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ABSTRACT 

Difficulties are investigated which occur when trying to specify a noise-free initial model state as 
the solution of a variational data assimilation problem. A linear shallow water model is used to 
investigate the existence and physical basis of the model fit to data. As in this context the shape 
of the cost function is of crucial importance, the interrelations between the cost function's 
Hessian and specific model-data configurations are investigated. Special emphasis is put on 
the influence of the temporal/spatial data distribution and the choice of the scheme used for 
numerical model integration. It is illustrated how such details may cause intolerable uncertain­
ties for those aspects of the recovered solution that are related to very small eigenvalues of 
the curvature operator. Due to the shortcomings of descent algorithms, uncontrolled large­
amplitude error modes may remain invisible if a limited number of minimization cycles is 
applied. However, to render the retrieved smooth fields stable with respect to further iterations, 
prior knowledege has to be taken into account in the cost function definition. 

1. Introduction 

The problem of merging measurements and 
numerical models in an appropriate way has been 
recognized to be a crucial point in order to exploit 
the skill of the advanced meteorological forecast 
models. Presently, the formulation of meteorologi­
cal data assimilation as a variational problem is 
viewed as a method to optimally take advantage 
of the information content of data (cf., Ghil and 
Malanotte-Rizzoli, 1991 ). In four dimensional 
data assimilation this technique specifies the initial 
state which results in a model trajectory that best 
fits the available observations (e.g., Talagrand, 
1981; Kapitza, 1991; Thepaut and Courtier, 1991 ). 
Long and Thacker ( 1989) applied this technique to 
an ocean model. However, it is not obvious that a 
specific variational problem of the type described 
has a reasonable solution (Bennet and Miller, 
1991 ). Even if the number of available data is much 
larger than the number of unknown variables it 
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may happen that the optimization problem turns 
out to be ill-posed. In this case, either no unique 
solution exists or an existing solution is extremely 
sensitive to the specific data set that constitutes the 
input for the variational problem (e.g., Tikhonov 
and Arsenin, 1977 ). Since real data always contain 
errors, such a solution would be useless. 

The mathematical task in the context of varia­
tional data assimilation is to minimize some scalar 
cost function (or objective function) which quan­
tifies the discrepancy between available data and a 
given model trajectory. The independent variables 
may be initial fields, boundary values or model 
parameters. In this paper we restrict ourselves to 
the consideration of an elementary example with 
periodic boundary conditions assuming perfect 
model equations. The model trajectory and the 
value of the cost function are assumed to depend 
only on the initial fields. 

Courtier and Talagrand ( 1987) solved a more 
realistic problem of similar type when assimilating 
radiosonde observations into a vorticity equation 
model. One difficulty reported by Courtier and 
Talagrand was the appearance of unrealistic noise 
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