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ABSTRACT

The adjoint equations of a numerical model can be used for model-parameter estimation. In this
study, a general computational procedure is developed to determine the size and distribution of
any internal model parameter. The procedure is then applied to a one-dimensional shallow-
water model in the context of analysis-nudging four-dimensional data assimilation (FDDA): the
weighting coefficients used by the Newtonian nudging technique are determined such that the
model error during the assimilation period is optimally reduced subject to some constraints. The
sensitivity of these nudging coefficients to the optimal objectives and constraints is investigated
using this simple grid-point model in an Observing Systems Simulation Experiments (OSSE)
mode. The results show that in principle, it is feasible to determine a set of nudging weights which
minimize the model error over the period covered by the observations. It is demonstrated,
however, that the magnitude and distribution of these “optimal” nudging weights are sensitive
to the prescribed estimate of the nudging weights and the corresponding coefficient matrix which
define a penalty term in the cost function. The penalty term is a weak constraint on the size and
distribution of the optimal nudging weights while the model is the strong constraint. The fit of
the model to the data is greater when this constraint on the nudging weights is weaker, but then
the nudging weights may be too large or even negative. Thus the “optimal” solution for this
model parameter is not unique because specification of this penalty term in the cost function
introduces a new uncertainty into the nudging FDDA framework. Nevertheless, this optimal-
nudging approach does show promise, but the sensitivity of the technique to the penalty term
requires further investigation under more realistic conditions.

1. Introduction

Increasing computer power and advanced
observing systems which now provide near-
continuous streams of information on evolving
atmospheric processes have led to correspondingly
finer resolution numerical weather prediction
models in the hope of improving our under-
standing and our ability to simulate complex
atmospheric processes. Continuous four-dimen-
sional data assimilation (FDDA) schemes capable
of effectively utilizing this data base are important
not only for improving the initialization of
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mesoscale forecasts, but also for generating high-
quality four-dimensional mesoscale analyses for
diagnostic purposes and for input into air-quality
models (Stauffer et al.,, 1993). These two FDDA
applications are known as dynamic initialization
and dynamic analysis, respectively.

Currently, Newtonian relaxation (nudging) and
variational (adjoint) methods are two of the most
promising techniques for handling these modern
asynoptic data sets, and are thus being widely
studied by both the research and operational
scientific communities. The adjoint method (Le
Dimet and Talagrand, 1986) uses a dynamic
model as a strong constraint in a four-dimensional
variational scheme. This variational four-dimen-
sional analysis (VFDA) technique essentially fits
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the model to data distributed over a finite period of
time. If model errors are neglected, this technique
determines the optimal initial state such that the
corresponding model evolution best fits the obser-
vations through the entire period. However, the
scheme’s complexity and extensive computational
requirements currently limit its use for operational
applications, and also make it unsuitable for most
research applications on the mesoscale.

The nudging technique (Anthes, 1974), which is
economically more efficient and also more flexible
than the adjoint method, relaxes the model state
toward the observations by adding to one or more
of the prognostic equations, artificial tendency
terms which are proportional to the difference
between the two states. The “proportionality
constants” are positive and usually specified
based on scaling arguments so that the nudging
tendencies are relatively small compared to the
other terms in the governing equations. They also
account for the time and space separation of the
model solution from the data, as well as data
quality and representativeness. The model solution
can be relaxed toward gridded analyses of observa-
tions, or directly toward the observations which
are distributed nonuniformly in space and time
(Stauffer and Seaman, 1990; Stauffer et al., 1991).
These two nudging techniques are hereafter
referred to as “analysisnudging”and “obs nudging”,
respectively. Although the obs-nudging approach
is especially attractive for assimilation of these
asynoptic data sets, as a first step, this paper will
focus on the simpler analysis-nudging technique
and how the nudging weights defined over a model
grid may be determined using optimal control
theory.

The adjoint equations can be used to efficiently
compute the gradient of a cost function with
respect to a “control variable”. When the adjoint
method is used for model initialization, the control
variable is the model initial state. For model-
parameter estimation, the control variable is the
vector of model parameters to be determined. Zou
etal. (1993) have recently applied parameter
estimation using the adjoint equations to the
nudging coefficients in an adiabatic version of
the National Meteorological Center T40 spectral
model initialized with operationally analyzed data
and run in an Observing Systems Simulation
Experiments (OSSE) mode. That is, the observa-
tions are model-generated. In their approach, both
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the initial state and the analysis-nudging coef-
ficients were control variables. They concluded
that the technique works and shows promise when
compared to standard analysis nudging and varia-
tional data assimilation methods. In this paper,
which represents a parallel and independent
research effort on this subject, the initial state is
not included in the control-variable vector, the
parameter-estimation technique is applied to a
model in grid-point space, and most importantly,
some of the limitations and sensitivities associated
with optimal nudging are addressed for the first
time.

A general computational procedure for deter-
mining the size and distribution of any model
parameter using optimal control theory is
developed in Section 2, and then applied to a one-
dimensional shallow-water model in the context of
analysis-nudging FDDA (Section 3). The nudging
weights are determined such that the model error
during the assimilation period is optimally reduced
subject to given constraints. The main focus of
the paper is to investigate the sensitivity of these
nudging coefficients to the optimal objectives
and constraints, which is made easier by using a
simple grid-point model in an OSSE mode. This is
a logical first step before applying this approach to
real data and more complicated models. The
results are summarized in Section 4, and future
directions for continued research and development
of the technique are also discussed.

2. Development of a general parameter-
estimation procedure

The parameter-estimation problem in meteorol-
ogy is essentially contained in the following:
minimize a “cost function” or functional J=
J(x(p, ), p) subject to the model constraint

dx

—=M

@ (x, p, 1),
x(0) = X,,

where p is the vector of parameters to be deter-
mined, which is assumed here to be constant in
time, x = x(p, t) is the model-state vector, and M
is the model vector function of x, p and r. The
functional, J, is defined in a quadratic form:
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Kp)=| DLx(p.0.11 s
+(p=P)" K(p—P), M

where D[x(p, 1), t] is the measure of the “fit” or
discrepancy between the model state and the
observation at ¢, p is a constant vector that
controls the size of p and thus represents prior
knowledge about the magnitude of the parameter,
the superscript, tr, denotes the transpose of a vec-
tor or a matrix, K is a symmetric matrix whose
inverse represents the covariance matrix of estima-
tion error on p, and T is the assimilation time
window. For simplicity, we assume that K is a
diagonal matrix whose elements are constant.
Eq. (1) represents a trade-off between two optimal
objectives: (a) minimize the discrepancy between
the model state and the observations, and (b)
make the magnitudes of p as close to those
prescribed as possible (e.g., when p =0, objective
(b) simply means to make p as small as possible).
Assume that D[ x(p, t), t] is quadratic as follows

D[x(p’ t)’ l] = [x(p’ t)_xobs(t)]"
X W(Z)[X(p, t)*xobs(t)]’ (2)

where the subscript, obs, denotes the observation,
and W(1) is the inverse of the covariance matrix of
observation errors, and is assumed here to be a
diagonal matrix whose elements are the weighting
coefficients of the observed variables.

The gradient of J with respect to p is needed in
order to efficiently minimize J. To obtain the
gradient, the model constraint is appended to the
functional to be minimized using the Lagrange
multipliers. These multipliers are contained in the
adjoint vector a(r). We define the Lagrange
function J' as:

T
7= {D[x(p, .11
+a(1)" [95((—1‘:’—’)— M(x, p, t)]} dt
+(p—p)" K(p— p). (3)
Defining
H=D—a"M, 4)
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we have
J'(p)= LT[H+ a0 ’)] dr
+(p—p)" K(p—p) (5)

After integration by parts, the second integral
becomes

La(t)* x(p, 1)1,=r— [a()" x(p, 1)]; o

T da(t)"
—L Y x(p, t)dr.

Thus, J’ may be rewritten as

J'(p)=[a()" x(p, )], 7
—La()" x(p, )] =0

T d tr
+f0 |:H— aétt) x(p, t):l dt

+(p—p)" K(p— p). (6)

Because the initial state X, is not a function of p,
the first variation of J'(p) is

oJ'=[a(t)" 6x],_r+2(p—P)* Kop
T SH\" [da()\"
(R -5 )
OH\"™
+($> 51)}(1!. (7)

By introducing the adjoint system:

da(t)_ﬁii'_ oM
dr ~ ox ox

a(T)=0, 9

>" a(t)+V,D, (8)

and noting J = J’, we can obtain the gradient of J
with respect to p:

oJ T (oH
—=2K(p—p —
3p (p p)+J~0 (6p>dt
T

=2K(p— )~ | (10)

0

a(n)” %dt.
op

In summary, the general computational proce-
dure for parameter estimation using the adjoint
method is:
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(i) specify an initial guess of the unknown
parameters p and the size-control vector j;

(ii) integrate the numerical model from =0
tor=T;

(iii) compute D, and thus J, within [0, T]
using the forward model output;

(iv) compute the gradient of J with respect to
p by integrating the adjoint system backward
within [0, T];

(v) use a descent-direction algorithm to
obtain a new estimate of p such that J is reduced
toward the mintimum,;

(vi) if the convergence criteria are satisfied,
terminate the procedure and output the estimate of
p which is supposed to be optimal; otherwise use
the new estimate of p as the initial guess and return
to (i1) to start another iteration.

In Section 3, a one-dimensional shallow-water
model is used to illustrate the feasibility of the
parameter-estimation procedure applied to the
Newtonian nudging coefficients used in analysis-
nudging FDDA. In this parameter-estimation
problem, the functional to be minimized involves
the first-guess of the parameters, the penalty coef-
ficient matrix K, and the size-control vector p. By
assuming that the first guess of the parameters is
equal to the size-control vector, we investigate the
sensitivity of the parameter estimation to the
trade-off between the measure of fit of the model
and the size-control constraint in the cost function.

3. Determination of nudging coefficients in a
one-dimensional shallow-water model

The governing equations of the one-dimensional
shallow-water model with analysis nudging are
written in “flux form” as follows

N
Fraiaitem (L) ¢t e
+¢G ,(Ugrs — u) + UG 4(Pobs — 8), (1)
o _ o,
2 (o) fou
+¢Gv(uobs_v)+vG¢(¢obs_¢)’ (12)
ig__2 _
E_ _ax (¢u)+ G¢(¢obs ¢), (13)
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where ¢ = gh, where g is the gravitational accelera-
tion and A=depth of fluid, f is the Coriolis
parameter and G, (G, or G,) is the spatially vary-
ing analysis-nudging coefficient for u (v or ¢). All
variables are assumed to be independent of y.
Although this model is simple, it can be used to
simulate various phenomena in the atmosphere
from long-wave propagation to hydraulic jumps.
The model is discretized in a domain that has
121 grid points with Ax = 60 km. Cyclic boundary
conditions are used in space. The finite differencing
and the staggered horizontal grid (Arakawa B)
are the same as those in the Pennsylvania State
University/National Center for Atmospheric
Research (PSU/NCAR) mesoscale model (Anthes
etal., 1987). A leap-frog scheme is used for the
temporal integration with a time step of 6 min, and
the time interval over which the data-assimilation
experiments are performed is 12 h. The adjoint of
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Fig. 1. The perfect initial conditions (based on Parrett
and Cullen, 1984) used to generate the reference atmo-
sphere and the OSSE “observations” used for assimila-
tion. (a) u-component (ms~'), (b) v-component
(m s~ ') and (c) geopotential (m?s~2).
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the variational model and the boundary condi-
tions for the adjoint variables are derived directly
from the discrete form of the governing equations
of the model using Lagrange multipliers (Thacker
and Long, 1988), and are verified using the
procedure suggested in Sun et al. (1991).

The discrete form of (1), the functional J to be
minimized, is specified as follows:

7
J=K Y [(G,-G.)

i=1

+(G, =G +(Gy—Gi)’]

1 N
+ Y T W i)
i=1n=1

+ W:';n(vi,n_ vi,n )2
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Fig. 2. The objectively analyzed (degraded) initial condi-
tions used for all experiments. Observations from the
perfect reference atmosphere were made available every
20 grid points (1200 km), and a linear interpolation was
used between observations. (a) u-component (ms™!),
(b) v-component (m s ') and (c) geopotential (m?s~2),
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where W,, W, and W, are weighting coefficients
reflecting the quality and distribution of the data,
the superscripts, i and n, represent grid point i
and time step n, and subscript “obs” denotes
observations.

Experiments are conducted for two flow
regimes: non-rotational flow (f=0) and rota-
tional flow (f=1.0x10"*s~!). Fig. 1 shows the
perfect initial conditions of u, v and ¢ (based on
Parrett and Cullen, 1984) used to generate the
“observations” throughout the 12-h assimila-
tion periods for both flow regimes. The initial
conditions for all experiments were generated by
objective analysis (linear interpolation) of these
perfect observations which were made available
every 20 grid points (Fig. 2). For simplicity, the
observations to be assimilated were assumed per-
fect and made available at every grid point and
time step. Thus W, W, and W, in (14) are set to
unity. The role of the analysis nudging is simply to
offset the imperfect model initialization. Although
we consider the use of FDDA here to be for
dynamic analysis, the results are also applicable to
the dynamic-initialization problem.

As mentioned in Section 2, the adjoint of the
first variation of the model is integrated as an
efficient approach for obtaining the gradient of a
cost function with respect to the control variable.
Because the nudging coefficients are at least 5to 7
orders of magnitude smaller than the correspond-
ing model variables, the Newtonian nudging coef-
ficients are first scaled by a large constant factor,
Sg=108% in order to make the minimization
problem well-conditioned. For example, G, in (14)
is replaced by G¥=G,Ss. The gradient of the
discrete form of J' (3) with respect to the scaled
nudging coefficients G¥, G¥ and G} is computed,
and then a limited-memory quasi-Newton method
(Gill etal, 1981) is applied using the NAGQ©
FORTRAN Library routine, EO4DGF, to perform
the minimization of (14). Note that the nudging
terms in the equations defining both the forward
model and corresponding adjoint system still use
G,=G*Sg', for example, to preserve the relative
magnitude of the artificial nudging terms to
the other physical processes in the governing
equations.

Fig. 3 shows the model-simulated u, v and ¢ for
Exp. NCTL (see Table 1) after 12 h of simulation
for the non-rotational (f = 0) case without nudging
(G'=0). Due to the lack of horizontal diffusion
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Fig. 3. The no-nudging (G = 0) control simulation (Exp.
NCTL) for the non-rotational (f=0) case at 12h.
(a) u-component (ms~!), v-component (ms~!) and
(c) geopotential (m?s~2).

in the model (11-13), this no-nudging control
simulation of a developing hydraulic jump still
shows local extrema in u and ¢ related to the
observation separation in the objectively analyzed
initial state (Fig. 2). Since v =0 initially and /' =0,
the tendency for v in (12) is also zero; thus, v
remains zero throughout the simulation and is
not shown for any of the non-rotational optimal-
nudging experiments.

Fig. 4 presents the “observed” u-component of
the wind for this non-rotational case at 12 h, the
model-simulated value obtained using analysis
nudging throughout the 12-h assimilation period
(Exp. N3 in Table1) and the corresponding
optimally determined nudging coefficients G,
which vary in space across the grid. Fig. 5 is the
same as Fig. 4, except for ¢. The nudged u and ¢

Tellus 45A (1993), 5

363

T T T T T T TT

1 1 1 1 1 1 1.1

observed u (ms™)
1
N

8 T | 1 !
(0] 1200 2400 3600 4800 6000 7200
X (km)

) R T S N T B T |

simulated u (ms™")

[}
D
T T 1T 171

- 1 1 1 1 l
051200 2400 3600 4800 6000 7200

X (km)
3000 T T T T —T j

2800+
2600
2400 A
2200
2000
1800
1600
1400
1200
1000

optimal Gu* (s™"

[

L L1 I
0] 1200 2400 3600 4800 6000 7200
X{km)

Fig. 4. Optimal nudging results for u-component of the
wind for the non-rotational case (Exp. N3, Table 1).
(a) Observed (reference atmosphere) wu-component
(ms~') at 12h, (b) model-simulated u-component
(ms~')at 12 h, and (c) scaled optimal nudging weights
(s7') for u-component. (Note: G¥=1000s""
corresponds to G, =10"°s"1)

fields at the end of the 12-h assimilation period
agree very well with the observed fields (compare
with Exp. NCTL in Fig. 3). In this case, the
spreading of information is accomplished by
advection and pure gravity-wave adjustment. The
nudging weights vary by about a factor of two
across the domain, and their extrema also appear
to be related to the observation separation in the
objectively analyzed initial conditions. After all,
in this demonstration the nudging is simply
compensating for the degraded initialization.

As mentioned earlier, the cost function J (14)
represents a trade-off between reducing the model
error and constraining the size of the optimal
nudging coefficients. The size constraint is impor-
tant because nudging coefficients that are too large
(a) disrupt model adjustment processes that
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Table 1. Sensitivity of the optimal nudging weights to the coefficient K in the penalty term of the cost

function for the non-rotational case

uh $?

EXP K Itn  G*(s™') o6 (s7Y) rms,(ms~') G*(s™")  og-(s7') rms;(m?s7?)
NCTL — — — — 0.60 — — 44.8

N1 10° 3 1012 6 0.39 1014 5 289

N2 10-! 8 1110 59 0.37 1132 47 27.5

N3 102 18 1702 352 0.26 1907 323 20.3

N4 1073 65 3053 988 0.17 4306 1233 120

N5 104 2772 3841 4702 0.16 8242 5410 10.0

The number of iterations required for convergence of the minimization algorithm is given by Itn. The nudging
weights G* are scaled by S =10® such that G=S5'G*, and G*=1000s~! corresponds to G=10"3s"". The
domain mean and standard deviation of the scaled G for each variable are denoted by G* and o ., respectively. The
initial and final rms errors for each variable are given by rms, and rms,, respectively.

W rms,=0.54ms '
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2 rms; =45.7m?s 2
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Fig. 5. Optimal nudging results for geopotential for the
non-rotational case (Exp. N3, Table 1). (a) Observed
(reference atmosphere) geopotential (m?s~2) at 12h,
(b) model-simulated geopotential (m2s~2) at 12h,
and (c) scaled optimal nudging weights (s~!) for
geopotential. (Note: G} =1000s""' corresponds to
Gy=10"5s"1)

spread observational information throughout the
model domain, (b) cause the artificial nudging
effects to overwhelm the real physical effects in the
governing model equations, and (c) can lead to
numerical instabilities. (For numerical stability in
this model, G < 1/At where At is the model time
step in seconds.) Thus the minimization of J
depends on the penalty term coefficient K and the
size-control vector G. The main focus of this paper
is to investigate the sensitivity of the parameter-
estimation technique to these two factors compris-
ing the penalty term.

Table 1 shows the sensitivity of the optimal
nudging weights in the non-rotational flow regime
to values of K ranging from 10° to 10 =%, The scaled
value of the size-control vector G* and the initial-
guess of the nudging coefficients is set to 1000s ™.
The initial root-mean-square (rms) errors in u
and ¢ for all experiments are 0.54ms~' and
45.7m?s 2, respectively. Note that the no-
nudging control simulation (Exp. NCTL) has rms
wind and geopotential errors of 0.60 ms~' and
448 m?s~2, respectively, after 12h of model
integration. When the penalty coefficient K = 10°
the mean scaled optimal-nudging coefficients over
the domain for « and ¢ are 1012 s ~! and 1014 s,
respectively. The corresponding standard devia-
tions are 6 s ~! and 5s !, and the final rms errors
at the end of the 12-h assimilation period have
been reduced to 0.39 ms ! and 28.9 m?>s~2 As K
decreases, the number of iterations for con-
vergence of the minimization algorithm increases,
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Table 2. Same as Table 1, except for the rotational case

u“) U(ZD ¢43}
EXP K Itn G*(s7') 0g-(s7") mms,(ms™") G*(s7') g5 (s7') mms,(ms™") G*(s7') og.(s™") rms,(m>s~?)
RCTL — —  — — 0.44 — — 043 — — 418

Rl 10° 31003 2 0.28 1003 3 0.28 1012 7 27.0

R2 10~ 8 1028 23 0.28 1028 25 0.27 1112 65 26.2

R3 1072 17 1234 165 0.25 1205 165 0.23 1791 431 212

R4 107% 43 2005 598 0.17 1833 534 0.14 4060 1507 133

RS 107* 1114 2508 3502 0.13 3344 1133 0.01 8205 5505 9.5

Wrms;=0.54ms ™%

2 rms; =0.00ms .

¥ rms; =457 m?s 2
and both the mean and standard deviations of the ~ __ 6000 T T - ' r
nudging coefficients increase. The final rms errors % gggg: ]
decrease as K decreases and the size-constraint on e 5400} -
the nudging weights is reduced. Thus when the 4 g’ggg: ]
nudging weights are allowed to increase, the model 3 4800F -
fit to the data improves. For reference, the results @ Zggg i J
that were presented in Figs. 4 and 5 were for the S 4200 « ' ' ) | | -
median value of K= 1072 (Table 1, Exp. N3). For 4000512060 2400 3600 4800 6000 7200
K=10"%, the mean nudging coefficients in Exp. X {km)

NS5 are about four (GF) and eight (G}) times

larger than those in Exp. N1 (K =10°). However, « gggg_ T T T | T ]
the standard deviation of G* in Exp. N5 exceeds & 5600F -
the mean, which indicates that over some portions £ g‘;gg: ]
of the domain, the optimal nudging weights for u '3 5000 -
have become negative because there is no explicit 3 2288: ]
constraint on positiveness. It is Sspecial]y interest- g 3‘2‘88_ 5 b
ing to note that the ratio of G f/G } increases asthe ~ © 40003555465 5850 3896 6355300
size-constraint on the nudging weights (K) is X (krm)

reduced. For K = 10°, this ratio is close to one, but

for K=10"*, this ratio exceeds two. 3000 : : : : :

For the rotational case, Fig. 6 shows theobserved . 2800 4
and Exp. R3 (Table2) simulated geopotential ‘= 5909F ]
field at the end of the 12-h analysis-nudging * 2200F
period, and the corresponding optimal nudging g %288:
weights. Again, the experiment using the median £ 1600r
value of K=10"2 was chosen from Table 2 for s '.2881 ¢
plotting. The initial conditions for all rotational 1000512563460 3600 4800 6000 7200

experiments were the same as those used in
the non-rotational experiments (Fig.2), and the
observations were similarly generated using the
model with non-zero Coriolis and the perfect
initial state shown in Fig. 1. Comparison of Figs. 5
and 6 shows the effect of Coriolis effects on the
optimal nudging of geopotential. Although the
locations of the extrema for G, are similar between
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Fig. 6. Optimal nudging results for geopotential for the
rotational case (Exp. R3, Table2). (a) Observed
(reference atmosphere) geopotential (m?s~2) at 12 h,
(b) model-simulated geopotential (m?s~2) at 12h,
and (c) scaled optimal nudging weights (s~!) for
geopotential. (Note: G} =1000s~"' corresponds to
G,=10"%s")
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the two cases, the domain mean value is greater in
the non-rotational case while its spatial variation
is greater in the rotational case. Tables 1 and 2
show this to be true for all values of K, and for the
wind, both the mean and standard deviation of the
optimal nudging coefficients are greater in the non-
rotational case for all K. In the rotational case,
model adjustments involve inertia-gravity modes
rather than pure gravity modes, but the conclu-
sions are the same as those for the non-rotational
case: the mean and standard deviation of the
optimal nudging weights increase with decreasing
K, and the model fit to the data is closer for smaller
values of K. As in the non-rotational case, when
K=10"* the nudging coefficients for u become
negative, and the mean scaled nudging weight for
geopotential is two to three times that for the
u- and v-components of the wind.

The sensitivity of the optimal-nudging technique
to the size-control vector in the penalty function is
addressed as follows: the optimal nudging scheme
is used to refine the specification of the size-control
vector by performing successive minimizations of
the cost function. The optimal nudging weights
from Exp. N3 are used to define the size-control
vector for a subsequent minimization, from which
its optimal nudging weights are then used to define
the size-control vector for the next minimization
step. This process is repeated for six minimization
steps (Table 3). The mean and standard deviations
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of the nudging weights increase with each
successive minimization of the cost function. The
number of iterations required for convergence
within each minimization step did not vary
significantly from one minimization step to the
next (not shown). After 6 minimization steps, the
rms errors for u and ¢ have been reduced by about
one-third. Interestingly, this result is similar to that
obtained in Table 1 when reducing K from 102
(Exp. N3) to 1073 (Exp. N4). The mean and
standard deviations of the nudging coefficients
after six minimization steps (Table 3) are also
similar to those for Exp. N4 (Table 1).

Table 4 is the same as Table3 but for the
rotational case using Exp. R3. Again, the mean
and standard deviations of the nudging weights
increase’ with each successive minimization step,
and the results after six minimizations of the cost
function are very similar to those of Exp. R4 in
Table 2. Thus it appears that similar results may be
obtained by performing a single minimization with
a reduced value of K. This may suggest that the
uncertainty in specifying the size-control vector
can be transferred to the specification of the
penalty coefficient K. If this is true, is spatial
variability within the size-control vector impor-
tant, and can it be used to represent confidence in
the analyzed data? For example, the analysis-
nudging weights should be smaller in magnitude
over the ocean where there are fewer data, or in

Table 3. Sensitivity of the optimal nudging weights to the size-control vector G in the penalty term of the

cost function for the non-rotational case

EXP. N3 uV ¢
Nuin G*(s™Y G (s71) rms, (ms~!) G*(s™1) Gge (s71) rms; (m?s~?)
1 1702 352 0.26 1907 323 203
2 2187 585 0.21 2580 566 16.0
3 2551 754 0.18 3115 762 13.6
4 2833 880 0.17 3555 923 12.6
5 3054 976 0.17 3922 1054 12.5
6 3224 1047 0.18 4231 1163 13.0

The results after one minimization step, N, = 1 are those of Exp. N3 (K = 10~2), in which the scaled size-control
vector G* = 1000 s ~*, which corresponds to G = 10~*s . For each subsequent minimization step and determination
of optimal nudging weights, the size-control vector is defined to be the optimal nudging weights from the previous
minimization step. The domain mean and standard deviation of the scaled G for each variable are denoted by G* and
0+, respectively. The initial and final rms errors for each variable are given by rms, and rms,, respectively.

W rms; =0.54ms™ .

@ rms; =457 m?s 2
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Table 4. Same as Table 3, except with Exp. R3 for the rotational case

EXP.R3 u @ ¢
Noin G*(s™") o (s™') rmms (ms™') G*(s7') 6s(s”') mms;(ms™!)  G*(s7') o (s”') mms (m?s7?)
1 1234 165 0.25 1205 165 0.23 1791 431 212
2 1431 290 022 1362 282 0.20 2392 742 17.9
3 1599 391 0.20 1491 371 0.18 2880 986 159
4 1742 472 0.19 1601 443 0.16 3291 1187 14.7
5 1864 539 0.18 1697 503 0.15 3644 1355 14.1
6 1966 593 0.18 1783 555 0.14 3953 1499 13.8

Wrms;=0.54ms "L

@ rms;=0.00ms L
G rms,=45.7m?s 2
areas where the data may not be representative.
This information can be included in the optimal
nudging framework via a nonhomogeneous size-
control vector, but it is not clear how an
appropriate value for K will be determined.

4. Summary and recommendations for future
research

In this study, a general approach has been
developed for optimal determination of model
parameters applied to a one-dimensional shallow-
water model in the context of analysis-nudging
four-dimensional data assimilation. The purpose
of this application is to overcome the uncertainty
in the traditional method of specifying the nudging
coefficients. The cost function to be minimized is
composed of two terms: one is to measure the
discrepancy between the model state and the
corresponding observations, and the other is a
scale-constraint on the optimal nudging weights.

The adjoint equations represent an efficient way
to calculate the gradient of the cost function with
respect to the control variable. In this application,
the control variable is the analysis-nudging
weights defined over a uniform model grid. That is,
the model initial state is not included in the con-
trol-variable vector. The adjoint system is the same
as that used in the variational four-dimensional
analysis (VFDA) method where the control
variable is the initial state, except that the nudging
terms have been added to both the forward model
and the adjoint system. Numerical experiments are
conducted for both non-rotational and rotational
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flow regimes using model-generated (OSSE) obser-
vations to test the feasibility of this parameter
estimation technique using the adjoint method.
The main focus of this paper is to investigate the
sensitivity of the optimal-nudging weights to the
penalty coefficient matrix K and the size-control
vector G comprising the penalty term added to the
cost function as a size-constraint on the optimal-
nudging weights. This constraint is of general
importance because nudging coefficients which are
too large (a) disrupt model adjustment processes
that spread observational information throughout
the model domain, (b) cause the artificial nudging
effects to overwhelm the real physical effects in the
governing model equations, and (c) can lead to
numerical instabilities.

It is shown that this approach is able to obtain
a solution for optimal-nudging coefficients that
vary in space and minimize the cost function.
Because the experimental design uses analysis
nudging to offset an imperfect model initialization,
there is strong correlation between the spatial
variability of the nudging coefficients in space and
the observation separation in the model initial
conditions. It is found that the weaker the size con-
straint in the cost function, the larger the domain
mean and standard deviations of the nudging
weights. Correspondingly, with decreasing X, the
model fit to the data becomes closer, and the num-
ber of iterations required for convergence of the
minimization algorithm increases. It is also shown
that the sensitivity of the technique to the size-con-
trol vector may be passed to the specification of K
in these cases. Thus further research is needed to
determine if the size-control vector can be used
effectively to represent confidence in the data
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analysis in terms of data distribution, repre-
sentativeness, etc. Although the technique works,
there is this new uncertainty K which has been
introduced into the nudging framework, and
proper specification of K under more realistic
conditions is definitely an area for future research.

Another very important issue for this optimal-
nudging approach is how to best measure success;
that is, what makes a “good analysis”? In this
paper, the cost function was defined by a penalty
term plus a measure of the fit of the model to the
data during the assimilation period. In general,
improving the fit to the data does not guarantee a
better analysis by other subjective and objective
criteria (Andrew Lorenc, personal communica-
tion). Also, confidence in the analysis would be
greater if this “fit” is measured to independent data
(data not directly assimilated into the model).
Furthermore, if your definition of a good analysis
is one which produces an improved forecast, deter-
mination of the optimal nudging weights could be
made based on the model fit to the data during a
subsequent forecast (Lorenc et al., 1991). Regard-
less of how you define the cost function to measure
“goodness of fit”, the main point of this paper is
that there is a sensitivity to the penalty term which
is needed to control the size of the nudging
weights. Any nudging method must limit the size of
these weights for the reasons mentioned above,
and failure to do so violates the method’s most
fundamental underlying assumptions.

As mentioned earlier, in this application of
optimal nudging, the control variable was defined
as the vector of optimal-nudging weights, and did
not include the model initial state as done in the
VFDA method. The VFDA method has great
theoretical attractions because it can make good
use of the knowledge embodied in the model
forecast equations, but at a considerable computa-
tional cost. The VFDA technique allows variables
which are not directly observed to be altered to
improve the fit to parameters that are observed.
Lorenc (1988), using the identical shallow-water
model example in this paper, showed that in the
non-rotational case, observations of v could be
used to improve the analysis of u and ¢. Successive
v fields provide information about the movement
of a tracer, and hence about u. The nudging
methods, “optimal” or otherwise, cannot do this in
this case. Since f =0, the alterations made to v
by the G, term remain uncoupled from u and ¢.
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So the optimal-nudging method, which has much
of the computational cost of VFDA, cannot
improve the v fields in this non-rotational example.
However, it must be remembered that the VFDA
technique assumes the model is perfect, while
optimal nudging does not by introducing an
artificial non-physical term into the model equa-
tions. Thus there may be situations where it may
be beneficial to combine the two variational
approaches by defining the control variable as
both the initial state and the nudging coefficients.
Nevertheless, the VFDA approach is still the most
attractive alternative since it does not introduce
any artificial terms into the governing model
equations.

The next logical question is the following:
although a very simple model with idealized data
was used here, how general are these conclusions
for more realistic models and data sets? Although
the sensitivity of the optimal-nudging approach to
the choice of cost function is certainly fundamental
and requires further research using more realistic
models, the additional sensitivity of the technique
to the penalty term which controls the size of the
nudging weights is of paramount importance since
it must preserve the method’s underlying assump-
tion that the nudging terms play a secondary role
in the model’s governing equations. Otherwise, the
advantage of using the model will be greatly
diminished. This is the first paper to address this
very important issue and demonstrates that this
should be a concern when using this approach in
more realistic conditions.

Also, once the nudging coefficients have been
determined for one particular period by this
technique, to what extent can they be used again
for another period? It is our hope that this techni-
que may be used to gain basic insight into how to
best define the nudging weights, say, in the verti-
cal, or near a coastline, and then use this informa-
tion in the standard nudging approach. In many
circumstances, however, the nudging weights must
depend on the dynamics, as well as the data
quality, density and frequency (Stauffer and
Seaman, 1993). Thus, the nudging weights would
not be readily applicable to other time periods
when any of these factors have changed substan-
tially. Furthermore, the length of the assimilation
period becomes especially important when using a
technique which assumes the nudging weights do
not vary in time.
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Finally, this approach currently uses analysis
nudging where the observed data are defined and
assimilated over a regularly spaced grid. For data
assimilation on the mesoscale, a nudging approach
which uses asynoptic observational data directly
has been shown to be very effective by using real
asynoptic, mesobeta-scale data sets in the PSU/
NCAR mesoscale model (Stauffer and Seaman,
1991; Stauffer et al, 1993). It is becoming
increasingly clear that effective assimilation of
these modern asynoptic data sets (e.g., profilers,
acoustic sounders, etc.) requires an approach that
uses the observational data directly for continuous
assimilation rather than as gridded analyses based
on observation at a fixed time. Thus a nudging-to-
observations (“obs nudging”) technique is espe-
cially attractive for assimilation of these data sets,
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and an optimal control method designed to help
specify the spatial and temporal influence that each
observation has in the model atmosphere would
prove to be invaluable.
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