve corre-
sponding to the largest ¢ in Fig. 9 has a smaller
value than the other curves.) Thus the lack of con-
tinuity of the second derivative for the deficient
cubic spline has resulted in a larger second order
term and therefore a smaller range of validity of
the tangent linear hypothesis when compared to
that for the cubic spline.

In summary, for infinitesimal variations, only the
subcases considered are relevant and an interpola-
tion scheme has a correct TLE if and only if the
interpolator has a continuous Ist derivative. For
finite perturbations, the TLE can be incorrect when-
ever the perturbed and unperturbed interpolation
points lie in different grid intervals. Because higher-
order schemes can better extrapolate function
second derivatives, the range of validity of the
TLM hypothesis, is larger for these schemes, as Li
etal. (1993) have speculated. However, among
interpolators of a given order, those with con-
tinuous first derivatives can further extend this
range of validity.

5. The linearization for semi-

Lagrangian schemes

error

Thus far we have only examined the correctness
of the TLE’s of interpolation schemes. While this is
of pedagogical importance, our ultimate interest

lies in assessing the correctness of the TLM for
semi-Lagrangian models. In the context of such
models, the variation of the point of interpolation
is due to the variation in the velocity so that ¢
depends on Jdy(x). If the latter variable is set to
zero, as in the previous section, then there is no
variation in the point of interpolation! Thus, to
place these results in the meteorological context of
nonlinear advection, it is necessary to add a further
complication to our analysis of the linearization
error for interpolation schemes: a nonzero varia-
tion of the unknown function which is related to
the variation of the point of interpolation.

Let us consider the following experiment. We
shall specify a known analytic function for y(x) as
before and also a second known analytic function
for dy(x). These functions will be evaluated at grid
points and supplied to the various interpolation
schemes. The interpolating functions for y(x) and
oy(x) shall be called P(x) and Q(x), respectively.
The general linearization error is

i E i E dpP’ . dp/ .
E=[P(é)—Pf(f)]+[a(5)__&;(5):I o
1d?P' - 1P
+§d—xz(é)(6é)2+gdx3 (ENSE) + -
R o
+10(E) - 0191+ Z (&) 0
1d*Q" - 1d%Q"
+3 52 OO+ 2= (008 + -,
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where i (/) is the index of the grid interval con-
taining &+ 0&(&). Because P(x) and Q(x) are
determined from the same interpolation scheme
they are either both continuous or both discon-
tinuous. Thus if P(&) = P/(), then Q(&) = Q/(&)
and the results of the previous section immediately
follow. Therefore, a nonzero Jdy(x) adds no new
criteria for correctness of a TLE.

In addition to having nonzero dy(x), a second
complication introduced by semi-Lagrangian
models over the interpolation process of the last
section is the relationship between the variation of
the point of interpolation and the variation of the
function. This relationship is a consequence of
advection and implies that 6 vary in space,
instead of being a constant, as was assumed in
Section 4. The ratio, R would then have its second-
order term multiplied by &, a spatially varying
function. In contrast, R2, would have its 1st-order
term divided by a spatially varying function. To
provide a specific example, dy(x) and 6¢ shall be
defined as follows:

oy(x)=cg(x),  6&=0.005¢8(X)/gmax>

where g,y is the maximum of |g(x)|, and c is the
perturbation amplitude which takes the values 1,
0.1, 0.01, 0.001. Note that because 6¢ changes sign,
the original interpolation points were placed at the
left (right) edge of the interval for x<0 (x>0).
Thus all perturbed interpolation points lie in adja-
cent intervals to the unperturbed ones except for
the one near x = 0. In this case, the linearization
error simplifies to

i _ J d i
Ez[%(f)—d—ri‘(f)} se+S2 (&) o
142p
+EF(5)((55)2, (30)

on retaining only terms of less than 3rd order in
perturbation quantities. In the previous section,
the function y(x)= —tan~'(10x) was used to
represent the process of frontogenesis. If the rate of
frontogenesis were in error, a perturbation might
resemble the second derivative of j(x) (Fig. 6) in
that the error would be zero away from the front
but large and of opposite sign on either side of the
front. Thus, for this case, we choose

2x

)= 00
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The perturbation function resembles y”(x) but is
reduced in amplitude by a factor of 1000.

Now when & varies in space but dy(x)=
plots of R2 (not shown) are visually identical to
those of Fig. 7 since the change in magnitude of ¢
as 0¢ decreases dominates the effect of spatial
variation of d¢. On the other hand, the spatial
variation of d¢, is seen in plots of R for the cubic
interpolation schemes since for those schemes, the
2nd-order term dominates.

When dy(x) is defined as above and when the
TLE is correct, we expect

Ex37"(£)(68)* +cg'(£) 6.

Now the ratio, R2 = E/(6¢)?, is not well behaved
at x =0, so a more appropriate quantity is

1 ~

0.00 3

(f)@

gmax
Then if the TLM is correct, R/c is independent of
perturbation amplitude, ¢, and all curves for
various ¢ will coincide. R/c is shown in Fig. 10.
The curves increase in magnitude for the linear
case, reflecting the first-order term which arises
due to the difference in first derivatives of P(x) at
£ Both splines have correct TLMs in this case
since all curves coincide but instead of reflecting
7"(x) as in Fig. 8, they reflect the dominant second
term of (30). Thus they modulate as y’(x) or a 3rd
derivative of y multiplied by the sign of 6. The
cubic Lagrange scheme has an incorrect TLE, with
the 2nd term of (30) dominating for ¢ small. All
of these results are in agreement with those of the
previous section. Thus, the addition of a nonzero
Jy(x) which is related to 6 only adds extra terms
to E, making ratios more difficult to identify, but
does not change the situations in which interpola-
tion schemes have correct or incorrect TLEs.

In reality, not all interpolation points can land
near grid points unless the velocity field is constant
and the time step results in a Courant number
which is an integer. Thus this experiment was
specifically designed to expose the spatial variation
of the linearization error. Experiments performed
with a semi-Lagrangian model of Burgers’ equa-
tion in a periodic domain reveal that, following
intuition, at most only a few trajectory calculations
will involve incorrect TLEs, for a given time step.
Thus the TLM is correct for most trajectories most
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Fig. 10. The spatial distribution of the ratio R/c for various interpolation schemes. The interpolation point is
2.5x107% Ax from the left (right) edge of each grid interval for x <0 (x >0). The solid, dash-dot, dash-dot-dot-dot
and dashed curves correspond to ¢=0.001, 0.01, 0.1, 1 respectively. The functions being interpolated are

y= —tan~!(10x) and dy = c¢2x/(1 + 100x2)%

of the time even when using interpolators that
have discontinuous first derivatives at meshpoints.
This was also noted by Li et al. (1993) and explains
the success of their 4DVAR experiments (Li et al.,
1993; 1994).

6. Discussion

While the analyses presented here have been
concerned with one-dimensional advection, it is
clear that the results obtained apply equally well to
the case of two or more dimensions. The general
principle remains the same: for infinitesimal varia-
tions, a continuous interpolator and the equality
of its derivatives normal to an interelemental face
is required for a correct TLE. For interpolators
which can be written as tensor products, the results
of our one-dimensional analyses are applicable to
each direction. For interpolators which cannot be

so written, the linearization error needs to be
calculated as above and numerical examples are
also necessary to determine the size of the first
order term in the event of an incorrect TLE.

Because the TLM obtained by differentiating
the nonlinear code is not always correct, it would
be useful if programs which generate adjoint code
such as ODYSSEE (Rostaing et al., 1993) or AMC
(Giering, 1993) would alert the user of a potential
difficulty. Using our example of interpolation, the
difficulty is recognized by the presence of a control
variable in the argument of a truncation function
for the case of uniform resolution. For variable
resolution grids, this statement would be replaced
by a search in which control variables appear in
the condition of an IF sequence. However, not all
IF statements having control variables in their
conditions would pose a problem, so it is not clear
whether such programs could automatically detect
potential linearization problems.
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Li etal (1993) suggest that linearizing semi-
Lagrangian schemes imposes an additional con-
straint on the time step. As we have shown, there
is no linearization condition which constrains a
perturbed interpolation point to lie in the same
grid interval as the unperturbed one. If it does lie
in a different grid interval, the TLE of the inter-
polation scheme may be incorrect and the range of
validity of the tangent linear hypothesis reduced.
However, this error is not catastrophic and can be
controlled by carefully choosing an interpolation
scheme. In fact, for infinitesimal perturbations
(such as those used by 4DVAR) an interpolator
need only have a continuous first derivative to be
always correct. For finite perturbations, the varia-
tion of the point of interpolation does depend on
the time step (Li et al., 1993, their eq. (3.6)) so that
a larger time steps results in a reduced range of
validity for a given TLM. However, the size of the
time step is dictated by the magnitude of gradients
in the flow (Appendix, Pudykiewicz et al., 1985) so
that only when the gradients of the perturbed flow
are significantly larger than those of the reference
flow will a further comstraint on the time step
result. Because applications employing TLMs
presume perturbations are small, such a restriction
will not likely occur. Indeed, Li et al. (1994) used
a time step of 30 minutes, a value commensurate
with time steps currently in use for integrations of
the global primitive equations, for their 4DVAR

experiments with a three-dimensional semi-
Lagrangian semi-implicit primitive equations
model.

The desire for a TLE which is correct in most
situations leads to the conclusion that schemes
possessing continuous first derivatives everywhere
are preferable. For example, the cubic spline,
deficient or otherwise, is preferable to the cubic
Lagrange scheme. By contrast, the issue of
accuracy of the nonlinear model points to the
equivalence of the cubic Lagrange and cubic spline
schemes, both being superior to the deficient cubic
spline. Thirdly, another consideration is the
parallelizability of the code (C6té and Thomas,
1994). In this respect, local schemes are preferred
to global ones so that the Lagrange polynomial
and deficient cubic spline schemes are preferred to
the cubic spline. Clearly these three issues of
accuracy of the nonlinear model, the correctness
and accuracy of the tangent linear model and
parallelizability are at odds with one another so
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that the best solution may compromise at least one
of these aspects. A possible compromise is the
deficient cubic spline using a more accurate
estimate of the first derivative than the one pre-
sented here. Such a scheme could be equivalent in
accuracy to the cubic spline for the nonlinear
model, produce a correct TLM in most cir-
cumstances and also be easily parallelizable.
However, its drawback would be the discontinuity
of the second derivative which might result in a
reduced range of validity of the TLM hypothesis.
Of course this speculation needs to be tested for a
realistic model and for realistic meteorological
cases. Nevertheless, it is now clear that when
numerical weather prediction models are being
designed, it is necessary to choose discretization
operators which are not only accurate, but which
lead to TLMs which are usually correct (and if not
correct are only slightly inaccurate) and code
which is parallelizable.

Finally, it is possible that the linearization error
which was determined here for a single time step
could accumulate in time for some meteorologi-
cally realistic conditions (such as that of a per-
sistent zonal wind). The size of this type of
accumulated error for varying interpolation
schemes is currently being investigated. Such an
accumulation of errors will be of particular
concern to applications using the TLM with finite
perturbations such as Kalman filtering, the
generation of perturbations, or 4DVAR in its
incremental incarnation (Courtier etal, 1994).
4DVAR in its “ideal” setting involves only
infinitesimal variations for which the continuity of
the first derivative of the interpolator determines
the correctness of its TLE. Because the TLM is
used to propagate increments in time in the
incremental approach, finite but small variations
are presumed. For finite variations, the TLE can
be incorrect even for those interpolation schemes
with continuous 1st derivatives. If such errors can
accumulate then the appropriateness of semi-
Lagrangian models to the incremental approach is
a valid concern.

7. Conclusions

In this work, we have examined the correctness
of tangent linear equations (TLEs) for general and
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specific piecewise interpolation schemes which
arise in the context of models that employ a
semi-Lagrangian treatment of advection. The
correctness of a TLM refers to the fact that the
linearization error (the difference between the
nonlinear and linear variations) is second order in
variations and this property can be objectively
ascertained for a given model. The validity of the
TLM hypothesis is ascertained when the ratio of
the linearization error to its linear part is small,
where “small” must necessarily be subjectively
determined. It was demonstrated that straight
differentiation of a nonlinear code does not
always lead to a TLM which is correct in all
circumstances.

The nondifferentiable aspect of the semi-
Lagrangian advection scheme was traced to the
interpolation process and the expressions for
linearization error were derived for various inter-
polation schemes as well as for the general case.
For infinitesimal variations, the general principle
is that the TLE is correct if and only if an inter-
polating function and its Ist derivative are con-
tinuous everywhere. The continuity of second and
higher order derivatives is irrelevant with respect
to the correctness of the TLE. However, the
validity of the tangent linear hypothesis depends
on the value of the 2nd derivative of the polyno-
mial appropriate for the perturbed point of
interpolation extrapolated to the original point of
interpolation. The better this extrapolation, the
larger the range of validity of the tangent linear
hypothesis. Thus higher-order interpolation
schemes will have a larger range of validity for the
TLE than lower order schemes and those with
correct TLE’s (continuous first derivatives) can
have an even greater range of validity. For finite
variations and piecewise interpolating functions,
the TLE is incorrect whenever the reference and
perturbed interpolation points lie in different grid
intervals. Again, higher order schemes provide a
larger range of perturbation magnitudes for which
the tangent linear hypothesis is valid.
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9. Appendix

Some examples of interpolation schemes

Various interpolation schemes may be obtained
from the scheme, (18), simply by choosing how the
y"s are calculated. Four examples are given below.

1. Linear interpolation.

yj=0, j=0,1,.,N. (31)

2. Cubic Lagrange polynomial interpolation
for a regular grid.

v _ i1 —2y;+ J’j+1’

= j=1l.,N—1

(32)

The linearization error for the case of variable
resolution cubic Lagrange interpolation is found
below.

3. Cubic spline interpolation. By enforcing
continuity of first derivatives at x; we have

hy " h+h 1 .» h; 1.
gjyj—l—*-%yj-i- ]6+ Yi+1

=yj+1_yj_yj_yj—l
o 7,

J

(33)

at interior points of the grid. Together with

boundary conditions, this system of equations can

be solved to simultaneously produce all y/s. For

an exposition on splines, see Ahlberg et al. (1967).
4. Deficient cubic spline interpolation.

Y-+ =8"(X(;-1)+)

’

Vi=Yier Vi1 S Vi
=6l Zizl_g42iml 5 Z) (34)
K2 hh
Yin-=8"(x-)
Vi=Vic1 A Vi1 4 V)
=6 izl il g ) 35
% n T4, (35)
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forj=1, .., N—1 where
S(x)=a*(2b+1) y;_, +b*2a+1) y,

+ h;[a%by_, —b%ay}].

The derivatives y; may be computed by any
method that ensures continuity at grid points but
here we shall use

' 1 Yiv+1—JYj Yi—Yi—1
yi= h.+ =L = ph. ,
’ hj+hj+1[ hyor b T

which for the case of a regular grid simplifies to

,=yj+1_yj—l

Vi by (36)

This case is also known as cubic Bessel inter-
polation (DeBoor, 1978). Note that because the
deficient spline possesses discontinuities in the
second derivative at grid points, we have explicitly
referred to left (j) ~ and right (j—1)™ derivatives
in (34) and (35).

By substituting the above forms for the second
derivatives (31) to (35), into (21) and assuming no
variations in y(x), we obtain the following errors
pertaining to Case 1:

- (37)
E,=%<“[yj__2l27zyzj;w}
s { L#Lﬂ] > (0¢y°

Eys=[a(=3y,_1+37,—2h;3;_—h; 7))

s = =1 = 66 2
+b(3yj_1—3y,+hjyj,1+2hjyj)] ™
7
_ _ ., ., LAY
+[2yj~1_2yj+hjyj+hjyj~]] — 1, (39)

h;

Tellus 48A (1996), 1

where the subscripts lin, ¢l and dcs refer to the
linear, cubic Lagrange and deficient cubic spline
interpolation schemes, respectively. Of course the
linearization error for the cubic spline is given by
(21). For the choice of y; given by (36), the error
of the deficient spline is

Edcs =3 h2

1[_J7j—2_2}7j—1+}7;
3 q———7>-—

T —2v. V.
+p U * y’“} (68

1 R
+§[(—d+b)h

x "fj—2+3J7j}—131*3)7j+ J7j+1:l (56)2

1| — vy, Vi 1 —3V.+ ¥,
+5[ Jrat My 3y’+y“’] (3¢)°. (40)

9.1. Variable resolution cubic Lagrange
interpolation

The cubic Lagrange interpolation scheme may
be expressed as (18) where

" ”
Ai U—D* —ijl U~

" = , 41
Yii-1n Aj_Bj—l (41)
(1_Bf—l)F?j)'_(l_A}')F(j—l)"

Ty = . (42)

Y Aj_ijl
() A
== 43
A; 3<2+ h ) (43)
1 h;_y
B,,,_3<1- 5 > (44)
" 2
D7 b+ by
Yiv1—=Y; Y,i—Vi—1
x - , (45)
[ hj+1 hf :I
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2

i+ h,

" _
F(j—l)*’

" " (46)

J

xl:yj"—yj—l_yjol_yj—Z].

Jj—1

Assuming no variations in y(x), the lineariza-
tion error for Case I where the perturbed and
unperturbed interpolation points lie in the same
grid interval, (21) becomes:

1 A,F{;_y+ — B, -
E.=-|a. JT =1 J—17 ()

(=B ) Pl =0 =A) Fl ] 5,02
+b|: J J J J (55)
! 4,— B,

1 ('j)——F{',-_l)+] 3
P E = F G (e
6[ h(4,—B, ;)

(47)

For Case 2, where the unperturbed interpolation
point lies on grid point x;_; and the perturbed
interpolation point lies in the interval [x;_», x;_),
the linearization error is

h h; 6

J j—1

s oy
Ed:[_y, Vv B, 2+_<hj_‘

B4 =D F -+ (=3B, 2+ 2) Fy

A,_,—B,_,
+h4(3Aj_1) (j—n++(=3B,_+ 1)F;'N>]
’ 4;— B,
><((5¢')—|~l
2

x[“ —B, o) Fiioy-—(1—4,) F;;_2,+]
A,_,—B,_,

7

X (38 +1

6[}: ](55). (48)

14,1 — B;_2)

It is easily verified that for the case of uniform
resolution, (47) and (48) reduce to (38) and (25),
respectively. Note that the TLM is correct for
Case 1 but incorrect for Case 2, as in the case of
uniform resolution.
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