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ABSTRACT

The purpose of this study is to illustrate the feasibility of using the adjoint method in the data
assimilation procedure, where the assimilation model involves on/off switches associated with
physical processes. Although the assimilation model used in this study is very simple, it has the
on/off switches that are typical in more sophisticated and realistic assimilation models. The
calculus of variations is used to confirm that variational FDDA using the adjoint method allows
the equations of the assimilation model to have a finite number of first-order discontinuous
points. These points represent the on/off switches for which the Jacobian matrix of the model
equation may not exist. In practice, when the on/off switches are involved, the gradient of the
functional can be obtained by assuming that an infinitesimally small initial perturbation does not
change the time interval within which the switching takes place. The time when the correspond-
ing switching in the adjoint equations is performed is the same as that in the forward integration
of the model equations, i.c., the switching time is determined by the basic state. Numerical
experiments are then conducted using the aforementioned ideas in a simple one-dimensional
convection model involving on/off switches associated with latent heat release. The implication
of the numerical experiments is that there is no difficulty, in theory, in treating the on/off switches
in the adjoint of the assimilation model. Rather, the success of the adjoint method is dependent

on the numerical aspects of the implementation, such as the proper scaling of the variables.

1. Introduction

Most primitive-equation numerical models
simulate, explicitly or through parameterization,
many processes of the hydrological cycle in
atmospheric circulations. When such models are
integrated from observed initial conditions, for
data assimilation or forecasting, the hydrological
variables (in addition to the dynamic variables)
should be initialized. Lack of initialization for the
hydrological variables results in the so-called spin-
up problem (Girard and Jarraud, 1982; Heckley,
1985; Kasahara et al., 1988; Krishnamurti et al.,
1988) because of a large hydrological imbalance in
the early period of model integration. The presence
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of the hydrological spin-up time has a severe
impact on the very-short-range forecasts of mesos-
cale systems. Therefore, initializing hydrological
variables and, thus, reducing the hydrological
spin-up time are an important problem in mesos-
cale initialization. Variational four-dimensional
data assimilation (FDDA), especially the one
using the adjoint method, is expected to be very
promising in addressing the spin-up problem
(Daley, 1991).

Research on variational FDDA using the
adjoint method has been mainly concerned with
the objective analysis and initialization of model
variables such as wind, temperature and pressure
(or geopotential). Although variational FDDA
using the adjoint method is regarded as one of the
“next-generation” FDDA methods, little research
has been done regarding the treatment of the
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moisture variables and the hydrological cycle.
Nevertheless, water vapor plays an important role
in a wide spectrum of atmospheric motions, from
the general circulation to severe storms. The major
problem associated with the application of varia-
tional FDDA using the adjoint method to the
assimilation of moisture variables is the fact that
the model equations are not differentiable with
respect to the model state at the time when con-
densation or evaporation occurs, i.¢., at this time,
the derivatives of the model equations with respect
to the model variables do not exist because of the
existence of the Ist-order discontinuity of the
model equations with respect to the model state
associated with condensation or evaporation. This
type of discontinuity is represented by on/off
switches in the computer program. However, it is
not clear whether this differentiability is a restric-
tion on the model equations in the application of
variational FDDA using the adjoint method to
initialization of the moisture variable (Derber,
1989).

In this study, the calculus of variations is used to
justify that variational FDDA using the adjoint
method allows the existence of the first-order dis-
continuities of the numerical model equations in
the time interval during which FDDA is per-
formed. The theoretical arguments are presented
in Section 2, and the interpretation of the discrete
form of the problem can be found in Section 3.
A simple one-dimensional convection model, with
a parameterized condensation process, and its
adjoint are used to illustrate the feasibility of varia-
tional FDDA using the adjoint method to initialize
moisture variables. Numerical results obtained by
using this model are presented in Section 4. The
implication of the theoretical analysis and the
practical illustration to the further application of
variational FDDA to initialize moisture variables
in more realistic models is summarized in
Section 5.

2. Variational FDDA subject to discontinuous
constraints

2.1. Background

The mathematical basis of variational FDDA
using the adjoint method involves specifying the
initial state for a numerical model subject to
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dynamical constraints, so as to minimize the
functional J which is dependent upon the initial
state of the model:

Jxo)= [ DLxtxa, 1), (1 dt, M

where D(x, t) is the measure of the discrepancy
between the model state and the observation at ¢,
x = x(x,, ¢) is the model state at ¢, x, is the initial
state, and 7 is the assimilation window. The
dynamical constraints are the physical laws that
the numerical model equations describe. Assume
that D[ x(x,, ¢), ¢] is quadratic as follows

D[x(xO’ 1)9 t] = [x(x()’ t)_xobs(t)]"
X W(’)[x(xo, t) _xobs(t)]’ (2)

where the subscript, obs, denotes the observation,
the superscript, tr, denotes the transpose of a
vector or a matrix, and W(¢) is a positive-definite
diagonal (thus symmetric) matrix whose elements
are the weighting coefficients of observed variables.
It is clear that the functional J may be regarded as
the time integral of the squared “distance” between
the model state and the observations. It should be
noted that there are an infinite number of ways to
define the form of D because, mathematically,
“distance” is represented by a norm which can be
defined in many ways. The reason for the quad-
ratic form being chosen here is that it is defined
in the normed inner product space which is
commonly used in meteorology. The quadratic
functional is also mathematically convenient for
minimization, because its minimum is determined
by a system of linear equations if the numerical
model equations are linear.

Without losing generality, the numerical model
used in data assimilation can be written as an
ordinary differential equation of vector form:

0 M, 0, 3)
x(0)=x,, 4)

where M is a nonlinear function of x and #.

Two general approaches are used to minimize
(1) subject to the constraints (3). One is to multi-
ply a vector of the Lagrangian multipliers by (3),
add the product to (2), and replace the sum with
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D in eq. (1) to form a so-called Lagrangian (or
augmented) functional J'. Taking the first-varia-
tion of J' and letting it be zero yields the so-called
Euler-Lagrange equations. In principle, by solving
the Euler-Lagrange equations, the optimal initial
model state can be determined. Unfortunately, the
Euler-Lagrange equations resulting from applica-
tion of this procedure to operational data assimila-
tion are usually very difficult to solve. The second
approach, referred to as the adjoint method, is to
directly minimize J by an iterative numerical algo-
rithm using first-order derivative information of
the functional. The essence of this approach is, in
addition to the calculation of the functional value,
the computation of the first-order derivative of the
functional with respect of the model state, which is
accomplished by integrating the adjoint equations
derived from the numerical model equations.

In the formalism of FDDA using the adjoint
method, it is required that the so-called Gateaux
derivatives of the model equation, and the func-
tional J with respect to the model state, exist
(Cacuci, 1981). The Géateaux derivative is related
to the Géteaux differential which is the most
general definition of the variation of a nonlinear
functional (Sagan, 1969; Cacuci, 1981). The
Giteaux differential of J(x) at x, in the direction r
is defined as:

O =J(xg+r)—J(xo) + A(r), 5)

where A( ) is such that, when « is a real number,
A(ar)/a -0  as (6)

In some of the literature, 6J is referred to as the
weak variation of J. Following Sagan (1969), we
will refer to the Giateaux differential as the first
variation. It is important to note that J need not be
continuous in x for 4J to exist. When J(x) satisfies
a weak Lipschitz condition at x,, and

oa—0.

J(xo+ar, +or,)—J(xo+ar;)

—J(xo+ ary) + J(xo) = 6(a), (7)
where 6(a) - 0 as o —» 0, 8/ is linear in r. That is,
0J = [0J(x,)/0x]" r, where 8J(x,)/0x is called the
Gaiteaux derivative (Saaty, 1981; Cacuci, 1981).
For convenience, we will call dJ(x,)/0x the
gradient of J with respect to x at x,. It should
be pointed out that this gradient need not be
continuous at x,.
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The numerical procedure of minimizing J sub-
ject to the constraints (3) has been discussed by a
number of authors (e.g., Lewis and Derber, 1985;
Talagrand and Courtier, 1987; Courtier and
Talagrand, 1987; Thacker and Long, 1988).
However, in all of the documented experiments,
the gradients of the functional were computed
using numerical models and their adjoint that only
involved simple physics. That is, forcing terms
involving on/off switches were not taken into
account. An example of this kind of forcing term is
the latent heal release due to water-vapor conden-
sation. Since the adjoint of the tangent linear ver-
sion of the numerical model is integrated back-
ward to estimate the gradient of J with respect to
Xg, the numerical procedure using the model with
simple physics can not be applied without theoreti-
cal justification of the situations where on/off
switches are involved in the model and its adjoint.
This is because the first-order derivatives of the
model equations with respect to the model state
may not exist at the time when the switches are
turned on/off. Although, practically, this problem
may not be serious, as commented by Derber
(1989), it is still unclear how to  deal with the
switches in practice. In the following subsection,
the calculus of variations is applied to derive the
adjoint method that can be used to compute the
gradient of the functional in the FDDA procedure
where the numerical model has on/off switches.

2.2. Computation of the functional gradient using
the adjoint with on/off switches

In the situations where M is not smooth within
the interval [0, T'] due to on/off switches of some
forcing terms, it is reasonable to believe that M is
still continuous and piece-wise smooth within that
interval if the solution of (3) and (4) is assumed to
be unique with the same interval. That is, the
number of so-called corner points, where the
derivatives of M with respect to the model state,
x(2), do not exist, is finite. The continuousness
guarantees that the left and right derivatives of M
with respect to x(z) exist at the corner points.

Without losing generality, assume that there is
one corner point, f,, within [0, 7], which is
specified by the criterion condition

Clx(te), 1) =0. (8)
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Furthermore, we suppose that one set of numerical
model equations,

dx(z)
T-M(l)(xa t), %)
is applied for 7 < ¢, and another set of numerical
model equations is applied for ¢ > ¢, namely,

dx(7)

d = M(z)(x, ).

(10)

Although the following discussion will be confined
to the single-corner-point situation, the extension
to a finite number of corner points, where criterion
conditions like (8) must be met, is straightforward.

Let x*(¢) be the known state with the specific
initial state x§. Introduce a vector of the adjoint
variables, a(?). By adjoining J defined by (1) to the
differential constraints (9) and (10) with a(z), one
can get a new functional J', called the Lagrangian
functional:

™

rep=]

d *
x|: xdt(t)—Mm(x*, z)]} de

+ JT {D(x*, £)+ ()"

d *
x[ xdt(’) — M(x*, t)]} dr

where ¥ is the corner point corresponding to x&
and specified by (8). It should be noted that
J=J’, because the model equations are strong
constraints.

It is easy to verify that the first variation of
J with respect to the variation in x& has the
following form:

{D(x*, t)+a(t)"

(11)

8J = j ‘ {V;‘ D(x*, 1) ox + a(t)"
4]

ot

[déx(t) M (x*, t)
X
dt 0x

+ {D(x*, t¥ ) +a(ex)"
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*(pk—
x [‘1"—((1’;—)—M(,)(x*, z:)]} 5t

— {D(x*, tXt)+a(ext)”

dx*(12 ")
x[ dt

— My(x*, 12 )]} 5,

T
+f {V;‘ D(x*, t) 6x + a(t)"

) 5x:|} ds,

where, 41, is the variation of ¢* with respect to the
variation in x§. Integrating by parts, we have

y [d 5x(1)  OMy(x*, (12)

dt 0x

8J = a(T)* 8x(T) — a(0)* 5x(0)

+a(tX ) ox(t¥ ) —a(rX ) ox(er )
+ {D(x*, ¥ )+a(tx )"

dt

o [dx*(t:-)—M(l,(x*, t;‘")]} 5.

- {D(x*, 1Y) +a(tE )"

[d_%_M( ,:+)]} 51,
l: d(l(l)"

+L {[ dr

+ V& D(x*, t):| 6x(t)} de

+f {[ da(z 3 (t),,aM(zé(:*,t)

( )tr

OM ;(x*, 1)
0

+ V¥ D(x*, z)] 6x(t)} de (13)

As illustrated by Fig. 1, the following relations
hold

*( sk —
Sx(t) = dx(rr— )+ ) 5,
&
* * +
=5x(l;"+)+di(—(itt°——)5tc. (14)
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eg. (13) yields
0J=a(T)" 6x(T)— a(0)" 6x(0)

+(a(tz ™) =
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perturbed trajectory: x(t)
normal trajectory: X*(t)
3 x(tc*-) O x(tc*+)
[dx(te*+)/dt) Stc — [dx(te*-Ydt] St
% %
C(x(tc*), tc*) =0 | | -
tc* te*+ Bte T
Fig. 1. Relationships between dx(¢*), ox(¢* ~), dx(t**) and d¢,.
Using (14) to eliminate dx(¢*~) and ox(z**) in  da(z) OM 5y(x*, 1)
da ox alt)
+V,.D(x*, 1) (whenz>t*t), (18)
1¥*)") ox(t
a(t*)") ox(1,) o(T) 0. (19)
+ {[D(x, t¥7 ) —a(tE ™) My(x, 127)]
a(z¥ " )=a(t*"), (20)

—[D(x, 12 7)) —a(t ") My (x, 12 7)1} o1

+f {[ da(t 5 (t),,aM“é(;*,t)

+ VI D(x*, t):l 5x(t)} dt

+J’ {I: da(t)"_ a(t)" OM ,y(x*, 1)

ox

+ VY D(x*, t)] 6x(t)} dz (15)

On the other hand, from the aforementioned
definition of the Giteaux differential, it is known
that the first variation of J with respect to dx(0) is

aJ tr
=] —— ) 16
oJ [ax(O)] 0x(0) (16)
By introducing the adjoint equation
da(z oM \(x*, )"
d(t )= a (l)(gx ) alt)
+V,D(x*, 1) (whenr<t¥7), (17)
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and making use of the fact that D and M are
continuous within [0, 77, i.e.,

D(x*, 1 ™) —a(t 7)" My (x*, 1 7)

=D(x* tF)—a(tF )" Mgy (x*, tx"), (21)

one can get from (15) and (16) the gradient of the
functional with respect to the initial state,

aJ
|:3x(0)]x(0)=x5 =—a(0)

Eq. (22) simply indicates that the gradient of the
cost functional with respect to the initial state can
be calculated by integrating the adjoint egs.
(17)-(20) backward (ie., from T to 0). It is this
gradient that is used to minimize J and, thus, to
accomplish the FDDA.

It has been shown that, as long as the numerical
model equations are continuous at t., which is
believed to be so, the variational FDDA using the

(22)
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adjoint method can be applied to the situations
where the numerical model equations are piece-
wise smooth in the model-state space. The numeri-
cal procedure is the same as in the situations where
on/off switches do not exist, except that 7. has to be
determined when integrating the model forward in
order to determine which set of numerical model
equations (and, correspondingly, the adjoint
equation) are used during the time integration. It
should be point out that, when the model equa-
tions have terms that are not continuous at ., the
aforementioned formalism is not applicable. As a
matter of fact, it is fundamentally important to the
validity of the adjoint method that the model
equations and the functional satisfy the weak
Lipschitz condition and (7) mentioned in Sub-
section 2.1. In the following section, the practical
application of the above theoretical result to the
discrete form of the numerical model equations
will be discussed. Although in practice one is not
likely to deal with the analytical form of the
numerical model equations, the above discussion
is the theoretical foundation for the forthcoming
description of the practical application of the
approach.

3. Formulation of discrete form

Suppose that the measure of the discrepancy
between the model state and the observation,
D(x, t), is discretized at N + 1 successive times 1,
where n=0,1,2,..,N and ¢,,,—t,=T/N. The
discrete form of egs. (6) and (7) may be written
synthetically as a recursive system,

Xn41 =F?1)(xn)

for n=0,1,2,..,j—1, (23)
Xp+1 =F?2)(xn)
for n=j, j+1,j+2,..,N, (24)

where x, is the model state specified at ¢,. The
recursive system is used only for the sake of sim-
plicity. The technique to be presented is applicable
to all time difference schemes.

The time when the on/off switch is performed
deserves some attention. Take the latent heat
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release as an example. If, at a given location, the
model atmosphere is not supersaturated prior to
t;, the latent heat release does not take place when
the model state is integrated from 1, to ¢;.
However, if, at time ¢, the atmosphere is super-
saturated, there is latent heat release during the
model integration from ¢; to ¢;, ;. Therefore, the
diabatic forcing due to the latent heat release can
be thought of as beginning to influence the system
at some time within the interval (¢, ],
although computationally it is not important to
know exactly when the time is. All this means is
that, conceptually, the switch of the numerical
model equations from F(;, to F,, can be regarded
as being performed at some time between ¢; and
Ly

In the discrete form, the functional to be mini-
mized and the Lagrangian functional (correspond-
ing to egs. (1) and (8)) are, respectively,

N
J=Y D(x,) (25)
n=0
N J
J'=3 D(x,)+ Y aj[x,—Fyx,_,)]
n=0 n=1
N
+ Z aIlr[xn_Fu)(xn—l)]’ (26)
n=j+1
where

D(xn) = (xn e xn,obs)tr Wn(xn s xn,obs)’

and a, is a vector of the discrete adjoint variable.
The recursive relations (23) and (24) indicate that
x, is dependent upon x,. Thus, in eq. (25), J is
dependent upon x,. It is not necessary to deter-
mine the exact time when the criterion condition
(5) is satisfied in order to specify j. Rather, j is
determined in the computer program by checking
whether the components of C(x) change sign.

If egs. (23) and (24) are consistent with their
continuous counterpart (i.e., egs. (6) and (7)), and
their solution is convergent and stable, it is
rational to assume that adding an infinitesimally
small perturbation to x, does not change the time
interval within which the switch is performed. This
assumption can be justified by the belief that the
original analytic differential equation has a unique

Tellus 45A (1993), 5
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and continuous solution. Therefore, the first
variation of the functional is

N [oD(x )]“
§J=Y |:——'—'- ox,
ool 0x,

—a“ OF 4)(x)
oo
*o

j—1
+'3 [ar-ar, Tatnl s,

n=1 r
N—-1
OF 5)(x,)
+ ; I:a,,—a:,’“%n—"— ox,,.
n=j
Introduction of the discrete adjoint equations,

tr
a,= I:aF(Z)(xn):I a,,, — 0 D(x,)

oxy+aly oxy

(27)

ox, ox,
for n=j,j+1,j+2,.., N, (28)
aF(l)(xn) r 0 D(x,)
an_[ axn a1 6x,,
for n=1,2,3,..,j—1, (29)
ay, =0, (30)

gives the gradient of the functional with respect to
the initial model state:

O _9D(x) [”U’("“]"al. (31)

axo ax() axO

The theoretical basis of the above derivation is
the assumption that the solution of the continuous
model equations exists uniquely (which is
presumed by all the numerical models), and that
the discrete model equations are consistent, con-
vergent and stable. The results from numerical
experiments using a simple convection model, to
be presented in the next section, will show the
feasibility of the idea. The above discussion also
suggests that, in order to guarantee the accuracy of
the computed gradient, it is preferable to save the
model output at every time step during the mini-
mization procedure because the corresponding
switching time in the integration of the adjoint
equations has to be determined accurately. In
some synoptic situations, practical experience
suggests that the basic state required by the adjoint
operator does not need to be updated at every
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time step (Errico and Vukicevic, 1992; Ghil and
Malanotte-Rizzoli, 1991). However, for situations
where the forcing associated with on/off switches is
important, it is necessary to update the basic state
at every time step.

4. Numerical experiments with a simple 1-D
convection model

Latent heat release is a typical physical process
in numerical models of the atmosphere. It appears
in the FORTRAN program of the model as IF
statements associated with on/off switches, while,
mathematically, it is represented by first-order
discontinuities in thermodynamic and water-
substance equations. If condensation occurs in a
four dimensional data assimilation period, latent
heat release should be taken into account in the
assimilation models in order to assimilate
hydrological variables. In the variational assimila-
tion procedure using the adjoint method, corre-
sponding terms regarding the latent heat release
should be present in the adjoint equations.
However, most current experiences with data
assimilation using the adjoint method are based
upon research using dry and adiabatic models in
which on/off switches do not exist. Therefore,
successful implementation of the adjoint method in
moist conditions requires an understanding of how
to deal with the on/off switches associated with
latent heat release.

In the last section, general ideas of how to deal
with the on/off switches were developed theoreti-
cally. However, the feasibility of these ideas
remains to be investigated. In this section, the
aforementioned ideas are applied to a heuristic
example of FDDA, where the assimilation model
is a simple one-dimensional convection model with
non-precipitating condensation of water vapor.
Despite its simplicity, the assimilation model has
the on/off switches that are typical in more realistic
and sophisticated assimilation models. We would
like to point out that, as parallel independent
work, Vukicevic and Errico (1993), Zupanski
(1993) and Zou et al. (1993) have recently carried
out studies of on/off switches in the adjoint of
three-dimensional models. Verlinde (1992) also
examined similar discontinuous processes in the
study of fitting microphysical observations to a
two-dimensional cloud model.
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4.1. Numerical model

The governing equations of the one-dimensional
model, similar to those described by Rogers and
Yau (1989), are

ow ow T-=T,

FTRr T, £—4.8 (32a)
o WwiT__8,,Lg (32b)
ot 0z p p

dq, . 0q,

3 +w o —FE, (32¢c)
4. Oq.

tw=r=EF (32d)

where w is the vertical velocity (m/s), T is the
temperature (K), T, is the temperature of the basic
state, ¢, and ¢q. (kg/kg) are the mixing ratios of
water vapor and cloud water, respectively, and E'is
the condensation term which can be either positive
or negative. Micro-physical details of the conden-
sation (or evaporation) are neglected because the
purpose of using this model is only to illustrate the
treatment of the on/off switches. We parameterize
the rate of condensation such that it is propor-
tional to the amount of super-saturation (sub-
saturation) and the intensity of the updraft
(downdraft), i.e.,

E=01(qv_qu) w

if w>0, (9, —q.)>0, (33a)
E=—0.1(q,—qu)w
if w<O0, (g9, —q+) <0, q.>0
[(¢v—4v)+4.1>0, (33b)
E=0.1q.w
if w<O0, (9, —q.) <0, q.>0,
[(gv—4qw) +9.1<0, (33¢)
or
E=0 otherwise. (33d)

The model equations are discretized from z=0
to z=9.8 km with a grid length of 200 m. A simple
forward scheme and an “upstream” scheme are
used for the time integration and spatial differenc-
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ing, respectively. The time step used is 0.1 s. At the
lower boundary, the updraft and the gradients of
the other variables are prescribed as zero. At the
highest model level, the boundary condition is
such that, if there is outflow at the boundary, then
the value of the variables at this point are com-
puted from the equations because the diffusion
processes are neglected in the model.

Identical twin experiments are conducted to
examine the behavior of the model initialization
using the adjoint method. The functional to be
minimized in this study is the squared “distance”
between the model state and the corresponding
observations:

LN
— Lng. o in i,n\2
‘I— z Ww (W —Wobs
i=1
n=1

+ Wi}‘n(Ti.n - Ti;l:s)z + W;,,k(q:;k _qi;,kobs)z

+ Wik = gtk (34)
where i and n are grid point and time level indices,
respectively. The quantities W, (x denotes w, T,
q., or g.) are weighting coefficients reflecting the
quality of the data, the subscript “obs” denotes
observations, and 7 and N are the total numbers of
grid points and time levels. Because the numerical
model is very simple, it is not reasonable to use real
observed data. Rather, for illustrative purposes,
the strategy is to use a control simulation to
generate simulated observations. The quantities
W, are chosen to be unity or zero depending upon
the assumptions about the data, where a value of
unity implies that there are no errors in the obser-
vations. With these “perfect” observations, we will
conduct numerical experiments that will enable us
to examine the treatment of the on/off switches,
and to better understand the behavior of the
adjoint method in the data assimilation of
hydrological variables.

4.2. Scaling the model variables and verification of
the adjoint

Proper scaling of the model variables is critical
to the accuracy of the computed gradient of the
functional in the situations where the magnitudes
of the variables are very different. The magnitudes
of the variables arise, of course, simply from the
units in which they are expressed. In the one-
dimensional convection model used in this study,
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the variables vary in magnitude from 102 (T in unit
of K) to 1072 or 107* (g, or g, in unit of kg/kg).
The hydrological variables, ¢, and g, were scaled
by 10° in this study. Such scaling not only makes
the model equations well conditioned with respect
to the perturbations of the variables, but also
balances the relative “weight” of the variables in
the minimization process (Gill et al., 1981; Navon
et al., 1992).

The adjoint equations used for the data
assimilation experiments and the boundary condi-
tions for the adjoint variables are derived directly
from the finite difference form of the model equa-
tions using the Lagrangian-multiplier method
described in the last section. This method is identi-
cal to that suggested by Thacker and Long (1988).
It is important to verify that the gradient of the
functional thus obtained is numerically correct.
One verification method, suggested by Navon
(personal communication, also see Navon et al.,
1992, and Sun et al., 1991), is to compare the linear
approximation of the perturbation value of the
functional with the true value. Let x denote an
arbitrary state, 4 a small parameter and r a ran-
dom vector of unit length. The existence of the first
variation (or Gdateaux derivative) of J (see (5))
leads to
J(x+hr)—J(x)=hg(x)" r+ A(hr), (35)
where g(x) is the gradient of the functional, and
A(hr)/h > 0 as h > 0. A function of 4, F(h), may be
defined by rearranging eq. (35) as:

_J(x+hr)=J(x)
=y !

A(hr)/h
glx)rr

(36)

If the gradient g(x) obtained by using the adjoint
method is correct, F(h) should approach unity as 4
approaches zero. Table 1 shows the value of F(h)
versus A. It can be seen that, for the control experi-
ment in which latent heat release is turned on, F(h)
approaches unity as & decreases, for /# between
1072103 (see the first column in Table 1). The
higher values of F(k) for h larger than 10~? are
attributed to the significance of the higher order
terms due to the nonlinearity. When 4 is very small
(< 107?), the departure of F(h) from 1 is due to the
numerical truncation error of the computer. It is
interesting to note in Table 1, by comparing the
control experiment with the experiment in which
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the latent heat release is turned off, that the
condensation enhances the nonlinearity of the
functional. Without condensation, F(k) is within
8.1% of unity for 4 as high as 1, whereas in the
control experiment, F(h) is larger than 2 for
h=1.

It should be noted that the safest way of check-
ing the numerical accuracy of the adjoint equa-
tions is to compare the numerical output of the
tangent linear equations, which are the first varia-
tion of the model equations, with that of the
adjoint equations (see, e.g., Errico and Vukicevic,
1992). However, performing this check requires
the availability of a computer program of the
tangent linear equations. As mentioned above, the
adjoint equations of the one-dimensional convec-
tion model used in this study were developed using
the Lagrangian-multiplier method. The tangent
linear equations were thus not coded. Therefore,
the method mentioned in the proceeding
paragraph was used in checking the numerical
accuracy of the adjoint equations. It should be
pointed out that the effective use of this method
requires a certain degree of care. That is, the value
of h, below which round-off errors become
significant in the evaluation of F(k), needs to
be estimated. To make the method effective, A
must decrease until the value is reached. As a
rule of thumb, the value has approximately the
magnitude of 10~/ where m is the number of
significant digits of precision. In this study,
because m is 15, the value has the magnitude of
around 10~% (as shown in Table 1, below this
value, the round-off errors are significant).

Table 1. Verification of the gradient

F(h) F(h)
(with condensation/ (without condensation/

log,o(h) evaporation) evaporation)
0 2.137621395 1.080197902
-1 1.132705781 1.025976279
-2 1.031433995 1.020549579
-3 1.021299018 1.020006860
-4 1.002028551 1.001995249
-5 1.000201844 1.000199467
—6 1.000020176 1.000019940
-7 1.000002023 1.000001992
-8 1.000000103 1.000000195
-9 1.025512177 0.999999989
—10 1.046721078 0.991896180
—11 0.256721895 0.787615027
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4.3. Initialization experiments

Since the purpose of the numerical experiments
is to illustrate the feasibility of data assimilation
using the adjoint of a numerical model that involves
on/off switches, identical twin experiments within
the framework of the one-dimensional convection
model are used in the initialization problem.
Observational data are generated by the control
simulation. When being used for FDDA experi-
ments, these data are assumed to be error free and
available at each model time-step. Fig. 2 shows the
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initial state of the control simulation. The profile of
temperature is assumed to have a lapse rate of
6° C/km (Fig.2a). The profile of pressure is
deduced using the hydrostatic relation based upon
the temperature profile, assuming the surface
pressure is 1000 mb. Fig. 2b shows the initial
profile of g,, and Fig. 2c depicts the profile of
(9. — q.s), Where g, is the saturation mixing ratio.
q. is specified such that relative humidity is 98 % at
every grid point. At the initial time, there is a
preexisting up-draft with a parabolic velocity
profile shown in Fig. 2d. It is assumed that there is

CONTROL (QV-QVS)

T

[o]

LI B S S B

MIXING RATIO (10”3KG/KG)
PR L L L
N O o oo D N

| SV I S T T P T T T

1
N
H

a0 ]y
4000 6000
HEIGHT (M)

T I

2000

1
>
Or—

P R
8000 10000

CONTROL W

T T

o
o

LALEN R B S B

T T

»
3]

[

Y (M/S)
oo
[L -]

ocIT
N
[$. B e]

VELOC
- DN
o O
T T T

VERTICAL
o
T

1

°© o o

N O o
T
[« N

PN TS IS T

4000 6000 8000 10000
HEIGHT (M)

PR B

2000

@)

Fig. 2. Initial conditions for the control experiment: (a) profile of T, (b) profile of ¢,, (c) profile of (¢, —¢.,), and

(d) profile of w.
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no cloud water at the initial time. Fig. 3 shows the
results of a 6-min simulation, with a display time
interval of 1 min. The dynamics of the model
simulation can be described as a moist-buoyant
oscillation. As an air parcel ascends, its tem-
perature decreases due to the adiabatic cooling.
The condensation takes place when the air parcel
cools to saturation and cloud droplets form. Since
the parameterized rate of condensation is not
large, the latent heat release does not offset the
adiabatic cooling. Thus, the air parcel continues
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cooling. However, the cooling rate is less than it
would be without the latent heat release. Since the
rising parcel is cooler than its environment, the
parcel tends to return to its original level. When
the parcel descends, adiabatic warming makes the
parcel sub-saturated and, thus, evaporation of the
cloud droplets occurs. The evaporation reduces
the rate of adiabatic warming, but it is not large
enough to offset the adiabatic warming.

It is assumed that the length of the assimilation
window is 10 s (100 time steps), and that observa-
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Fig. 3. Results of 6-min simulation with display time interval of 1 min: (a) profile of 7, (b) profile of (g, —qys),
(c) profile of g., and (d) profile of w. The letters labeling the curves represent the simulation time, ie., 4 for 1 min,,

B for 2 min., ..., F for 6 min.
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tions are available at each model time step within
this period. The basic state used in the adjoint is
updated at every time step. The minimization algo-
rithm used in the experiments is the limited
memory quasi-Newton method of Liu and
Nocedal (1989). A brief summary of this algorithm
can also be found in Navon et al. (1991).

The first guess of the initial conditions is
specified such that the vertical velocity (w) is zero
uniformly. The temperature (T) has the same dis-
tribution as in the control. The relative humidity is
92 % everywhere, while in the control simulation it
is initially 98% everywhere. It is assumed that
observations are available at every grid point and
at every time-level for w, T, g, and q.. Fig. 4 shows
the values of the functional and the norm of the
gradient as functions of the iteration number.
Small magnitudes of the functional value and the
norm of the gradient make it clear that the
minimization procedure converges. Therefore,
although there are on/off switches involved in the
assimilation model, the FDDA procedure using
the adjoint method is capable of retrieving the
initial state.

The existence of on/off switches makes the func-
tional more nonlinear than it would be without the
on/off switches, and thus the minimization would
take more iterations. Fig. 5 depicts the reduction in
the values of the functional and its gradient versus
the number of iterations for an experiment where
condensation (or evaporation) is not allowed to
occur during the control simulation and the
assimilation. Compared with Fig. 4, one can see
that the minimization procedure converges much
faster than it does for the experiment where con-

SR FUNCTION VALUE b

4f L e NORM OF THE GRADIENT .

3 4

= 2 .

S5 3

-3k ]

a b

-sL ]
_s FI S T ' 1 PR W SR B | n | I S S S

N
0O 10 20 30 40 50 60 70 80 S0 100 110 120 130
ITERATIONS

Fig. 4. Values of the functional and the norm of the
gradient as a function of iteration number for the
experiment with the condensation of water vapor.
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Fig. 5. Same as Fig. 4, but for the experiment without the
condensation of water vapor.

densation (or evaporation) is taken into account.
It is known that small errors in the estimation of
the gradient of the functional will slow down the
convergence. It has been seen in this study that the
existence of the on/off switches makes the mini-
mization slow, although the basic state used in the
adjoint is updated at every time step. As discussed
in Section 3, when the assimilation model involves
the on/off switches, errors will be introduced in the
gradient of the functional if the basic state used in
the adjoint is not updated at every time step.
Therefore, the results obtained in this study
suggest that the basic state should be saved at
every time step in order to make the minimization
efficient.

5. Summary and conclusions

The calculus of variations has been used to
justify that variational FDDA using the adjoint
method can be performed successfully, even
though the numerical model equations have a
finite number of first-order discontinuities. These
points represent the on/off switches for which the
Jacobian matrix of the model equations does not
exist. In practice, when the on/off switches are
involved, the gradient of the functional can be
obtained by assuming that an infinitesimally small
initial perturbation does not change the time inter-
val within which the switching takes place. The
time when the corresponding switching in the
adjoint equations is performed is the same as that
in the forward integration of the model equations.
That is, the switching time is determined by the
basic state.
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Numerical FDDA experiments are then conduc-
ted using the aforementioned ideas in a simple one-
dimensional convection model that involves the
on/off switches associated with latent heat release.
The implication of this study to data assimilation
using the adjoint method is that there is no dif-
ficulty in theory in treating the on/off switches in
the numerical model. Rather, the success of the
adjoint method is dependent on the numerical
aspects of its implementation, such as the proper
scaling of the variables. This study also suggests
that, in order to guarantee the accuracy of the com-
puted gradient, it is preferable to save the model
output at every model time-step during the mini-
mization procedure, because the corresponding
switching time in the integration of the adjoint
equations has to be determined accurately.

The emphasis of this study is to illustrate the
feasibility of using the adjoint method for data
assimilation, where the numerical model involves
on/off switches associated with latent heat release.
Although the assimilation model that we have
used in this study is very simple, it has the on/off
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switches that are typical in more sophisticated
assimilation models. Obviously, further research
using more realistic three-dimensional models is
needed to assess the practical potential of the
adjoint method in generating atmospheric circula-
tions and structures whose evolution not only
involves latent heating, but also PBL processes,
topographic variations, and radiative heating.
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