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ABSTRACT

A new preconditioning algorithm is proposed, employing a Taylor series expansion of the cost-
function, and the relation between the adjustment of the control variable and the computed
gradient norm. The preconditioning matrix is a positive definite diagonal matrix, being a
product of two positive definite diagonal matrices. One is the weight matrix related to the
Hessian matrix definition in the case of identity model operator (“rough” scaling), and the other
matrix is interpreted as a refined scaling of the control variable. The procedure is quite easy to
implement, and the computer time and space requirements are negligible. The algorithm was
tested in two cases of realistic four-dimensional variational data assimilation experiments, per-
formed using an adiabatic version of the NMC’s new regional forecast model and operationally
obtained optimal interpolation analyses. Test results show a significant improvement in the
decrease of the cost-function and the gradient norm when using the new preconditioning proce-
dure. The preconditioning was applied to a memoryless quasi-Newton method, however the

technique should be applicable to other minimization algorithms.

1. Introduction

Recent four-dimensional (4-D) variational data
assimilation experiments (e.g., Thepaut and
Courtier, 1991; Navon etal., 1992; Chao and
Chang, 1992) have indicated a potential for the
practical use of the adjoint method. More recent
experiments which directly assimilated observa-
tions (Thepaut et al., 1993), have shown that the
forecast with assimilated data performed better
than the forecast starting from conventionally
analyzed initial conditions. Experiments per-
formed by M. Zupanski (1993) (hereafter Z93),
showed that the assimilation of analyses is actually
possible using a simplified adjoint while perform-
ing an assimilation using full-physics operational
version of the forecast model. Forecasts with
assimilated data performed noticeably better than
the forecast starting from the conventional optimal
interpolation (OI) analysis. However, an opera-
tional implementation of the method is still com-
putationally prohibitive. A necessary requirement
for a practical 4-D variational data assimilation is

fast convergence of the minimization algorithm.
Quasi-Newton methods (Luenberger, 1984; Gill
etal, 1981) have proved useful in applications
to the 4-D data assimilation (Navon and Legler,
1987). The inverse of an approximation to the
Hessian matrix (second derivative of the cost-func-
tion with respect to the control variable) is created
during minimization, making very efficient descent
direction determination. In practice, only informa-
tion from the first few iterations can be saved due
to large memory requirements. Since problems
in meteorology and oceanography contain many
degrees of freedom, conjugate gradient methods
(e.g., Luenberger, 1984) also have some advantage
due to their low memory requirements and
potentially good convergence rate. However,
a conjugate direction property can be easily
destroyed due to round-off errors and inaccurate
linesearch (step-length determination). The method
of Shanno (1978), a memoryless quasi-Newton
method, incorporates some of the best qualities of
both the quasi-Newton and conjugate gradient
method, and it has been suggested as a good choice
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in 4-D data assimilation problems (Navon and
Legler, 1987). This method may be viewed as a
conjugate gradient method with inaccurate line
search. If the line search is exact, the method
reduces to the Polak-Ribiere conjugate gradient
method (Shanno, 1978).

Even with good general properties of these mini-
mization methods, the rate of convergence may be
very slow. Convergence properties of the mini-
mization are determined by the Hessian matrix of
the problem (Luenberger, 1984; Gill et al., 1981),
with the speed of convergence related to the condi-
tion number of the Hessian (the ratio between its
maximum and minimum eigenvalue). Geometri-
cally, isopleths of the cost-function form a hyper-
ellipsoid with the ratio between squares of the
dominant (maximum and minimum) axes given by
the condition number of the Hessian. The larger
the condition number, the larger the stretching of
the ellipsoid. In the case of large distortion of
isopleths, i.e., when the Hessian matrix is ill-condi-
tioned, the calculated descent direction may be
almost orthogonal to the optimal direction. This
may cause an extremely slow convergence, and
even a divergence in some cases.

A way to speed-up the convergence and to
“relax” ill-conditioning of the Hessian is to intro-
duce a preconditioning matrix, P, which will make
the ellipsoid-like shape of the cost-function more
spherical. The relevant condition number is now of
the matrix P~'H (H denotes the Hessian matrix)
and for fast convergence would be close to one
(e.g., Luenberger, 1984). Then, the direction of the
negative gradient would lead almost directly to the
minimum. A hypothetical good preconditioner
(e.g., Axelsson and Barker, 1984): (1) should be
positive definite, (2) can be factored as P= EE" (E
is an invertible matrix, and superscript T denotes a
conjugate transpose, i.., adjoint), (3) spectral con-
dition number K(H ) is much smaller than K(H)
for solving Hx=», where H,=E'HE " is a
preconditioned Hessian matrix, (4) the precondi-
tioned system should be solved more efficiently
than Hx =5, and (5) computational time and
space requirements should be relatively small in
relation to H.

The problem of preconditioning has not
received enough attention in 4-D variational
data assimilation minimization algorithms. Some
aspects are generally addressed by Thacker (1989).
Unfortunately, large scale minimization problems
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do not allow explicit treatment of the Hessian
matrix due to high computer storage and time
requirements. There is no efficient general pre-
conditioner applicable to all problems, and one
has to make an effort to develop a preconditioner
suitable for data assimilation problems. Related to
practical applications, one should try to satisfy
another property of a good preconditioner, a
“monotonic” convergence. “Monotonic” is here
used in the sense that both the cost-function and
the gradient norm should decrease in each itera-
tion. Our experience with the algorithm of Shanno
(1978) is that monotonic decrease of the gradient
norm is very important property, and, if not
satisfied, it usually implies a problem in minimiza-
tion. In general, the monotonic decrease of the
gradient norm might not be a necessary require-
ment. The monotonic decrease of the cost-
function, however, is a self-evident property of any
well-behaved minimization. In operational 4-D
assimilation applications we may not have enough
computer time to complete the minimization. A
monotonic decrease would enable us to terminate
minimization at any iteration step, still having
confidence that we are closer to the minimum in all
aspects (cost-function and gradient norm). It is
sometimes suggested that, if the diagonal elements
of the Hessian are known, a good preconditioner
may be a diagonal matrix, with elements equal to
the diagonal elements of the Hessian. In fact,
Forsythe and Strauss (1955) have shown that a
diagonal matrix with diagonal elements of the
Hessian as its elements, is optimal among all
diagonal preconditioners. This approach is
essentially pursued by Nocedal (1980), Liu and
Nocedal (1988) and Nash (1985). Encouraging
results, obtained using a similar approach in
application to 4-D variational data assimilation,
are recently reported by Courtier et al. (1992). It is
generally suggested that diagonal preconditioning
could be very successful in large-scale minimiza-
tion problems (e.g., Gill et al.,, 1981; Luenberger,
1984). In other words, a simple rescaling of
variables may significantly improve the minimiza-
tion.

In 4-D variational data assimilation problems,
the cost-function in the form

J(x)=1} (M(x)—a)" W(M(x)—a)

n

(1.1)

is usually minimized. Here M represents the
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nonlinear forecast model operator, x is control
variable (initial conditions in this case), a refers to
data, and W is the weight assigned to data. The
index “n” refers to observational times. The corre-
sponding Hessian matrix can be calculated
(Thacker, 1989; Rabier and Courtier, 1992) from

H=Y M""WM’

+2 (M) W(M(x)—a),

n

(1.2)

where M’ is the tangent linear (sometimes called
the resolvent), and M'T its adjoint operator.
Operator (M")T is the adjoint of a second
derivative of the forecast model with respect to the
control variable. The Hessian is clearly not a
diagonal matrix, but it is positive definite (assum-
ing the minimum exists) and symmetric (e.g.,
Thacker, 1989; Wang et al., 1992). For quadratic
cost-function the solution of the minimization
problem (1.1) is equivalent to the solution of
Newton’s equation

Hi= —g, (1.3)

where d is the descent direction (unknown), and g
is the (known) gradient of the cost-function J.
The Hessian matrix is defined at the solution. Note
that the second term on the right-hand side of
(1.2) is zero for linear forecast model and could be
neglected at points near the solution. Then, the
Hessian is

H=Y M"WM"

n

(14)

This is an approximation suggested in the Gauss-
Newton minimization method (e.g., Gill et al.,
1981; Hoffman, 1986). Also, one may think of
employing the Hessian (1.4) in preconditioning. In
that case, a truncated quasi-Newton method (e.g.,
Nash, 1985; Wang and Navon, 1992) may be used.
In each iteration of minimization, a linear sub-
problem is solved, given by Newton’s equation at
the current iteration
H.d,=—g, (1.5)
where index “k” refers to iteration number. For
example, one may use a few iterations of the linear
conjugate gradient algorithm (Gill et al., 1981).
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The application of (1.4) to a vector involves simply
one forward integration of the linear tangent
model, followed by a backward adjoint integra-
tion. For large scale minimization problems the
memory requirements may not be an obstacle if
the conjugate gradient method is used, but the
computational cost of such designed method is still
too high. For example, five iterations of the con-
jugate gradient algorithm, with the Hessian (1.4)
used in (1.5), would be equivalent to 10 integra-
tions of the linear tangent model for the length of
assimilation period. However, if the compter time
is not a limiting factor, the Hessian in the form
(1.4) may be used as a perfect preconditioner in
“twin experiment” assimilation, where “data” are
generated by the forecast model itself. Unfor-
tunately, experiments we have conducted with
operationally obtained OI analyses using this
approach in the preconditioning procedure, have
confirmed that the second term in (1.2) cannot be
neglected. To calculate the Hessian from the
complete form of (1.2) is, at present, computa-
tionally prohibitive in realistic 4-D variational
data assimilation.

In this paper we propose a preconditioning
based on a use of a Taylor sertes expansion and a
requirement that the expected decrease of the cost-
function is balanced by a preconditioned gradient
norm decrease. The preconditioning matrix is
positive definite and diagonal. This new precondi-
tioner was tested in two realistic cases of the 4-D
variational data assimilation. The results were
compared with results obtained using another
diagonal preconditioner that worked extremely
well in these cases. The new preconditioning has
proven superior in all aspects. Overall results show
smooth and monotonic decrease of both the
cost-function and the gradient norm, in only a few
iterations. The proposed preconditioning was used
with the memoryless quasi-Newton method of
Shanno (1978), and a restart procedure defined in
Shanno (1985), but it could be easily employed in
other minimization methods. The procedure is
inexpensive to apply, and has a potential in
practical applications to large scale probiems
of 4-D variational data assimilation.

In Section 2 we describe the proposed precondi-
tioner. In Section3 we discuss the conducted
experiments, results are presented and discussed in
Section 4, and concluding remarks are given in
Section 5.
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2. The preconditioning methoad

2.1. Mathematical derivation

In subsequent mathematical derivation we will
implicitely assume a grid point model space, and
an Euclidean basis. Suppose that the precondition-
ing matrix P is given by

P=EET (2.1)
where
E=WwWVYG—12, (2.2)

Here, Wis a weight matrix, and G is a matrix to be
determined. Both W and G are assumed to be
diagonal, implying that E and P are diagonal.
Also, W and G are both self-adjoint, since they are
defined over the real field. The reason for choosing
this particular form for preconditioning matrix is
that the weight matrix W is related to the Hessian
(eq. (1.2)), a “perfect” preconditioner. The matrix
W is an approximation of the Hessian matrix for
M'=1 The elements of the matrix G may be
viewed as refined scale factors correcting for
“rough” scaling introduced by W (e.g., Navon and
de Villiers, 1983). Thus, the matrix G represents an
influence of the model dynamics on precondition-
ing. The dispersive and amplifying effects of the
forecast model cause an additional stretching of
the hyperellipsoid of the cost-function isopleths. It
is the matrix G which should be able to account for
this effect, making the isopleths more spherical.
The matrix W is positive definite, and its elements
are presumed known. The elements of the matrix G
are denoted y, and one may write

G =diag(y7) (23)

Here, L refers to the vertical levels of the numerical
model, and the index “c” denotes the component
of the control variable. For example, if the control
variable is defined as initial conditions for the
forecast model, “c” would refer to a prognostic
variable, such as: surface pressure, temperature,
winds, etc. In the case of the spectral model the
index “c” would refer to spectral coefficients. The
value of an element of the matrix G is the same for
a given control variable component, at all horizon-
tal points at the vertical level L. Note, for example,
that there will be only one value of y for surface
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pressure because there are no vertical levels
involved. One can write

VL= (VP Vs oo Yiars Vis oo Viags Vs oo Viag) (24)

where LM is the number of vertical levels in the
forecast model, and superscripts “ps”, “t”, “u” and

€y,

v” refer to surface pressure, temperature, and

‘wind components, respectively. In the rest of the

paper the superscript “c” will be omitted in the
notation for the elements of matrix G. Unless
specified otherwise, it will be assumed that the
elements of the matrix G are defined for specific
variable at the specific vertical level. The actual
design of preconditioning will include calculation
of unknown elements of the matrix G.

The reason for choosing the particular structure
of the matrix G (2.3) and its elements (2.4) is due
to the structure observed in the adjustment of the
control variable in the first iteration. The changes
in the control variable experience large variability
by component and by vertical level. By improving
the scaling for each variable, and for each vertical
level, we expect to improve the preconditioning.
For large scale minimization problems, it is easier
to estimate a global adjustment (over many points
at certain vertical level) than to make a local
estimate, at each point. Note that, in general, it
may be adequate to chose a different type of
variability of the control variable, related to the
problem at hand. For example, if there is no
significant variability in the vertical, the form (2.3)
may be reduced to the number of prognostic
variables only.

At any iteration of the minimization the update
of the control variable x is given by

X=X +od, (2.5)

where index “k” refers to iteration number, d is a
descent direction (as before), and o is a step-length.
The descent algorithm is usually related to the
currently computed gradient, and information
about the gradient and descent direction from pre-
vious iterations. In the first iteration of most
minimization algorithms however, the only
information one has is the initial gradient. Then,
the initial descent direction is given by a
preconditioned steepest descent method, i.e.,

d=—P g, (2.6)



482

where P is a general preconditioning matrix (not
necessarily the same as in (2.1-2.2)).

Near the initial first guess, we expect that the
Taylor series expansion for the general cost-
function F is valid
Foo =F +oag"d+1a’d" Hd 2.7
Here, d” Hd and g" d represent Euclidean inner
products defined over the entire model space.
Employing Newton’s equation (1.3) and eq. (2.7),
and introducing AF = F, — F, , | (a decrease of the
cost function in the first iteration), we obtain

a

AF=oc<l——2—) dT Hd. (2.8)

This expression is similar to the scaling of
conjugate gradient introduced by Fletcher (1972),
except here an accurate line search is not assumed.
After introducing

_d"Wd

—_—— 2.9
” d’r Hd’ ( )
the relation (2.8) becomes

a1
AF=a<1—§>E(dT wd). (2.10)

Let us define a subspace of the model space over all
horizontal points, at the particular vertical level
and for the particular control variable. Now, let us
make an assumption that the Taylor expansion
(2.10) is satisfied also at each vertical level and for
each control variable, i.e.,

1
AFL=cx<1—%>-';(dT wd),, (2.11)

where L refers to the vertical level. This is an
assumption which will be tested by the results of
minimization with preconditioning. The inner
product (dT Wd), is now defined over all points
representing a chosen subspace. Similarly, AF,
represents a decrease of the cost-function over all
points of the subspace. Some characteristics of the
parameter 5 are discussed in the Appendix. It
appears that the value of # is not changing
significantly from case to case. The assumption
(2.11) is critical, because it allows the cost-function
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decrease to be expressed in terms of a diagonal
matrix, W, instead of a general symmetric matrix,
H. Several other diagonal matrices were tried
instead of W, but with no success. It appears that
the choice should be based on the definition on the
Hessian matrix (1.2) as much as possible.

Starting with (2.6), one can consider three
important cases:

d=—H3'g, (2.12)
d=-W-'g, (2.13)
d= —GW-lg, (2.14)

where Hp, is an optimal diagonal preconditioner,
with elements equal to diagonal elements of the
Hessian. Thus, the first choice, (2.12), is the best
descent direction one can get with diagonal pre-
conditioning matrix. The second choice, (2.13), is
a “natural” initial choice because there is a need for
scaling of variables with different physical units,
and also because it is indirectly related to the
Hessian matrix (1.2). The choice (2.14) introduces
another diagonal matrix G, and corresponds to the
choice (2.1-2.3) for the preconditioning matrix.
Note that all considered matrices are diagonal.
Also, recall that all diagonal matrices are com-
mutative. Employing all three possibilities for the
descent direction in (2.11), and using properties of
real-valued diagonal matrices

1
AF,=u (1 —;) . (gTH5'WH5'g),, (215)

1
AFLzoz(l—g)E(gTW"g)L, (2.16)

1
AFL=a(1—%>;’(gTGW“Gg)L. (2.17)

Note that the corresponding cost-function decrease
(left-hand side of egs. (2.15-17)) may differ very
much, depending on the chosen preconditioning.
The idea is to choose the elements of the matrix G
in such way that the optimal decrease of the cost-
function (2.15) is achieved also in (2.17).

Let {e;,} denote a unique Euclidean basis of
all diagonalizable linear operators over the
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N-dimensional real field (e.g, Hoffman and
Kunze, 1971). Also, let

Hp, =diag(h,),
G =diag(y,;).

W= diag(wi)’
(2.18)

Using the fact that the eigenvalues of any diagonal
matrix are precisely those diagonal elements, it
follows from (2.15) and (2.18) that

AF, =« (1 —%)1 Y (wh Y (wi (gel)).
’1 (L)
(2.19)

Here, index “i(L)” denotes all horizontal points at
the level L, for a particular model variable.
Similarly, from (2.17) and (2.18)

AF, = (1 —i;-)%yz Wil el 20)

i(L)

where a constant value for the y was assumed at
the level L. The requirement that the cost-function
decrease in (2.20) is equal to the optimal decrease
(2.19) results in

ve={(wh )}, (2.21)

where the overbar denotes a weighted average,
defined as

i () Wi_l(geiT)z
Sy wi'(gel)’

(u.) =S

(2.22)

Unfortunately, eigenvalues of Hp, are usually not
known, and (2.21) cannot be used to determine
unknown elements of the matrix G. In order to
obtain y let us proceed from (2.20), assuming that
a cost-function decrease on the left-hand side is
optimal. Then, solving for y

AF,

2 n
S e W)L (223)
where

("W 'g).= Y wil(gel)" (2.24)

i(L)
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Let us introduce the relative decrease of the
cost-function, k,

AF
=— 225

= (225)
where F refers to the total cost-function (over the
entire model space). In order to keep the problem
tractable, let us assume

AF, =kF,, for all L. (2.26)

The assumption (2.26) implies that the expected

relative decrease of the cost-function is same at
each level, and for each variable. The assumption
is introduced because it seems easier to make an
accurate estimate of a single parameter k, a relative
decrease of the total cost-function, rather than to
estimate a relative decrease at each vertical level.
Employing (2.26), eq. (2.23) becomes

2 _ nk F,
T =a2) (g W),

(2.27)

Given the optimal decrease of the cost-function
over the entire model space (2.10), one can define
a new, constant parameter y,, such that (2.10)
becomes

a1

AF=a<1—§>Ey§(gTW‘1g). (2.28)

From (2.25) and (2.28) one obtains

nk _ ,(&g'W'g)
a(l—oc/2)_y° 7 . (2.29)
From (2.27) and (2.29), it follows:
. (gTw—lg)l/Z [FC]1/2

¥5 = {Vo = s (230)

F [(g"W g)i]

Eq. (2.30) is an expression for the elements of a
diagonal matrix G, needed to be calculated for
each component of the control variable (denoted
by index “c”), at each vertical level. The index “c”
has been used again in order to underline the
significance of calculating the elements of G
for each variable. The first term in brackets, on the
right-hand side of (2.30), is a scaling parameter,
dependent on a particular case. The last term on the
right-hand side of (2.30) represents the (vertical)
structure introduced by the preconditioner. If the
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line search algorithm does not depend on the initial
guess for the step length, both scaling parameters
are not important, and only the last term on the
right-hand side of (2.30) may be used. However, if
the initial guess for the step length is used, the scal-
ing factors could be very important. This is related
to a safeguard procedure (Gill etal, 1981), in
which a prespecified maximum step-length is
imposed. This aspect is discussed in more details
later, in Section 4. The parameter y, can be empiri-
cally calculated. Unfortunately, the empirical
choice of y, will not garantee the optimal reduction
of the cost-function in (2.28). On the other hand,
for an only slightly incorrect choice of y,, the line
search procedure would create step-length « such
that the decrease of the cost-function is closer to
the optimal one, thus making (2.28) closer to the
truth. In our experiments (including a number of
additional cases not shown here), this seems to be
confirmed. A practical advice is to try to choose
the value of y, which would allow the optimal
step-length to be close to the unit guess value, or
slightly larger than one. In operational applica-
tions, with a forecast model, weights and a dis-
tance of the first guess from the solution not
changing significantly from day to day, one can
calculate the parameter y, from the previous
assimilation cycle. Note that (2.30) is easy to
compute, and there is no significant requirements
regarding the computer time and memory. The
complete preconditioning matrix may be written as

P~ =diag(y, w; "), (2.31)

where index “i” refers to a model space point, and
y. 18 a corresponding element of the matrix G,
defined by (2.30). The preconditioning matrix P is
positive definite, because both matrices, G and
W ~! are diagonal and positive definite.

Note that, in the least square problems (4-D
variational data assimilation), F is calculated as a
sum of squared distances between the model and
data, over all times when data were available.
Since the cost-function F used in Taylor expansion
(2.8) is not directly related to the number of time
levels with data, it may be useful to introduce in
(2.30) some type of a weighted average over the
assimilation period. For example, one may choose

_ZntaF,

F- ’
2 tn

(2.32)
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where F, is the calculated squared distance
between model and data, u,, is the weight given to
F,, and the index “n” refers to time levels with
data. Formula for the elements of the matrix G
(2.30) will not be altered by this choice of the
cost-function F.

2.2. Convergence analysis

Recall that the preconditioned Hessian matrix,
H,, may be written as H, = E ~'HE ~". When the
preconditioning matrix is a diagonal matrix with
elements equal to diagonal elements of the Hessian
(2.12), the preconditioned Hessian is

H,=H;""HH;™". (2.33)
When there is only a “rough” scaling as precondi-
tioning (2.13), the preconditioned Hessian is

H, =W~ '"HW =17 (2.34)
Finally, when the preconditioning is given by
(2.1-2.2), the preconditioned Hessian is

sz — (61/2W~1/2) H(GI/ZW_I/Z)T. (235)
In order to compare the proposed preconditioning
with the optimal diagonal preconditioning matrix,
Hy, let substitute H by Hp in (2.33-2.35). By
doing this, only the effect of preconditioning on
diagonal elements of the Hessian is considered,
neglecting the off-diagonal elements. Since all
matrices, Hp, W, and G, are diagonal and real-
valued, one obtains

H,=H5'Hy=1, (236)
H, =W 'Hy, (237)
H,=GW~'Hp. (238)

Obviously, all elements of the matrix H, are equal
to one. For matrices H, and H,, one can obtain
diagonal elements (eigenvalues) from (2.18)

H, = diag(wi}\h)), (2.39)
H,, = diag(y.wil\hisy),

where index “i(L)” denotes a point at the vertical
level L. Properties of a proposed preconditioning
matrix will be best seen by comparing the condi-
tion number of matrices H, and H, knowing
that the optimal condition number is 1. For
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notational convenience let consider the condition
number of inverse matrices of H, and H,,. Recall
that the condition numbers of an invertible matrix
and its inverse are equal (e.g., Gill et al., 1981).
Using the notation

Bi=wh; (2.40)

s
]

where index “i” denotes a point in a model space,
one obtains for the relevant condition numbers:

K(H,)=1, (2.41)
K(Hp,)=ﬁ‘““, (2.42)
ﬁmin
[B/'J)L]max
K(H,)=———"2 243
( pz) [B/’yL]min ( )
Note that eq. (2.21) can be written using (2.40) as
ve={B7}"" (244)

where the overbar denotes an average over all
horizontal points at the vertical level L, and for
specific model variable (eq. (2.22)). This indicates
that the eigenvalues of the matrix H, are obtained
by dividing eigenvalues of H, by an estimate of
their respective average value at given vertical level
and for given model variable. This is very impor-
tant for understanding the effect of proposed
preconditioning on the spectrum of the precondi-
tioned Hessian matrix. In large scale minimization
problems, even an approximate scaling of eigen-
values of the Hessian may have a significant effect
on the speed of convergence. Now, let “l ., ” be the
vertical level where the maximum eigenvalue of
H,, is found, and let “l,,;,” denote the vertical level
of the minimum eigenvalue of H,,, for given model
variable. Important to note is that these vertical
levels do not, in general, correspond to the levels
where the extreme eigenvalues of H,, are located.
Using

ﬁ Imax < ﬂ max

ﬂlmm = Bmin
it follows from (2.43)

K(sz) = [ﬂ/yL]max

[B/VL]min

_ [)’L]lmi., ﬂlmx < [VL]lmi,,
[VL]lm, _Bm\ [?L]lmx

(2.45)

=K(H,)),

(2.46)

K(H,).
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Hence, the condition of the matrix H, critically
depends on the ratio of y, at the vertical levels 1,
and 1,;,,, which indirectly reflects the existing
eigenvalue structure of the Hessian. From (2.46),
the condition for improved convergence is given by

[y
L . 247
Do ! 247)

Since the levels 1., and l_,, are generally not
known, it is difficult to know in advance if the con-
dition (2.47) is satisfied. For practical purposes,
one can compute the values of y, and see if there
is a significant variability by model variable and/or
by vertical level. If there is a relative difference of,
at least, one order of magnitude, it may be an
indication that the proposed preconditioner could
perform well. In the experiments discussed in this
paper the minimum value of the ratio (2.47) was
about 4x 1072 On the other hand, since the
preconditioning is quite simple to implement, it
may be best to simply try the proposed method in
actual minimization.

3. Experimental design

3.1. Models and data

A simplified version of the NMC’s new regional
forecast model being developed for operational use
has been employed. Both the non-linear and the
adjoint models have dynamics and horizontal dif-
fusion, but moisture and parameterized processes
are not included.

The non-linear forecast model is defined in the
eta vertical coordinate (Mesinger etal., 1988;
Janjic, 1990). The model employs a split-explicit
time differencing, and the time step used in the
experiments presented here is 200 s. The horizontal
resolution is approximately 80 km, and the
domain of integration covers the North-American
continent. Two versions of the model have been
used, one with 16, and the other with 17 vertical
layers. In both versions of the model the top was at
100 hPa. The additional layer helps in better
resolution near the bottom of the model. However,
the effect of the additional layer will be important
mostly in surface processes, not present in the
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simplified version of the forecast model used here.
Boundary conditions are not adjusted in the
adjoint calculations; they are taken from available
analyses.

Data used are operationally obtained OI
analyses (DiMego, 1988), available every 3 h, in
the experiment with 16 vertical levels, and every
6 h in the experiment with 17 vertical levels. Since
only a “dry” version of the forecast model (and its
adjoint) is employed, data used from the analysis
are surface pressure, temperature, and wind.

3.2. Experiments

The assimilation period in all experiments was
12 h. Two sets of the 4-D variational data assimila-
tion experiments are performed:

(1) usinga 16-level version of the model, on 27
December 1991, from 12-24 UTC;

(2) using a 17-level version of the model, on 30
June 1992, from 00-12 UTC.

A control run in each experiment was designed
using G = I (egs. (2.1-2.2)), so that only a “rough”
scaling is kept, based on the weights given to data.
Also, a “preconditioned” assimilation was per-
formed for each case, using y computed from
€q. (2.30). Note that the control experiment is also
preconditioned, because a general scaling of
variables with different physical units is included,
in the form of the weight matrix W. In both
experiments a significant variability of y was found.
For surface pressure the value was about 0.3-0.4;
for temperature, y was in the range from 0.1 at low
levels to 0.01 at upper levels; and for winds, the
values were from 4 x 102 at lower levels to 0.2 at
upper levels. These values of y indicate a significant
change of the initially chosen weights. The number
of degrees of freedom in this problem is of the
order of 4 x 10°. Hence, the Hessian matrix has a
dimension of (4 x.10%) x (4 x 10°). The dimension
of the subspace in which the gradient norm and
cost-function are calculated in (2.30) is 8581. This
is a number of horizontal points at each vertical
level and for each variable. All these numbers
suggest that the problem of preconditioning in
realistic data assimilation experiments is quite
challenging.

The cost-function was defined as in Z93, with a
penalty term controlling the amount of gravity
waves
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where index “t” refers to observational times, and
index “n” to time steps of the forecast model. The
analysis weight matrix is denoted W, the relative
weight given to the penalty term &, and horizontal
divergence is denoted Div. Since data used are OI
analyses, all weights p in (2.32) are assumed equal,
and Fis simply a mean value of the calculated cost
function over the assimilation period. In all
experiments the weight matrix W is assumed
diagonal, thus the preconditioning matrix P
(eq. (2.1)) was also a diagonal matrix. The choice
of weights was based on a typical radiosonde
observational error variance, same as used at
NMC operationally. In order to account for addi-
tional analysis error, the variance was multiplied
by a factor of two. Although this is only a rough
approximation of the true analysis error, the
calculated weights show a vertical structure typical
for real data. Weights for temperature vary from
0.083 K ~2 at the bottom to 0.23 K =2 at the top.
For winds, weights are 0.049 m ~2 s? at the bottom,
and 031 m~2s? at the top of the model. The
weight given to surface pressure is 0.0002 Pa~2

The minimization algorithm employed is a
memoryless quasi-Newton algorithm of Shanno
(1978), with a restart procedure providing global
convergence (Shanno, 1985). Our experience is
that this algorithm is well suited for 4-D varia-
tional data assimilation (also, see Navon and
Legler, 1987).

In the experiments presented in this paper, we
have used y, = 0.0227.

(3.1)

4. Results

All results are assessed by comparing the
behaviour of the cost-function and the gradient
norm during minimization.

4.1. The cost- function

In Figs. 1 and 2, the decrease of the normalized
total cost-function during minimization is shown:
in Fig. 1 the results of experiment (1), and in Fig. 2
the results of experiment (2). The dashed line

Tellus 45A (1993), 5
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Experiment 1
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Fig. 2. Same as in Fig. 1, except for experiment (2), with
17-layer model version employed.

represents minimization with the new precondi-
tioner, and the full line the control experiment.
First, note from both figures that the decrease in
the control experiment is extremely good. The
saturation is reached after only 4-5 iterations of
the minimization algorithm. Even so, the decrease

Experiment 2
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Fig. 1. Normalized cost-function decrease minimization
in the experiment (1), with a 16-layer model version
employed. The total cost-function is normalized by
its initial value. The full line represents the control
experiment results, with “rough” scaling only, and the
dashed line represents the results of the experiment with
the new preconditioning.
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of the cost-function in the experiments with new
preconditioning is consistently better, in both
cases. Most of the improvement occurs in the first
2-3 iterations. From the perspective of the new
preconditioner, which includes a refined scaling at
vertical levels, it is interesting to look at the
decrease of the components of the cost-function as
a function of vertical levels. Just to illustrate the
effect of a new preconditioner at different vertical
levels, we show the relative decrease of the tem-
perature and u-wind cost-function components in
the first iteration, for experiment (1). In Fig. 3 the
percentage decrease of the temperature component
of the cost-function is plotted at different (eta) ver-
tical levels, and in Fig. 4 the corresponding #-wind
component is shown. As in the previous figures,
the results of the preconditioned minimization are
denoted by a dashed line, and the results of the
control experiment are denoted by a full line.
Positive values represent a decrease of the cost-
function, and negative an increase. The tem-
perature cost-function shows an increase at levels 4
and 5, in the control experiment (Fig. 3). With pre-

19 *
\
2+ »
!
3 R
/
]
s —oa—  CONTRCL
9 6 * ~=<--  PARECONCITICNED
g
w 79
puj
91
<
<
u 9
2 104
Q
=11
o«
w
> 124
13
14 .
15 Y
16 T T T T % 4
10 o 10 20 30 40 50 &0 70

TEMPERATURE COST-FUNCTION REDUCTICN (%)

Fig. 3. The % reduction of the temperature part of
the cost-function in the first iteration as a function of
vertical eta levels, for experiment (1). Note that level 1
corresponds to a top of the model (100 hPa), and level 16
refers to the bottom of the model. Positive values repre-
sent a reduction, and negative values represent an
increase of the cost-function in first iteration.
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Fig. 4. Same as in Fig. 3, except for the u-wind part of
the cost-function.

conditioning, a decrease of the cost-function was
found at all levels. Both figures indicate quite
significant improvement. It appears that the new
preconditioner has the effect of making a more
balanced adjustment at each vertical level.

4.2. Gradient norm

Gradient norms normalized by their initial
value as functions of the iteration number in
experiments (1) and (2) are shown in Figs. 5 and 6,
respectively. These figures indicate the con-
vergence rate of minimization, measured by the
gradient norm (another way is to measure the
cost-function decrease). The results of the control
experiments are denoted by a full line, and a
dashed line represents results with the new pre-
conditioning. Good convergence properties (Figs.
5 and 6) confirm superior results of the proposed
preconditioning. Saturation is reached after only
11-13 iterations. There is a similar total decrease
of the gradient norm, of about two orders of
magnitude. Note smooth behaviour of the gradient
norm during minimization, in both the control and
preconditioning experiments, very important in
practical applications of minimization.

An important point to be stressed is related to a
safeguard procedure in the minimization, involv-
ing a definition of an upper-limit for a maximum
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Fig. 5. The normalized gradient norm as a function of
iterations in experiment (1), with 16-layer model
employed. The full line refers to the control experiment
results, and the dashed line to the experiment with the
new preconditioning.

step-length allowed (e.g., Gill et al., 1981). In prac-
tical applications, there is a need for a maximum
step-length to be defined, so that the minimization
update will allow only values that do not under-
mine significantly the forward model integration.
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Fig. 6. Same as in Fig. 5, except for experiment (2), with
17-layer model employed.
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For example, in 4-D variational data assimilation,
one would not allow a 100°C temperature change
at a grid point, because it is not physically
meaningful, and it could create an extremely large
amount of gravity waves in the forward integra-
tion. The problem that arises in “rough” scaling
(the control experiment) is that the maximum
change at one point usually reaches that limit, and
the step-length allowed has to be reduced. In a few
experiments with different maximum step-lengths
(not shown here) it was noted that the minimiza-
tion could be significantly worsened. Even an
increase of the cost-function was found at certain
vertical levels. The benefit of the new precondi-
tioner is in reducing the amount of actual change,
so that the problem of maximum step length may
rarely be encountered. By preconditioning, we
change the direction of descent, so that a larger
reduction of the cost-function is obtained with
smaller adjustment. The preconditioned gradient
norm (not shown) is always smaller than in the
control experiment. Overall, the preconditioned
gradient norm is 4-7 times smaller than in the
control experiment, implying that the optimal
step-length can be larger in preconditioning
experiment. It is the scaling introduced in (2.30)
which allows the initial step-length to be
determined freely, without using the prescribed
upper-limit.

4.3. Estimate of the condition number of the
Hessian matrix

An attempt was made to calculate the condition
number of the Hessian matrix by applying the
power and shifted power iteration method (e.g.,
Wang et al., 1993; Golub and Van Loan, 1989).
Using this method it is possible to obtain extremal
eigenvalues of a matrix, and then use their ratio to
estimate the condition number. The power method
involves a Hessian-vector product, computa-
tionally demanding task for a large-dimensional
problem considered here. A finite-difference
approach (e.g., Wang et al, 1993) was used to
calculate the matrix-vector product. Due to
extremely large computer time requirement, only
calculation of the extremal eigenvalues at the
beginning and at the end of minimization was
attempted. Unfortunately, very slow convergence
was found when applying the shifted power
method, for calculation of minimum eigenvalues.
An estimate of the error of minimum eigenvalue
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(e.g., Golub and Van Loan, 1989) appeared to be
of the same order of magnitude as the eigenvalue
itself. The problem was especially difficult in the
case of a 17-layer model. The estimate of the maxi-
mum eigenvalue of the Hessian was relatively good
in both experiments, with an error of the order of
1-2%.. Just for illustrative purposes, the results for
the 16-layer model will be discussed. At the beginn-
ing of minimization, in the control experiment, the
maximum eigenvalue estimate was 203, while with
preconditioning the eigenvalue was reduced to
only 59. For the minimum eigenvalue only a
rough estimate was possible. In the control experi-
ment the minimum eigenvalue estimate was 1.26,
while with preconditioning the value 0.083 was
obtained. The resulting condition numbers of the
Hessian matrix at the beginning of minimization
were 159 in control, and 71 in preconditioning
experiment. These values of the condition number,
although only roughly estimated, will be used to
illustrate the impact of proposed preconditioning
on the rate of convergence of the conjugate-
gradient (C-G) method. From an estimate of the
rate of convergence of C-G method, one can derive
the relation between the number of iterations, p,
and given convergence criterion ¢ (e.g., Axelsson
and Barker, 1984)

p(e) S%  K(H) In (%) + 1.

The convergence criteria is defined as a ratio
between the cost-function at the solution, and at
the initial point of minimization. In Table 1 the
number of iterations of the C-G method is shown
as a function of convergence criteria, calculated
using (4.1). A potential benefit of preconditioning
in C-G method is easily seen.

(4.1)

Table 1. An estimate of the number of iterations of
a conjugate-gradient method for given convergence
criteria €

No. iterations
& control experiment preconditioning experiment

0.5 10 7
10! 19 13
102 34 23
1073 48 33
10~ 63 42
10-3 77 52
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At the end of minimization, a reduction of the
condition number of the Hessian is found in both
experiments, in agreement with results obtained by
Wang etal. (1993). The value of the maximum
eigenvalue decreased to 6.2 in control, and to 5.6 in
preconditioning experiment. Especially large is the
decrease in the control experiment, by a factor of
30. Although much smaller, the decrease in pre-
conditioning experiment was also noticeable. One
can interpret this results as a contraction of the
cost-function isopleths in the direction of largest
eigenvalues of the Hessian. At the same time the
minimum eigenvalues were difficult to estimate,
due to large errors. As suggested by Wang et al.
(1993) one should not expect large adjustments of
smallest eigenvalues in minimization, thus the
effect of preconditioning on the cost-function
isopleths in the direction of smallest eigenvalues
may not be significant.

5. Concluding remarks

A new preconditioning is proposed, aimed for
use in conjugate-gradient and memoryless quasi-
Newton algorithms. However, it can be easily used
in any minimization algorithm if the precondi-
tioned steepest descent is used in the first iteration.
The new preconditioner is expected to be most
beneficial in large scale minimization problems,
such as the 4-D variational data assimilation in
meteorology and oceanography. The proposed
preconditioning is based on the requirement that
the control variable adjustment is balanced by the
calculated gradient norm. In addition, a second
order Taylor series expansion is assumed valid in
the vicinity of the first guess (analysis at initial
time). The preconditioning matrix is strictly
positive definite and diagonal.

The new preconditioning was tested in two
cases of the 4-D variational data assimilation
experiments with the NMC’s new regional forecast
model, and with operationally obtained OI
analyses. The forecast model and the adjoint
have been used in a simplified form, having in-
cluded dynamics and horizontal diffusion, but no
moisture and parameterized processes. A signifi-
cant improvement was found in all experiments.
The vertical structure of the cost-function reduc-
tion shows an improvement at all levels. A
decrease of the cost-function and the gradient
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norm is smooth and well-behaved during the mini-
mization, encouraging from the perspective of an
operational use. However, one should note that all
results are obtained for a specific forecast model
and data base. Further testing is needed with other
forecast models.

The proposed procedure is very easy to compute
and implement, and the computer time and memory
requirements are negligible compared to gradient
calculation. The method is quite general, and it
does not depend on the particular form of the cost-
function. It requires, however, that both the cost-
function (data) and the gradient be defined in the
same space. Therefore, additional assumptions
may be needed when applying the proposed pre-
conditioning to direct observations. An inclusion
of a quadratic background term in the cost-
function (e.g., Lorenc, 1986), however, should not
increase the complexity of the preconditioning
problem, because the total Hessian has a well-
known structure, and the methods to satisfactory
solve this problem exist (e.g., Luenberger, 1984).
In this paper, all experiments were conducted by
adjusting the initial conditions only. Note that
there should be no special difficulty in imple-
menting the method to other choices of control
variable, such as a model bias correction parameter
(Derber, 1989; 7Z93), boundary conditions, etc.

6. Acknowledgments

I would like to thank John Derber and Dave
Parrish for their advices and thoughtful reviews.
Also, T would like to thank Jim Purser and two
unknown reviewers for their critical and very help-
ful reviews. My gratitude is extended to University
Corporation for Atmospheric Research (UCAR)
Visitors Program, for its help and financial
support.

Appendix

Mathematical behaviour of the parameter n
By eq. (2.9) from the text, the parameter 4 is

introduced
dT Wd
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The inner products in (A.1) are defined over all
points. Since both the weight matrix W and the
Hessian matrix H are positive definite and sym-
metric, their eigenvalues are real and positive.
Also, the corresponding eigenvectors of each
matrix form an orthonormal basis in the space y of
the control variable (for example, Hoffman and
Kunze, 1971). Let 1 denote the eigenvalues of H,
and w the eigenvalues of W. Let {¢} be the eigen-
vectors of the Hessian matrix H, and {e} the eigen-
vectors of the weight matrix W, both defined over
the same space y. Then, for any vector x in y (see
also Thacker, 1989)

N

Hx=7Y J,(x¢]) o,

i=1

(A2)

where N is the dimension of the space y. Similarly,
for the weight matrix W

N
Wx=3 wixel)e,.

i=1

(A.3)

Using (A.1), (A.2), and the orthogonality between
the eigenvector components, it follows from (A.1):
X wi(del)?

Y AldeT) (A4

The adjustment of the control variable in the first
iteration is represented by a vector d. Since the
basis vectors, {e} and {¢}, are orthonormal
vectors, one can rewrite (A.4) as
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where “a,” is an angle between d and ¢;. Similarly,
“b,” is an angle between d and e;. The parameter n
may be viewed as a function of 4 d. Note that the
norm of d is ||d| = [dT d]'%. An examination of
the asymptotic behaviour of n shows that

. W
Iim == A.6
il oo | i (A.6)
: W
lim p=2—". A7
oo ! Yk (A7)

An extremum of # is reached for ||d| =1, and is
given by:

2 wi(1—cos(b))

=S (1 —cos(a)’ (A8)

Note that this extremum value of # may be close
to the asymptotic values (egs. (A.6) and (A.7)),
provided the angles between d and components of
each basis vector are not very different. In general,
function #(]|d|) is not changing significantly with
lld||. Also, it is very unlikely that the value of |d||
is exactly equal to one. Then, it is safe to use only
one value for the parameter 5, probably close to its
asymptotic value. Of course, eigenvalues of the
Hessian and weight matrix depend on a particular
case. However, we are dealing with a sum of eigen-
values over all points, and it seems reasonable to
assume that its value does not change significantly
from case to case. Our results, obtained for two

_ X w([dT d]+1—-2[d" d]"* cos(b,)) (A.5) different meteorological situations, indirectly
S A([dTd]+1=2[d"d]*cos(a;))’ * confirm that assumption.
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