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ABSTRACT

Estimates of the number of degrees of freedom (dof) of the 700 hPa Northern Hemisphere
extratropical wintertime daily and time average circulation patterns are presented using two
statistical methods. In the first method, it is assumed that the distribution of the mean square
distances between the circulation patterns and the climate mean follows a y? distribution. The
number of dof of the best y fit to the empirical data is the most probable number of dof of the
circulation data. The other, newly developed hyperspheres method compares the local density
properties in the empirical data to density in independently and identically distributed (iid) nor-
mal distributions with different number of dof. The best fit, again, determines the most probable
number of dof for the observed data. Though the hyperspheres method uses the smallest scales
available in the data, just as the Grassberger-Procaccia method (GPM) and other “local” dimen-
sion estimation methods, it has distinct features. Most importantly, the GPM assumes that the
empirical data is unbounded and distributed uniformly in the multivariate space. In contrast, the
hyperspheres method, in accordance with many geophysical applications, assumes a bounded
distribution in which density is a strong function of distance from the mean. Additionally, the
hyperspheres method directly uses density information, that is neglected by GPM. The advan-
tages of the hyperspheres method as compared to GPM are: (1) no systematic negative bias is
present in the dof estimates; (2) the edge effect is eliminated; (3) no scaling is necessary. The
results from the two methods overlap, thus indicating that at the 10% significance level the
number of dof of the daily circulation data set is 24. This result pertains to a finite dataset in
which the definitional requirement for dynamical dimension that the scales measured go to zero
is not satisfied. We interpret our dof results as the dimension of a hypothetical subset of the
atmospheric circulation that governs the large scale motions. Since the database of this study
covers only part of the global atmosphere, the dimension of the whole atmosphere would be
larger than our estimate. Our qualitative dimension estimate for the global circulation (60-90)
refers to the minimum number of independent variables needed to model the large scale, low
frequency variability of the atmosphere. In the present study grid point values served to describe
the dynamical system of the atmosphere (spatial embedding, instead of time-delay or temporal
embedding.) An argument is made that due to weak coupling between remote processes,
estimates with temporal embedding measure only the dimension of a regional subset of the large-
scale global circulation.

1. Introduction
There have been an increasing number of studies

concerned with the dimensionality of atmospheric
motions. The motivation behind these studies is at
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least twofold. First, it is a theoretically interesting
question. Although, as Vautard and Ghil (1989)
noted, the assessment of the number of degrees of
freedom (dof) or independent dimensions is only a
first step in understanding the real complexity of a
problem, it is a challenge to researchers. Another
and more practical part of the motivation is
that, to perform certain statistical analyses or tests
(see, e.g., Livezey and Chen, 1983), an a priori
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knowledge of the number of independent variables
(or dof) in the data set in question is needed.

When one estimates the dimensionality of a
dynamical system such as the atmosphere, the
system can be represented by two types of data sets
(or by a combination of them.) First, the phase
space of a system can be described by different
variables measured at a sufficiently large number
of spatial locations of the system (spatial embed-
ding). Secondly, the phase space can be recon-
structed by time-delay or “temporal” embedding.
The theory behind temporal embedding (see, e.g.,
Takens, 1981) guarantees that the phase space of a
dynamical system (a system that can be repre-
sented by a finite number of coupled ordinary
differential equations) can be reconstructed, with
very few exceptions, from a single-state variable.
In this case, the full phase space of the system is
embedded into an n-dimensional space spanned by
the time series of an arbitrarily selected variable
and its n — 1 time lag sertes. Here » should be suf-
ficiently larger than D, the dimension of the system
(n>2D +1). The obvious advantage of temporal
embedding is that it does not require the knowl-
edge of many different variables to describe the
phase space of a system.

Notice that with either spatial or temporal
embedding, the system is described in an embed-
ding space whose number of variables # is higher
than the independent variables in the system itself.
In either case, once we have a full representation of
the system, we can attempt to estimate the dof
present in the actual data set. Throughout the
paper we will refer to these estimates, based on
limited observational data, as “dof”, in contrast to
“dimension” that is a property of the underlying
object, the dynamical system itself. As we will see
later it is not obvious if dof can be interpreted as
the dimesion of the underlying object or only as a
statistical property of the data set at hand.

There exist two groups of methods to estimate
the dof of data sets. In the estimation, the global
methods use information from all scales present in
the data set, while the “local” methods focus on
the smallest phase space scales present in the data.
The next two subsections offer a short review of the
basic methods and earlier results.

1.1. Global methods

Long before the theory about dynamical
systems and temporal embedding developed, the
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dof in atmospheric circulation data had been
estimated based on spatial embedding. Lorenz
(1969) studied daily NH extratropical circulation
data combined from three different levels of the
atmosphere. He computed a mean square type dis-
tance (msd, see eq. (5) below) between all possible
pairs of circulation patterns in his data base. He
assumed that the difference between two patterns
at each grid point follows a normal distribution.
Hence the averaged sum of the square of these
differences (msd) should follow a y? distribution.
Comparing the empirical distribution of msd’s
to 2 distributions with different dof, he got the
best fit at 44 dof, thus concluding that the above
data set has approximately that many dof. The
x* method described in Subsection 3.1 is a close
variant of Lorenz’ method. Fraedrich et al. (1994),
with a generalized version of this method, arrived
at dof estimates between 13 and 36 for midlatitude
NH unfiltered and low-pass filtered 1000 hPa
height data.

Livezey and Chen (1983), as a by-product of
their pioneering field significance study, presented
an estimate of 35 for the dof of the 700 hPa North-
ern Hemisphere wintertime monthly mean circu-
lation field. They also noted that the question of
spatial dof can be viewed similarly to that of an
integral time scale. Barnett and Preisendorfer
(1987) followed this idea when computing the
effective number of independent stations in their
United States surface temperature data set.

An approach somewhat similar to that of
Lorenz (1969) but based on pattern correlations
was proposed by Van den Dool (personal com-
munication, 1990). It uses a well known relation-
ship between the standard deviation (sd) of a
linear correlation and dof (see, e.g., Panofsky and
Brier, 1968):

sd = (dof —2) =12 (1)
Eq. (1) is valid if the correlation is normally
distributed with an expected value of 0. Horel
(1985) applied this method for pattern correlations
between daily 500 hPa extratropical NH height
data and found that the unfiltered data have 30-37
dof. When all wave numbers greater than 4 were
eliminated, the dof dropped to 21-27. Van den
Dool and Chervin (1986) studied outputs of the
Community Climate Model. They found that the
number of dof of monthly averaged 500 hPa
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(700 hPa) forecast height fields over the extra-
tropical NH is around 20-21 (18), while for the
whole globe it is 32-33. For observed wintertime
monthly mean 500 hPa height fields, their estimate
ranges between 14 and 27.

None of the above methods assessing the dof
gives indications of the real independent directions
in a data set at hand. By a principal component
analysis (PCA) we can determine the directions
which maximize the variance of the data. More-
over, as O’Lenic and Livezey (1988) showed, a
careful study of the principal components, with
different number of modes retained for rotation,
offers a tool for separating the noise from the
rest of the variance in the data. The number of
eigenvectors whose eigenvalues are statistically
distinguishable from the flat tail of the spectrum
(that is presumably associated with noise) can be
considered as another estimate of the dof. Studying
700 hPa low-pass filtered data, they concluded
that much of the meteorologically meaningful
variance can be reproduced by retaining only 13
eigenmodes for rotation. However, when inter-
preting and comparing their results to those from
other methods we have to note two differences.
First, the principal components explain a decreas-
ing amount of variance in the data with increasing
mode number while the other methods assume
that each independent variable has the same
variance. Consequently, in this respect pca (and,
to a lesser extent, rotated pca) gives an under-
estimation of dof defined in terms of independent
variables with equal variance. Secondly, pca (as
well as the correlation based method above) is
based on linear correlations. If there are nonlinear
connections between the variables, the dimension
estimate will not reflect these connections and
hence will be inflated.

1.2. Local methods

As we will see below, dynamical dimension is
defined in a limit sense, where the scales considered
in an object go to zero. Global methods that do
not differentiate among different scales are not the
best tools in this case, unless the structure of the
attractor does not change with different scales,
1.e., it is self-similar. In a general case, one needs
a method that enables us to evaluate dof with
respect to the smallest phase space scales available
in the observed data. The definitions and descrip-
tion below is given after Fraedrich (1986), Grass-
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berger and Procaccia (1983) and Henderson and
Wells (1988), wherein further references can be
found.

If we fill a geometrical object of a volume V by
a number N(L) of smaller “boxes” with sidelength
L, the volume of the object can be written as

V=Y LPo=N(L)L", )

N(L)

where D, is the dimension of the phase space
containing the object. The number of boxes needed
to fill the volume increases in proportion to the
inverse power D, of the sidelength. Theoretically,
by decreasing L one can assess the “box” or
“capacity” dimension of any system. As seen from
eq. (2), D, can be noninteger. If the object is a
description of a dynamical system, this would be
an indication that the- system, though deter-
ministic, has a chaotic behavior (as compared to a
system with integer D,, characterized by (quast)
periodic behavior). The next larger integer than D,
in (2) can be interpreted as the minimum number of
variables needed to describe the evolution of the
system in phase space.

The above box counting method, however,
converges very slowly. Therefore another method
has been suggested by Grassberger and Procaccia
(1983) to estimate the lower bound of dimen-
sionality, that is called “correlation dimension”
(D, or D,). This method is based on counting dis-
tances between randomly chosen pairs of points on
the attractor. Let us consider the number of pairs
N(I) within a critical distance /. In this case, if the
number of points (N) goes to infinity, then the
cumulative distribution function C(/), after it is
normalized by the total of N2 pairs, is:

lim 2 b,
C(l)—mN(l)/N ~ 1P 3)

As an example, consider data points homo-
geneously distributed on a line (2-dimensional
surface/3-dimensional volume). The number of
pairs closer than / grows linearly (quadratically/
cubically) with increasing /, or, in other words,
proportionally to / (/%/1%). In practice, both N and

-/ are limited by the finite observational samples.

Thus, one has to record C(/) as a function of /, and
D, is determined as the slope of / versus C(/) on a
logarithmic plot (scaling). This is an extrapolation,
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based on the assumption that the underlying frac-
tal is statistically self-similar, i.e., the attractor’s
structure is invartant with respect to decreasing
scales. It is shown in Grassberger and Procaccia
(1983) that the correlation dimension D derived
from (3) is closely related to, but never greater
than, the fractal dimension defined by (2).

The Grassberger-Procaccia method (GPM) has
been extensively applied to different data sets to
assess the dimension of the “climate” or “weather”
attractor. Almost exclusively, temporal embedding
is used in these studies. However, it is not clear
what the advantage is, if any, of using temporal
embedding when applied on atmospheric circula-
tion data (in contrast to paleoclimatic data where
spatial coverage is scarce. ) In this case a reliable set
of different variables with a good spatial resolution
can be used, as we saw earlier, for spatial (or a
combination of spatial and temporal) embedding.

Among the studies using temporal embedding,
we first refer to Fraedrich (1986, 1987), who
investigated daily sea level pressure, relative sun-
shine duration and NH zonal wavenumber five
amplitude series and after removing the interan-
nual variability and seasonal changes he found the
correlation dimension between three and seven.
Essex et al. (1987) studied 500 hPa height series at
nine nearby locations over Northern America.
Combining the nine data series they concluded
that the climate attractor has a correlation dimen-
sion less than 7. However, the authors were not
confident about the interpretation of their results;
whether the correlation dimension is a geographi-
cally local or global characteristic. Henderson and
Wells (1988), perhaps to avoid such a question,
investigated time series of the difference between
the zonally averaged 500 hPa height at 60°N and
30°N. However, their fractal dimension estimate
(6-7) is also for a geographically confined (and
spatially averaged) variable. Keppenne and Nicolis
(1989) studied 500 hPa height data series from
9 stations over Western Europe. Their correlation
dimension estimates for individual stations are
about 7-8. From this fact they concluded that the
9 time series “refer to a well-defined dynamical
system describing the short-term variability of the
Western European weather.” However, it is not
clear what are the exact geographical or other
specifications of such a hypothesized dynamical
system. Note that at other parts of the hemisphere
(Essex et al., 1987) similar estimates were derived.
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Some of the above and other related studies
received substantial criticism in the literature (see,
e.g., Ruelle, 1990), partly because of the limited
amount of data used. It suffices to say here that the
interpretation of dof and dimension estimates is a
question open to debate.

1.3. Open questions

One of the major issues addressed in the current
study is the apparent difference between dof
estimates from global versus local dimension
estimation techniques. The former estimates are in
the range of 13-44 while the latter in the range
of 3—-8. Two logical explanations offer themselves.
First, it is possible that the global methods, relying
mainly on medium and larger scales in the data
set, do not detect important connections present
among different variables in the data. If these
connections are present only at the smaller scales
in the phase space, the dof estimate from global
methods may result in much larger numbers than
those from local methods, which focus specifically
on the small scales. According to the second
possible explanation, the difference between the
two types of estimates may be a result of the
difference in embedding. All global method appli-
cations used spatial embedding while the local
applications used temporal embedding. However,
as Lorenz (1991) pointed out, in case of weakly
coupled variables, temporal embedding may result
in a spuriously low dimension estimate. To identify
which explanation has more relevance, we will
apply the same, global method (a variant of that
used by Lorenz, 1969, see Subsection 3.1) with
both temporal and spatial embedding.

Another major issue discussed in this paper
is some inherent limitations present in the GP
and related local methods. As Grassberger and
Procaccia (1983) showed, the correlation dimen-
sion defined by them gives an underestimation of
the real fractal dimension. We can easily show this
if we return to the example of randomly scattered
points on a line. In this case the number of points
in a certain interval is proportional to the length of
the interval only if the points are distributed
uniformly. If the data points are distributed, for
example, normally, the GP method will yield a
dimension smaller than one. This is because except
at the tails of-the distribution (i.e., outside the
two inflection points of the density curve), if we
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increase the length of the interval (/), the number
of points within the interval increases, on average,
slower than that expected from a linear relation-
ship. Since the majority of the points lies inside the
inflection points, the effect is a decrease in the
dimension estimate. In more than one dimension,
the effect of non-uniformity is similar, leading to
an underestimation of the true fractal dimension.

Other undesired consequences of finite and non-
uniformly distributed samples on GPM correla-
tion dimension estimates were noted, for example,
by Essex et al. (1987) and Henderson and Wells
(1988). When the counting of datapoint pairs
within a certain distance / is performed, the
correlation dimension can be interpreted point by
point. The different values for individual points are
later averaged to arrive at an integral correlation
dimension estimate. The first problem is that, no
matter what the statistical distribution of the data
is, the points on the “edge” of the distribution
may not yield dimension estimates representative
of the whole sample simply due to their marginal
location. (The higher the dimension, the greater
this effect will be.) A second point is that the
GP method requires the iterative application of
different / distance values (”scaling”) to count the
number of pairs of data points within that range.
In a non-uniform distribution the range of / yield-
ing assessable (non-zero and non-total) counts
may be very limited. To carry out the dimension
estimation it is sometimes necessary to exclude
some data points from the edges of the distribution
after a tedious analysis of the data (Essex et al,,
1987).

The problem arising from non-uniformly dis-
tributed observational data was recognized early
on. Partly to remedy this problem, Hentschel and
Procaccia (1983) and Grassberger (1983) intro-
duced a generalization of the correlation dimen-
sion (D,). As a further extension, Halsey et al.
(1986) proposed a “spectrum of scaling indices”,
that may give a fuller description of the multifrac-
tal nature of complex physical systems such as the
atmosphere. These methods assume the existence
and attempt to describe the extent of lacunarity
(ie., density “wholes”) within the data. However,
on the large scales in the multivariate phase space
the data is still assumed uniform and unbounded.
We will argue that it is this latter assumption
that prevents all GPM related methods from over-
coming the limitations (underestimation and
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problems related to the edge effect) discussed
above.

To alleviate some of the problems with GPM a
new local dimension estimation method will be
presented in Subsection 3.2. This method is based
on the assumption that the large scale distribution
of the data in the phase space is bounded and is
approximately iid multinormal. After describing
the data (Section 2) and methods (Section 3) used
in this study, we will apply both dimension estima-
tion methods to the same, spatially embedded
700 hPa extratropical NH circulation data (Sec-
tion 4). A discussion of the results and the conclu-
sions are presented in Sections 5 and 6, respectively.

2. Data and similarity measures

2.1. Data base

The dof of the wintertime circulation data will
be investigated here with both daily and time
averaged data. For the daily data, we averaged the
two analyses of NH 700 hPa height field compiled
at the National Meteorological Center (NMC) for
each day. Instead of the original 541-point grid,
the 358-point nearly equal area grid (designed by
Barnston and Livezey, 1987) was used. This grid
covers the NH poleward of 20°N, excluding some
areas over Africa and Eurasia. (When estimating
gradients the data over the North Pole were also
used.) To perform the statistical tests detailed in
the next section we need a temporally independent
data set. Hence in our data set, we conservatively
retained data only on every 20th day. The first case
in our set of 330 winter maps is 15 October 1949,
while the last case is 5 April 1982. Each map’s
spatial mean height value was removed from all
the original gridpoint height values and only the
anomalies from the map mean were kept. If z;
stands for the height at gridpoint i (i=1, ..., 358)
and at time point j (j=1, .., 330), then the map
anomaly is

- @)

The time averaged data are also represented by
map anomalies. This data set consists of time
averages of daily maps for “Quasi-Stationary
Periods” (QSP’s) for the same winters as above,
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as defined in Toth (1992). QSP’s have an average
duration of 13 days (with a range between 5 and
40 days). The average interval between QSP’s
is 7 days, spreading roughly from 1 to 15 days.
Since the series of 290 QSP maps from 33 winters
showed a slight indication for time dependence,
17 cases were removed (see the Appendix) to
remedy the problem. The remaining 273 tem-
porally independent time average maps were then
subjected to dof investigations. The motivation for
the use of time averaged data is primarily practical.
The dof estimates are used in a follow-up paper
(Toth, 1993) that analyzes the density properties
of the QSP (and also daily) circulation phase

. space.

It was shown earlier (Toth, 1991a, 1992) that
both daily and time averaged wintertime hemi-
spheric circulation patterns are distributed in
phase space approximately according to a multi-

normal distribution. This was found to be true,

however, only in a phase-average sense, when the
density information is expressed as a function of
distance from the climate mean (origin), computed
by averaging the density over all phase points
equidistant from the mean. In other words, the
radial distribution of the circulation data is
normal. We call this class of distributions “phase
averaged multinormal”. For a formal definition,
see eq. (7) in Subsection 3.1.

Note that phase averaged multinormality does
not exclude fractal-like behavior. The negative
effect of low density, lacunar areas on phase
average density may be offset by the positive effect
of dense areas situated at the same distance from
the mean as the lacunar areas but in other phase
directions. A true multinormal distribution is a
special case in this class where all marginal dis-
tributions are normal. As a major departure from
the GPM that assumes a uniform distribution in
the multivariate phase space, the multinormal
macro structure of the fractal of atmospheric cir-
culation will be reflected in the methods presented
in Section 3. We further note that phase-average
multinormality can be reproduced by identically
and independently distributed (iid) normal dis-
tributions. Such a distribution can be uniquely
defined by its mean, standard deviation and dof.
The former two parameters are easily estimated
from the data via traditional statistical methods
while the dof estimation is the subject of the next
section.

Z. TOTH

2.2. Circulation similarity measures

As in any other circulation study, we need to
define a distance function which measures the
similarity between two circulation maps. Based on
earlier results (Toth, 1991b) we chose two distance
functions. The first of them is the widely used Root
Mean Square Difference (RMSD):

?181 (ai,j_ai,l)2:|l/2

358 ©)

RMSD = [

The other is the Difference in Gradient of Height
(DGH) as a distance function:

?igl (Axai.j - Axai,l)z
+ (Ayai,j_ Aya“)z]l/z
358 ’

DGH=[ (6)

where A.a;; is the zonal and A,q;; is the
meridional gradient of the height field for each grid
point, estimated from grid-point height values.
RMSD and DGH will be used in parallel (where
applicable) in the statistical procedures. Though
the fractal dimension is invariant with respect to
choice of norm (e.g., Theiler, 1990), it will be
instructive to see whether this is true for our dof
estimates, based on finite data.

3. Statistical methods to estimate dof

The dof of the daily and time average data sets
will be estimated here by two partially independent
methods. Both methods are based on the assump-
tion that the data is from a multinormal distribu-
tion with identically and independently distributed
(iid) variables. As shown in the previous section,
this assumption was found to be true in a phase-
averaged sense. The first method considers the
cumulative frequency distribution of the data in
a global sense, while the second concentrates
on average local density characteristics. The first
method can also be a specific test of phase
averaged multinormality of the circulation data
(with a particular dof).

3.1. Cumulative frequency distribution
Let x,, x,, x5, ..., x,, be realizations of normally

distributed, independent variables with unit vari-
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ance and zero mean. Then the sum of the square of
the variables follows a yx? distribution:

P=xi+xi+xi+ - +x2, (7)

with m dof. We can standardize this y variable
by dividing it by the number of variables, thus
retaining only the information about the shape of
the distribution:

R R R R

:= . (8)
m

Now, consider another set of variables, the daily
(or time average) realizations of gridpoint height
data from eq. (4), a,;, a,;, a3, .., a, ;, Where
n =358, the number of gridpoints in our data set.
Let ¢c;=3 a; ;/N be the climate mean height value
at gridpoint i, where N is the total number of maps
in our data set. Then ca; ;= a; ; — ¢, is the anomaly
from the climate mean. If these anomalies, as
assumed earlier, follow a normal distribution with
approximately equal variance, then the sum of the
square of the variables, after standardizing their
variance (by dividing the sum by the square of
the standard deviation sd?, and, as earlier, by the
number of variables, n) should approximately
follow a “standardized” x? distribution:

2 2 2 2
Xz_cal_j+ca2,j+ca3,j+ - tca
s sd®n ’

)

with m dof (where m < n), thus providing a defi-
nition of dof. Consequently, if our assumption
about the multinormality of the circulation data
is correct, then the empirical distribution of the
standardized sum of squares in (9) for different
circulation patterns can be well approximated with
a standardized y? distribution.

It is worth saying that the numerator of (9) is
the square distance between a circulation pattern
and the climate mean; hence in this test we use
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eq. (5), without the square root function, to
measure distances in the phase space. (Note that
DGH in eq. (6) is not a root mean type function
and therefore cannot be employed in this test.) We
can now interpret the test as a way of checking
how the circulation patterns are distributed in the
phase space, in regard to their distance from the
climate mean (ie., in a phase-averaged sense). If
there are only a few independent variables, then
the majority of the circulation patterns will be
situated close to the mean (x> distributions with
only a few dof are very asymmetric). But if, on the
contrary, there are many independent variables in
the circulation data, then in a finite sample there
will be no circulation pattern close to the mean
at all since with increasing dof, the y* distribu-
tion assumes a more and more symmetric shape,
asymptotically approaching a normal distribution,
with a non-zero mean.

To check the goodness of x? fit to the experimen-
tal mean square distance data derived through (9)
we applied a standard y° test (see, e.g., Kendall
and Stuart, 1967). We opted for the use of non-
equally spaced classes so that the tails of the
distributions can be better resolved. For the whole
time-averaged data set, 10 classes were used with
hypothetical frequencies (from the x? distribution)
of 5%, 5%, 10%, 10%, 20%, 20%, 10%, 10%,
5%, 5%. For subsets of this data set, the number
of classes was reduced to eight by merging the two
pairs of 5% categories at the tails of the distribu-
tion. For the daily data set with 330 observations
but a higher dimensionality we used eight classes
with hypothetical frequencies of 5%, 5%, 15%,
25%,25%, 15%, 5%, 5%.

3.2. Local density properties

In this test, we assume again that the data, by
and large, follow a multinormal distribution and
the variables have approximately equal variance
(Step 1 in the flow diagram of Table 1). This is in

Table 1. Flow chart of the dof estimate method based on local density properties (see text for notation)

. Determine N, set k

. Determine g p2", qgu p2: " for different D

AN B W=

. Check whether the distribution of data is phase average multinormal
. Determine r?-¥(d) for different D, as a function of d

. Apply H2-¥(d) on real data; determine M 2-"(p) for different D
I PPN < M PM(p) < gigu PP, D is a dof estimate at the significance level used.
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contrast with GPM that implicitly assumes a
uniform distribution. Specifically, we will measure
the local density around each data point in
our dataset that has n> dof partially dependent
variables due to spatial embedding. The measured
density will then be compared to density in multi-
normally distributed data with different number of
iid variables (marked as D = dof ), whose variance
is equal to that in the observed data. In other
words, we will search for a multinormal distribu-
tion with D independent variables that can repro-
duce certain statistical properties (particularly,
local density) of the experimental data which have
n partially dependent variables. Since tables or
formulas for iid multinormal density are not
readily available, the test is carried out through the
use of randomly generated iid data (“surrogate”
data.)

Let a denote a circulation map in the phase
space that is populated with multinormally dis-
tributed data of sample size N and r,(a) denote the
distance of the k th closest neighbor from the point
a. In a statistical sense, r,(a) will depend on two
factors. The first of these factors is the dof present
in the data. It can be seen that the more dof
the data have, the fewer neighboring data points
there will be within a certain distance around any
particular data point in the phase space. This is
because, in a geometrical sense, there is more
“space” for the fixed number of data points to be
distributed in when there are more dimensions.
The other factor affecting r,(a) in an iid multi-
normal distribution is the distance of the data
point ¢ from the mean (d). Since the density in a
multinormal distribution decreases with increasing
d, r(a), an inverse measure of density, will
increase with d. B

The expected value of r.(a), i.e., the radius of a
hypersphere or ball containing & neighbors in iid
multinormal samples was determined by studying
randomly generated data for different D, N and k
parameters as a function of d, see Fig. 1. These
hyperspheres and their radii will be denoted by
H?%(d) and r2™(d), respectively. The r?~(d)
curves in Fig. 1 were defined for N=273 time
average circulation patterns (Step 2) using 100
samples of randomly generated multinormal data
for each value of D =13, .., 19. Each independent
variable in the generated data had the same
variance as the total variance in the multivariate
circulation data (measured by the second moment
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Fig. 1. Radius (in DGH distance) of hyperspheres
covering, on average, k =20 neighbors out of a sample
of N=273 data points, as determined for randomly
generated multinormal data with different dimensions
(D). The average distance of the cases from the theoreti-
cal mean of the sample is d = 58.60 (in DGH units), the
same as for the observed time average data set. For
further details, see text.

of the sample.) In each of the 100 experiments,
first the appropriate number of multivariate data
points (N=273) with D independent, normally
distributed variables were generated, then for each
data point a the distance from all other data points
was computed and recorded in increasing order,
r?¥a), .., r% (a). The radius data were com-
bined for all 100 samples (100 x 273 measure-
ments) and then grouped into 15-20 classes by d.
A spline interpolation based on the 15-20 average
values of r2-¥(a) (not shown in Fig. 1) was used to
obtain a continuous estimate of r"™V(d), Step 3.
The above procedure was repeated for generated
data with different D. Similar curves were defined
for daily data (changing N and the variance
accordingly) and also for subsamples of the time
average and daily data sets, using both DGH and
RMS distances.

Below, we will measure local density by the
number of neighbors (p) contained in the hyper-
spheres H 2-¥(d). Note that in any phase averaged
multinormal data set, whose true dofis D, = D, the
expected value of the number of points p (E(p))
contained in any H2%(d) is, by definition, k.
Similarly if D,# D, E(p) # k. In practice, we can
only estimate E(p) through the mean over a
sample of points a, M(p). Even if D,=D, M(p)
will fluctuate around E(p)=k due to sampling
fluctuations. This fluctuation was quantified in
the following way. 100 random samples were
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generated again with a particular D,. Hyper-
spheres with radius r2"(d), where D= D, is the
dimension of the generated data, were drawn
around each data point a. M(p) was determined
as the arithmetic average of p for each sample.
Then the M(p) values were arranged in increasing
order, M(p), ..., M,o0(p). Since D=D,, 4o p~ =
My(p) and g, p7™ = Mys(p) are the lower and
upper levels of M(p), respectively, that are statisti-
cally significantly different from E(p) = k at, in this
example, the 5% significance level (Step 4).

Having determined rP™(d) and g, p2",
sigu p2-7, the actual test of the dimension of a data
set is as follows. We fit H2™(d) hyperspheres
around each datapoint in the observed sample.
Recall that these hypersheres cover a fixed number
of neighbors (k) in iid multinormal data. We will
determine the average number of points, M 2-¥(p),
covered by the same hypersheres but now in the
observed data whose embedding dimension is
n> D (where n is the number of gridpoints in the
data): Step 5. 1f siglpf,N< ME‘N(.D) < sigu pf,N’
ie, M2¥(p)is close to k, then D is an estimate of
the dof in the data set at a particular statistical
significance level (Step 6). If M 2™ (p) is out of the
range of the above unequality, we change D and
repeat the test. This envolves the use of larger or
smaller hyperspheres (see Fig. 1) that cover the
same number of neighbors but in an iid multi-
normal distribution that has a different D. The
above procedure allows only to determine the
intrinsic dimension (Theiler, 1990), since it results,
depending on the significance level chosen, in an
integer number (or a range of integers) as a dof
estimate. This is to be compared to many other
methods that seek to determine dimension as
accurately as possible. However, as we will see
later, the statistical uncertainty due to the limited
data precludes a more accurate estimate anyway.

In the next section the dof results will be
reported with k& =20 for the whole daily and time
average data sets and with k = 10 for subsamples
of the whole data sets. Experimental estimates (not
shown) in the k=5 —20 hypersphere size range
confirmed all the major results to be shown. This is
an indication that the self similarity assumption
holds well. It means that the structure and dimen-
sion of the fractal does not change with decreasing
scales in the phase space, at least in this size range
(60m and up for daily data in RMS distance
sense.)

Tellus 47A (1995), 4

465

3.3. New aspects of the hypersphere method

During the past 15 years, surrogate data have
been used in several studies to test nonlinearity in
univariate time series (see, Theiler et al, 1992).
The new aspect of the hyperspheres method
described above is that it uses multivariate (and
not univariate) randomly generated surrogate
data. As discussed below, this feature facilitates a
direct estimation of dof (or dimension), elimi-
nating the need for the indirect method through
scaling, used in all GPM and related studies.

The hyperspheres method, despite the apparent
similarities, is different from all GPM type
algorithms, including the g-point correlation
dimension method (Grassberger, 1983) and the
k-nearest-neighbor algorithms (Badii and Politi,
1985). The differences stem from the difference in
the assumption about the macro structure of the
underlying fractal. Both the correlation and the
nearest-neighbor methods assume that the points
on the attractor are distributed uniformly in the
multivariate space and are consequently unbounded.
In contrast, our assumption is that the distribution
is iid multinormal and the density strongly depends
on the distance from the mean (d).

The assumption of uniformity is unrealistic in
most geophysical applications since the variables
are clearly confined to a particular range in the
phase space. Using a uniform assumption that is
not compatible with the observed data leads to
problems in the GPM called “edge” effect and
limited scaling range (see Subsection 1.2) The net
result is an underestimation of dof (and fractal
dimension) with GPM. Note that the hyper-
spheres method overcomes all the problems that
are connected with the edge effect and limited
scaling range by assuming a bounded distribution
and making the hypesphere radii, r2-*(d), a func-
tion of location (d).

It is important to mention here that the different
estimates regarding the minimum number of data
points needed for a reliable dimension estimate
(Smith, 1988; Ruelle, 1990) are, to a large extent,
a reflection of the problems related to the edge
effect. Since the hyperspheres method does not
suffer from the same problem, these significance
estimates are not pertinent to our results, which
are without major bias. We note again here that
the spectrum of generalized dimensions (D,)
attempts to measure only the extent of lacunarity
present in the data. And since the assumption
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about the uniform macro-structure of the data is
unchanged, the edge effect and other problems
associated with GPM equally affect the whole
spectrum of D’s.

The other major difference between the hyper-
spheres method and the GP related methods is in
the use of density information. This very important
information (along with the sample size V) is basi-
cally ignored by the GP and related methods. For
this reason, the methods have to involve scaling,
ie., iteratively changing either a distance or mass
value in order to arrive at a dof estimate. In
contrast, no scaling or iteration is needed in the
hyperspheres method which can yield a valid dof
estimate with a single application of the algorithm.
This is an indication of the power of the current
method, which is realized by measuring density at
a given sample size N. The above differences also
explain why much larger number of dof can be
reliably estimated by the hyperspheres method, as
compared to the GPM.

The hyperspheres method has been tested and
its results compared to GPM estimates in simulated
data studies with known dof. For example, dof
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could be ascertained accurately with 24-dimen-
sional iid normal or uniform, randomly generated
data (white noise), with only 400 datapoints.
GPM estimates, as expected with this small data-
set, resulted in serious (20-40 % ) underestimates.

4. Results

The results of the two statistical methods to
assess the dof of the daily and time average,
spatially embedded circulation data sets and sub-
samples of them are summarized in Table 2. Since
the method based on the frequency distribution of
circulation patterns (hereafter referred to as the y?2
method) offers not only a way to assess dof but
also to test the assumption that the investigated
data come from a phase avegraged multinormal dis-
tribution, results will be first presented from this
method.

4.1. x* method

As indicated earlier, only the mean square dis-
tance (MSD), a version of RMSD, was applied
as a distance function in this method. It can be
seen from Table 2 that the assumption of phase

Table 2. Estimate of independent degrees of freedom of 700 hPa extratropical NH wintertime data sets

Distance function:

Statistical
Dataset/ significance MSE MSE DGH
time period level (%) method: x? hyperspheres hyperspheres
Time Averaged Data
all 5 10-14 13-14 16-17
10 11-14 14 16-17
1st half 5 10-12 12-14 16*
2nd half 5 9-24 13-14 17*
Daily data
all 5 23-~34 22-24 33-37
10 24—~ 33 23-24 34-36
1st half 5 NT 21-23 confirms
2nd half 5 NT 22-25 MSE results*
Ist 11 years NT lowest dimensionality*
2nd 11 years NT higher and approx. equal dimensionality*
3rd 11 years NT

The daily data set contains 330 data points (maps), while

the time average data set consists of 273 temporally inde-

pendent cases. NT indicates cases where no test was performed. An asterisk shows cases where no thorough statistical
test was performed. Numbers in bold show the estimate of dimension at the 10% level for the time average and daily
data set, using MSE distance function. For further details, see text.
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averaged multinormality cannot be rejected for
any of the tested data sets at the 5% or even at the
10% significance level. The tests also indicate the
range of possible dof values for each data set. For
time average data, this is between 11 and 14 at the
10% significance level. For daily data the tests
indicate a much higher number of dof, in the range
of 24-33. As an example, in Fig. 2 the fit by a
standardized y? distribution with 27 dof (the
optimal fit in this test) to the empirical frequency
values of daily circulation patterns is shown. Note
that the fit is quite acceptable even at the tails of
the distribution.

We also applied the x* method with temporal
embedding. Points 10° longitude apart along 50°N
were selected individually for this test. The data
was sampled and time shifted (delayed) every day.
In addition, just as in, e.g., Fraedrich (1986) the
seasonal cycle from the data was removed in these
experiments. The total number of datapoints was
N =5000. For the majority of the geographical
locations along 50°N we found that there is a
plateau in the dof estimates as n, the embedding
dimension, is increased. This plateau is typically
around the range of 25 <n < 30 and is associated
with dof estimates between 7 and 13, the most fre-
quent value being 9. The difference between the dof
estimates with spatial and temporal embedding
will be discussed in Section 5.

4.2. Hyperspheres method

The other method, that considers the local
density characteristics of the distribution averaged

1
[%] Empirical

frequencies

Il Theoretical
frequencies

Empirical / theoretical frequencies
o5888823888

T25 175 17.5 31.5 6.5 BL5 925 915

Classes (with midpoint percentages)

Fig. 2. Empirical frequency distribution of N = 330 daily
circulation patterns with respect to their distance from
the climate mean (d). The classes were defined according
to the 5%, 10%, 25%, 50%, 75%, 90% and 95%
theoretical expectation from a x? distribution with 27
degrees of freedom. The expected values are also shown.
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over all cases (hyperspheres method), was applied
with spatial embedding only. In this method, two
different distance functions, RMSD and DGH,
were used. Let us first examine the results with
RMSD, the same distance function as used in the
i test. If both statistical tests are reliable and the
underlying attractor is statistically self-similar, at
least on the large scales present in the data, we can
expect that the range of possible dof obtained by
the two methods overlap (and perhaps further
narrow the range of dof). As we can see from
Table 2 this is the case; the overlap between the
results from the two methods also substantiates
the credibility of both methods. Looking first at
the time average data set, at the 10% level the
possible range of dof for the whole sample reduces
to one number (14) in the integer domain when the
results from the two methods are compared. The
same is true for the first 17 winters of the same data
set (12 dof) at the 5% level. (Results for the 10%
level for subsamples are omitted from Table 2
since they are very close to those at the 5% level.)
For the 16 winters from the second half of the time
average data set the dof estimate is 13-14 at the
5% (and also at the 10%) level.

As to the daily data set, the comparison of the
results from the two methods yields 24 as an
estimate for dof at the 10% level. (At the 5% level
the estimate would be 23-24). Looking at sub-
samples of this data set the first half (and especially
the first 11 winters) of the data set has fewer dof
(21-23) than the rest of the data (22-25). This
result is in line with dof estimates for time average
data (12 versus 13—-14 dof for the first and second
half of the data set). Note also that the hyper-
spheres method, as could be expected from the
powerful characteristics of this test (see the second
to last paragraph in Section 3), in every case gives
a narrower range of estimates for dof in the tested
data sets.

When the distance function used in the hyper-
spheres method is the distance in the gradient of
height, higher numbers of dof are detected than
when RMSD is applied. When comparing the
gradients of the height fields instead of the height
fields themselves, the method yields 2—4 extra dof
in the time average data set and more than 10 extra
dof in the daily data set. This is because successive
derivatives of an original pattern possess progres-
sively smaller integral spatial scales.

Another point to note is that the DGH hyper-
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spheres method confirms earlier (RMSD hyper-
spheres and MSD x?) results that the second half
of both daily and time average data sets has more
dof than the first half. Namias (1980) noted
an increased variability in the 1000-700 hPa
hemispheric thickness field after 1962. Analyzing
500 hPa hemispheric monthly mean maps Knox
et al. (1988) found that a possible climatic “jump”
occurred in 1962 after which, among other things,
the higher frequency variability increased in the
data series. Unfortunately, both studies mentioned
above are based on NMC height analysis. Hence
the possibility that the statistical results stem from
a considerable change in the analysis technique
(see, Knox et al., 1988) cannot be ruled out until
the data will be reanalyzed (Kalnay et al., 1993.)

5. Discussion

The number of dof in a dataset is not necessarily
the dimension of the underlying object. This is
because, among other things, the fractal dimension
is defined in a limit sense, as the scales in the
attractor go to zero. Evidently this requirement
cannot be fulfilled with any finite dataset so some
extrapolation is necessary to conclude regarding
the dimension of an object based on observed
data. This is a common problem that all dimension
estimation methods and studies face. The extra-
polation to infinitesimal scales can be made only if
the attractor is self similar, i.e., its behavior and
properties do not change as we go from the scales
measured to the infinitesimally small scales.

The fact that the global y* method, that uses all
scales including the largest in the attractor, and
the local hyperspheres method, that uses only the
smallest scales available, give overlapping dof
estimates suggest that self similarity, at least over
the scales present in the data, is not violated
seriously. This notion is corroborated by experi-
ments with the hyperspheres method where the
scales considered were varied, without any effect
on the major results. However, these observations
do not give substantial ground for an extrapola-
tion of the results to infinitesimal scales. This is
especially true if we consider that there is a very
wide range of physical and dynamical processes
operating in the atmosphere. At this point one
cannot exclude the possibility that at very small
scales in the attractor processes that are negligible
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on the scales that we can measure with our current
data sets would become dominant. This would
obviously render our dof estimates useless in
assessing the fractal dimension of the atmosphere.

Since the large scales in the attractor available
to us resolve only the large scale atmospheric cir-
culation, we are inclined to follow Pierrehumbert
(1991) and interpret the dof estimates as the
dimension of a hypothetical subsystem of the atmo-
sphere that governs the large scale flow. Our
general circulation models of the atmosphere
could be considered as prototypes of this hypo-
thesized subsystem of the atmosphere. These
models do not resolve small-scale motions nor
numerous physical processes explicitely. These
unresolved processes could actually be considered
as miriads of subsystems that are largely inde-
pendent from each other but interact with the large
scale flow. The effect of these unresolved systems is
included in large scale models only in a statistical
(but usually not stochastic) sense.

Beyond self similarity, there are three more
questions we have to raise about the results. The
first is about the assumption of iid multinormality.
Controlled experiments with the hyperspheres
method, where the dof of iid randomly generated
data, that is uniformly distributed over an interval
(and not normally, as the method assumes), was
estimated without significant error, suggests that
the exact shape of the univariate distribution of
variables may not have a substantial impact if the
dimension is large. Recall that the GPM assumes
an unbounded uniform distribution in the multi-
variate space. The major advantage of the hyper-
sphere method in high dimensions is that the iid
normal assumption leads to a bounded distribution
assumption in the multivariate space; and what
univariate distribution we assume may have little
impact on the multivariate distribution when dof'is
high.

The second question we raise is about the
quality of data. The geopotential height data used
in this study contain noise due to measurement
inaccuracy and analysis errors. The size of noise in
instantaneous analysis (<20 m in an rms sense,
Daley and Mayer, 1986; Kalnay et al., 1993), how-
ever, is certainly much below the size of the smallest
scales of the attractor studied here (>50m).
Consequently, our dof estimates are not affected
directly by the noise present in the data (Ben-
Mizracht et al., 1984).
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The third question concerns embedding. Our
data set, which is one of the longest series of upper
air data, covers only the extratropical NH 700 hPa
height level. If we are concerned with the whole
atmosphere, then neither our horizontal nor verti-
cal data coverage is complete, not to mention the
lack of variables other than height.

Short of complete data coverage, one can only
speculate what dimension the global, three dimen-
sional large scale atmospheric circulation might
have. Since the current data set spans only a subset
of the full attractor, the large-scale atmospheric
circulation must have more dimensions than our
estimate indicates; the author’s guess is some-
where between 60 and 90. This is in the range of
Pierrehumbert’s (1991) qualitative estimate that
has an upper bound of 100. However, even our
quantitative estimate for a subsystem, the spatially
embedded 700 hPa circulation (23-26), is far
beyond the range of estimates based purely on
temporal embedding (3-8).

It has been indicated above that the assumption
of self similarity holds for the scales present in our
data set. So the large difference between the global
(with spatial embedding) and local (with temporal
embedding) dof estimates cannot be explained by
the difference in the scales these methods consider.
The application of the y*> method with spatial and
temporal embedding resulted in a similarly large
difference in dof. This suggests that the likely
explanation for resolving the difference must
envolve embedding. This conjecture is corro-
borated by Pierrehumbert’s (1991) results. He
studied the dof of NH 500 hPa data with a unique
combination of spatial and temporal embedding.
His GPM dimension estimates are between 20 and
40, clearly in the range of earlier studies using
spatial embedding.

To resolve the apparent dichotomy in the
results, we follow the lead of Fraedrich (1986) and
Tsonis and Elsner (1989) who, in different terms,
suggested that the atmosphere is a loosely coupled
set of lower-dimensional, regional subsystems.
This conceptual framework is also related to the
fact that for finite global circulation data, different
norms are not equivalent, as shown experimentally
for RMS and DGH in this study and theoretically
for function spaces (in case of streamfunction and
vorticity) in Pierrehumbert (1991).

Lorenz (1991) also pointed out that statistical
self similarity may not be true for real life, complex
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systems. The fine structure of an attractor may
indeed be different from its macro structure due to
differences in the strength of coupling (or due
to the difference among the physical processes
operating at various scales.) As he showed, this, in
case of temporal embedding, may lead to estimates
that reflect the dimension of a subsystem and not
the whole system.

According to this interpretation, dynamical
dimension estimates based on limited data with
temporal embedding (in the range of 3—8) will refer
to the dimension of an area around the sample
location, considered naturally with decreasing
weights as the distance from the location increases.
These hypothetical regional circulation regimes
are not necessarily defined by fixed geographical
boundaries. Rather, they manifest themselves by
our sampling of the atmosphere at certain loca-
tions.

The dimension of hemispheric circulation data,
as determined in different studies with spatial
embedding to be in the range of 13—44, can be
interpreted as a sum of the dimension of such
partially overlapping and partially independent
(and only loosely coupled) regions or subsystems.
Different methods applied to study the spatial
correlation characteristics of the circulation (e.g.,
Wallace and Gutzler, 1981 and Barnston and
Livezey, 1987) also reveal that a great portion of
the variance in the atmosphere is, indeed, related
to regional patterns of a characteristic size of a
quarter or third of the hemisphere. To avoid
possible misinterpretation of dimension estimates
based on temporal embedding, spatial embedding
of the phase space (where the scope of the area
studied is well controlled by the investigator),
where feasible, is also necessary.

6. Conclusions

We presented a new dimension estimation
method what we call hyperspheres method. This
method focuses on the smallest scales available in
a dataset and hence can be called local, just like
the Grassberger-Procaccia algorithm and related
methods, as opposed to global methods that con-
sider all scales in the attractor. Nevertheless, the
hyperspheres method differs from the GPM and
related methods in three important aspects. First,
the GPM assumes that the data at hand follows a
uniform, unbounded distribution in the multivariate
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phase space. Our method, in contrast, assumes
that the data follows, in each independent direc-
tion, an identical normal distribution. This results
in an assumption of a bounded distribution in
the multivariate space with an expected density
strongly dependent on distance from the overall
mean of the distribution.

The emphasis here is on the boundedness of the
data. Geophysical data is often bounded and can
be described vaguely by an iid normal distribution.
The hyperspheres method actually attempts to find
the dof of the iid normal distribution that can
describe the local density properties of the sample
at a preselected statistical significance level. And
here lies the second major difference of the hyper-
spheres method from the GPM: it uses the essen-
tial information of density explicitly. As a conse-
quence, no scaling is necessary in the hyperspheres
method which can yield a valid estimate with one
application of the method. The estimation is
actually based on the use of randomly generated
multivariate (surrogate) data which constitutes the
third important difference from GPM applications.

As a consequence of these differences, the hyper-
spheres method avoids some problems common
to all GPM real data applications. Namely, as
was demonstrated in controlled experiments, the
hyperspheres method results in accurate dof
estimates without a negative bias (that bias is due
to the false uniform distribution assumption in
GPM), even when dof is high. Furthermore, it
avoids all problems related to the infamous “edge
effect” (that is due to the unbounded distribution
assumption in GPM.) In addition, the problem of
limited scaling region (that is also a consequence
that GPM assumes a uniform, unbounded distri-
bution) is also solved since the distances (or scales)
used in the hyperspheres method depend on
distance from the mean of the distribution. And
finally, the hyperspheres method provides a clear
basis for the evaluation of the statistical signi-
ficance of the results.

The number of degrees of freedom in 700 hPa
Northern Hemisphere circulation data was esti-
mated, beyond the hyperspheres method, by a
global (x?) method similar to that used by Lorenz
(1969). Results from spatial embedding (where
NH grid point values serve as embedding vari-
ables) was also compared to those with temporal
(or time delay) embedding, using the y? method.
The possible implications of data quality, statisti-
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cal assumptions and embedding for the results
were also discussed.
The main results of the study are as follows.

(1) It was found that dof estimates from the
global and local methods overlap. This indicates
that the data set exhibits similar characteristics
on the different scales in the attractor, ie., self
similarity is not violated over the scales available
in the dataset.

(2) The application of the y* method with
spatial and temporal embedding duplicated the
large difference in dof found in earlier studies using
temporal embedding with local methods (3-8
dofs) and spatial embedding with global methods
(13-44 dofs.) This indicates, along with point 1
above, that the large difference between the two
groups of studies may be a consequence of dif-
ference in embedding and not in the length of
scales considered.

(3) The dof estimate of the daily data set
(dof =24) was tentatively interpreted as the
dimension of a hypothetical subsystem of the
atmosphere that govern the evolution of the large
scale flow. Large-scale numerical models of the
atmosphere can be considered as examples of such
systems.

(4) Dof results with temporal embedding can
be interpreted as dimension of geographically
confined subsystems within the subsystem of large-
scale circulation. These regional systems are only
loosely coupled and as far as they can be con-
sidered independent from each other, their dimen-
sions can be added up to arrive at the dimension of
the large scale global circulation.

(5) The estimate of the dimension of the atmo-
sphere as a whole seems elusive since no ground
is evident on which an extrapolation from the
relatively large-scales available in observational
records could be made to the infinitesimally small
phase space scales, required by definition.
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8. Appendix

Eliminating time dependence from a series of
circulation patterns

The idea behind the statistical test applied to
check the time dependence present in the series of
290 time average maps (see Subsection 2.1) is the
following. If there is no time dependence in the
series then the average of the one time step dis-
tances between maps should be approximately
the same as the average distance between maps
selected randomly from the same period (445 days)
of the year. So first the average of one time step
distances was calculated for the whole data series
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excluding the lags from the end of one winter
season to the beginning of the next (average of
256 RMSD or DGH values). A similar average
was computed for the same 256 cases but now
using distances between each circulation map and
a randomly chosen map from any other year (but
from the same season), instead of using distances
between successive maps. This random experiment
was repeated 100 times, resulting in a series of
random average distance values. Since the average
distance for one time step lags for the original data
series ranked second in the ordered series of 100
average random distances, the null hypothesis of
time independence was rejected at the 5% level.

To eliminate time dependence we removed some
maps from the original series. This was done, after
experimenting with the parameters of the method,
in the following way. For each circulation pattern
in the data series we determined the 5 closest
patterns in the rest of the data set. If the successive
circulation pattern was found among the 5 closest
patterns, it was considered a redundant element in
the data series and consequently was removed.
Altogether 17 circulation patterns were thus
removed. The average one-time-step distance for
the resulting 273 element data series ranked as
135th in the ordered series of 1000 random average
distances. Therefore the null hypothesis of time
independence for this reduced time series was not
rejected at the 10% (or any lower) significance
level. The 273 time average circulation maps were
then used to determine and test the number of
degrees of freedom in the data.
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