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ABSTRACT

Fiadeiro and Veronis (1977) use a weighted mean scheme to develop a finite difference
approximation to advection-diffusion type partial differential equations. The resulting numerical
approximation tends to a centered difference formulation for strongly diffusive cases and to an
upstream formulation for strongly advective cases. A simpler alternative derivation of their
scheme is presented here which clarifies its basis. Using the new approach, the extension to a
spatially variable grid and a similar scheme based on average cell properties are obtained. Errors
associated with temporal variations are discussed and a stability criterion appropriate to

forward differencing in time is presented.

1. Introduction

An interesting finite difference approximation to
advection-diffusion type partial differential equa-
tions was developed by Fiadeiro and Veronis
(1977). The method has now been used in several
oceanographic studies (Musgrave, 1985; Lin, 1990;
Wright and Stocker, 1991), and it has proven to be
a very useful tool. A practical advantage of the
scheme is that it yields solutions for relatively
coarse grids allowing efficient use of computer
resources. A particular appeal of the method is that
it automatically adjusts from a centered-difference
scheme to an upstream scheme as the influence of
advection increases.

A disadvantage of the scheme is that it is
restricted to a spatially uniform grid, and the
somewhat intricate derivation makes the extension
to a non-uniform grid appear to be a very tedious
task. This restriction is somewhat limiting where
boundary layers are present. Below, we will pre-
sent a straightforward derivation of the Fiadeiro
and Veronis (1977) scheme from which its simple
basis will be more evident. The approach is similar
to that used by Young and Gregory (1973) to
derive the exact equivalent solution to the one
dimensional advection-diffusion equation referred
to by Fiadeiro and Veronis (1977). The extension
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to a spatially variable grid will also be presented,
and an analogous scheme based on properties
averaged over a grid cell will be derived. In
addition, a stability criterion appropriate to a
time-dependent model using forward differencing
in time will be determined.

2. Generalization of the Fiadeiro and Veronis
scheme to a spatially varying grid

Fiadeiro and Veronis (1977) begin their analysis
with the three-dimensional advection-diffusion
equation with non-constant coefficients. They
make considerable progress within this general
framework, but their weighting factors are ulti-
mately determined through consideration of the
one-dimensional, constant coefficient equation,
and subsequently assuming that this analysis
applies locally in each spatial dimension. Although
we are also interested in time-dependent, multi-
dimensional, advection-diffusion problems (see
section 4), guided by the work of Fiadeiro and
Veronis (1977), we begin with the steady, one-

dimensional, constant coefficient advection-
diffusion equation:
uC,=KC,,. (1)
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Integrating (1) from some arbitrary level x,
(xo will be identified with the boundary of a grid
cell) to any other position x yields

u
Ci(x)=C.(xo) exp [f (x— xo)], (2)
and integrating again over the same interval yields

K
Clx) = Cxo) + = Colxo)

x{exp [%(x—xo)]—l}. 3)

Now, substituting x=x_, =x,+ Ax, /2, then
x=x_=x3—Ax_/2 (x, and x_ are the centers
of the grid cells immediately above and below x,)
into (3), gives

A
[uCo— KC,]o] + KCi o exp [u 2;+] =uC,,
4)

ulAx_
[uCo— KC\ o] +KCx|0exp|:—7:|=uC_,
(5)

where C_ (C_) is the value of C at x=x_(x_).

The local flux per unit area across x = x, is thus

F0=UC0—KCX|0=a0C~_ﬁ0C+’ (6)

uex ulx,
Pl 5K
ex ulx, —ex _ulbx_
Pl 5k P 2K
u u
=5<1+cothl:ﬁ<(Ax_+Ax+)]>, Q)
uex —qu'
P 2K
ex ulAx, —ex _ulbx_
Y P 2K

= —g- (1 —coth [ﬁ(m_ +Ax+):|>. (8)

where

Ao =

ﬂo=
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The corresponding finite difference approxima-
tion to (1) for the cell centered on x = x; is simply
(Fir1p—Fi_1)/Ax;=0, where the subscripts
i+ 1/2 indicate evaluation at x; + Ax;/2 (i.e., at the
upper and lower boundaries of cell i). This yields

G +T,C+ T, Ciy =0, 9)

where

Fi—1= __u_{l +coth [M(A—x'__l_-i-—Ax.'_)jl}’

2 Ax; 4K
(10a)
_u w(Ax;+ Ax; 1)
T=7ax, {°°th [ 4K ]
u(Ax,+Ax;_,)
_— 10b
+ coth [ 1K ]}, (10b)

u u(Ax; + Ax; )
n T — _ —_—— . 1
iy T A, {1 coth[ ik (10c)

Taking Ax;,_,=Ax;,=Ax;.,=h in (9) and
(10) gives results precisely equivalent to (17)
and (22) in Fiadeiro and Veronis (1977). However,
(9) and (10) hold for arbitrary values of the Ax’s
and hence represent the appropriate generalization
to a spatially varying grid. Fiadeiro and Veronis
(1977) suggest that to allow for non-constant coef-
ficients, one may simply replace u and K by ;4
and K, ,, in F,,,,, and to consider more than
one dimension, the above formula for the flux
across a cell boundary may be simply applied inde-
pendently in each direction. Errors resulting from
this approach are discussed in Sections 4 and 5.

3. An analogous scheme based on average cell
concentrations

The scheme derived in Section 2 gives the evolu-
tion of a concentration field in terms of the values
at the centers of specified cells. A disadvantage of
it is that the total amount of C within a cell is not
obtained simply by multiply C by the cell size: it
must be obtained from (3) applied over the upper
and lower halves of each cell. While this is clearly
possible, it is cambersome and somewhat tedious.
The situation is further complicated when addi-
tional dimensions are introduced. Fortunately, the
approach used above is easily modified to give
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an analogous scheme in terms of cell-averaged
properties. The basic analysis is not significantly
different from that outlined above, and with only
minor modifications the method may be used to
determine analogous numerical schemes for more
general constant coefficient differential operators.
To demonstrate this, consider the more general
constant coefficient differential equation

uC,=KC,,—iC. (11)
The solution may be written as
C=Aexp[y*(x—x,)]
+Bexp[y (x—x0)1, (12)
where
From (12) we have the relations
Co=A+B, (14)
Cilo=y"4+77B, (15)

s0, solving for 4 and B and substituting in (12) we
have

C=("—y") " {Cly"E" =y E"]
—C.o[ET—E]}, (16)

where

E*t =exp[y*(x—x0)]. 17)

Eq. (16) reduces to (3) in the limit A —0.
To obtain equations in terms of cell-averaged
quantities, we average (16) over the intervals
[xo—Ax_, xo] and [ x4, xo + Ax, ] to obtain
Ci=("—v") " {Gly EL—y"EZ]

where a subscript + (— ) indicates an average over
the upper (lower) interval. Note that superscripts
refer to the spatial structure functions, while sub-
scripts refer to position. Thus,

E,=(£yAx;)”' [exp(£yAx,)—1], (19)
withy=y* for E= E*.
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Finally, straightforward algebraic manipulation
of (18) gives

Fo=uCy—KC,|o=0a,C_—p,C,, (20)
where

(u—y K)ET —(u—y ' K)ET
0o = = — N (21)
o E*E;-E*E7

u~y K)EY —(u—y*K)E_
po= =7 K) u—y " K)EZ (2)

EXE_—EYEZ

If A=0, then y~ =0, E; =1, and y" =u/K, so
that (21) and (22) reduce to

uE*

“°=—_EI—+Ei’ (23)
ukE*

ﬂo:ﬁ’ (24)

which are the analogs of (7) and (8) for a numer-
ical scheme based on cell-averaged properties. The
corresponding finite difference approximation to
(11) is now easily obtained.

4. Errors and corrections for non-constant K
and u

The numerical schemes discussed in Sections 2
and 3 give exact results for the solutions to (1) and
(11) no matter how coarse the resolution is chosen
to be. However, they are clearly not exact if # and
K are spatially varying. We now consider the
errors associated with such variations. We begin
with the appropriate generalization of (1):
uC—-KC,),=0. (25)
Temporarily treating Cy and F, [ = (uC — KC,)|o]
as known quantities, (25) may be integrated twice
to obtain

C=exp I:IZ( (x— xo)]

><{C0—F0 j K‘lexpli—%(x'—xo)] dx'}.
xo

(26)
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Proceeding exactly as in Section 2, but replacing
(3) by (26), one obtains the (exact) relation

Fo=uoCo—KoC,lo=2,C_—foC,, (27)
where
u
o] (3)
Ao =

X0+ Axy /2 u ’
f K ltexp| —=(x"—x0) |7 dx’
x0—Ax_/2 K

U
-2,
X0+ Axy /2 u :
J' {Klexp[——(x’—xo)]}dx’
xp—Ax_ /2 K

(29)

ﬁo=

The integrals in these expressions are undesirable
in a finite difference scheme, but (28) and (29) are
useful for the estimation of errors associated with
the scheme obtained by simply replacing # and K
by their values at x,. Expanding u/K in a Taylor
series about x = x,, substituting the result in the
arguments of each exponential, and expanding
the resulting expressions, one easily verifies that
the relative errors due to variations in u/K are of
order (u#/2K), Ax®. Similarly, variations in K (with
u/K fixed) give rise to relative errors of order

xo+Axy /2 K
2(Ax++Ax_)"f {?" (x"—xq)
xo—Ax_ /2 0
Kxx ’ 2 ’
+ﬁ (x' —x)* p dx’ + smaller terms.  (30)
0

If Ax , = Ax_, then the first term in the integrand
vanishes identically, leaving a relative error of
order (K,./K) Ax?/12, but for a non-uniform grid
the relative error associated with spatial variations
in K is of order (K,/K)(Ax, —Ax_)/4. Clearly,
on a spatially varying grid, spatial variations in K
can give rise to larger relative errors than similar
variations in u. Simply using the trapezoid rule to
estimate the denominator in (28) and (29) would
yield a second order scheme for general K and u on
a spatially varying grid.

Analysis of the scheme based on cell-averaged
properties shows that spatial variations in »/K and
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K give rise to errors of the same order as those
discussed above. In this case, the scheme may be
upgraded to second order accuracy when K varies
spatially by replacing the denominator in (23) and
(24) by

K. (K Ax
+ it Bt
e -5 (%))
K. (K Ax
—_Et| 1= =42
e[ 1-% (0]

The corresponding upgrade for (7) and (8) is
obtained by replacing the denominator in these
equations by

ulx, | K. (K Ax_
P13k | T\ 2
ulAx_ K.[K Ax,
—CXp|:— 7K :":1——1(—(;4- 2 >:| 32)

The latter modification may be determined from
(28) and (29) by replacing u/K by u/K|, in each
exponential (relative error of order (u/K), Ax?),
expanding K ! as K !'[1—(K,/K)lo(x—x)]
(relative error of order (K,./K)Ax?2), and
evaluating the integral analytically.

(31)

5. Time-dependence and a stability criterion
for forward differencing

The above finite difference schemes may be
immediately applied to steady state advection-
diffusion type problems. The scheme may, of
course, also be used to estimate fluxes in time-
dependent problems, but results during any tran-
sient phase will only be accurate if the spatial
structure remains well approximated by the steady
state solution. To quantify this statement, consider
the time-dependent version of (11):

C,+uC,=KC,, — iC. (33)

Assuming harmonic time-dependence (C=
C(x) &™), the general solution of (33) is of the
form given by (12) and (13), but with 4 replaced by
A + iw. Temporal variations have little influence on
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the spatial structure (and hence on the fluxes
across cell boundaries) if

1 u?

0<it+ 1% (34)
However, for higher frequencies, the estimation of
fluxes using a scheme which simply neglects tem-
poral variations may result in significant errors,
particularly in the phase. It is thus important
to realize that the Fiadeiro and Veronis (1977)
scheme and the modifications discussed above are
most appropriate to steady-state (or nearly steady-
state in the sense defined above) problems. In par-
ticular, no claim is made that these schemes will
have small implicit diffusion or dispersion if they
are used to study transient problems. This point is
emphasized by the fact that each of these schemes
reduces to upwind differencing for K/u < 1. This
is appropriate for steady-state solutions, but for
transient problems the resulting errors can be
substantial. In cases where the transient behavior
is of interest and low implicit diffusion is required,
numerical schemes such as those discussed by
Smolarkiewicz (1983) are recommended.

For situations where (34) is valid for all fre-
quencies of interest, or when one simply wishes to
integrate forward to a final steady state, one must
determine an appropriate stability criterion for
the time-stepping procedure. Here we will derive
criteria appropriate to schemes based on either (7)
and (8) or on (23) and (24), for a spatially variable
grid and forward differencing in time. We will con-
sider the two-dimensional problem (the extension
to three dimensions is trivial), and allow the
velocity (u, v) and diffusion coefficients (K, K”;
not necessarily equal) to vary in both space and
time. We emphasize, however, that any temporal
variations are assumed to be slow compared to
either the explicit decay time-scale or the advection
time-scale.

Note that we have chosen not to use the forms
(21) and (22) which include the influence of 4 in
the determination of the difference operator. This
is partly for simplicity, but even when 4 #0, the
scheme based on (23) and (24) will sometimes be
more appropriate for time dependent problems.
To understand why, consider (33), and define € by
C =% exp(— At). Then ¢ satisfies (33) without the
radioactive decay term. It thus appears that (23)
and (24) would be more appropriate than (21) and
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(22) to represent the spatial structure of €. But C
has exactly the same spatial structure as €, so (23)
and (24) must also be better representations for C.
How can this be?

The answer is simply that we are assuming that
the function we are attempting to approxinate is
near steady state so that a steady state approxima-
tion can be used to obtain a reasonable representa-
tion of its spatial structure. For an example such as
radioactive waste dumped into the ocean, € might
well be very near steady state, while C could
be far from it: the spatial part of the difference
scheme wold then be more appropriately based on
the equation for & (for this case, the term —AC is
nearly balanced by C,, explaining why this scheme
is also more appropriate for C). It should be noted,
however, that if there was a steady source, C could
well be near steady state, and € far from it. Then
it would be more appropriate to use (22) and (23).
The most appropriate choice may not always be
obvious. However, if decay is rapid we would
generally expect € to be closer to steady state
than C, and if decay is weak, the choice will not be
critical.

Consider then, the time-dependent, two-dimen-
sional, advection-diffusion equation:

C,+ uC),+ (vC),

=(K*C,), + (K’C,),— iC. (35)

The corresponding finite difference scheme based
on cell-averaged properties, with forward differen-
cing in time, is
+1 n
CZ,- — Ci.j
At"

{[“?—1/2(:?—1,;_/3?— 12C%5] }
- [“7+ 1/2C?,j_ Bi. 1/2C:'1+ l,j]

Ax;
{[“;—1/2C2j_1—ﬂ;—1/2cz,-] }
—[0]1pCl =B+ 12C7%41]

Ay,

+

—ACY

52

(36)

where the a’s and B’s are defined in accordance
with (23) and (24). A subscript i (j) indicates
association with the x () direction, and a super-
script 7 refers to the nth time step. The «’s, f’s, and
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the time step At may all vary with time, but the
time index on these quantities will henceforth be
omitted for notational convenience. Note that (36)
is also appropriate to the scheme based on point
values (the a’s and f§’s are then obtained from (7)
and (8)), but this scheme should not be used for
A#0 since the last term in (36) will not be an
accurate representation for this scheme.

To examine the stability of this scheme, we use
the local von Neumann stability analysis, essen-
tially as outlined by Press, et al. (1986). Noting
that, since (36) is linear, any errors in the approx-
imate solution will also satisfy (36), we consider an
error which is locally of the form
{Zj=exp[i(lxi+myj—a)n Ar)], (37)
where /, m are the local wavenumbers in the x-,
y-directions, and o is the corresponding frequency.
Substituting this form into (36) and dividing by
&3, gives

. At
E=e“%=1-1 AI—A—x'i [Bisip—iiyp

—ilAX

xXe —/3.-+1/2‘3ilA

x
o]

—imAY_

At
— — . —. e
Ay, [ﬂ,—l/z %172

—Bj+1/2eimAYf +a,10], (38)

where AX_ = (Ax; + Ax;_,)/2,
(Ax;+ Ax;, 1)/2, etc.

For stability we need |E| < 1, which is assured if
both real and imaginary parts are less than one for
all w, I, and m (this follows from the special
exponential form of E). With a little algebra, these
can be rewritten as:

AX, =

E=1-At[(Bic1p—%_12—Bis122
+ 1)/ Ay + (Bicip— i
—Biv1z+ % 10)/AX;]
— 2 AU[A)2+ [a;_1, sin¥(m AY_[2)
+ B+ 1p8in*(m AY , /2)1/Ay;
+ [ot;_ o sin*(1 AX _/2)

+ B sin(l AX , /2)]/Ax;], (39)
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E,=—~At[[a;,_psin(mAY_)

+Bjr1psin(mAY )]/Ay,
+ [a;_ypsin(/AX )

+Biv1psin(f AX ) ]/AX,]. (40)
Noting that  a;, 1 — Biy12 = 4;512, and
%4 12— Bj1 12 =Vj1 1,2, We see that the first square
bracketed term on the right side of (39) vanishes
identically by continuity. Thus, representing the
second bracketed term in (39) by 9, the condition
E?< 1 may be written as:
E?=1—-4At8[1 - At8]< 1. (41)

Finally, it is easily shown that the a’s and f’s
are positive quantities, so $ is also positive, and
the condition E2< 1 is guaranteed if the square
bracketed term in (41) is greater than zero for all
{ and m. This gives the condition

Al < %_’_(ai—1/2+ﬁi+l/2)+(aj—1/2+ﬁj+l/2) _1.
Ax; Ay;

J

(42)

Requiring that E2 < 1 for all / and m gives the same
condition but without the 4/2 term. Thus (42) is
the required stability criterion, which must be
satisfied for each grid cell and at each time step.

6. Examples with variable spatial resolution

In the derivations presented above, there was
very little difficulty allowing for a spatially varying
grid in the analysis, and there are many examples
where such a grid is of use: essentially any case
where a boundary layer is present. Here we will
present two simple examples motivated by studies
of the ocean’s thermohaline circulation. Note that
these results are not intended as a study of the
thermocline problem. Any reasonable study of
the latter must, among other things, determine the
velocity field as part of the analysis: here it will
simply be prescribed. The intention is simply to
illustrate that the scheme corresponding to a
spatially varying grid does work.

Consider an idealized basin with a two-dimen-
sional velocity field given by u=—y,, w=y,,
where x, z are the horizontal and vertical coor-
dinates, u,w are the corresponding velocity
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STREAM FUNCTION

DEPTH (km)

-5 5

o

DISTANCE

3
(1000km)

Fig. 1. The specified velocity stream function in units of m?s ",

components, and ¥ is as illustrated in Fig. 1.
The maximum vertical velocities occur 500 m
below the surface, with upwelling at a rate of
10" "ms™! for x<4.5-10°m and downwelling
at a rate of 9-10""ms ! for larger values of x.
The horizontal diffusivity is taken to be 10° m? s~
and two choices for the vertical diffusivity are
considered:

10~*m?s ™}, (43a)
1.
K 10"‘(1——:—5tan“[4.5~10‘3
X (z+2.5- 103)]> m?s~1, (43b)

where —z is the distance below the surface of
the basin. The latter form has K reduced to
3.75-10"°m?s~! at z=0. Finally, the surface
temperature is specified by

T,=25-[1+cos(nx/5-10°m)], (44)
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and the system is spun up to steady state using (36)
with 4 =0, and o and § given by (23) and (24).
Figs. 2a,b show the solutions in the upper
3000 m of the basin, based on a uniform spatial
grid with 50 grid cells in each of the x and z direc-
tions. Decreasing the resolution further does not
influence these solutions. Figs. 2c,d show the
corresponding solutions based on a 10 x 10 grid.
(Results were interpolated to a 50 x 50 grid using
the kriging technique available as part of the
SURFER software package marketed by Golden
Software, Inc. Kriging is an interpolation method
based on the autocorrelation between data points
which produces an unbiased, minimum variance
estimate.) Significant errors are evident in the
results based on the coarser grid, particularly in
Fig. 2d. In both cases, the thermocline tends to be
too deep in the upwelling region and too shallow
where the water is downwelling. Encorporating the
change corresponding to (31) did not improve the
results. Further, in each case the largest errors
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F &V Kv = Kv(z)
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Fig. 2. The “temperature” field determined by solving the advection diffusion equation with the velocity field
determined by Fig. 1 and the surface temperature given by (44). Panels (a), (b) correspond to a uniform 50 x 50 grid
over the domain and give accurate approximations to the solutions. Panels (c), (d) are the corresponding results

based on a uniform 10 x 10 grid, and panels (e), (f) correspond to a spatially varying grid chosen to have improved
resolution in the upper and right hand portions of the domain.

occur in the upper right corner, where the velocity
changes direction by 90° in one grid cell for the
coarse resolution runs, suggesting that this is the
primary source of error.

To test the finite difference scheme with a spa-
tially varying grid, the solutions were recalculated
based on a grid with cell boundaries at x =0,
1000, 2000, 3000, 3800, 4400, 4500, 4600, 4700,
4800, and 5000 - 10° m, and at z =0, — 100, — 200,
—400, —600, —900, —1200, —1500, —2000,
—3500, and — 5000 m. The intention was to have
good resolution in the upper couple of km and
around the downwelling region, without going to
more than a 10 x 10 grid. The results based on this

grid are shown in Figs. 2e, f. The improvement
over the results shown in Figs. 2c, d is obvious.

7. Summary
Four basic objectives have been achieved:

(1) the basis of the Fiadeiro and Veronis
(1977) finite difference scheme has been clarified;

(2) the generalization to a spatially variable
grid has been developed;

(3) an analogous formulation based on cell-
averaged properties has been presented;

(4) a stability criterion has been obtained for
the finite difference schemes based on the new
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spatial formulations with forward

differencing in time.

together

In addition, errors due to spatial variations in u
and K have been considered and a modification
has been derived to give a second order scheme
when a variable grid is used through a region
where K is spatially varying. Examples are
presented to illustrate the utility of the spatially
varying grid.
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