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ABSTRACT

A method of analyzing the divergent part of the marine boundary layer flow is presented in the
context of two-dimensional statistical interpolation. Instead of assuming geostrophic balance of
observed minus background differences, a linearized Ekman balance is assumed. This results in
correlation functions that are rotated with respect to the geostrophic correlation functions by a
turning angle that is precisely the difference between the actual and geostrophic wind at mean
sea level. The turning angle is also related to the degree to which divergent flow due to friction
is analyzed; the larger the turning angle, the larger the extent of the analysis of divergent flow.
Case studies comparing geostrophic and ageostrophic analyses show that changes to the
pressure field occur when the turning angle is large and wind observations are sufficiently dense.
Ageostrophic analyses are shown to contain divergent analysis increments and consequently,

realistic wind analysis increments result.

1. Introduction

The aim of this work is to develop a method
of analyzing the divergent component of marine
boundary layer winds. Two primary factors
motivate this research. (i) Since wind stress is the
primary force driving ocean wave models, accu-
rate representation of near surface winds over the
ocean is needed for accurate forecasts of wave
heights. Current operational objective analyses of
marine winds are considered inadequate for these
purposes by wave modelers (Cardone, 1992). Since
surface winds are well correlated with surface
geostrophic winds over the ocean only for periods
longer than 4 days (Marsden, 1987), it is clear that
a geostrophic wind analysis will not adequately
analyze the high frequency part of the signal
The fact that analyses are typically derived from
geostrophically balanced corrections to model
trial fields may contribute to the inadequacy of
marine wind analyses. (ii) With the recent launch
of the ERS-1 satellite, scatterometer winds have
become available to the data assimilation com-
munity. Since this data is available at high density
(25 km), it is important to be able to analyze the
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mesoscale as well as the synoptic scale part of the
flow in order to make “optimal” use of the data.
Mesoscale flow is less quasi-non-divergent than is
large scale flow so mesoscale analyses will require
an adequate depiction of the divergent part of the
flow. Early attempts to assimilate SEASAT-A scat-
terometer data were not encouraging (Baker et al.,
1984; Duffy etal, 1984; Yu and MacPherson,
1984; Anderson et al., 1987; Ingleby and Bromley,
1991) but all of these studies required some form of
balance between the rotational wind and the
geopotential increments.

As a first step to considering the full three
dimensional analysis problem, we focus upon the
problem of assimilating marine wind data into
two dimensional mean sea level analyses. Such
analyses serve not only as input for wave models
but also as a resource for meteorologists issuing a
forecast. Currently, such analyses are performed at
the Canadian Meteorological Centre (hereafter
CMC) using a multivariate statistical interpola-
tion scheme (see Mitchell etal., 1993; 1990 for
details). In what follows, the statistical interpola-
tion scheme shall provide the context within which
we consider the problem of analyzing near surface
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marine winds. We relate this problem to the
general problem of analyzing divergent flow first
addressed by Daley (1985).

The paper is organized as follows: in Section 2
we derive a linear balance that includes a represen-
tation of friction. The impact of this balance on the
form of the correlation functions is discussed in
Section 3. Section 4 demonstrates that the Ekman
analysis scheme presented in the previous section
permits a locally varying analysis of the divergent
wind. We then perform case studies comparing
geostrophic and Ekman analyses (Section 5). The
results are discussed in Section 6 and summarized
in Section 7.

2. A representation of surface wind in terms of
geostrophic wind

In this section, we present the physical context
that motivates the analysis of divergence.

Consider the schematic representation of a
boundary layer presented in Fig. 1. There are two
layers within the boundary layer but the numerical
weather prediction (hereafter NWP) model of
CMC resolves explicitly only the upper layer. The
surface layer, defined as a layer of constant fluxes
(heat, momentum and moisture), exists below the
model’s lowest level. The top of the surface layer is
assumed to correspond to the model’s o =1 level,
1e., at the anemometer level. (In fact, the model’s
lowest level is well above the surface layer (see
Delage, 1988a; 1988b) but for diagnostic purposes,
winds and thermodynamic fields are output at

\_’/\ P = 850 mb

’_\_’/ z=P
Planetary Boundary Layer
z=1,
Surface Layer
z=0

Fig. 1. Schematic diagram of assimilating model bound-
ary layer. The lowest surface is the ocean. Above this is
the anemometer level, then the top of the mixed layer and
an 850 mb pressure surface.
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10m and 2 m respectively. Thus we may assume
that =1 corresponds to the top of the surface
layer.)

Because geostrophic balance of the analysis
increments is less reasonable in the PBL than in
the free atmosphere, we shall assume an Ekman or
antitriptic balance (e.g., Schafer and Doswell,
1980) through the planetary boundary layer (here-
after referring to only the upper layer and hereafter
called PBL). That is, following Baker et al. (1987),
we assume a three way balance between pressure
gradient, Coriolis and frictional forces. In cartesian
co-ordinates this may be written as

10t

lVHP-i—flEx V—-—=0.
p p 0z

(2.1)
Here 7 is the surface stress vector defined at the top
of the surface layer, p is the atmospheric density,
the Coriolis parameter, P the scalar pressure and V
the horizontal vector velocity, respectively. Clearly
antitriptic balance can be expected to hold only
under certain conditions. The omission of the
inertial acceleration term assumes a steady state
balance. Such a balance may be achieved only
when the omitted processes operate on a time scale
much longer than that required of the admitted
forces. For example, we don’t expect (2.1) to hold
over the continents since land responds quickly to
diurnal heating and such a steady balance could
not routinely be established. Also, we do not
expect (2.1) to hold in the tropics where inertial
accelerations are of the same order as the terms in
(2.1) (Haltiner, 1971). Thus antitriptic balance has
no advantage over geostrophic balance in tropical
regions. In using (2.1), we declare our interest
solely in midlatitude oceanic regions.

In order to remove the nonlinearity in (2.1) and
simplify the equation, we linearize the stress term
about a first guess value, following Baker et al.
(1987). Since t =1, =0 at the top of the PBL and
we define 7 = 1, at the bottom of the PBL, we write

Lor

17,—19 T
poz

(2.2)

where D is the depth of the PBL. Since 1, is in the

direction of the surface wind, (2.2) may be

expressed as
10t |to| V.

poz_ pDV,

(2.3)
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where
7ol

o= . 24

A @4
Substituting (2.3) into (2.1) results in
1 .
;VHP+fk>< V,+aV,=0. (2.5)
On solving for u and v we obtain
u=—A0.P—BJ,P, (2.6)

v=B3,P—Ad,P, 2.7)

where

al_* L/

Tpal+ f¥ Tpal+ [ (28)
0,6 =09/0;.

Egs. (2.6) and (2.7) are similar to those obtained
by Baker et al. (1987) although their definitions
of 4 and B are slightly different. Through the
linearization of the stress term, we have expressed
friction as a force proportional to velocity which
acts in a direction opposite to the wind at the
anemometer level. If we define

6.\'P=pfvga ayP= —pfuga

we may rewrite (2.6) and (2.7) as follows:

(2)=or(6 3

If we normalize matrix elements by the determi-
nant of the matrix, substitute for 4 and B from
(2.8), and use the following definition

29)

(2.10)

S o .
————=cos 0, ——————=5in6, (2.11)
/O(2+f2 ’cx2+f2
we obtain
—sin 0
) _os g 080 TSInO) (e (2.12)
v sinf cos )\ v,

1[u, 1 (cos20 —sin20\(u,
== = . (213
2 <ug) *3 ( sin20  cos ze)(ug (213)
While (2.6)-(2.8) involve two new variables, 4 and

B, (2.11) and (12.12) show that only one new
variable 6, the turning angle, has been introduced.
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Fig. 2. The turning of the surface wind with friction.
Plotted are anemometer level wind components for vary-
ing turning angles. Wind speeds are normalized. Angles
are given in degrees.

As seen from (2.12), the horizontal wind vector is
obtained from the geostrophic wind vector by a
clockwise rotation of 6 degrees and a reduction in
speed by a factor cos 0. Equivalently one may view
the wind vector at the top of the surface layer as
half the sum of geostrophic wind plus a rotation of
the geostrophic wind through an angle 26. Note
that 6 is given by

0 =tan~'(A/B)=tan~(a/f). (2.14)
For geostrophic flow, « = 0 and hence 8 = 0. Fig. 2
illustrates the variation of the surface wind with
turning angle. The coordinate system was chosen
such that the x-axis lies along the direction of the
geostrophic wind. Note that a semicircle with
center (0.5|V,|,0) defines the loci of all surface
winds. This is predicted by (2.13) which shows the
surface wind as the sum of 0.5 | V,| and a vector of
the same magnitude rotated through an angle 6.
Unlike the classic Ekman spiral diagram which
illustrates the turning of the wind vector with
height for the Ekman problem (e.g., Pedlosky,
1979, p. 181), what we illustrate is the wind vector
at a given height (the top of the surface layer) for
varying turning angles. We do not specify or
calculate winds at other heights in the PBL
because we are here concerned with the mean sea
level (hereafter msl) analyses.

3. The influence of Ekman balance on analysis
correlation functions

In Section 2, we obtained an expression relating
winds at the top of the surface layer to horizontal
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pressure gradients, (2.6) and (2.7). While some
assumptions regarding the structure of the PBL
were made, it is always possible to relate the wind
at the top of the surface layer to the wind above the
PBL at a given location through a rotation and
reduction. Thus the discussion in this section is in
fact quite general. In this section we illustrate the
influence of this more general linear balance on the
forecast error correlation functions.

Now if both the truth and the model forecast
variables are assumed to satisfy (2.6) and (2.7),
then so must the forecast error:

W=—A38,P—Bo,P,
v'=B3,P — AP,

(3.1)
(3.2)

where the primes denote error (difference between
truth and model forecast) quantities. Note that in
forming (3.1) and (3.2) we have assumed that 4
and B are true fields although we will use back-
ground fields to calculate them. The impact of this
assumption will be discussed in Section 6. We may
now build our background error covariance model
using (3.1), (3.2) to compute the covariances
(Piud), () PL), (PLod), (vi PI), (o), (vlul), (uinl
and (viv]) in terms of the surface pressure
autocovariance function. Angle brackets will
denote correlations and hereafter, all variables are
assumed to be error quantities so the primes have
been dropped. The superscripts i and j correspond
to the positions of analysis points i and j. The same
correlation model used for geopotential heights on
isobaric surfaces can be used for (P.P!) except
that the variances (which involve units) must be
specific to mean sea level pressures. Thus, using the
notation of Mitchell et al. (1990), we have

cov(PLPl)=E}F(r), (3.3)
cov(Piul) = [A’Tl + B'Z] pE2F(r), (3.4)
cov(ulP})=[— ATl — B'E] uE} F(r), (3.5)

cov(Piv])=[— BTl + AZ] uEZF(r), (3.6)
cov(vi P!)= [BTI — A'Z] uE2 F(r), (3.7)
cov(u'ul)=[A'A’A + BBT — A'B'®

— B'A’®] EZF(r), (3.8)
cov(viv])=[B'B’A+ A'A’T + A'B'®

+ B'A/0] E;F(r), (3.9)
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cov(ul v/)=[ —A'B/A + B'/AT — A'47©

+BB/®] E2F(r), (3.10)
cov(viul)=[ —B'A’A+ A'B'T — A4'4’©
+B'B/®] EXF(r). (3.11)

Here, r is the horizontal distance between points i
and j. The linear differential operators are defined
in Appendix A. The use of superscripts for A
and B indicates that boundary layer conditions
(magnitude of the surface stress, PBL depth and
anemometer level wind speed) and the Coriolis
parameter vary horizontally. Note that the
geostrophic coupling parameter u (see Lorenc,
1981) is used in pressure-wind covariance func-
tions (3.4) to (3.7). This is due to the fact (noted
above) that antitriptic balance does not alleviate
the problem of inapplicability in the tropics that
was true of geostrophic balance. (3.3)-(3.11) are
more general than the expressions used in Mitchell
et al. (1990) in that the latter may be obtained
simply by setting

a=A'=4’=0, B=B=8,

E,=BE,  E.=E,
in the above expressions, where E, and E, are
forecast error standard deviations for stream
function and height variables.

The correlation functions may be obtained from
(3.3)-(3.11) on utilizing the following expressions
for variance:

var(P')=cov(P'P)=E,, (3.12)
var(u') = cov(u'u’) = [(A) + (B')’1E; L2,

(3.13)
var(v') = var(u'), (3.14)
where we have used the fact that
F0)=1, F'(0)=1, F'(r)=-L*RF(r), (3.15)
and

1d

R=1&

(3.16)
r=(x;— xj)z +(yi— J/j)z-
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Here L is a length scale of the correlation defined
by
F(r)

L= ——

CF(M)|,20

and a prime denotes the nondimensional deriva-
tive defined in (3.15).

To understand how the correlations are influ-
enced by the turning angle, it is useful to transform
to polar coordinates as follows:

(x'—x’)=r cos ¢,
A ) ] (3.17)
(y'=y)=rsing.

With the definitions (3.17) and (2.14), the correla-
tions may be written as

(u'P/y =puL 'F'(r)[rsin(6' + ¢)],
{Pwy=—pL™'F'(r)[rsin(’+ ¢)],
Cu'Py = —uL~'F'(r)[rcos(0'+ ¢)],
(P =uL~'F'(r)[rcos(6’+¢)],
{u'u’)y =cos(0'—67) F'(r)

+ RF'(r)[r? sin(0' + ¢) sin(6’ + ¢)],
ooy = cos(0' — /) F'(r)

+ RF’'(r)[r? cos(6' + ¢) cos(6’ + ¢)1,
{u'v’y = —sin(0'— 6/) F'(r)

— RF'(r)[r* sin(6' + ¢) cos(6 + )],
{v'u’y =sin(0°— 07) F'(r)

— RF'(r)[r? cos(8' + ¢) sin(6” + ¢)].

PV
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Fig. 3. The 9 correlation functions used for msl analyses for 8 =0. Each frame is 2500 km x 2500 km. The contour

interval is 0.1.
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Let us first consider the special case in which a/f
or 6 is zero everywhere. Then the geostrophic
correlations are recovered. The correlations
become exactly those derived by Mitchell et al.
(1990) (their equation (A3)) if we use the same
F(r) employed by them, namely, a third order
autoregressive function defined in their (4). The
correlations thus calculated are illustrated in Fig. 3.
In computing Figs. 3 and 4, point i was chosen as
the origin and point j was successively taken at
each point in the frame in order to evaluate the
correlation functions over the domain. Each frame
is 2500 km in both zonal and meridional direc-
tions. The parameter ¢ which appears in the defini-
tion of F(r) of Mitchell et al. (1990) was set to
0.00537 km ', a value appropriate for the 30-60°
latitude band.

Next, consider the special case in which o/f or 8
is a constant. Then 0’ = 6/ and the above correla-

S. M. POLAVARAPU

tions explicitly show that the correlation functions
under Ekman balance are simply those obtained
assuming geostrophic balance, but rotated by
an angle 6. In other words, if G, (r, #) is the
geostrophic correlation for #' and P/, then
u'P’y =G o(r, 0+ ¢). Similar statements could
be made for all the above correlations. Fig. 4
illustrates the 9 horizontal correlation functions
for 6 =20°.

In the case of a nonuniform 6, there is no simple
convolution of the geostrophic correlations which
leads to the general Ekman correlations. Most
notable about the above expressions is the fact
that (u'P/) # — (Pu’>, {(v'P’y# —<(Pv’> and
(u'v’y # {(v'u’>. In fact this symmetry can only
occur if 6 = 0/ over the analysis domain. This may
occur, for example, for homogeneous flow condi-
tions and constant f. Thus while the correlation
function for ( P'P/> is homogeneous and isotropic

Fig. 4. As in Fig. 3 except for 8 = 20°.

Tellus 47A (1995), 2
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in all cases, the remaining correlations are homo-
geneous for only the cases of geostrophy or a
constant turning angle. In the general case, the
other correlations depend on 4 parameters: r, ¢, 0’
and 6’ and are neither homogeneous nor isotropic.
Thus a pressure measurement at i and a wind
measurement at j do not have the same correlation
as a wind measurement at /i and a pressure
measurement at j. The reason why inhomogeneity
of correlation functions arises when Ekman balan-
ced forecast errors are assumed is that the wind
can no longer be determined solely from a pressure
field (as in the case of uniform flow or geostrophy).
In addition to the pressure field, boundary layer
conditions must be known as a function of space.

4. The analysis of divergence

Since the presence of a rigid boundary implies
non-negligible vertical acceleration, the divergent
component of the flow becomes important in the
boundary layer. The use of Ekman balance at the
lowest analysis level is a recognition of this fact.
However, it is necessary to clarify the relationship
between divergent flow analysis and FEkman
analysis in order to fully comprehend the utility of
the Ekman formulation of the covariance model.
In this section, we show that the turning angle 9 is
simply related to a measure of the divergent flow
analysis.

Following Daley (1985), we assume covariances
of the form:

cov(P,-Pj):Ef)K(r),

cov(P;yx;)=pExE}J(r),

cov(y; P)) = nEp E'J(r),

cov(P ;)= pEp EJ, I(r),

cov(y,P))=pEp EL I(r),

cov(y ;)= EL EJ, F(r),

cov(yx)) = EL E,G(r),

cov(x/x,x,):Ef,/E-)’;H(r),

cov(y ;) =E' EJH(r).

where the super or subscript i(j) refers to quan-

tities at point i(j). The error variances of the
divergent and rotational flow components are
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assumed to be a function of space. All covariances
involving y or ¥ are nonhomogeneous and aniso-
tropic but the correlations remain homogeneous
and isotropic. Without approximation, we use
Helmholtz’s theorem to write u and v in terms of y
and . Then employing the assumed forms for the
covariances of pressure, stream function and
velocity potential, we can derive the following
expressions:

cov(uu))=Ey E{TF(r)+ E{,E{AG(r)
+(E,E,+ELE])0H(r),
cov(v,v;) = Ey E{,AF(r)+ E, EJTG(r)
—(ELE]+E'E}) 6H(r),
cov(u,v)) = EL E4,6F(r) — E. E16G(r)
+(—E;E£F+E;EiA) H(r),‘ (4.3)
cov(v,u)) = E%, E},0F(r) — E' E16G(r)
+(E,EJA—ELELT)H(r), (44)
cov(P,u)) = — pE, ESTLI(r) + pE, ELZI(r), (4.5)
cov(u, P,) = pE, E.TLI(r) — uE, ELEI(r),  (4.6)
cov(Pv;)= —,uEpEiEJ(r)—‘uEpEinl(r), 4.7)
cov(v, P,) = HE, E'ZJ(r) + pE, E}, TII(r).  (48)

(4.1)

(4.2)

Now, recall that Ekman balance is expressed by
(2.6) and (2.7) and that the form of the covariances
are correspondingly given by (3.3)-(3.11). Com-
parison of (3.3)-(3.11) with (4.1)-(4.8) yields
E\,=BE,,

E'=A'E,, (4.9)

G(r)=1(r)=K(r)= F(r),
H(r)=J(r)= —F(r).

(4.10)

(4.9) states that the error in stream function and
velocity potential is related to the error in pressure
at a given location. This accords with our previous
assumption that 4 and B are true quantities, free
from error. (4.9) also shows that the variances are
inhomogeneous and anisotropic and the spatial
inhomogeneity is entirely due to the boundary
layer parameters. Thus we are incorporating
Ekman balance by effectively weighting the error
variances spatially, according to the boundary
layer conditions at each point. As a result, the
correlations remain homogeneous and isotropic.
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In the special case where 6 and f are simply
constants, we can define parameters A, A*, 1 after
Daley (1985):

G = F(r/t),
J=A*F, K=F,

in order to compare the current problem with the
more general one studied by Daley. Here t=s,/s
where s, and s are the length scales for the
divergent and rotational components of the flow
respectively, and u, 4, A* are dimensionless con-
stants. (4.10) implies that

i=—1, A¥=—1, =1

Thus while Daley used 4 parameters, our special
case requires only one: u. The fact that 1=1
implies that G=F and the streamfunction and
velocity potential have identical autocorrelation
functions. Thus corrections to the divergent and
rotational components of the flow have the same

spatial scale. A= —1 implies that the { — y cross-
correlation function is the same as the ¢ —y
and y — y autocorrelations function and 1* = —1

means that y — P cross-correlations are handled
similarly to y — P cross-correlations with respect
to the relaxation of the balance condition as
the equator is approached. These simplifications
arise because we consider only a special class of
flows, namely, two-dimensional, steady flows with
linearized stress, as defined by (2.6) and (2.7).
These equations imply a direct (as opposed to
a differential) relationship between vorticity and
divergence, when 6 and f are constant, namely,

1 1
{=cos?9 —V?>P, 6= —cos fsin § — V2P,
of pf

1e.,

6= —(tan 6) (. (4.11)
The association of convergence or upward motion
with geostrophic vorticity is a result of Ekman
pumping which links the action of surface friction
to dynamic processes in the free atmosphere. i and
¢ are also related by y = — (tan ) ¥ so that errors
in i and y are not independent since 8 is presumed
error-free. Then, the auto-correlation functions
should be the same (t = 1) and this implies that the

S. M. POLAVARAPU

Y — x cross-correlation function should equal the
autocorrelation function (A=A4A*= —1). Clearly
for more general balances, other sources of
divergence are possible. However (2.6), (2.7)
consider only convergence due to frictional flow in
the boundary layer.

In analogy with Daley’s definition, we define a
divergence parameter by

vi=[E, TP [EI177 (4.12)
where
(E)?=[E. TP+ [E, T (4.13)
[E;1*=(E})/s3,

' (4.14)

[E{,12= (E})s%,

where s = s, is assumed on the basis of the above
discussion. v’ is a parameter representing the ratio
of the prediction error variance of the divergent
component of the flow to the prediction error
variance of the total flow except that this param-
eter is determined locally, at each point. (2.14) may
also be written more explicitly as
0'=tan~'(A4Y/B"), (4.15)
where 0 is the local rotation of the correlation
compared to the geostrophic correlations, at point
i. Then substitution of (4.13)-(4.15) and (4.9) into
(4.12) yields

v =sin?(6"),
(4.16)

v’ is the fraction of the total wind analysis repre-
sented by divergent flow. As the angle of rotation
increases (assuming 0<60<90°), the divergent
component of the analyzed flow increases. For
geostrophic flow, «a =0=0 everywhere so v=0
and the divergent component of the observation
increment is not analyzed. At the other extreme,
for §=90°, the analysis increment is purely
divergent. Intermediate values of 6§ produce wind
analysis increments containing both rotational
and divergent parts. Thus, the potential advantage
of the Ekman balance formulation of the predic-
tion error correlations is its ability to produce
locally varying divergent wind analysis increments.

Tellus 47A (1995), 2
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We now illustrate that only a small value of v is
needed in order to obtain reasonable analyses of
divergence. Fig. 5 graphically illustrates the rela-
tionships of (4.16). The function «/f, as seen in
(2.5), is the ratio of the magnitude of friction to the
Coriolis force. A value of zero indicates no friction,
while a value of infinity indicates that rotation is
unimportant for the flow under consideration.
A value of 0.5 indicates friction forces of half the
magnitude of the Coriolis forces. Fig. 5 shows that
this corresponds to a turning angle of 27° and a
value of v=0.2. In fact, if Coriolis and friction are
of the same order of magnitude, «/f =1 and

1.0

0 30 N 0
Turning Angle (deg)

6 8 10

.0 } f
2 4
o/
Fig. 5. The variation of divergence parameter, v, with (a)
turning angle, 6, and (b) «/f.
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0 =45° and v=0.5. Thus a reasonable upper limit
to the turning angle is 45°. For more typical values
of turning angle, say 6=15° o/f =027 and
v=0.07. Thus even when the stress term is one
quarter the magnitude of the Coriolis term, v
remains quite small. As a result, large values of v
and hence 6 are not needed for an adequate
analysis of divergence due to friction.

5. Analyses performed with an operational
data assimilation scheme

To perform the msl analyses, we employ the
operational assimilation scheme of CMC (ie.,
Mitchell etal,, 1990). The following values for
observation error variance were assumed:

62,=05hPa’> o2, ,=02,=66m>s"% (51)

The background error variances are taken to be

0 2
o2, = 1.5 hPa? a§u=agv=[cos ] ol (52)

p/L

where 0 is the turning angle. For a geostrophic
covariance model, 6 is 0 and g%, =11.4m?s~2
Since the data rejection criterion is a function of
62,, by (5.2), it is a function of turning angle. Thus
as the turning angle increases, the background
error variances decrease and the rejection criterion
becomes more strict. In addition, (5.2) suggests
that background winds are perceived to be more
accurate for divergent flow resulting from fric-
tional forces. This is a consequence of the correla-
tion model adopted (Section 4) and the assump-
tion that the turning angle is error free. To avoid
these problems, we modify the observation error
variance to include the cos?# term in order to
retain a constant value for the ratio of observed to
background wind error variances. As a result, we
retain the same data rejection scheme and assign
the same accuracies to wind observations for
all analysis schemes whether geostrophic or ageo-
strophic. Since the actual value of the observation
error variance is only used as the ratio to the
forecast error variance, this seems a reasonable
way to ensure the same quality control for ali
analyses regardless of the type of analysis.

Even in the absence of differences due to data
rejection, differences may occur due to data selec-
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tion. This procedure is used to reduce the problem
of inverting a very large matrix (on the order of
the number of observations) to one of inverting
many smaller ones by analyzing each gridpoint
separately and restricting the number of observa-
tions to the N most highly correlated with the
analyzed point. Operationally N =24. In order to
minimize such differences, N was increased to 60.
To verify the independence of results to this
parameter, identical analyses were compared for
N=60and N =72 and the differences were found
to be negligible.

Prior to performing ageostrophic analyses, we
must consider whether the turning angle field as
calculated in Section 2 is meteorologically reason-
able by examining the distribution of 6 for a typical
marine cyclone. Levy (1989) has shown that §is a
function of stability, thermal advection and baro-
clinicity. Thus, 6 varies temporally as well as
spatially, for a midlatitude storm. We expect large
values where flow is highly ageostrophic at low
levels, i.e., along the cold front. Also, since the
ocean is comparatively warm, the boundary layer
air in the warm sector of the maturing cyclone is
more stable than that in the cold sector. Thus
larger turning angles are expected in the warm
sector. These hypotheses are supported by obser-
vations presented in Levy (1989).

To illustrate these ideas schematically, we first
consider how vorticity and divergence impact
the pressure analysis. Differentiation of (2.6)
and (2.7) and substitution of (2.14) into the result
yields the following expressions for vorticity { and
divergence 6:

C=c0529—!—V2P+cos 20V,-Vo
pf

—sin ZOLVP Vo (5.3)
of
—8=cos 0sin BLV2P+sin 20V,-Vo
of
1
+cos 20 —VP.VO (5.4)
of

In deriving (5.3) and (5.4), the Coriolis parameter
was assumed to be constant. This is because in the
operational analysis scheme, background wind
error variances vary slowly with latitude, which
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from (5.2) implies that the same is true of the
correlation width, L, and the Coriolis parameter.
If 0 is a constant, (5.3) and (5.4) show that
6= —{tan 6, ie., that divergence is a multiple of
the vorticity. Thus convergence (divergence) is
associated with cyclonic (anticyclonic) vorticity
and as 6 increases for a given wind observation
increment, the divergence increases. If 6 is not con-
stant, it is easier to determine its effect on pressure
analyses indirectly by examining its influence on
vorticity and divergence as in (5.3) and (5.4). Fig. 6
is a schematic illustration of the 6 field for a
midlatitude cyclone. The solid black lines repre-
sent background field isobars at msl and the
shaded region denotes the area of large turning
angle which encompasses warm sector and frontal
regions. The regions where the terms involving 0
gradients in (5.3)-(5.4) are nonzero are also
indicated. The term B= ¥, - V0 is nonzero when 0
gradients have a component parallel to the
geostrophic wind direction. On the other hand,
the term C=(1/pf)VP-V0 is largest where 6
gradients and pressure gradients are similarly
oriented. C is positive when the gradient vectors
point in the same direction and negative when they
point in opposite directions. For nonconstant 6,

Fig. 6. Schematic diagram illustrating the influence of
nonconstant turning angle on msl pressure analyses. The
contours depict an msl pressure background field. The
region of large turning angles is shaded. The heavy black
lines identify regions where the term B= V. V6 is non-

zero and the heavy grey lines mark regions where
C=(pf)~!VP-V0 is nonzero.
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Fig. 8. The turning angle field (in degrees) based on background fields from a 6-h forecast starting on 0000 UTC 5
May 1993. Turning angle is shaded in increments of 10 degrees. Superposed contours are for the background field of
msl pressure. The contour interval is 4 mb.
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the first terms dominate the right sides of (5.3) and
(5.4) since the 0 gradient is at most n/4 per grid
length (or 4 x 10~°m~" for 200 km grid spacing).
Thus the last two terms are large only where the
geostrophic wind speed or pressure gradient is
very large, i.e., near cyclone centres. Where B is
positive, the third term contributes toward vor-
ticity and convergence. Where C is negative the
4th terms in (5.3) and (5.4) are likely to be small.
Where C is positive, these terms contribute toward
convergence and decreased vorticity. Since the
positive regions are roughly in the vicinity of the
cold front, enhanced divergent flow in these
regions accords with our conceptual model of
midlatitude cyclones (e.g., Shapiro and Keyser,
1990).
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5.1. Pressure analyses

In order for divergent wind observations to
impact pressure analyses, the flow should possess
a significant ageostrophic component and it
should be adequately sampled. Thus we sought to
analyze cases involving deep cyclones depicted by
numerous wind observations. It was difficult to
find such cases despite the availability of scat-
terometer data since typically only one data swath
(in a 6-h data window) would be found to cover an
extensive section of a marine cyclone. However,
the case we have chosen does have two swaths of
scatterometer data available. The operational
analysis for this case on 0600 UTC 5 May 1993
is shown in Fig. 7. A low center of 979 hPa was

Fig. 9. Comparison of msl pressure analyses for geostrophic (solid lines) and ageostrophic (dotted lines) cases for
0600 UTC 5 May 1993. The ageostrophic analysis used the turning angle field of Fig. 8. Both analyses used scat-

terometer data. Contours are given every 4 mb.

Tellus 47A (1995), 2



DIVERGENT WIND ANALYSES IN THE OCEANIC BOUNDARY LAYER

analyzed south of Alaska. This depression was
moving eastward and filling prior to the analysis
time. A minimum pressure of 968 hPa was
analyzed on 0000 UTC 3 May 1993. One swath
passed close to the low center at approximately
0730 UTC. The second swath passed over a
ridge of high pressure to the west of the low at
approximately 0930 UTC. Globally, 3515 land
stations, 440 ships, 112 buoys, 300 drifting buoys
and 400 scatterometer winds were used. Note that
the scatterometer data was thinned to a resolution
of 100 km to avoid overwhelming data selection
procedures (Hoffman, 1993). Additionally, scat-
terometer winds were assimilated identically to
ship winds; the same observation error variance
was used and no horizontal correlations were
assumed.

The turning angle for this case is indicated in
Fig. 8. Note that large values appear in a trough
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south of the low center in a region well sampled by
scatterometer data. Corresponding to the inter-
pretation of Fig. 6, the region of large turning
angle suggests the position of an occluded front.
The geostrophic and ageostrophic analyses are
indicated in Fig. 9. With scatterometer data, the
low center is analyzed as 980 hPa. Differences due
to the ageostrophic analysis are slight but appear
precisely where 6 and its gradient is large, south of
the low center. An ageostrophic analysis with
0 =20° everywhere (not shown) resulted in little
difference over the geostrophic analysis although
using 0 =45° everywhere (not shown) did capture
the slightly deeper trough of the ageostrophic
analysis (with 6 as depicted in Fig. 8). However,
the analysis with 6=45° also differed from the
geostrophic analysis at the position of the second
data swath. The ageostrophic analysis of Fig. 9 did
not differ from the geostrophic analysis there since

Fig. 10. As in Fig. 9 except analyses did not use scatterometer data.
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0 is small in that region. Thus the potential advan-
tage of using a spatially varying turning angle is
that when observations depict geostrophic flow,
the analysis will be geostrophic where 8 is small.
In practice, large values typically appear in the
vicinity of cyclones so that outside of these regions,
the geostrophic assumption is used.

Since no independent analyses were available to
determine which analysis is “better”, we can only
conclude that the ageostrophic analysis will differ
from the geostrophic analysis where there are large
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gradients in pressure and the turning angle is large
and/or has large gradients, as expected from (5.3)
and (5.4). However, it is also necessary to have
fairly dense wind observations. This is seen in
Fig. 10 by comparing geostrophic and ageostrophic
analyses in the absence of scatterometer data.
Without plenty of wind observations, the pressure
analysis is largely determined from pressure data
(which is treated univariately) and is therefore
insensitive to the turning angle. With data selec-
tion, this is also true for each analysis point. Thus

Y

Ot

~,
=<

D<-10

E3-b<D<-2 &R D>10
£23- 10<D<-6 1-2<D<2 6<D<10

2<D<b

Fig. 11. Divergent part of wind analysis increments for 0000 UTC 5 January 1989 for the Ekman analysis employing
a horizontally varying turning angle field. Values are scaled by 10° and areas of divergence greater than 2 x 10> s~!
in absolute value are shaded. The corresponding msl pressure analysis is also shown (dashed lines) for a contour inter-

val of 4 mb.
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the number of winds in the search readius around
a given analysis point should compare to the
number of pressure observations for a change in
turning angle to impact the analysed pressure.

5.2. Wind analyses

We have chosen to illustrate wind analyses
with a case study of an ERICA (Experiment on
Rapidly Intensifying Cyclones over the Atlantic;
Hadlock and Kreitzberg, 1988; 1991) storm at
0000 UTC 5 January 1989. This storm’s central
pressure deepened by 60 hPa in 24 h, reaching
a maximum depth of 936 hPa near the analysis
time (Neiman and Shapiro, 1993). For this case,
2318 land, 676 ships and 135 buoy reports were
used. The strength of this storm clearly warrants
an ageostrophic analysis yet the ageostrophic
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pressure analysis differed little from the geo-
strophic pressure analysis since only 20% of
the observations were winds and also because of
the spacing of wind observations, as discussed
above. However, the strength of the observed
ageostrophic flow clearly impacts wind analyses.
Examination of vorticity increments (not shown)
reveals a correlation of cyclonic vorticity with
negative pressure increments and anticyclonic
vorticity with positive increments. The divergence
of wind analysis increments shown in Fig. 11 has
a similar pattern with convergence (divergence)
associated with negative (positive) pressure incre-
ments just downstream (upstream) of the low
centre. Maximum values are in excess of 10~ 45!
while for the geostrophic analysis, the divergence
increments are negligible, as expected. For a

S e — 40

~
R R SRR

4 PR
A N

7/

~
S
i
’
’
’
2,

LN O A i

Fig. 12. Analysis increments for a geostrophic analysis for 0000 UTC 5 January 1989. Pressure analysis increments
are contoured every | mb with negative contour levels dashed. Wind analysis increments are shown as vectors.
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Fig. 13. As in Fig. 12 except for an ageostrophic analysis with spatially varying turning angle.

constant turning angle of 20°, a similar pattern of
divergence (to Fig. 11) was found but with roughly
half the magnitude.

The wind and pressure analysis increments for
the geostrophic analysis are shown in Fig. 12.
The corresponding analysis increments for the
ageostrophic analysis employing a spatially vary-
ing turning angle are seen in Fig. 13. In Fig. 13,
strong convergence is associated with negative
pressure increments in the region (50-60°W,
40-50°N) downstream of the storm centre, in
sharp contrast to Fig. 12. Similarly, the divergent
flow centred at (61°W, 38°N) in Fig. 13 is not
seen in Fig. 12 nor is the convergence centred at
(56°W, 29°N) due to a pressure trough (Fig. 11).
Clearly Fig. 13 depicts more reasonable analysis
increments than Fig. 12, given the strength of the
storm.

0

While ERICA IOP4 was an extremely deep
depression, even for the more modest Pacific storm
of Figs. 7-10, the divergence for the ageostrophic
analysis using 8 as in Fig. 7 was often 2-3 times the
magnitude of that resulting from a similar analysis
but with 6 = 20° everywhere.

6. Discussion

It is common that the weakness of any scheme
lies primarily in its assumptions. We now examine
each assumption in turn for its validity. To start, as
shown in Section 3, the use of a linearized Ekman
balance has the effect of rotating the correlation
functions. In general, it is a dangerous practice to
arbitrarily alter correlation functions which are
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empirically derived estimates of the background
error structure. However, in this case, the angle of
rotation of the correlations is derived from back-
ground fields and the imposed Ekman balance is
arguably more compatible with the background
fields than is geostrophic balance. In other words,
since a turning angle field exists independent of the
analysis scheme, we might view the geostrophic
analysis as more inconsistent since it arbitrarily
sets all turning angles to zero.

In (3.3)-(3.11), the coefficients 4 and B (and
hence the turning angle) are assumed to be “true”
although they are estimated from background
variables. As a result, if a cyclone is displaced in
background fields from its “true” position, the
turning angle field will also be displaced and the
resulting analysis will be in error. Of course this
problem is not specific to the Ekman analysis; it
also affects the geostrophic analysis. One method
of dealing with poorly placed cyclones in the back-
ground field is to define an iterative sequence. The
analysis may be used to compute the difference
between the geostrophic and analyzed wind fields,
i.e., a new turning angle field, which can be com-
pared with that based on the background fields.
The original turning angle field may be relaxed
toward the new one and the analysis recomputed.
The turning angle field may thus be updated in an
iterative fashion. Such a sequence presumes that
the correct cyclone position is well defined by the
data and is hence contained in the “analyzed”
turning angle field.

An important assumption is the linear decrease
of stress in the marine boundary layer which per-
mits the linearization of the stress term and the
formulation of a linear Ekman balance. Recall that
such an assumption is not made by the assimilat-
ing boundary layer model and hence there is an
inconsistency between the analysis and the model
boundary layer. The justification for approx-
imating the vertical stress profile is that it is better
than discounting the boundary layer altogether.

The linear balance considered in (2.5) may be
viewed as an extension of the “linear balance equa-
tion” which incorporates friction. Explicitly, if we
write (2.5) in terms of geopotential and take
V. (2.5) we obtain

V% —-V-fVY+V. fkxVy+V.-aVy
+V-ak x Vi =0. (7.1)
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where
V=V,+V,=kxVy+Vy.

The linear balance equation results on assuming
no friction (a=0) and divergent motions much
smaller that rotational motions:

V-V .fVy=0. (7.2)
A different simplification of (7.1) which was dis-
cussed in Section 4 arose on assuming «, fand 6 to
be constants. In that case, vorticity and divergence
are related by (4.11) and because a/fis constant, ¥
and y are related by

@/fb+x=0, (7.3)
and (7.1) simplifies to
V3¢ — fsec* 0 Vi =0. (7.4)

However, other simplifications are possible and
result in intermediate balances. In particular, if «
and f vary with latitude but 6 is constant (7.1)
becomes

V-V .-fVy+V.aVy=0. (7.5)
This may be viewed as a generalization of (7.4)
which includes the -effect or as an extension of
the linear balance equation, (7.2), which incor-
porates friction.

7. Summary

In this paper, we have presented a method of
analyzing wind data from the marine boundary
layer. Instead of assuming geostrophic balance
between observed minus background residuals, a
linearized Ekman balance is assumed. That is,
a three-way balance between pressure gradient,
Coriolis and frictional forces is enforced. The
inclusion of this frictional term has the effect of
rotating the correlation functions. In addition, it
permits the analysis of the divergent part of the
wind increments. We have shown that the extent to
which the divergent part of the wind increments is
analyzed is measured by the turning angle between
the geostrophic and background wind fields at the
analysis level (msl). As this turning angle increases
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from 0 to n/2, the magnitude of the divergent part
of the analyzed flow increases. A value of 0
produces a geostrophic analysis while a value of
n/2 produces a purely divergent analysis. By
estimating the turning angle at each point using
background boundary layer variables, a locally
varying analysis of divergence is produced. Case
studies show an impact of wind observations
on pressure analyses when they are sufficiently
numerous and densely spaced. The impact on
wind analyses is to produce divergent analysis
increments where the turning angle is large,
primarily in the vicinity of cyclones. The resulting
analyzed flow is, qualitatively, more realistic than
that produced from a geostrophic analysis.
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9. Appendix A

Linear differential operators used in text

F=—[R+(y;—y) R?], (A1)
A= —[R+ (x;—x,; R*], (A2)
O=(y;—y)x;—x;) R, (A3)
E=(yi—))R (Ad)
II=(x,—x;) R, (A5)
where

R =%%, (A6)
ri=(x=x) Y+ (yi—y)* (A7)
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