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ABSTRACT

We investigate the influence of diffusion, and errors associated with its representation, on the
adjoint data assimilation technique. In order to determine how diffusion influences the retrieval
of the initial state given a set of observations at later times, we perform a linear analysis of the
one-dimensional diffusion equation and show that the retrieved initial state will be amplified
(smoothed) if the diffusion in the prediction model is larger (smaller) than that present within
the observations. This amplification (smoothing) not only increases dramatically as the length
scale of the feature under consideration decreases, but also plays a réle in suggesting an
appropriate time period within which to assimilate observed data. These results are verified
numerically for the simple case of a rising thermal in a neutrally-stratified environment using
simulated pseudo-observations from a dry, three-dimensional Boussinesq model and its adjoint.

1. Introduction

One of the most challenging and long-standing
problems in numerical weather prediction (NWP)
is the construction of a model initial state that is
compatible with the governing equations, yet
preserves the relevant information content of the
observations: the so-called initialization/assimila-
tion problem (e.g., NRC, 1991). Many strategies
have been devised to deal with this problem,
ranging from complicated schemes grounded in
fundamental principles of dynamics (e.g., non-
linear normal mode initialization; Daley, 1981) to
more mechanistic approaches which, though sim-
ple in concept and formulation, have proven quite
successful (e.g., nudging; Hoke and Anthes, 1976).
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It is important to note that fundamental dif-
ferences exist between data assimilation on the
large and small scales. For example, in the context
of the large-scale atmosphere, all fields necessary
for initializing a prediction model, except for the
vertical velocity, can be obtained with varying
degrees of accuracy directly from remote and
in situ observing systems. Using the well-known
balances of geostrophy and hydrostatic equi-
librium, the mass and wind fields can be mutually
adjusted to render a set of balanced fields, though
the prognostic model equations are typically used
to obtain a state appropriate for use as initial
conditions (e.g., nonlinear normal mode initializa-
tion). For smaller-scale phenomena (e.g., thunder-
storms), only the time history of the radial wind
component from a Doppler radar, along with a
proximity sounding and radar reflectivity, are
typically known; all other physical variables
must be deduced (Lilly, 1990). Unfortunately, no
known balances exist on the storm scale; rather,
all relationships among the wind and mass fields,
as well as information regarding those fields not
directly observable, must be determined by the
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equations governing the flow. Thus, the initial-
ization/assimilation problem on the storm scale
inherently involves elements of data retrieval and
prediction modeling.

One particularly attractive method of data
assimilation is based upon variational principles
that seek to minimize, in a least squares sense,
the discrepancy between model forecasted states
and a set of observations through successive
adjustments to model control parameters, usually
the initial conditions. Marchuk (1975), Penenko
and Obratsov (1976), and Le Dimet (1982)
were among the first to have implemented a parti-
cular variational method, known as the adjoint,
to evaluate the sensitivity of a model forecast
to the initial state. By running the forward-in-
time prediction and backward-in-time adjoint
models in a successive and iterative fashion, the
misfit between the model solution and a set of
observations can be objectively minimized, via
adjustments to the initial conditions, until a con-
verged state (ie., optimal initial condition) is
reached.

The adjoint assimilation technique has seen
increasing use in atmospheric and oceanic appli-
cations as a dynamically-consistent way of blend-
ing model data and observations, e.g., Courtier
(1985), Derber (1985), Lewis and Derber (1985),
Le Dimet and Talagrand (1986), Thacker and
Long (1988), Courtier and Talagrand (1990).
Operational centers are now exploring the adjoint
as a candidate data assimilation technique for
global, hemispheric, and regional models, e.g., the
National Meteorological Center (NMC) (Navon
et al., 1992) and the European Centre for Medium
Range Weather Forecasts (ECMWF) (Thépaut
and Courtier, 1991). The adjoint method is not
without its problems or limitations, however. For
example, there exist fundamental questions con-
cerning the uniqueness of the retrieved solution
(e.g., Li, 1991; Gauthier, 1992), the representation
of moist processes and other physics that are of a
discontinuous (on/off) nature, and concern about
the number of iterations required to achieve a
converged state, particularly in an operational
environment. With hope that these and other
problems can be resolved, research in adjoint
development and testing is proceeding at a rapid
pace, principally because the adjoint technique
represents a theoretically optimal approach to
data assimilation.
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Sun et al. (1991) demonstrated the potential of
using the adjoint technique to retrieve the three-
dimensional wind and temperature fields from a
time series of model-generated pseudo-observa-
tions of a single horizontal velocity component
similar to that obtainable from a single Doppler
radar. Other related studies have also been con-
ducted by Kapitza (1991) and Li (1990), and each
suggests a potential for success while pointing to
important insolved problems, such as the inclusion
of moist processes, that must be addressed before
the method is of practical use for deep convection.

Qiu and Xu (1992) recently developed a
simplified adjoint method for retrieving wind data
from single-Doppler observations. Because their
technique utilizes only one equation that describes
the Lagrangian conservation of reflectivity, it is, in
contrast to other adjoint approaches, extremely
efficient. The Qiu and Xu scheme has successfully
been applied to turbulent boundary-layer as well
as convective outflow (microburst) data, and is
now being extended to other physical regimes
(Q. Xu, personal communication).

Because the two models associated with the
adjoint methodology (the forward-in-time predic-
tion model and its associated backward-in-time
adjoint) contain irreversible diffusive effects, both
physical and numerical in most cases, information
contained in the initial state may be damped, and
in some cases even lost completely, as the physical
system evolves. In such cases, it may be difficult or
even impossible to infer the initial field from obser-
vations at later times. If the model diffusion is
represented incorrectly, which is nearly always the
case for sub-grid scale turbulence parameter-
izations, or if unphysical, numerically-induced
diffusion is exceedingly large, the retrieved fields
could be substantially distorted, especially for
small-scale features.

In a study using uniformly-distributed data,
Thacker (1989) found that the difference in
retrieved states between the eastern and western
halves of a modeled ocean basin could be
explained by the effects of diffusion. In particular,
he argued that the eastern boundary flow was sub-
ject to greater diffusion than that at the western
boundary because the former was characterized
by relatively short-wavelength Kelvin waves, as
opposed to the Rossby waves for the latter.

In comparative experiments with and without
explicit horizontal diffusion in the ECMWF
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general circulation model and its adjoint, Thépaut
and Courtier (1991) found degradation in the
quality of the retrieved fields when horizontal
diffusion was included. Although they attributed
this result to the loss of information associated
with diffusive processes, additional analyses and
experiments are needed to fully understand the
role of diffusion in data retrieval, particularly with
regard to inaccuracies in model-parameterized
diffusion as well as spurious diffusion or inherent
diffusion associated with numerical algorithms.

It is important to recognize that errors other
than those induced by diffusion, some perhaps
scale-selective in nature, can impact the quality of
retrieved fields in variational data assimilation.
For example, as pointed out by one reviewer,
phase speed errors are a possible source of
degradation in the retrieved state, and methods
for dealing with it and similar problems are now
being explored (e.g, Brewster, 1991; Wergen,
1992). Derber (1989) developed a somewhat novel
approach (VCA, or variational continuous
assimilation) for dealing with various sorts of
errors that might be related to both the data and
the model itself (e.g., systematic biases). Specifi-
cally, he added a correction term to the governing
equations to serve as a control variable, and
through adjustments to it in a continuous manner,
obtained forecasts superior to those obtained
using the more traditional adjoint approach.

As a step toward developing a more complete
understanding of various types of errors, both
physical and computational, in variational assimi-
lation techniques, we investigate here the effects of
second-order, constant-coefficient diffusion on the
retrieval of a model initial state using the adjoint
method. We begin with a linear analysis of the one-
dimensional diffusion equation (Section2) and
show that the assimilated initial state will be
amplified (smoothed) if the explicit diffusion in the
prediction model is larger (smaller) than that of
the observations. This amplification (smoothing)
is shown to increase dramatically as the wave-
length of disturbance decreases (Sections 2, 3). In
Section 4, we verify numerically the theoretical
results for the simple case of a rising thermal using
a dry, three-dimensional Boussinesq model and its
adjoint, and discuss the degree to which diffusion
affects the efficiency of the assimilation process.
Finally, we summarize and discuss our results in
Section S.
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2. Linear analysis

In order to examine the influence of diffusion on
the retrieval of a model initial state in a simple

context, consider the one-dimensional linear
diffusion equation:
da(x, t 0al(x, t

(1) Falx, 1) 0

ot ox?

where a(x, ) is a function of space (x) and time (7)
and v is a constant diffusion coefficient. The
solution to (1) can be expressed by harmonic
functions of the form:

ax 0= Y alx0), @)
k=0

where

ap(x, 1) = A,(t) cos(kx). (3)

Substituting (2) into (1) leads, with the use of (3),
to the well-known result:

ay(x, 1) = ay(x, 0) e ™. 4)

It is convenient to define an intensity ratio, r,(t),
which measures the amplitude fraction present at
time ¢ relative to the initial state, as

_ ”ak(x’ t)“ — kvt
= ©)

where ||x|| denotes the amplitude of a particular
mode contained in the total field. As r — oo, every
mode with k£ #0 tends to vanish. If the intensity
ratio of a particular mode for times > T is less
than a small positive value ¢, where ¢ is perhaps a
function of observational and model errors or
uncertainties, then it might be possible to retrieve
the initial state only if information prior to time T
is used. In other words, the exponentially-increas-
ing effects of diffusion may become so large beyond
a certain time as to render available data useless in
the reconstruction of the initial state. To quantify
this hypothesis, we define an influence time scale,
T., such that when > T, r.(t)<e Thus, any
observational information available beyond the
influence time scale will not be useful for inferring
the initial state.
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If we set r,(¢) =¢, then eq. (5) can be written as:

L?In(1/g)
Te= 4z?y (6)
where L is the wavelength defined by L=2n/k.
The physical interpretation of eq.(6) is
straightforward: the influence timescale is inversely
proportional to the diffusion coefficient, demon-
strating that increased diffusion reduces the time
interval over which observed data are useful
in retrieving the initial state, as hypothesized.
Further, because 7, varies as the square of the
wavelength, small-scale features are much more
difficult to retrieve than large-scale features
because data for the former must be available more
frequently, e.g., if observations are available every
15 min for a characteristic length scale L, virtually
none of the information associated with L may be
retrievable if, for example, T, = 5 min.

Although the term involving ¢ in eq. (6) is some-
what difficult to quantify and is problematic, we
can easily estimate how changes in ¢ will impact
T.. Consider the situation in which ¢ decreases by
4 orders of magnitude, say from 10~* to 107%
representing, for example, an improvement in the
accuracy of the model or the observations. In this
case, In(1/¢) doubles from 9.2 to 18.4, representing
only a factor of two increases in the influence time
scale.

Because most numerical models of atmospheric
motion are not designed to represent features
down to the molecular scale, the “large eddy
simulation” (LES) approach is applied in which
unresolvable processes are treated statistically
through the use of closure models which
parameterize subgrid-scale motions in terms of the
resolved mean flow (e.g., Lilly, 1962; Smagorinsky,
1963; Deardorff, 1973, 1975; Mellor and Yamada,
1982).

Consider the one and one-half order turbulence
closure scheme described by Deardorff (1975) and
implemented in a three-dimensional convective
storm model by Klemp and Wilhelmson (1978).
In this parameterization, the eddy diffusivity of
momentum is written

K, =c,EY

where E=1i'? is the subgrid-scale energy, /=
(Ax Ay Az)'7 is a length scale (Lilly, 1967), ¢, is a
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coefficient with a nominal value of 0.2, and the
overbar and prime represent a grid volume
average and a deviation from it, respectively.
Given a model resolution of (Ax, Ay, Az)=
(1000, 1000, 500) m, as used by Klemp and
Wilhelmson (1978), and E=10m?s~% K, =
7099 m2>s~!. Again using In(1/e)=10, the
associated influence scale T is approximately 12 h
for L =8 km, a period comparable to the lifetime
of squall lines and mesoscale convective systems.
As a result, eddy diffusion may have a significant
physical impact on small-scale features for these
types of events, and thus its effects on data
assimilation cannot be ignored.

Coupled with often large diffusivities associated
with numerical solution techniques, as well as
filtering imposed to maintain computational
stability, one is faced in LES models with the use
of physically-questionable parameterizations of
subgrid-scale mixing processes. Consequently,
it is important to investigate how inaccuracies
associated with such parameterizations might
influence the retrieval of the model initial state
during data assimilation.

In the analysis that follows, we assume that
subgrid-scale mixing can be represented by a con-
stant-coefficient, second-order diffusion term. We
seek to understand the behavior of the assimilaton
process when the diffusivity of the model differs
from that of the observations.

Let all variables generated by a forward
prediction model be denoted “model”, and all
observed data denoted “obs”. If t = T'in eq. (4), we
can write for the observed data

ag®(x, T) = ag*(x, 0) e "7, (7a)
and, likewise for the model,
a;cnodel(x’ T) — a;{nodel(x’ 0) e—kzv'“"ddT. (7b)

In this idealized situation, we can pose the retrieval
problem as follows: given a set of observations
at some particular time 7, a{™(x, T), find the
associated model initial state, aP°%!(x, 0). For a
perfect retrieval, the latter would be identical to
a$®(x, 0). Substituting ag™(x, T) for aP°%*!(x, T),
we obtain

a[l:wdel(x’ 0) — aﬁbS(x’ 0)e —kz(v"bs—vm""“)T. (8)

If the diffusion associated with the model is
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greater than that of the observations, ie.,
vobs _ymodel £ (0 a spurious amplification of the
initial state will occur for k # 0. This amplification
will be much stronger for small scales than for
large scales, and thus the retrieved field would be
expected to contain excessive small-scale noise.

Consider now the reverse situation, in which the
model diffusion is smaller than that of the observa-
tions, ie., v°™ —v™%l >0 In this case, eq.(8)
shows that small scale features are damped in the
assimilation process, resulting in a smoothed
initial state in which the amplitudes of small-scale
extrema are systematically reduced. These effects
become more pronounced for larger T (see eq. 8),
which is an obvious result given that the distortion
of the initial field by diffusion depends exponen-
tially upon time (eq. 4).

3. An analysis within the context of the adjoint
method

We now extend the analysis of the previous
section to the variational formulation of the
adjoint method. In order to quantify the misfit
between the model forecast and observations (in a
least squares sense ) over a period of time, we define
a cost function J as follows:

T rX
Hatx, 1=0)=[" [ fatx 1
0 Yo

—a®™(x, 1)||* dx dr. 9)

Decomposing the observational data into Fourier
modes, observing the orthogonality property of
the associated trigonometric functions, and
considering that observational data are available
at discrete time intervals T, it is more helpful to
write the cost function as:

J(A,(0),k=0,1,2, ..., K)

N K
=Y ¥ (AT)—AT))

(10)
i=0k=0
Without losing generality, let T, =0 to yield
J(A4,(0), k=0,1,2, .., K)
N K N
=Y Y (A0)e T — A(T)). an

i=0k=0
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In order to arrive at the optimal initial state
using the adjoint approach, J is minimized in an
iterative fashion as follows. First, an initial guess is
provided to the forward model and a forecast is
generated, from which the cost function is com-
puted given a time series of observations over the
same period. Next, in order to improve the initial
guess, the derivatives of J with respect to the initial
conditions are computed from the backward-in-
time adjoint model. Based on this information, the
initial condition is adjusted and the process
repeated until J is believed minimized.

Because we wish to examine the scale-selective
nature of the diffusive process, it is prudent to
express the derivatives of J with respect to the
amplitudes of the initial modes, 4,(0), as follows:

(12)

The term 0J/0A,(0) can be interpreted as the
contribution by a particular mode to the gradient
which, for the purposes of our discussion, may be
written as:

oJ

da(x, t=0)
i [ oJ /aa(x, t=0)]
2o L04,(0)]  04,(0) ’
Assume now that |da(x, t=0)/04,(0)| is of
order unity for all k, which means that, at the
initial time, all physically-relevant (i.e., model-
resolved) scales in the total field are of equivalent
amplitude. Suppose we insert data only at time 7;
then, from eq.(12), the amplitude of the kth
mode contains the factor e “*"7, which decreases
dramatically as k increases, as demonstrated in the
previous section. Even if data are inserted at multi-
ple time levels, small-scale information would be
expected to contribute very little to the gradient in
eq. (13). In other words, the derivative of J with
respect to the initial condition contains less infor-
mation for small scales than for large scales even
though both have the same amplitude at the initial
time. Hence, one would expect the larger scales to

be recovered earlier during the minimization
process.

(13)
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Consider now what happens when the model
diffusion coefficient is dissimilar to that associated
with the observations. We can express the observa-
tional data as

APH(T) = AP (0) e =T
Ideally, when the minimization process converges,

the gradient of the cost function vanishes. By
setting the gradient to zero in eq. (12), we obtain

F(k, vobs, vmodel’ N) obs
A(0)= [F(k ymodel "model a7y A%(0), (14)

where

N
F(k, vl’ V2, N): z e—kz(v]-#vZ)T,.
i=0

The bracketed quantity in (14) is a multiplying
factor that describes the distortion of the retrieved
field resulting from the model’s inaccurate repre-
sentation of diffusion. If data are inserted at a
single time level only, eq. (14) becomes the same as
€q. (8) in the previous section.

When v™del > 4o the factor [ ] in (14) is
larger than unity, and thus the mode being
retricved is amplified exponentially. When
ymedel - yobs - small scale features are excessively
damped (note that this effect increases as the
assimilation period lengthens, see eq. 14), resulting
in a retrieved initial field that may be smoother
than desired.

For increasingly long assimilation periods, i.e.,
large T, the deviation of the multiplying factor in
(14) from unity increases. This suggests that the
influence of the model’s inaccurate representation
of diffusion also increases, which is consistent with
the analysis given in the previous section.

4. Numerical experiments

4.1. Models and experiment design

Building upon the theoretical results of the
preceding sections, we now verify our hypotheses
using the dry 3-D Boussinesq prediction model
and associated adjoint developed by Sun et al.
(1991). The forward model equations can be
written:

Y. LI AND K. K. DROEGEMEIER

v, 0 on

= v, —— 48,0 +vV,,
ot axjv,v] 6x,-+ 10+ vV,
a0

0 1 2
—=——0u0.0+4+ “1yV-40
o 'ij Pr v s

/

2 & 00
Vn= 5x 0%, v,vj+6x3,
where 0, v;, 7, v, Pr are the non-dimensional poten-
tial temperature, velocity components, pressure,
diffusion coefficient and Prandtl number, respec-
tively. Details regarding the numerical framework
of both the forward and adjoint models may be
found in Sun et al. (1991). Apart from the diffusion
coefficient, all parameters are identical to those
used by Sun et al.

The methodology of our experiments follows
that adopted by Sun etal. (1991) and Kapitza
(1991), in which a forward model is used to
generate a set of pseudo-observations (hereafter,
observations) that serve as Doppler radar data.
From the set of model fields, we extract complete
3-D volumes of wind data every (nondimensional)
timestep and use the horizontal components as
observations in the adjoint retrieval technique. In
reality, the most challenging and practical applica-
tion of variational data assimilation involves
retrieving all unobserved state variables given a
horizontal (radial) wind component from a single
Doppler radar. However, because our intent here
is to emphasize the effects of diffusion on data
assimilation, we chose a more basic scenario in
which both horizontal wind components are
known. Clearly, as demonstrated by others (e.g.,
Gal-Chen, 1978), this is sufficient for retrieving the
vertical velocity (by continuity) as well as the ther-
modynamic and water substance (Ziegler, 1985)
fields.

The model grid mesh used in all experiments
contains 13 x 13 x 13 points which, though quite
coarse, is sufficient for our needs, particularly from
a computational resources point of view since
numerous integrations of the predictive and
adjoint models are required to attain convergence
in a single experiment. To avoid complications
associated with gravity waves, we use a neutrally-
stratified base state that is initially static and in
hydrostatic balance. All lateral boundaries are
periodic. Convective motion in the model is
created by placing a warm thermal disturbance in
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11 -

Fig. 1. X — Z cross section of the initial temperature field
for the control simulation. Contour interval is 0.2;
maximum value is 4.0; and minimum value is 0.0.

the middle of the domain at the third grid level
above the rigid, free-slip lower boundary. An
X — Z cross section through the center of the initial
bubble at +=0 is shown in Fig. 1. This is the
perfect initial temperature field against which
retrieved initial states will be compared. As the
model is integrated forward in time, the positive
buoyancy of the thermal induces horizontal and
vertical motions in response to associated pressure
gradient forces, with the flow field characterized
by one principal updraft and much weaker
compensating downdrafts alongside.

The numerical experiments performed are listed
in Table 1. Experiments 1 through 4 are designed
to investigate the effects of diffusion when the
diffusivity of the observations is equal to that used
in the assimilation runs. The amplification of
small-scale features in the retrieved fields, which
occurs when the model diffusion exceeds that of
the observations, is examined in experiments 5
through 7. Experiment 8 demonstrates the sen-
sitivity of this amplification to the length of the
assimilation window, while experiments 9 through
11 investigate the excessive smoothing of the
retrieved fields when the model diffusion is smaller
than that of the observations. Finally, experiment
12 extends the results of experiment 11 through a
change to the length of the assimilation window.

In each of the experiments, 500 iterations (one

Tellus 45A (1993), 5
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Table 1. List of numerical experiments

Assimilation
Experiment no.  window (steps) vobs ymedel
experiment 1 12 0.003 0.003
experiment 2 12 0.006 0.006
experiment 3 12 0.009  0.009
experiment 4 12 0.012 0.012
experiment 5 12 0.003 0.006
experiment 6 12 0.003 0.009
experiment 7 12 0.003 0.012
experiment 8 18 0.003 0.006
experiment 9 12 0.006 0.003
experiment 10 12 0.009 0.003
experiment 11 12 0.012 0.003
experiment 12 18 0.006  0.003

iteration consists of two forward predictions and a
backward adjoint integration) are performed in
the minimization process. This rather large num-
ber is used to ensure a reduction in the cost func-
tion and gradient norm by at least 4 orders of
magnitude, from O(10") to O(107?), yielding a
solution that is, for all practical purposes,
converged. A zero first guess is used for the initial
state in all experiments, and the numerical results
justify the use of this condition and demonstrate
that the cost function is well-behaved.

4.2. Numerical results

4.2.1. Diffusion of model and observations identi-
cal. In the first suite of simulation experiments,
we assume that the diffusivity of the observations
is identical to that used in the assimilation runs.
The diffusivity, v, is specified to be 0.003, 0.006,
0.009, and 0.012 for experiments 1 through 4,
respectively, of which the smallest value was
chosen to maintain numerical stability while the
largest produces fields that are smoothed but not
excessively so. The cost function and gradient
norm for these four experiments (plots not shown)
all demonstrate similar convergence behavior.
However, the larger diffusivity coefficients, the
square error between the exact or control initial
condition and that retrieved by the adjoint techni-
que, shown in Fig. 2 for the temperature field,
decreases at a significantly slower rate as the mini-
mization proceeds. In other words, given a certain
error tolerance for the retrieval, the number of
iterations required to achieve the same level of
accuracy increases with the diffusivity. As an
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Fig. 2. Square Error of retrieved initial temperature field for experiment 1 (v =0.003), experiment 2 (v =0.006),

experiment 3 (v =0.009) and experiment 4 (v=0.012).

example, 250 iterations with v=0.012 are needed
to produce a solution as accurate as 100 iterations
with v =0.003.

As suggested by the theoretical analyses in Sec-
tions 2 and 3, the differences described above can
be attributed to the increased difficulty of retriev-
ing small-scale features when larger diffusivities are
used. To confirm this point with the numerical
model, we plot the retrieved initial temperature
field after 100 iterations for experiment I, with
v=10.003, and for experiment 4, with v=10.012, in
Figs. 3a, b, respectively. The retrieved temperature
field in experiment 4 is clearly smoother than that
in experiment 1, with the amplitude of the thermal
in the former case reduced by approximately 12%.
These characteristics are still indentifiable even
after 500 iterations (plots not shown).

It is also interesting to note that, for experi-
ment 1, there exists a relatively steep slope in
the square error of retrieved temperature after
approximately 350 iterations (Fig.2). Detailed
plots (not shown here) indicate that this behavior
results from the improved treatment of small-scale
features which, though not significant to the over-
all quality of the retrieved thermal, are still
indentifiable. None of the other three experiments
exhibit this type of behavior in the square error.

4.2.2. Inaccuracy in the model representation
of diffusion. As mentioned above, additional
problems may be encountered if the diffusivity
used in the numerical model does not match
that of the observations. In experiments 5-8, all
observations generated by the forward model are
made using v = 0.003. However, the value of v used
in the adjoint model is larger, taking on values of
0.006, 0.009, and 0.012 for experiments 5-7 with an
assimilation window of 12 time steps, respectively.
Experiment 8 is the same as experiment 5, but with
an assimilation window of 18 rather than 12 time
steps. Again, the cost function and the gradient
norm, which are not shown here, demonstrate
convergence characteristics similar to those of
experiments 1-4.

Fig. 4 shows the square errror of the retrieved
temperature field as a function of iteration number
for experiments 5-7. (Note that this quantity is not
the cost function being minimized.) In each case,
the errors decrease initially but then begin to
increase as the iteration count grows. The larger
the diffusion coefficient, v, the greater the increase
in the square error and the earlier this increase
begins. A more thorough examination of the tem-
perature field (not shown) suggests that the early
decreases are due to the retrieval of the principal
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13
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Fig. 3. Retrieved initial temperature field after 100 iterations. (a) Experiment 1 (v =0.003; contour interval is 0.2;
maximum value is 3.95; and minimum value is —0.2); (b) Experiment 4 (v = 0.012; contour interval is 0.2; maximum

value is 3.6; and minimum value is —0.2).

structure of the thermal bubble, while the subse-
quent increase is due to the spurious amplification
of small-scale features. To illustrate this point, we
present in Fig. 5 the retrieved temperature field
after 500 iterations for experiment 5. We indeed
find a significant amplification of spurious small-
scale noise, an effect that becomes more serious as

the diffusion coefficient v increases (plots not
shown).

The theoretical analyses of the previous sections
also suggest that a spurious amplification of small-
scale features should accompany increases in the
length of the assimilation window. This hypo-
thesis is evaluated in experiment 8, which uses a
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Fig. 4. Square error of retrieved initial temperature field for experiment 5 (v™°9l =0.006), experiment 6
(v™°4e! = 0,009) and experiment 7 (v"°%!' = 0,012). The value of v°** =0.003 is used for all the three experiments.
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1 3 5 7 9 11 13

Fig. 5. Retrieved initial temperature field after 500
iterations for experiment 5 (v°* = 0,003, v™°d¢! = 0.006).
Contour interval is 0.2; maximum value is 5.8; and
minimum value is —0.9.

lengthened assimilation window of 18 time steps,
and visualized in Fig. 6 by comparing the
associated square error of the temperature field
with that produced by experiment 5 (assimilation

Y. L1 AND K. K. DROEGEMEIER

window of 12 steps). During the first 80 or so itera-
tions, the errors decrease at nearly the same rate
for these two experiments. Thereafter, the error
rises substantially faster for the longer assimilation
window (experiment 8), a behavior that can be
explained by examining the retrieved temperature
field for experiment 8 (Fig. 7). The amplitudes of
the spurious, small-scale features in Fig. 7 are
increased (compare with Figs. 5 and 1), a feature
which can be explained only by the differences in
the length of the assimilation window.

Consider now the situation in which the model
diffusion is smaller than that of the observations.
Experiments 9-11 use a diffusivity of 0.003 for the
forward/adjoint models, and values of 0.006, 0.009,
and 0.012 for the observations. Fig. 8 shows the
square error of the retrieved temperature fields. In
each case, an initially rapid and then more subtle
decrease in error, associated with the retrieval
of the thermal bubble, is followed by a sudden
increase which occurs at larger iteration counts for
smaller differences in diffusivity between model
and observations. This growth is easily traced to
spurious damping induced by the diffusion pro-
cess, as illustrated theoretically in the preceding
section. This damping is documented more
thoroughly, as an example, in Fig. 9, which shows
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Fig. 6. Square error of retrieved initial temperature field for experiment 5 (7= 12 steps) and experiment 8 (7= 18

steps). In both these cases, v°* = 0.003 and v™%! = 0.006.
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Fig. 7. Retrieved initial temperature field after 500
iterations for experiment 8 (7 = 18 steps, v°® = 0.003 and
ymodel — 0,006). Contour interval is 0.2; maximum value is
6.0; and minimum value is —1.2.
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the retrieved temperature field for experiment 9
after 500 iterations. Note the excessive smoothing
relative to the exact initial condition (compare
with Figs. 3a, 1).

Finally, the results from experiment 12, which is
identical to experiment 9 but uses an assimilation
window lengthened to 18 timesteps, are shown in
Fig. 10. Compared to the results shown in Fig. 9,
the smoothing of the temperature gradient within
the thermal, even though not significant, is
nonetheless identifiable.

The above results suggest the existence of an
optimal number of iterations for the minimization
process. Interestingly, the use of additional itera-
tions in the minimization appears to substantially
worsen the quality of the retrieved instead of
improving it when the diffusion is misrepresented
by the models. Based on our results, it is not
possible to determine the precise iteration count
required for an acceptable retrieval, though it
obviously depends upon the accuracy of the
model’s diffusion and the length of the assimilation
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Fig. 8. Square error of retrieved initial temperature field for experiment 9 (v°* = 0.006), experiment 10 (v° = 0.009)
and experiment 11 (v°* = 0.012). The value of v =0.003 is used in all the three cases.
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11

Fig. 9. Retrieved initial temperature field after 500
iterations for experiment 9 (7 = 12 steps). The values of
yobs — 0.006 and v™°%!' = 0.003. Contour interval is 0.2;
maximum value is 3.6; and minimum value is —0.3.

window. Nevertheless, one should, with experience
gained using a particular model, be able to make a
rough estimate of the optimal iteration count, at
least for a particular physical scenario.

13 T T T T
BV SRS S
VS SV
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Fig. 10. Retrieved initial temperature field after 500
iterations for experiment 12 (T = 18 steps). The values of
yob = 0,006 and v™°d! =0.003. Contour interval is 0.2;
maximum value is 3.4; and minimum value is —0.1.
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5. Discussion and conclusions

In this paper, we examined the influence of
second-order, constant-coefficient diffusion and its
associated errors on the ability to retrieve the
initial state of a model from subsequent observa-
tions using the adjoint method. Beginning with a
linear analysis of the one-dimensional diffusion
equation, we showed that the diffusive process
damps information contained at the initial time.
When the model diffusivity is larger (smaller) than
that present in the observations, the retrieved
initial field will be amplified (smoothed). These
effects increase dramatically as the spatial scale of
the structure of interest decreases, and as the
length of the assimilation window increases.

To verify these results in a more complete man-
ner, we used a 3-D Boussinesq model to simulate
the evolution of a dry convective thermal, and then
attempted to retrieve the known initial state from
a subset of model data in a variety of circum-
stances. These simulation experiments supported
the theoretical suppositions in all cases. More
specifically, in situations where the model diffusion
was prescribed to be less than that associated with
the (model-generated) pseudo-observations, small-
scale features were spuriously smoothed in the
retrieved state. In the opposite situation, i.e., when
the model diffusion was larger than that of the
observations, small-scale features in the retrieved
state were spuriously amplified, again leading to a
misrepresentation of the initial state. In general,
the spurious amplification (smoothing) of small-
scale features increased with the length of the
assimilation window (i.e., the time period over
which data are assimilated). As a result, there
appears to be an optimum assimilation timeframe
within which the error between the correct initial
state and that retrieved by the model is minimized.
Of course, this timeframe will be intimately linked
to the timescale of the phenomenon under con-
sideration.

This study, which suggests that diffusion may
play a key rdle in controlling the accuracy of
the adjoint data assimilation methodology, is
clearly not exhaustive. In particular, sensitivities
associated with the frequency of data insertion and
the quality of the inserted data need to be
addressed, in both cases using more physically
realistic scenarios and broader parameter spaces
than those used here. In addition, the model-
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generated pseudo-observations must be replaced
by real data, optimally where a single-Doppler
wind component can be used in the assimilation
procedure and the retrieved state verified against
dual- or triple-Doppler data for the same event.
Our study also points to the importance of
developing improved parameterizations for sub-
grid scale processes in convective- and meso-scale
prediction and simulation models, and suggests
that prudence should be exercised in the applica-
tion of spatial filters designed to damp computa-
tional noise.

One strategy for improving the quality of the
retrieval when the diffusivity is unknown or is
unavailable is to include it as a control variable
in the variational formulation. In this manner, it
can be determined using the procedure described
by Derber (1989) (see Section1). For more
realistic models, in which the diffusivity of heat,
moisture, and momentum is a function of time
and space, the size and complexity of the mini-
mization problem will increase significantly,
including the possibility of encountering multiple

447

minima in the cost function and thus non-unique
retrievals.
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