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ABSTRACT 

A stability theorem for zonal flow through a channel bounded by zonally invariant 
topography is derived for semi-geostrophic (SG) dynamics. The stability theorem generalizes the 
quasi-geostrophic linear stability theorem of Charney and Stern. The SG stability theorem takes 
the form of a conservation law for a quadratic disturbance quantity whose sign-definiteness 
yields necessary and sufficient criteria for the basic flow to be stable. The disturbance quantity 
generalizes the linearized SG pseudomomentum wave activity for a rectangular channel derived 
by Kushner and Shepherd to a channel with more general topography. The conservation Jaw is 
obtained by direct manipulation of the SG equations after they have been transformed to isen­
tropic and geostrophic coordinates. The stability criteria depend on the basic state's meridional 
potential-vorticity gradients in the interior, and on the topographic slope and the shear of the 
basic-state velocity at bounding material surfaces, but do not depend on the form of the small­
amplitude disturbance. 

1. Introduction 

The purpose of this paper is to generalize one of 
the results of Kushner and Shepherd ( l 995a, here­
after referred to as KS 1; 1995b, hereafter referred 
to as KS2). In that study, we show how a body of 
quasi-geostrophic ( QG) theory, describing the 
evolution of disturbances to basic states, can 
be extended to semi-geostrophic (SG) dynamics, 
whose three-dimensional form was first set out by 
Hoskins (1975). The extension is achieved by 
deriving the pseudomomentum and pseudoenergy 
wave-activity invariants for the SG equations, and 
then by using the invariants to find linear and 
nonlinear stability theorems, small-amplitude and 
finite-amplitude local wave-activity conservation 
laws, and Eliassen-Palm (E-P) flux diagnostics 
for SG dynamics. (A "wave-activity" invariant is 
defined to be a conserved quantity that is second 
order in the amplitude of a disturbance to a 
basic state with some continuous symmetry. The 
"pseudomomentum" is the wave-activity invariant 
associated with the zonal symmetry of the system, 
and is defined with respect to a zonal basic state. 
The pseudomomentum for the SG equations is 
derived in KSl. The "pseudoenergy" is the wave­
activity invariant associated with the temporal 
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symmetry of the system, and is defined with respect 
to a steady basic state. The pseudoenergy for the 
SG equations is derived in KS2.) 

One of the principal results of KSl is a linear 
Charney-Stern stability theorem for SG dynamics. 
The theorem gives conditions under which a 
zonal flow in a zonally periodic channel bounded 
meridionally and vertically by flat walls is neces­
sarily stable. The theorem takes the form of a 
conservation law for a second-order disturbance 
quantity that, as a formal variational calculation 
reveals, is the linearized pseudomomentum for the 
system. Basic states for which the disturbance 
quantity is sign definite are necessarily stable. The 
stability criteria are similar to those of the classical 
theorem of Charney and Stern ( 1962) for perturba­
tions of normal-mode form. The theorem of KS 1 is 
expressed in terms of perturbations of arbitrary 
form and includes interior and boundary terms 
that at small Rossby number scale out of the QG 
theory. The theorem generalizes Magnusdottir and 
Schubert's ( 1990; hereafter referred to as MSc90) 
version of the SG Charney-Stern theorem, which 
includes boundary contributions only implicitly 
through a "massless layer" argument. 

In this paper, the SG Charney-Stern theorem of 
KS 1 is generalized to basic-state flow in a zonally 














