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ABSTRACT

Numerical experiments have been performed to compute the fastest growing perturbations in a
finite time interval for a complex numerical weather prediction model. The models used are the
tangent forward and adjoint versions of the adiabatic primitive-equation model of the Integrated
Forecasting System developed at the European Centre for Medium-Range Weather Forecasts
and Météo France. These have been run with a horizontal truncation T21, with 19 vertical levels.
The fastest growing perturbations are the singular vectors of the propagator of the forward
tangent model with the largest singular values. An iterative Lanczos algorithm has been used for
the numerical computation of the perturbations. Sensitivity of the calculations to different time
intervals and to the norm used in the definition of the adjoint model have been analysed.
The impact of normal mode initialization has also been studied. Two classes of fastest growing
perturbations have been found; one is characterized by a maximum amplitude in the middle
troposphere, while the other is confined to model layers close to the surface. It is shown that the
latter is damped by the boundary layer physics in the full model. The linear evolution of the
perturbations has been compared to the non-linear evolution when the perturbations are

superimposed on a basic state in the T63, 19-level version of the ECMWF model.

1. Introduction

Ensemble prediction is an attempt to estimate
the probability distribution of forecast states,
given uncertain initial conditions, through a finite
sample of nonlinear deterministic integrations
of a numerical weather prediction (NWP) model
(Epstein, 1969; Leith, 1974). A fundamental dif-
ficulty with ensemble prediction is that the number
of degrees of freedom in such a model greatly
exceeds the maximum practicable size of an
ensemble. One sampling strategy being pursued at
ECMWEF is to first calculate those initial perturba-
tions which have maximum growth over that
initial part of the forecast in which error growth
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can be described by linearised dynamics. Such
fields are then used to construct initial perturba-
tions for the ensemble forecast.

Calculations of these finite-time instabilities,
first suggested by Lorenz (1965) and subsequently
investigated by Farrell (1982), have been per-
formed by Borges and Hartmann (1992) using a
barotropic model, and by Molteni and Palmer
(1993) using T21 barotropic and T21, 3-level
quasi-geostrophic (QG) models. These QG per-
turbations were then interpolated onto the grid of
a primitive-equation model with terrain-following
coordinate grid. Results of ensemble experiments
with such interpolated perturbations are described
in Mureau et al. (1992), where it was concluded
that inconsistencies between the QG and
primitive-equation model, particularly in respect
of their orographic representation, made the initial
perturbations less effective than expected on the
basis of theory.
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The principal reason for calculating fastest-
growing perturbations using a QG model, was
that it enabled conventional matrix algorithms to
find the entire singular spectrum. With a primitive-
equation model of the same resolution as the QG
model, a matrix representation of the linearised
dynamical equations was too large to allow the
algorithmic operations to be carried out in
computer memory.

On the other hand, sophisticated semi-direct
methods now exist to find the dominant eigen-
vectors of a symmetric matrix. In the Lanczos
algorithm (Strang, 1986), iteration of the operator
-associated with such a matrix can produce an
estimate of a number of eigenvectors with extreme
eigenvalues. In the problem posed here this sym-
metric operator is the product of the forward
tangent model propagator multiplied by its adjoint
(Lacarra and Talagrand, 1988).

This paper describes some initial calculations of
the fastest growing perturbations using a T21,
19-level (hereafter T21L19) adiabatic primitive-
equation system. Such a system has been
developed at ECMWF primarily for the applica-
tion of 4-D variational data assimilation (Courtier
et al., 1991; Rabier and Courtier, 1992).

The theory for calculating the unstable sub-
space, and some of the practical details of the com-
putations are given in Section 2. Results are shown
in Section 3 for optimization times of 12, 24 and
36 h. In Section 4, we study the impact of non-
linear normal-mode initialisation (NNMI) on
perturbations computed over 12 and 24 h. In Sec-
tion 5, we analyse the impact of the inner product
definition. In Section 6 we show the nonlinear time
evolution of the perturbations when they are
interpolated into and integrated with a T63L19
model specification. Some conclusions are made in
Section 7. The Lanczos method is described briefly
in the Appendix.

2. Estimation of the fastest growing perturba-
tions

In this section we will briefly describe the
theoretical and numerical aspects of the computa-
tion of the fastest growing perturbations over a
finite time interval. This technique makes use of
the linearized version of a dynamical model of the
atmospheric flow, and its adjoint. In this study, the

Tellus 45A (1993), S

Tellus A/45/5-4

389

dynamical model is a primitive-equation spectral
model with 19 vertical levels, and triangular trun-
cation of the horizontal fields to total wave num-
ber 21 (T21). The full non-linear model, together
with its forward and adjoint tangent models are
part of what is known as the Integrated Fore-
casting System (IFS), developed at ECMWF and
M¢étéo France. The model equations are described
in Courtier etal. (1991). At the time of these
experiments the forward and adjoint tangent ver-
sions of the adiabatic part of the IFS model were
available (with a horizontal diffusion scheme).

The definition of the adjoint of the tangent ver-
sion of the model equations depends on the inner
product that characterizes the working space, and
its associated norm. Most of the experiments have
been performed with the norm of the state vector
defined to be its total energy. The equations are
linearized about the basic state trajectory, as
defined in Section 2.3.

2.1. Theoretical aspects

Let x be the state vector in the phase space of a
system, whose evolution equations can be formally
written as:

dy

EZA(X)'

(2.1)
The model equations can be linearised about a
non-linear trajectory of (2.1). This gives the
linearized equations for the perturbation x:

d
—x=A,x,

T (2.2)
where A,=0A4/6y],, is the tangent operator
relative to the trajectory y(z). The eq. (2.2) defines
the tangent model.

Let L= L(t,, t) be the integral propagator, i.e.,
the mapping of x(z,) to x(¢) given by eq. (2.2).
Since it is a linear operator, it can be represented
by a matrix. We will use the same symbol for the
operator and the matrix. The perturbation x(z) at
time ¢ is given by:
x(#) = Lx(t,). (2.3)

Let us define an inner product on the linear vector
space of perturbations:

(x; y)=<x; Ey), (2.4)
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where E defines some weighting factors, and
{...; ...y is the Euclidean scalar product. We also
define the associated optimisation norm as:

lx[1?= (x5 x) = {x; Ex, (2.5)
so that the norm of the perturbation at time ¢ is
given by:

l(2)1* = (Lx(to); Lx(to)). (2.6)
Let us define the adjoint of the operator L with
respect to the inner product (..;..) defined by
eq. (24):

(L*Ex; p)=(x; Ly) (2.7)
Applying the adjoint definition (2.7), the norm
(2.6) of the state vector x(tz) at time ¢ can be
evaluated as:

1x(2)[12 = (Lxo; Lxo)

= (L*E- Lxy; Xo)- (2.8)
The square roots of the eigenvalues of L*£- L are
called the singular values of L, and the eigenvec-
tors of L*£ . L are called the right singular vectors
of L (hereafter SVs). Since in our case L is real, the
SVs are orthogonal. Let o7 be the eigenvalues of
L*E.L, and V the matrix whose columns are the
normalized eigenvectors of L*£.L. Then, the
following identity holds:
L*.L=V.£.VT, (2.9)
where T is a diagonal matrix with the values 67 on
the diagonal. The norm of a SV v,(¢) at time 7 is
given by:

Vi ()12 = (L* = - Lvi(20); vi(t))

AR (210)
The SVs v, identify an orthogonal basis. They
evolve into orthogonal patterns at time 7, and their
norm at time ¢ can be computed from their initial
norm using eq. (2.10). The singular values o; give
the amplification factors between ¢, and ¢ for each
of them. The directions characterized by the largest
singular values are the directions that grow fastest
with respect to the norm (2.5).

In the numerical model used for this study, the
adjoint of the tangent version of the model equa-
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tions has been defined with respect to the
Euclidean inner product <...;..». Let L* identify
the adjoint of L with respect to the Euclidean inner
product {...;...», i.e,

(L*x; py=<x;Ly). (211)

The adjoint with respect to the inner product
(.. ) (2.4) can be deduced from L* using (2.3)
and (2.7) (the operator E is self-adjoint):

(x;Ly)={x;E-Lyy=(L*-Ex; y>

=(E~'.L*.Ex; Ey)>=(L*%x; y). (2.12)
From (2.12) we have:
L*(=E-!'.L*.E (2.13)

Eq. (2.13) defines the adjoint L*£ of the linear
operator L with respect to the inner product (...; ...)
(2.4), when the adjoint L* of L with respect to the
Euclidean inner product <...;...» is known. Using
(2.13), the norm (2.8) of a vector at time ¢ can be
computed using the following expression:

lx(2)||2=(E~'-L* . E-Lxy; xo). (2.14)
Let us define the operator K:
K=L*E.L=E"'.L*.E-L. (2.15)

The fastest growing perturbations are the eigen-
vectors of the operator K with the largest eigen-
values. Fastest growing perturbations with respect
to different norms can be computed by changing
the definition of the matrix E.

2.2. The Lanczos algorithm

The Lanczos algorithm is very useful when only
a few of the extreme eigenvectors are needed. It
can be applied to large and sparse problems (see
Lacarra and Talagrand, 1988, and Anderson,
1991, for meteorological applications). The algo-
rithm does not access directly the matrix elements
of the operator that define the problem, but it gives
an estimate of the eigenvectors through successive
applications of the operator. Appendix A gives an
outline of the Lanczos theory; for further details
see Strang (1986) and Simon (1984).

The Lanczos algorithm used here works only for
symmetric problems. It should be pointed out that
the matrix K in (2.15) is not symmetric: this is a
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consequence of the fact that its eigenvectors are
orthogonal in the (...; ...) inner product rather than
in the Euclidean one. For computational purposes,
it is better to transform K into a symmetric matrix
by a suitable coordinate transformation. This can
be easily done by defining the vectors:

F=EYx, (2.16)
which satisfy the relationship:
(E3 7> =(x; ) (2.17)
If:
Kx=o0% (2.18)
then:
Kx=0%, (2.19)
where:
K=E'?KE~1?

=E~'"2L*ELE~'? (2.20)

is a symmetric matrix.

The first step of the Lanczos algorithm is to do
a partial transform of the matrix K(n, n) into a tri-
diagonal matrix 7(j, j) with j < n (see Appendix A
for details):
K=0.-T-Q" (2.21)
The matrix Q is defined by the Krylov sub-space
generated by the operator K, ie., the sub-space
generated by the g; vectors:
span{q,, Kq,, .., K’q,, ..}, (222)
where ¢, is a randomly chosen starting vector. The
Lanczos algorithm makes successive integrations
of the forward and adjoint tangent version of the
direct model to compute all the g; vectors of the
Krylov sub-space and the tridiagonal matrix T.
From the g; vectors and from the matrix T it
evaluates an approximation of the eigenvectors of
the operator K. These eigenvectors, after the
inverse of the transformation (2.16), define the
eigenvectors of the operator K defined in (2.15)
(SVs of the operator L).

The number of iterations j determines the
accuracy of the computations. As this number
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increases, more eigenvectors can be separated from
all the others, independently from the choice of the
starting vector ¢, of the Lanczos algorithm proce-
dure. This separation starts from the boundaries
of the spectrum interval of the eigenvalues.
Generally, 20 iterations are enough to have an
acceptable precision on the largest 5 eigenvalues.
Increasing the number of iterations improves the
accuracy of the following values. The accuracy of
the eigenvectors is less than the accuracy of the
eigenvalues, order O(g) when the precision of the
eigenvalues is of the order O(g?).

For each estimated eigenvalue 6, the algorithm
also provides an uncertainty interval p:

lo* — 6| <p, (223)
where 62 is a correct eigenvalue of the operator K.
The bound p is a measure of the distance between
an estimated eigenvalue and a true one, and itis a
function of the number of iterations. We can define
a measure of the accuracy of the estimated
eigenvalue as:

After some tests it was decided to run 100 itera-
tions for each experiment. In this way, the
accuracy ¢ is less than 0.01 for all the eigenvalues
up to the 30th-35th.

Fig. 1. 500 hPa geopotential height field at 12 UTC,
17.01.1987 (contour isolines every 160 m).
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2.3. Basic state characteristics

All the experiments have starting date the
12 UTC of 17 January 1989. This initial state is
characterized by a flow with a strong zonal charac-
ter throughout the entire hemisphere (see Fig. 1).
The T21L19 IFS tangent integration has been
done by linearising around the time-evolving tra-
jectory computed by a non-linear version of this
model, except when explicitly mentioned. The time
evolution of the basic state suffers from the lack of
a planetary boundary layer (PBL) representation;
as a result strong winds develop in the eastern part
of the Himalayan region and over northern Africa.
A test has been done to see if this influences the
SVs structures: results from an experiment with
constant basic state has been compared to results
of an experiment performed following the trajec-
tory. Small differences have been detected between
the two.

3. 12 H, 24 H and 36 H singular vectors

In this section, we analyse the impact of the time
interval over which the growth of the SVs struc-
tures has been maximized. Three time intervals
have been considered: 12, 24 and 36 h. All the
experiments have been performed with the NNMI
procedure applied to the gravest 5 vertical modes:
in Section 4 some results of the impact of NNMI
on the SVs will be reported. A very weak horizon-
tal diffusion has been used in these experiments: a
stronger diffusion produces smaller amplification
factors, but does not affect the structure of the SVs
unless unrealistically large values (for a T21 trun-
cation) are used. First we describe some of the
fastest growing 24 h SVs, and then a comparison
between the three unstable sub-spaces will be
reported.

Fig. 2 shows the amplification factors of the first
100 SVs of the three experiments (singular values
o, sorted in decreasing order):

vl
Tl

The spectra of the 24 h and 36 h amplification
factors have a similar trend: the first part of each
spectrum is characterized by a steep decrease until
a plateau is reached at about SV number 20. At
about SV number 80 the SVs represent marginally

(3.1)
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Fig. 2. Amplification factors for the SVs optimized over
a 12-h, 24-h and 36-h time interval. The amplification
factors are sorted in decreasing order.

growing or decaying modes. Conversely, the 12 h
singular values are not easily separated in a group
of fast growing perturbations and slowly growing
perturbations.

Figs. 3 and 4 show the streamfunction of the
first 6 24 h SVs, respectively at model level 11
(approximately 500 hPa over sea) and at model
level 18 (approximately 1000 hPa). As a general
consideration, all are very localized: only after the
first 10-15 SVs one can find structures that cover
half the Northern Hemisphere (NH). None of
the 1st 20 SVs has significant amplitude in the
Southern Hemisphere (SH). The 1st and the 3rd
SVs are localized over the western Pacific, with
maximum amplitude in the middle troposphere
between 700 hPa and 500 hPa, where the mid-
latitude jet has a region of maximum strength.
They are characterized by baroclinically ampli-
fying patterns, with a westward tilt with height.
Horizontally they are characterized by a NW-SE
elongated shape, also indicating barotropic
amplification. The 2nd SV has maximum
amplitude near the surface in the eastern part of
the Himalayan region. The 4th SV has maximum
amplitude near the surface, over northern Africa,
which might be due to instability growth in a
region of low level shear. The fifth SV has some
structure at model level 11, but it is almost entirely
confined to the lowest model levels. The sixth
SV has maximum amplitude in the middle
troposphere, in the north-western part of the
Atlantic Ocean. It has westward tilt with height
and NW-SE elongated shape. Some of these SVs
are very similar to the SVs computed by Molteni
and Palmer (1993) using a T21L3 QG model. As
already shown in Molteni and Palmer (1993), the
SVs have much more localized structures than the
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Fig. 3. Level-11 streamfunction of the first six SVs optimized over 24 h (increasing SV number from top-left to
bottom-left, from top-right to bottom-right). The SVs are normalized to have unit total energy norm.
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leading normal modes of a time-average basic
state.

Some SVs are almost completely confined to the
lowest model levels and are “non-meteorological”
in character (as it will be shown in Section 6, these
structures do not grow in a model with a
parameterization of boundary layer dissipation).
They have a very strong baroclinic structure as can
be detected from the temperature fields (not
shown), with a positive perturbation at one
level, negative at the following one, then positive
again. The “meteorological” SVs have more
realistic structures (in the sense that they have a
structure not associated with the vertical dis-
cretization), with maximum amplitude in the
region of the mid-latitude jet streams. The growth
of the “non-meteorological” surface structures
occurs probably because of the absence of a PBL
physics in the version of the IFS used. These per-
turbations are kinematically structured in the ver-
tical so as to extract energy from the low-level
shear in the basic state (Farrell, 1982). In the real

Table 1. Unstable sub-space projection matrix M
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atmosphere the shear is balanced by boundary
layer dissipation. The perturbations, computed
without a PBL physics, can grow rapidly since
they are not subject to the dissipation inherent in
the boundary layer balance.

The 24-h and the 36-h SVs have very similar
structures, although sorted in a different order.
Table 1 gives the unstable sub-space projection
matrix M(i, j) of the 1st 20, 24-h SVs on the 1st 20,
36-h SVs, and vice-versa (recall that the space of
the perturbations x has been defined using the
inner product (2.4)). The 20 values in the jth
column of Table 1 (elements M(i, j) for i=1, 20),
are the squared scalar products between the jth
36 h SV, and the 20, 24-h SVs. The last value in
each column is the sum of these squared scalar
products, which represents how well each 36-h SV
can be reconstructed from a linear combination of
the 1st 20, 24-h SVs. The last column of the matrix
gives the same information for the reconstruction
of the 24-h SVs from a linear combination of the
36 h SVs.

1 2 3 4 5 6 7 8 9 10

1 0O 0 74 8 0 0O 0O O 0 O
2 &2 o0 o0 o0 1 0o O o0 0 o0
3 0 0 76 o0 0 0 0 0 O
4 0 8% 0 0 0 o0 0 0 0 1
5 1 0 0 0 72 0 2 9 0 O
6 0 0 0 O 1 59 27 0 0 O
7 0 0 O 0 2 27 56 0 O O
8 0 0 0O O 14 0 0 6 3 0
9 0o 0 o 0 O O O 7 58 1
10 6 0 0 2 0 0 0 0 4 O
11 0o 0 1 o0 O O o0 2 1 0O
12 1 0 0 0 0o O O 0 15 O
13 o 0 0 0 1t o0 O 2 o0 O
14 o 3 0 0 o0 0o O 0 1 48
15 o o o0 0 0o o O 1 o 8
16 o o0 0 0 o0 3 O 0 O0 O
17 o o0 0 o0 o0 O o 1 o0 O
18 0o o0 0 0 o O 1 0 o0 O
19 o 0 o0 60 o o0 1 0 o0 O
20 o 1 o0 0 0o O O o0 O 8
85 94 83 80 90 90 88 85 82 67
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The indices on the vertical axis refer to the 24-h 5-NMI SVs, the indices on the horizontal top axis to the 36-h
5-NMI experiment. The element M(i, j) of the matrix M gives the scalar product between the ith 24-h SV and the
jth 36-h SVs. For each line, the last column gives the % of norm of each of the 24-h SVs that is explained by the 36-h
sub-space. For each column, the last line gives the analogous information for the 36-h SVs norms explained by the

24-h sub-space.
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Table 2. The same as in Table 1; vertical axis: 24-h 5-NMI SVs; horizontal axis: 12-h 5-NMI SVs

1 2 3 4 S5 6 7 &8 9 10

1 47 4 0 0 0 O 0 0 0 0

2 6o 072 o0 0 0 0 0 O0 O

3 4 49 0 0 0 0 0 O 0 O

4 o 0 0 o O O O O O O

5 o o0 0 7 o0 0 0 0 0 O

6 o 0 0 1 0 o0 O O 2 O

7 o o0 o 1t O O 0O 0 0 O

8 o o0 1 3 1 0 2 1 0 29

9 o 0 o0 1 2 o 3 2 1 6

10 6 o 0 1t o0 O O 5 o0 3
11 0o 0 0 o 0 0 1 1 0 0
12 o 0 0 2 0 o0 o0 2 0 3
13 o o o o0 o0 5 2 0 0 O
14 o o0 0 o0 o0 3 1 0 O0 O
15 o 0 0 0O 0 25 4 0 o0 O
16 o o0 0 o0 0 O O o0 o0 O
17 6o 0 0 0o 4 7 0 0 2 O
18 o o 0 0 O o0 2 2 11 O
19 0 0 o0 o0 1 1 6 2 22 0
20 o o0 0 o0 O 1t 0 0 O0 O
52 54 74 79 10 42 21 16 39 41
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Table 1 shows that the 1st 36-h SV (a non-
meteorological SV which has maximum amplitude
near the surface in the Himalayan region), has an
82 % squared-correlation with the 2nd 24-h SV.In
other words, 82 % of the energy of the 1st, 36-h SV
is explained by its projection on the 2nd 24-h SV.
The 2nd, 36-h SV (which has maximum amplitude
near the surface over northern Africa) has an 89 %
squared-correlation with the 4th, 24-h SV. The 3rd
and the 4th 36 h SVs have maximum amplitude in
the middle troposphere, over the western Pacific
Ocean, and project respectively on the 1st and the
3rd 24 h SVs. Analogous considerations can be
made for the other SVs. Overall, the unstable
subspace generated by the first 14 SVs of one
experiment can explain at least 60 % of the energy
of the first 14 SVs of the other experiments. This
indicates a rather strong parallelism between the
two sub-spaces.

Table 2 gives the unstable sub-space rela-
tionship between the 12-h and the 24-h SVs. It
clearly shows that the two sub-spaces are charac-
terized by a very poor parallelism: the 20 SVs of
one experiments can explain 60 % of the energy of
only 4 SVs of the other one. The 12-h SVs reveal
the same non-meteorological structures of the 24-h
and 36-h SVs. Moreover, some of them are

characterized by large amplitude in the upper
troposphere not detected in the 24th and 36-h SVs.

Looking at the 1st 8 SVs of each experiment,
various types of perturbations with maximum
amplitude in different part of the atmosphere can
be identified: the Pacific (P) and the Atlantic (A)
structures with maximum amplitude in the middle
troposphere, the Himalayas (H) and the Tropical-
African (T) structures with maximum amplitude
near the surface. Moreover, some of the 1st, 12-h
SVs have maximum amplitude in the upper
troposphere, mainly over Europe, Asia and Africa:
we will identify them as upper troposphere struc-
tures (U). Table 3 summarizes these considera-

Table 3. Regions where the maximum amplitude of
the first 8 SVs computed by the experiments run
with a 12-h, 24-h and 36 -h optimisation time inter-
val: Pacific (P), Atlantic (A), Himalayas (H) and
Tropical-African (T) regions

SV number 12 3 4 5 6 7 8
12-hexperiment P P H H U U U U
24-hexperiment P H P T H A A H
36-hexperiment H T P P H A A H
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tions. The two P-SVs and the two H-SVs are
present in all the experiments. However, a time
interval longer than 12 h is necessary to separate
the A-SVs and the T-SVs from the others.

From this section, the following conclusions can
be drawn.

(i) The fastest growing meteorological per-
turbations have very localized structures similar to
QG perturbations (Molteni and Palmer, 1993).

(ii)) Some SVs are dominated by non-
meteorological structures near the surface: this is
likely due to the absence of PBL physics. All the
SVs present traces of these non-meteorological
structures near the surface.

(iii) Some differences exist between the 12-h
unstable sub-space, and the 24-h and 36-h
sub-spaces. The latter, however, show a very
strong parallelism.

4. Impact of NNMI on the singular vectors

In order to study the impact of the (adiabatic)
non-linear normal mode initialisation (NNMI) on
the unstable sub-space definition, experiments
have been performed with no initialisation, with
the 1st 3, 5, 9 and 13 gravest vertical modes
initialized (the experiments will be called NO-
NNMI, 3-NNMI, 5-NNMI and so on). The
experiments have been performed mainly over 2
time intervals, 12 and 24 h, with some additional
experiments over 36 h. A linearized version of
NNMI has been inserted before the time integra-
tion of the linear model, and formally can be con-
sidered as a part of the propagator operator L. The
full non-linear version has been used to computed
the basic state trajectory.

Fig. 5a shows the amplification factors of the
12-h experiments with NO-NNMI, 5-NNMI,
9-NNMI and 13-NNMI experiments. The
3-NNMI spectrum have been omitted for clarity.
A large difference can be detected between the
experiments with up to 9 initialized modes and the
13-NNMI experiment, in the first part of the spec-
trum. The 13-NNMI SVs are characterized by
stronger growth. Looking at the 13-NNMI SVs
structures, they show maximum amplitude in the
upper troposphere, with a horizontal structure
with high zonal wave number (approximately 16).

The difference in the structure of the SVs is also
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Fig. 5. (a) amplification factors for the SVs optimized
over a 24-h time interval, not using the NMI procedure
(solid line), applying it to the first 5 (dashed line),
9 (dotted line) and 13 vertical modes. (b) amplification
factors of the SVs optimized over a 24-h time interval,
computed with the total energy (solid line) and the
kinetic energy norm (dashed line).

apparent through the partition of the total energy
between the rotational and divergent part of the
kinetic energy, and the potential energy. For the
5-NNMI SVs, approximately 70% of the total
energy is due to potential energy, while in the
13-NNMI SVs with the upper troposphere, high
wavenumber features the potential energy is less
than 10 % of the total energy.

Analysis of the unstable sub-spaces generated by
the NO-NNMI and the 3-NNMI, 5-NNMI and
9-NNMI SVs indicates that the impact of NNMI
is small when only the first gravest modes are
initialized. Considering for example the NO-
NNMI and the 5-NNMI SVs optimized over a
12-h time interval, the first 15 SVs of each experi-
ment can explain at least 60 % of the energy of the
first 15 SVs of the other experiment.

The impact of NNMI can be detected also in the
24-h and 36-h SVs, but it is not so evident in the



398

amplification factor curves as it is in the 12-h
experiments. A longer integration period reduces
the effect of the NNMI procedure on the fastest
growing SV structures. Considering for example
the NO-NNMI and the 5-NNMI SVs, the first
16 SVs of one experiment can explain at least 90 %
of the energy of the SVs of the other experiment.

It is worth pointing out one effect of the NNMI
procedure on the norm of the state vector. The
NNMI procedure projects a state vector onto the
normal modes, decomposes the projection into
the rotational and gravitational part, and then
imposes a zero tendency on the gravitational part.
This procedure can modify the energy of the state
vector; this can increase or decrease, since the pro-
jection is made conserving the component of the
state vector along the rotational directions, and
modifying its component along the gravitational
directions. For example, when only the first modes
are initialized, the norm increases on the order of
1%, while initializing 13 modes can produce a
norm increase of 80 % . This large difference can be
related to the divergence of the non-linear normal
mode initialisation procedure when applied to
the shallower vertical modes (e.g., Daley, 1981;
Williamson and Temperton, 1981).

The small increase in the amplification factors
when NNMI is applied to the first 3 gravest modes
is due to the small increase of the norm produced
by the NNMI procedure. This amplification effect
in not enhanced when NNMI is applied to the
first gravest 5-9 vertical modes, rather than to
the first 3. On the contrary, a small decrease
of the amplification factors when going from 3
to 5, and to 9 initialized vertical modes can be
seen, associated with the increased number of
constraints imposed by NNMI.

The following conclusions can be drawn.

(i) The impact of NNMI on the SVs is
stronger when shorter optimisation time intervals
are considered.

(ii) The unstable sub-spaces generated by the
NO-NNMI, 3-NNMI, 5-NNMI and 9-NNMI
experiments show strong similarity.

(iii) The NNMI procedure does not conserve
the total energy: it can induce a variation in the
energy norm of the state vector. This effect,
however, is very small when only the first 5 modes
are initialized. Not more than 9 modes should
be initialized in a 19-level model, due to the
divergence of the iterative procedure.

R. BUIZZA ET AL.

5. Impact of the norm definition on the
singular vectors

Experiments have been performed to test the dif-
ferences between the fastest growing perturbations
evaluated when the norm has been defined to be
the total energy (T-experiments) or the kinetic
energy (K-experiments). In all these sensitivity
studies the NNMI procedure has been applied to
the first 5 modes. Two optimisation time intervals
have been considered, 12 and 24 h.

The energy norm has been defined formally by
€q. (2.2). Decomposing a state vector x into its
rotational, divergent, temperature and surface
pressure term, the weighting factors E that define
the inner product (2.4) can be deduced from the
following formula:

[lxi? =% Ll JL (VA“C VA

+VA™'D.VA~'D+ R, T.(In n)*
Cp.n op
et} £ dy,

+ T, T )dZ(an n

where {, D, T and = stand for vorticity, divergence,
temperature and surface pressure, # is the vertical
coordinate, T is a reference temperature and R,,
C,, are thermodynamic constants.

The first two terms are the rotational and the
divergent part of the kinetic energy, the third is the
surface pressure term, and the fourth is the poten-
tial energy term. When the norm has been defined
as the kinetic energy, the third and the fourth
terms have not been considered.

Fig. 5b shows the SVs’ amplification factors of
two experiments run with an optimisation time
interval of 24 h. It shows that the amplification fac-
tors in the T-experiments are almost twice as large
as those in the K-experiment. The reduced growth
of the K-perturbations can be explained by the fact
that at the initial time (and before NNMI), these
perturbations are only wind structures, and have
no temperature component. This is a consequence
of temperature being an independent variable in a
primitive-equation model, and if a zero-weight is
given to the temperature field in the scalar product
definition, then such a field cannot be used by the
optimisation procedure which computes the SVs.
A temperature component is inserted into the

(5.1)
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Fig. 6. Tangent linear time evolution of the fastest growing SV computed over a 24-h time interval, with NMI applied
to the first 5 modes. The temperature field has been plotted at initial time =0, and after 24-h tangent linear
integration, at three model levels (contour isolines every 1°): L = 11: approximately 500 hPa when surface pressure
ps~ 1000 hPa. L = 14: approximately 800 hPa. L = 16: approximately 900 hPa.

Tellus 45A (1993), 5



400

K-perturbations by NNMI; however, the partial
adjustment induced by NNMI cannot produce the
same growth obtained with an independent
optimisation of the temperature field.

Most 24-h K-SVs are characterized by patterns
similar to the 24-h T-SVs: the 1st K-SV has a
structure similar to the 5th T-exp SV. The 2nd and
the 3rd K-SVs have a similar pattern. The 4th, the
5th and the 6th K-SVs can be seen as a combina-
tion of Pacific and Atlantic T-SVs. The 7th K-exp
SV is similar to the 2nd T-SV. Generally speaking,
the K-SVs show less localized structures than the
T-SVs. They can be seen as combinations of
T-SVs, although they have structures that extend
into the upper troposphere. Some of them (e.g., the
9th, the 10th and the 1lth), have very high
amplitude in the upper troposphere, with
structures never detected in the T-SVs.

We analysed the norm variation due to the
NNMI procedure on the 24-h K-experiments state
vector. NNMI always produces a norm decrease of
at least 4 %, with a maximum decrease of not more
than 6 % during the first iterations. This depletion
was never detected in the T-experiments, which
were always characterized by a slight increase (less
than 1%).

The 12-h experiments support these results:
moreover the impact of the norm definition on the
SVs structures is more evident. This is related to
the fact that norm sensitivity of the SVs decreases
when longer time intervals are considered. The 1st
8 K-SVs have maximum amplitude in the upper
troposphere, with a pattern never shown by the
T-SVs. The NNMI procedure induces larger
changes in the state vector norm: it produces a
decrease of at least 4%, with a peak value of 9%
at the 1st algorithm iteration. This NNMI effect
has never been observed during the 12-h T-exp,
where NNMI produced always a slight increase of
about 1%.

6. Time evolution of the 24 h singular vectors

In this section, we study the time evolution of
two of the SVs derived from an optimisation time
period of 24 h, with the first 5 gravest vertical
modes initialized, and norm defined as total
energy.

Fig. 6 shows the time evolution of the 1st SV: its
temperature field is plotted at three vertical levels
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at the starting time (# =0, left hand side), and after
24 h using the T21L19 forward tangent model.
Note that the meridional phase tilt is reversed from
the initial to the final state, which indicates that
barotropic energy conversion from the basic state
to the perturbation changes from positive to
negative within 24-h period. Fig. 7 shows the verti-
cal cross section of the SV total energy at the initial
state and after 24 h (the application of the NNMI
procedure does not modify the energy profile-in
any appreciable way). From these figures it is clear
how the SV grows. In particular Fig. 7 and the
final state at model level 19 (last panel in Fig. 6),
illustrates how the perturbation can grow close to
the surface, due to the absence of PBL physics.

Fig. 8 shows the non-linear time evolution of the
perturbation, when superimposed on the same
initial condition in the T63L19 version of the full
ECMWF model. The temperature at model level
11 (500 hPa) is shown for different integration
time intervals. The growth of the perturbation
during the Ist 24 h is very similar to the linear
growth.

The Atlantic and Pacific IFS SVs have very
similar structures to the SVs computed using a
T21L3 version of a QG model (Molteni and
Palmer, 1993). Fig. 9 shows the growth of a 24-h
SV computed using the QG model that has a pat-
tern similar to the 1st IFS SV. Although they have
been computed with very different models, the two
perturbations have the same horizontal scale and
shape, and their time evolution in the Ist 24 h
is very similar. In addition, both perturbations
produce a positive deviation over western Canada
and the north-eastern Pacific, at day 4. Table 4
gives the amplification factors of the T21L19 IFS

SV NUMBER 1
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Fig. 7. Vertical cross section of the total energy norm of
the 1st SV at the initial state (dashed line) and after 24-h
tangent linear time integration (solid line).
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Day 0 Day 1

Fig. 8. Time evolution of the fastest growing SV generated by the IFS model over a 24-h time interval, computed using
the T63L19 non-linear version of the ECMWF model. The level-11 temperature field at different forecast times are
shown: starting from the top-left panel at day O, 1, till day 5 (contour isolines every 1° at day 0, 1, 2, and every 2°
afterwards).
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BRGNSl
Fig. 9. AsFig. 8, but for the T63L19 time evolution of the SV computed by Molteni and Palmer (1993) using a T21L3

QG model (this QG-SV is very similar to the 1st IFS SV). Contour isolines are drawn every 1° at day 0, 1, 2, and
every 2° afterwards.
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Fig. 10. As Fig. 6 but for the time evolution of the 2nd 24-h 5-NMI IFS SV: the temperature field has been plotted
at the last 3 model levels (contour isolines every 2°).
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Fig. 11. As Fig. 8, but for the time evolution of the 2nd 24-h 5-NMI IFS SV. The level-18 temperature field at different
forecast times are shown: starting from the top-left panel at day 0, 1, till day 5 (contour isolines every 1° for day 0,
1, 2, and every 2° afterwards).
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Table 4. Amplification factors of the IFS and QG
SVs shown respectively in Figs. 8 and 9

Amplification
12-h 24-h 48-h 120-h
IFS 2.53 4.10 543 14.84
QG 1.83 291 5.10 11.09

and of the T21L3 QG SVs, computed as the root
mean square (RMS) ratio between the 500 hPa
geopotential height field at the considered time
and at the initial time. The IFS SV seems to be
slightly more efficient.

Fig. 10 shows the time evolution of the 2nd SV:
since it has maximum amplitude near the surface,
the temperature field has been plotted at the lowest
3 model levels. The left hand panels show the
initial state at model levels 17, 18 and 19, the right
hand panels the temperature after 24 h of tangent
T21L19 IFS time evolution. Fig. 11 shows its
evolution when the integration has been
performed with the full version of the T63L19
ECMWF model: the temperature at 1000 hPa has
been plotted. Note that the contour interval in
Fig. 10 is 5 times the one of the analogous Fig. 6.
During the linear evolution, the perturbation
remains confined in the lowest model levels, and its
growth is very remarkable. When the perturbation
has been introduced in the full T63L19 model
it has been drastically damped by the PBL
diffusion in less than 24 h. This confirms the non-
meteorological nature of the low-level adiabatic
SVs.

7. Conclusions

In this paper, we have reported on some
preliminary experiments performed at ECMWF
on the computation of the unstable sub-space of a
primitive equations model, by means of its tangent
and adjoint versions. The fastest growing pertur-
bations are the singular vectors (SVs) of the
tangent propagator of the primitive-equation
model, identified by the linear operator L.
A Lanczos algorithm was applied to find the
dominant SVs. Some of the sensitivity results
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presented above should be confirmed by further
investigation, since all the experiments were
characterized by the same initial date.

The 24-h and 36-h experiments performed with
the first 5 vertical modes initialized have very
similar unstable sub-spaces. Two classes of struc-
tures can be identified in the sub-spaces: one with
maximum amplitude in the middle troposphere,
and one with higher amplitude near the surface. An
optimisation time interval of 12 h seems to be too
short to give a clear identification of the fastest
growing SVs.

The inclusion of the Non-linear Normal Mode
Initialization procedure has a more detectable
impact in the 12-h experiments than in
experiments with longer optimisation time inter-
val. Strong similarity was shown by the unstable
sub-spaces generated without non-linear normal
mode initialization, and NNMI applied to 3, 5 and
9 modes. Application of the Non-linear Normal
Mode Initialization to more than 9 modes
produces fast-growing non-meteorological struc-
tures, due to the non-convergence of the iterative
procedure when applied to the shallower vertical
modes.

The time evolution of the fastest growing SV
computed using a tangent version of the T21L19
primitive equation model is very similar to its
T63L19 full ECMWF model evolution over a
period of one day. Moreover, the similarity
between the full model evolution of the first
primitive equation SV and the first T21L3 QG SV
(Mureau et al., 1993) is remarkable. The primitive
equation SVs with maximum amplitude near the
surface are quickly damped when integrated using
the T63L19 full diabatic ECMWF model. The
absence of PBL physics in the version of the IFS
model used for these experiments can explain why
very strong surface perturbations can grow near
the surface and do not grow in the full diabatic
model where surface drag and vertical diffusion
schemes are implemented.

Finally, although some of the adiabatic SVs
have realistic structures which lead to strong
amplification even in a diabatic model, a simple
PBL parameterization is essential to eliminate
non-meteorological low-level perturbations which
arise in the adiabatic computation, but do
not correspond to unstable modes of the real
atmosphere. Experiments performed using a
simple surface drag and vertical diffusion scheme
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are under way. Results of these experiments will be
reported in a following paper.
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Appendix

The Lanczos algorithm was first proposed in
1950. Lanczos intended this algorithm to be used
to compute a few of the extreme eigenvalues, and
the corresponding eigenvectors, of a symmetric
matrix. The Lanczos method is a technique
applicable to large, sparse, symmetric eigen-
problems. For details see Golub and Van Loan
(1983).

Suppose the problem is to find the eigen-system
of a symmetric matrix A(n, n): the Lanczos algo-
rithm does not access the elements of the matrix
directly, so there is no need for conventional
storage of the matrix. It is very useful when only a
part of the spectrum is required (eigen-pairs less
than »/100). The structure of the algorithm is such
that the information about the matrix extremal
eigenvalues tend to emerge after few iterations.

The main steps of the Lanczos procedure can be
summarized in the following way.

(i) it computes a partial transformation of
the matrix A(n, n), that is to find two matrices
Q(n, j) (unitary matrix) and 7(J, j) such that:

0'-4-0=T, (A1)

R. BUIZZA ET AL.

where the matrix T is tridiagonal:

a; B 0 O
B ay B3 O
0 B3 a3
o o0 - - . 0 O (A2)
Bi-1 O
0 By 1 B
0 O B
and
Q = [ql} q2s - qjl (A3)

where the vectors ¢, of (A.3) are column vectors,
and where j<n;

(ii) it computes the eigenvalues of T(J, j),
finding its diagonal decomposition:

T=S'-D-S. (A4)
where the matrix D is diagonal
D =diag[4,, 0,, .., 0,]. (A.5)

(iii) the eigenvalues of D are an estimate of
the eigenvalues of A, and an estimate of its
eigenvectors is given by:

Y=0-5,
(A6)
Y=1[y1, Y2 - yjl

where y, is the eigenvector corresponding to the
ith eigenvalue. More correctly, the eigen couples
[0, y.] are the Ritz pairs of the matrix 4 for the
sub-space P(Q;)=span(q,, ¢, .., 4;)-
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