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ABSTRACT

Temporal variations in the predictability of a simple atmospheric model are studied. The model
is a spectral two-layer quasi-geostrophic hemispheric model, truncated at T5. It has chaotic
properties, illustrated by 4 positive Lyapunov exponents and a smooth power spectrum of the
first empirical orthogonal function (EOF). The chaotic behavior is responsible for the eventual
separation of initially nearby phase points. We use the adjoint of the tangent linear equations to
obtain the few directions in which errors grow most rapidly. With the growth rates in these direc-
tions, we can estimate the distribution function for the errors. Comparison with a Monte Carlo
method shows satisfactory agreement. With a 100-day run, we show how the predictability varies
over the attractor. We discuss how, and under what conditions, the method can be used in a
global circulation model (GCM). From a dimension derived from an EOF analysis, we obtain
an estimate for the dimension of error growth. This estimate implies that information on the
probability distribution of errors can be obtained at about 150 times the computational cost of

a single model run.

1. Introduction

Weather forecasts tend to go wrong after some
time. There is a consensus that detailed deter-
ministic predictions are limited to a range of about
10 days. One reason is the presence of systematic
errors that are introduced by imperfections of the
forecast model. Another more fundamental reason
is the intrinsic deterministic growth of errors. The

growth of systematic and intrinsic errors makes -

the predicted weather gradually diverge from the
subsequently observed weather. Systematic errors
can be reduced either by improving the physical
description which is used for the model or by
post-processing of model output (Thiébaux and
Morone, 1990). Intrinsic errors are caused by the
unavoidable sensitivity of the model to small
errors in the initial conditions. Their possible
importance was first discussed by Lorenz (1963).
In this paper, we will concentrate on the intrinsic
errors.

Some predictions have a higher quality than
others. To make effective use of high-quality
forecasts and to be able to warn against low-
quality forecasts, a measure for the temporal
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predictability is needed. Stochastic dynamic
predictions (Epstein, 1969) require the integration
of the mean values of the model variables and of
the corresponding covariance matrix. Because in
addition to the N equations for the mean field,
there are N(N + 1)/2 equations for the evolution of
the second moments, this method may not be
feasible in practice. Because only the 1st and 2nd
moments are considered, the method can only be
applied to the short-range evolution of initially
small errors. A probably less expensive method to
study variations in the predictability of the atmo-
sphere would be to take a sufficiently large ensem-
ble with perturbed initial conditions (Leith, 1974).
The divergence of the ensemble is a measure of the
quality of the forecast. This method should work,
even in the regime of non-linear error growth. A
review of methods to estimate the predictability of
forecasts in the 5 to 10 days range, where non-
linearity is important, is given by Palmer and
Tibaldi (1988).

It is shown in a study by Lacarra and Talagrand
(1988) with an f-plane shallow-water model that
the linear approximation for error growth can be
valid for ranges up to about 48 h in meteorologi-
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cally realistic situations. The linear approximation
greatly simplifies the analysis. If the evolution of
the errors is linear, it is possible to make use of the
adjoint of the tangent linear equations. Le Dimet
and Talagrand (1986) have given a rather general
presentation of the use of adjoint equations in the
context of data assimilation. An example of a
minimization of a distance function using the
adjoint is given by Courtier and Talagrand (1987).
Their model contains 231 independent degrees of
freedom and is integrated for 24 h. Their distance
function is a measure for the agreement between
a model-run and a set of verifying observations.
They find strong indications that their distance
function varies quadratically with respect to the
initial conditions, implying that the tangent linear
equations of their model are indeed sufficient to
describe the 24-h evolution of forecast errors. Con-
sequently, the minimization leads to the trajectory
which shows the best agreement with the available
observations. Thus, the adjoint equations can be
used both for data assimilation and for error
growth studies.

Our goal is to determine confidence limits for
short-range numerical forecasts. We study the
probability distribution of the errors in an ensem-
ble in a 30-dimensional baroclinic model as
obtained with a Monte Carlo method, and try to
reproduce this distribution with less time consum-
ing methods. The error growth is described with
the tangent linear equations. Because our model is
small, we can compute all growth rates rigorously.
The growth rates have a very steep spectrum,
allowing us to approximate the probability dis-
tribution for the errors using only the few dominat-
ing growth rates. The dominating growth rates
correspond to the largest eigenvalues of a sym-
metric matrix. We use a Lanczos algorithm (see
e.g., Parlett 1980) to estimate these eigenvalues. A
Lanczos algorithm requires only a few matrix vec-
tor multiplications. Individual multiplications are
done using both the tangent linear equations and
the adjoint of the tangent linear equations. The
applicability of the Lanczos algorithm depends on
the number of relevant eigenvalues or, putting it in
other words, on the dimensionality of the errors.
We give a relationship between the dimensionality
of the instantaneous circulation and the dimen-
sionality of the errors. If the same relationship
holds for a GCM, then the algorithm can be
applied to it.
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2. Description of the model

Our model is a highly truncated 2-layer
hemispheric spectral model. Both layers have 3
zonal and 6 wave modes. It is comparable with the
highly truncated 2-layer spectral channel model of
Reinhold and Pierrehumbert (1982) and the
standard 2-layer model discussed by Holton
(1979). We will use the notation introduced by
Lorenz (1960) where y, is the 250-mb stream-
function, ¥; is the 750-mb streamfunction, ¥ =
1Y+ ;) is the interpolated 500-mb stream-
function and t=1(y,—y,) is the 250-750 mb
thickness. The set of equations is:

0
A= I A+ )+ A 0, M)
0
5 8= I, B+ )~ A,

— oW, 1) = C A=), @)
Jd., aAp "
521——1(111, 21)+ 7 W, +20(t* —1), 3)

where J(A, B) denotes the jacobian operator:

B)=—
J(4, B) a*\ 8l ou  op 0.

1 (aA 0B 04 53). @)

Here, 4 is the geographic longitude, u is the sine of
the geographic latitude and a is the radius of the
earth. We non-dimensionalize eqs. (1)-(4) using
the radius a as unit of length and the inverse of the
angular speed of rotation of the earth as unit of
time. f is the Coriolis parameter and f, is the
value of the Coriolis parameter at a latitude of 45°.
C is the Ekman damping coefficient. The Ekman
damping is towards the 750 mb-streamfunction iy ¥,
which corresponds to a zonal westerly wind in the
lower layer. We enforce a 250-750 mb thickness
with the function t*. The function 7* corresponds
to a meridional temperature gradient, and Q is the
coefficient for the cooling towards this gradient. &
is the mountain height and ¢ is the static stability
parameter. The pressure difference Ap between the
two layers is 500 mb. The vertical motion dp/dz at
the 500 mb-level is w,. Egs. (1) and (2) are the vor-
ticity equations for the 250-mb and the 750-mb
layer, respectively. Eq. (3) is the thermodynamic
energy equation.
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We define the radius of deformation A ~! by:

. fe
N =san

(5)

Eliminating w, from the egs. (1), (2) and (3), we
get:

d
5 A = —JW. AY) = J(5, A) = J (¥, f)

Ve -y S A u),

0
FrAGE 20t = —J(¢, At) = J(z, AY) — J(1, f)
C
By o+ S aw-—u)
+2A%(Y, ) — 2A20(* — 1). (6)
The streamfunctions are projected on a basis of

eigenfunctions of the Laplace operator A. These
eigenfunctions are:

Yol )= P,y (1) €, (7)

Here, P,, (1) denote associated Legendre func-
tions of the first kind, which are defined by:

(2n+1)(n —m)!)”2

Pm,n(u)=< nt m)l

(1 _#Z)m/2 dm+n

T g " ®)

The streamfunction is now approximated as
follows:

5 +n
Yhm)=3 X Yuat) Yuld p),

n=1m=—

m + n=odd. 9)

The restriction to modes with m+n odd
excludes currents across the equator. It makes the
model hemispheric with a TS5 triangular trunca-
tion. The 3 modes with m equal to zero are the real
zonal modes. They are a function of the geographic
latitude only. The remaining 6 wave-modes have a
real and an imaginary part. Consequently, 15 coef-
ficients are needed to describe the 500-mb stream-
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function and another 15 coefficients to describe
the 250-750 mb shear streamfunction, making
the total system 30-dimensional. The moderate
number of modes is a compromise between a com-
pletely unrealistic low-dimensional model, which
can be handled by any computational method, and
a higher-dimensional model in which rigorous
testing becomes computationally expensive.

A Galerkin projection of eq. (6) on these eigen-
functions gives a system of 30 coupled non-linear
ordinary differential equations. We evaluate the
right-hand side of this equation using the inter-
action coefficient method (Platzman, 1960). The
interaction coefficients are computed with the
analytical expressions given by Silberman (1954).
An alternative method is the transform method
(Orszag, 1970). This method becomes more
efficient if the truncation is made less severe
(Bourke et al., 1977).

The Ekman damping coefficient C and the
cooling coefficient Q are given a value of 21/100 a
day. Thus, the e-folding time for both effects is
about 16 days. These unrealistically low values of
C and Q make the circulation attractor high-
dimensional. If they are chosen equal to zero, the
circulation is no longer attracted towards realistic
patterns and spreads out in the 30-dimensional
phase space.

The forcings are in the Y,, mode only. The
strength of t* corresponds to a westerly thermal
wind of 28 m/s and ¥ corresponds to a lower
layer westerly wind of 5 m/s. ¥ ¥ can be considered
to reproduce the effect of surface baroclinicity.
Without this forcing, the 750-mb westerlies are
very weak. Due to the effects of the topography
and the baroclinicity, the enforced westerly winds
become unstable.

The radius of deformation A ~' is 667 km. The
model is not very sensitive to the exact value of this
parameter.

The topography is described with the Y, ; mode,
standing for the influence of the Rocky Mountains
and the Tibetan plateau. The topography serves
both to destabilize the enforced zonal flow and to
locate preferential circulation patterns at fixed
geographical positions. The amplitude of the
mountain height is 1.56 km. In Fig. 1 we show
both the topography and the barotropic compo-
nent of the climate. The climate is computed with
a 30-year run. Since the thermal forcing is in the
Y, mode and the topographic forcing is in the
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Fig. 1. (a) Contours of the topography. The projection is area preserving. The vertical coordinate has been scaled with
the sine of the geographic latitude. The horizontal coordinate is the geographic longitude. Negative heights are
indicated with dashed lines. The contour interval is 250 m. (b) Contours of the geopotential height at 500 mb for the
30-year climate. The contour interval is 300 m. Projection as in (a).

Y, ; mode, it follows, as we observe in Fig. 1, that
the model climate is n-periodic in longitude. This
means that the climate is restricted to the
2x(3+ 2 x 3) =18 dimensional subspace (m even,
m+n odd) of the 2 x (3 + 2 x 6) = 30 dimensional
space (m + n, odd) of the model. Because the sym-
metry is broken in the specification of the initial
state, the dynamics themselves are not confined to
the 18-dimensional subspace.

The most significant component of the model
circulation is an eastwards moving Y, s wave. The
wave is accelerated and decelerated by the varying
intensity of the zonal wind. During short-time
intervals, it may move westwards. All other waves
continuously move westwards. The influence of the
zonal wind is insufficient to keep them at fixed
geographical longitude.

Fig. 2 shows the power spectrum of the first
EOF. We will explain how we determine the EOF's
in Section 5. A power spectrum shows how the
energy of a signal is distributed as a function of
frequency. A periodic signal shows only isolated
peaks in its power spectrum. A chaotic signal
shows a much smoother spectrum (Schuster,
1988). Fig.2 was obtained from four 2048-day
integrations. The power spectrum contains most

energy on periods between 9 and 30 days. This is a
first indication that our model shows chaotic
behaviour. The second EOF has an almost identi-
cal power spectrum. The 1Ist and 2nd EOF
approximately describe the travelling Y, s wave.

A chaotic trajectory is, by definition, not
periodic. We verify numerically that solutions do
not return negligibly close to previously visited
phase points within a short time. This behaviour
suggests that the asymptotic orbit defines a strange
attractor. A strange attractor is characterized by a
number of growth directions for errors, at least one
neutral direction in which errors neither grow nor
shrink and a number of directions with negative
growth.

We compute all 30 Lyapunov exponents with
the algorithm given by Wolf et al. (1985). A basis
of 30 orthonormal vectors is integrated forward
with the tangent linear equations. After every
1.6 days, a Gram-Schmidt orthonormalisation is
applied. The change in length of the vectors fixes
the Lyapunov exponents. After integrating the
model over 3.5 years, we find 4 positive Lyapunov
exponents, 1 exponent zero and 25 negative
exponents.

Kaplan and Yorke (1979) conjectured the
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Fig. 2. Powerspectrum of the first EOF. Vertical units are arbitrary. The area under the curve is a measure of the

amount of energy contained in that part of the spectrum.

following general formula for the dimension of
arbitrary strange attractors:

i
P

i=1

|°‘j+1|

Dyy=j+ (10)

Here, the Lyapunov exponents are ordered
o >0,> - >0, j is the largest integer for
which Y'/_, «;>0 and Dyy is, in almost all cases,
equal to the information dimension. In some cases,
Dy is indeed shown to be equal to the informa-
tion dimension within the precision of the estimate.
In other non-generic cases, the conjecture does not
hold. We will call Dy, the Kaplan-Yorke dimen-
sion. We find a Kaplan-Yorke dimension of
10.7 £ 0.2 for our model. Due to these observa-
tions, we assume that the asymptotic dynamics
of the system are characterized by a strange
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attractor, and consequently we expect complex
unpredictable behaviour.

3. Determination of growth rates

We assume that errors in the initial conditions
are small. As a consequence, we can describe the
initial evolution of errors by a linearization of
€q. (6) with respect to the unperturbed solution.
We give two methods for the computation of the
growth rates of the errors. The first method uses
the tangent linear equations and gives us all 30
growth rates. The second method uses both the
tangent linear equations and their adjoint. It gives
us only the largest growth rates, but requires less
computations. The latter method can also be
applied to a larger model.

The tangent linear equations can be written as:

0[5\ o, [5AY
E(am)_s L(ém). (11)
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The operators S ~! and L are:
goi_(1 0
0 AA—2A%)"1)

S AY
L (5 Ar)
—J(6Y, Ayr) = J(, 6 AY)
— J(61, At)— J(z, 6 A1)

—J(8y, At) — J(, & A1)
—J(61, AY) — J(z, 6 AY)

(12)

_120 T3y —bt, h)— J(3, f)
+§ (6 At—6 AY)
1o 6y — b2, by — I8, 1)
2 s s

—g(am—mw)

2 0
A (J(élﬁ,f)—J(ér,np).q_Q&)' (13)

For the development of the adjoint model distan-
ces are computed in a kinetic energy norm. The
kinetic energy of a field is given by:

1<=j (V) -V + Ve V1) dE

=Y i n(n+1)

n=1lm=—n

X AW a1 + 1T a1},

m + n=odd.

The factor n(n+ 1) in this expression is removed
with the rescaling:

U alt)=(n(n+ 1))y, (1),
Tpalt)=(n(n+ 1)) 1, (2).

(14)
(15)

We put the real and imaginary parts of ¥, , and
... 18 One single real valued vector ¢ (of length 30).
The vector ¢ contains the coefficients g, of the state
vector with respect to a 30-dimensional basis
{ey, e, .., €35} which is orthonormal with respect
to the kinetic energy inner product:

(e;,e)=0. (16)
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The kinetic energy or length squared associated
with the vector ¢ becomes:

30
R=73 q;=(q9. (17

i=1

In the rest of our paper, we use the kinetic
energy inner product to define lengths or error-
magnitudes.

An initial error vector u(0) is integrated forward
with the tangent linear equations to give a vector
u(¢). If an ensemble with more than 30 initial vec-
tors is to be integrated, then it is more efficient to
compute the 30 x 30 matrix 4 defined by:
u(t) = Au(0). (18)
The matrix A is time dependent, but for con-
venience of notation, we write 4 rather than A(r).
The columns of 4 follow from the forward integra-
tion of the unit-vectors of the basis. Thus, we first
take a unit vector e;, we transform this vector to
streamfunction coefficients using eqs. (14), (15),
(16) and (17), then we integrate eq. (11) and trans-
form the vector back to the basis {e,, e, ..., €30}
The kinetic energy of the error at time ¢ is given by:

(u(#), u(1)) = (4u(0), Au(0))

= (A4*A4u(0), u(0)). (19)
A* is the adjoint matrix of 4, which is just the
transpose matrix:
A*=A". (20)
The eigenvalues of 4* 4 are all positive. In order of
decreasing magnitude, we call them: A3, A2, ..., 13,
The eigenvectors of A* A are orthogonal. Once we
have the eigenvalues and eigenvectors of 4*4, we
can derive statistics for the error at time r. If for
instance, we start with an ensemble of random
initial error vectors of unit length, the average
error kinetic energy after time 7 is given by
(Lorenz, 1985):

30 12
w(n), ut))= 2. 3;-

i=1

(21)

The model analysed in the present paper is suf-
ficiently small so that the above formulation can be
applied; this is not the case for models with a larger
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number of degrees of freedom. In the following
paragraphs, we sketch an alternative method,
which does not require the computation of the
entire matrix 4 and makes use of the adjoint equa-
tions. Basic facts about adjoint operators and a
specific example with the adjoint of the vorticity
equation can be found in Talagrand and Courtier
(1987). Because we use the same inner product,
our adjoint model is comparable to theirs.

The adjoint of the tangent linear equation
(eq. (11)) can be written as:

3(SAVN e, [SAY
E<5A1’>__L (577 (6Ar’>'

(S™")* and L* are the adjoints of the operators
S ~!and L given in egs. (12) and (13). The adjoint
operators read:

SAY"\ ., [dAY
(Mf’)“(s ) (5Ar’>
(1 0 Ay’
A0 (A-2A) Al sAY )’
5 AY”
e (5ar)
—J(AY, SY")+ AJ(Y, Sy")
—J(Az, 87") + AJ(z, 67")

—J(AT, 0y" )+ AJ(z, oY)
—J(AY, 61") + AJ(Y, 61")

_§ Jh, 84" — 37"y = J(f, 54"

(22)

(23)

+§(5 At — 8 AY")

% J(h, Oy" —3t") — J(f, 61")

- -29 (5 AT =3 AY")

J(z, 61") ) 24)

2
+2A < —J(50, T") + Q8c"

We can see from eqs. (23) and (24) that the com-
plexity of the adjoint model is comparable to the
complexity of the tangent linear model (egs. (12)
and (13)). Backward integration with the adjoint
model replaces the multiplication with the matrix
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A* in the same way as forward integration with the
tangent linear equations replaces the multiplica-
tion with the matrix A. For a large model, this
provides us with a practical tool for obtaining the
largest eigenvalues of the matrix 4*A.

We use a Lanczos algorithm with ortho-
gonalization (see e.g., Parlett, 1980) to find the
largest eigenvalues of 4*A4. Below, we give a
description of the Lanczos algorithm. In a series of
Jjiterative steps we produce a basis {A;, A,, .., A;},
which approximates the basis of eigenvectors
{vy, v3, .., v;}. We start with a random direction
vector A, of unit length:

30 30

A= Z brvy= Z A€y,

k=1 k=1

(A, A)=1. (25)
Notice that at this point, we still do not know the
coefficients b, in eq. (25). The coefficients a, give
the random direction. If we apply 4*4 to the vec-
tor A,, the coefficient for the kth vector increases
with A2 :

30
A*AA = Y beiio,.

k=1

(26)

This property suggests using the matrix 4*A4
for getting the new direction A, and subsequent
new directions A;,,;. We use a Gram-Schmidt
orthonormalisation to make a new direction A, ,

orthonormal to the previous directions
AL A, LA
L (4*4A,A,)
i1=A*4A,— — A, (27)
! T W
Al
Aoy = (28)
! (Ai+1: i+l)1/2

After every iteration step, we can estimate the
eigenvalues of A*A4 with the eigenvalues of the
tridiagonal j x j-matrix E ] E;:

E=[AA,AA,, ., AA] 29)
The estimate is exact if the eigenvalues
A2, A%, 1, A3 are equal to zero. The largest

eigenvalue is estimated most accurately. In a typi-
cal case, we need 4 iterations to find the largest
eigenvalue, 3 additional iterations for the second
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largest eigenvalue, successive iterations give one
more accurate estimate per iteration. The maxi-
mum number of 30 iteration steps gives us all 30
eigenvalues.

The only time consuming step in the iteration
procedure is the computation of 4*4 A,. The com-
putation of 4 A; is just as expensive as one model
integration. The subsequent computation of
A*(A A;) is roughly 2 x as expensive as the one
model integration, because differentiation doubles
the number of quadratic terms. This makes one
iteration step 3 x as expensive as a single model
run. It follows that the explicit computation of A,
which requires 30 model integrations, is as expen-
sive as 10 iteration steps. Hence, the computation
of the matrices Eq, E,;, .., E5 is no longer an
efficient strategy for the computation of the largest
eigenvalues. If such a large number of eigenvalues
is needed, it is cheaper to compute A4 explicitly and
to compute the full set of 30 eigenvalues.

The method using the adjoint may be applied to
a model with many degrees of freedom. In the
remaining sections, we explain how the growth
rates can be used to compute the probability dis-
tribution for the error and why a limited number of
iterations should also be sufficient in a realistic
model.

4. Probability distribution of errors

In this section, we use the above iterative proce-
dure to estimate the largest eigenvalues and
demonstrate how these eigenvalues can be used to
establish an estimate of temporal predictability.
We take an integration time of 4 days rather than
2 days as suggested in Section 1, because the error
growth in our model is slower than the error
growth in the atmosphere. In our model, errors
grow with a factor of 2.5 in 4 days.

To determine the temporal probability distribu-
tion of the errors, we use a Monte Carlo method.
We integrate an ensemble of 40,000 random errors
with the tangent linear equations. All errors
initially have length one. All errors are added to
the same starting point on the attractor. After 4
days, their length R is given by:

R=(u(r=4), u(t=4))" (30)

We consider the probability distribution of this
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radius to be a perfect measure of the temporal
predictability. We will now show how this dis-
tribution can be approximated using the largest
eigenvalues of A*A4.

The matrix ETEs is computed in order to
estimate the 5 dominant eigenvalues. In the
following paragraphs, we first give our method to
derive an error distribution function on the basis of
a number of eigenvalues. We then apply our
method to the example with the 5 eigenvalues.
Comparison with the Monte Carlo result indicates
that we need to do 3 more iteration steps.

First, we need a reference distribution function
Jret for the square root of the fraction of the kinetic
energy of a unit-vector with random direction
which projects onto a coordinate axis. This dis-
tribution is identical for every possible coordinate
axis. We perform a Monte Carlo experiment to
obtain this distribution function. We can now use
J+er for the projection of an initial error vector of
unit length on vector v;. The distribution function
f; for the square root of the error energy, which
after an integration of 4 days, projects onto the
coordinate axis spanned by Av; is:

f=tu(7 )7

In other words, the reference distribution function
Jrer 18 stretched by a factor ;. Consequently, it
must also be divided by 4, as the integrated
probability must remain 1. Taking successive con-
volutions of the individual functions f; with i=
1,2, .. j we get the distribution function for the
error:

(31)

fl,):(")=f1('")a (32)
frons=[ 1P =0)) fi1 (o)
c=0
2 12
x<72—0'2> da, (33)
SR=1)% fr05(r) % f(7). (34)

The functions f; ; give the distribution for the
contribution of the first / eigenvalues to the error.
Thus, eq. (32) is satisfied by definition. We com-
pute f, .,y with the approximation that the
distribution of the energy on axis Av,,; is inde-
pendent of the distribution of the energy on the
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axes {Av,, Av,, .., Av;}. This approximation
allows us to use the product of f;; and f;,, in
€q. (33). The integral is over all possible states with
energy r on the first i + 1 axes. Differentiation of
the argument of f, ; gives the geometry factor in
eq. (33):

d r2 1/2
P (r’—o?)?= (rz— 02> .

The real error distribution is given by f(R). The
first approximation sign in eq. (34) is due to the
assumed independence of the functions f;. This
approximation is reasonable for the first few con-
volutions because we use a rather large number of
30 dimensions. At the last possible convolution to
obtain f3, 5 from f,g y and f10» the approximation
would break down completely. However, because
43, is negligibly small, we do not need to perform

(35)

Monte Carlo frequency O
5-step iterative resutt O
Approximation error A

A. Frequency distribution

frequency

B. Monte Carlo frequency O
8-step iterative result O
Approximation error A

frequency

Fig. 3. (a) Comparison of the error size distribution
obtained from 40,000 Monte Carlo integrations and the
profile based on E;. The iteration result is marked with
squares; the Monte Carlo curve with circles; the dif-
ference between the two curves with triangles. (b) Com-
parison of the error size distribution with the profile
based on Ejy instead of E5. Otherwise it is the same as (a).
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it; in fact it will appear that we do not need to go
beyond the convolution of f; ; and f;. As long as
J is much smaller than 30, the most significant
error is the one indicated by the 2nd approxima-
tion sign, which is caused by taking only j distribu-
tion functions.

Fig. 3a compares the distribution f; ; which is
based on 5 eigenvalues with the Monte Carlo
result. The tail of the distribution is estimated
accurately. At lower lengths, there is a systematic
error. Here, the error growth is significantly under-
estimated because we assumed 25 eigenvalues to
be zero. One might correct for this statistically. An
alternative is to perform a few more iterations.
Fig. 3b compares the distribution f;y which is
based on 8 eigenvalues with the Monte Carlo
result. We conclude that we are able to reproduce
the temporal distribution function for the forecast
error reasonably accurately on the basis of 8 eigen-
values. This does not mean that we can predict
whether one particular forecast will have a large
error or not. Indeed, from the Monte Carlo result,
we observe that the error in the forecast depends
heavily on the stochastic direction of the initial
perturbation. It does mean that we can say how a
large ensemble of equally likely initial perturba-
tions will spread out in space.

To analyse the variability of the temporal
predictability over the attractor, we compute a
series of error distribution functions for 4-day
integrations starting at 100 consecutive days.
Thus consecutive integrations have 3 days in com-
mon. For every distribution, we compute the
probabilities P(R<2), P(R<3) and P(R<4).

P(R<2) O
P(R<3) O
P(R<4) A

Variability of the predictability

Probability

Day number

Fig. 4. Variations in time of the probabilities P(R < 2),
P(R<3) and P(R<4) during a 100-day integration.
P(R < 2) is indicated with circles; P(R < 3) with squares;
P(R < 4) with triangles.
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The first one gives the probability of a high-quality
forecast. The second one gives the probability that
a forecast is at least of moderate quality.
1— P(R<4) is the probability of a low-quality
forecast. The 3 probabilities are plotted in Fig. 4.
We observe that the probability that a forecast is
of low quality may vary between 10 and 25%. We
conclude that there is a considerable variation in
the predictability as a function of the position on
the attractor.

5. Dimensionality of the error growth

In this section, we compare the dimensionality
derived from the error growth analysis with the
dimensionality which can be derived from an EOF
analysis. EOF analysis is a well-known technique
(see, e.g., Preisendorfer, 1988) that is often applied
to meteorological data. We will first apply it to a
30-year model data set to estimate the dimension
of the model attractor. We will then see to what
extent this information on the dimension of the
model can be used to estimate the dimension of the
error growth. The assumption is that the dimen-
sion of error growth will be of the order of the
dimension of the model attractor. If this appears to
be true, we can estimate the dimension of error
growth in the real atmosphere with the help of an
EOF analysis of the atmospheric circulation. This
then gives us information on the number of eigen-
values of 4*4 that have to be computed in a
realistic atmospheric model with many degrees of
freedom. The argument for making the assumption
on the dimension of error growth is that a model
with a perturbed initial condition will rapidly con-
verge to the model attractor in the first few hours
of the integration. Thus, after some time, both the
perturbed and the reference run can be described
with the same EOF basis. As time progresses, the
EOF basis will then also become an appropriate
basis for the errors.

We compute the 30x30 symmetric scatter
matrix F defined by:

F=Y q(1)q"(1).

t=1

(36)

Here the vector ¢() is the state vector at time z. It
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is defined by egs. (14), (15), (16) and (17). The
summation is over a 30-year run. Successive values
of 1 are 1 day apart. The matrix F has a set of 30
orthonormal eigenvectors (i.e., orthonormal with
respect to the kinetic energy inner product). These
eigenvectors are the “Empirical Orthogonal Func-
tions (EOFs)”. We put the eigenvalues /; of F in
descending order and scale them such that their
sum equals 100:

L >> - >120,

30
S 1,=100.

i=1

The individual /; give the % of the variance
described by their corresponding eigenvector. If
the /; decrease sharply towards 0, as a function of
index number i, then we need only a few EOFs to
describe most of the variance of the system. We
then call the system low-dimensional. We plotted
the logarithms of the eigenvalues /; against index
number in Fig. 5. With the eigenvectors 1, 2, ..., 9,
we explain 97 % of the variance. To explain the
entire 100% of the variance, we need the maxi-
mum number of 30 EOFs.

We can do something similar for the error
variance with the eigenvalues of 4*4. The ith
eigenvalue A7 gives the average error energy pro-
jecting on Av, after 4 days of integration. For a
total of 100 different initial positions on the attrac-
tor, we compute A2, A3, .., A3, After averaging

Circulation OO
Errors (error basis) X

Comparing circulation and errors

2Tx
oo
= x 0o
&5 1
=4 x
é} x
5 0-'””'““5'.'.'5'& ----------------------------------
-3 g
g a8 a
g 1 665655
& daag
g = g
q
d T T T T T
0 5 10 15 20 25 30
Index number

Fig. 5. Logarithmic eigenvalue graph for the instan-
taneous circulation and for the errors. The squares give
the variance of the instantaneous circulation described
with the EOFs. The crosses give the variance of the errors
described with the basis-vectors for the errors.
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and scaling, we get a set of numbers m, comparable
to the /; for the EOF analysis:

my>my> - >my20;
30
3 m;=100.

i=1

The logarithms of the m; are shown in Fig. 5. The
vectors 1,2,..,9 again explain 97% of the
variance of the errors.

Comparing the eigenvalues of the scatter matrix
with the eigenvalues of 4*A4, we observe that the
errors project a higher % of their energy on the Ist
vector. This differénce is compensated with lower
%es at the next 3 vectors. The remaining 26 eigen-
values have comparable %s. We conclude that the
dimensionality of the error vectors is only slightly
lower than the dimensionality of the instantaneous
circulation patterns. Thus, we have now validated
our a priori assumption for our 30-dimensional
model.

To verify the argument for our assumption, we
take the same set of 100 initial positions on the
attractor and from each point we do 100 inte-
grations with a random initial error. According
to our argument, the EOF basis will become
an appropriate basis for these errors at time
progresses. In Fig. 6 we project errors after 4 days
of integration on the EOF basis. As a reference, we

Circulation O
Errors (EOF basis) X

Comparing circulation and errors
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q
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0 5 10 15 20 25 30
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Fig. 6. Logarithmic eigenvalue graph for the instan-
taneous circulation and for the errors. The squares give
the variance of the instantaneous circulation described
with the EOFs. The crosses give the variance of the errors
described with the EOFs.
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have copied the information on the logarithms of
the /; from the previous figure. It is clear that the
EOF basis is more efficient for the description of
the state vectors than for the error vectors.
However, considering the random initial error
direction, we observe that the tangent linear equa-
tions are quite efficient in pushing a perturbed
initial point towards the attractor. Combining this
with the fact that the basis of 4*4 is optimum for
the errors, we conclude that in general, we may
expect the dimensionality of the errors to be com-
parable to the dimensionality of instantaneous
circulation patterns. Thus, we are now ready to
apply the same reasoning to a GCM.

Rinne and Karhila (1979) and Rinne and
Jarvenoja (1979) give EOFs of the 500 mb instan-
taneous height field in the northern hemisphere
based on a large data sample. They show that 25
EOFs suffice to describe 86% of the variance.
Doubling the number of EOFs to 50 increases the
described variance to 94 %. We now assume that a
2-day error projects as efficiently on the basis of
EOFs as an instantaneous field. This means that a
50-dimensional EOF basis suffices to describe
94 % of the mean square error field. As we have
just seen, this assumption is optimistic. We define
a projection matrix D to project the final error field
on the EOF basis and get for the truncated mean
square error R3:

R = (DAu(t=0), DAu(t=0))

= (A*D*DAu(t=0), u(t=0)). 37)
This equation is almost identical to eq. (19). The
matrix D*D has 50 eigenvalues with value 1.0. Its
other eigenvalues are zero. The matrix 4*D*DA
has 50 non-zero eigenvalues. We can find all of
them with 51 iterations. Thus, if we are satisfied
with 94% accuracy we need to do 51 iterations.
Having noticed this, we can remove the projection
D, apply the iterative procedure, which determines
its own optimum basis for the errors, and estimate
the eigenvalues of the complete system. Using a
more relevant basis, we expect to need less than 51
iterations to arrive at the same % of described
variance. This may compensate for the optimistic
assumption at the beginning, as it did in our
30-dimensional model. The total computational
cost of 51 iterations is roughly the same as the cost
of 153 model runs.
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The above numbers can be improved if we are
interested in geographically localized rather than
global predictability. Peagle and Haslam (1982)
give an EOF analysis of 7 years of winter data over
a portion of the northern hemisphere centered over
the western United States. They find that only 18
EOFs are needed to describe 94 % of the variance.
This reduces the dimension and thus also the
number of iterations by a factor of 3.

We started our analyses with a homogeneous
random initial error field. This simplified the
exposition of the problem, but is not realistic. We
can describe the errors in the observations by
means of a vector w such that:

u(0) = Mw, (38)
o w,-)=%, (39)
(w, w)y=1. (40)

Eq. (38) relates the vector w of observation errors
with an initial error field »(0). If the measurement
errors are small, M is a linear operator. In general,
because of the complexity of assimilation methods,
the operator M may be cumbersome to evaluate.
Eq. (39) states that all N, observations are inde-
pendent. Eq. (40) assigns unit length to the error
vector. The adapted equation for the error energy
at time ¢ now becomes:

R, = (DAMw, DAMw)

=(M*A*D*DAMw, w). (41)

Because the dimension of our problem is already
constrained by the matrix D*D we can make
our initial error basis as large as the basis of
u(0) without causing significant computational
problems. In practice, though, the number of
observations may be much smaller than the
number of model variables. Thus, the model
matrix 4, the projection matrix D, the assimilation
matrix M and the maximization procedure in
general all have the effect of rapidly eliminating
irrelevant initialization directions.

6. Discussion and conclusions

In this paper, we have studied variations in the
deterministic error growth in a low-order spectral
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model. We studied short-range error growth only,
which allowed us to use the tangent linear equa-
tions for evolution of the errors. With these equa-
tions and their adjoints, we computed the direc-
tions with large error growth. From the growth
rates in these directions, we could establish a
probability distribution for the errors. From
this distribution, we obtained parameters for the
skill of a forecast.

It would be of value to know whether the above
method can be applied to a large model. We made
the hypothesis that the dimension of the error
growth is of the order of the dimension of the
instantaneous circulation patterns. We have tested
the hypothesis in our low-order model, where
indeed the number of relevant error growth direc-
tions happened to be almost identical to the
number of relevant EOFs. This is a plausible result
because a run with small initial error will converge
to the model attractor. From an analysis of the real
atmospheric circulation, we obtained a number of
50 relevant EOFs. According to the hypothesis,
this is equivalent to 50 relevant error growth direc-
tions. Computing these directions is as expensive
as about 150 model runs. With these directions
and the corresponding growth rates, one can get
parameters for the skill.

The above methods may still be judged
prohibitively expensive. A reduction in the cost
may be obtained by choosing a regional instead of
a global error norm and by relaxed requirements
on the numerical precision of the skill forecast. All
of this depends on the yet-to-be-determined spec-
trum of eigenvalues which might be different from
its hypothesized shape. To get a useful estimate of
the skill, one should use an inhomogeneous initial
error field which is consistent with errors in the
observations. Formally, this can be done with the
operator M, which transforms a vector with
measurement errors into an initial error field. Non-
linear error growth is not discussed in this paper;
it limits the applicability of the above method to
short-range predictions.
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h

linear operator used to describe the tangent

linear equations

scaled eigenvalue of 4*4

operator to couple observating errors to

initial errors

the number of model variables

the number of observations

associated Legendre function

rescaled state vector

cooling coefficient

partial length of a vector

length of a vector

b length of a vector in a truncated system

pm length of a vector in a truncated system
with data assimilation

X3

Sz

3
3

RTINS

List of symbols S linear operator used to describe the tangent
linear equations

a radius of the earth t time

A integration operator for the tangent linear u error vector in rescaled coordinates
equations v; eigenvector of 4*4

C Ekman coefficient w vector with observation errors

D matrix for the projection on an EOF-basis Y, , eigenfunction of the Laplace operator

Dgy Kaplan-Yorke dimension o; Lyapunov exponent

e; basis vector for rescaled vectors A Laplacian operator

E; matrix which contains the most relevant A, approximates the eigenvector v,
information of A Ap  a pressure difference of 500 mb

F scatter matrix A geographic longitude

f Coriolis parameter Ax singular value of 4

S(R) distribution function for the total length of A the inverse of the radius of deformation
an error vector u geographic latitude

fo Coriolis parameter at 45° latitude a the static stability parameter

fiee  areference distribution function T 250-750 mb thickness

fi distribution function for the length of Av; 7 rescaled 250-750 mb thickness

.z  cumulative distribution function for the t*  enforced 250-750 mb thickness

error W interpolated 500-mb streamfunction

h mountain height ¥ rescaled 500-mb streamfunction

1 identity operator v, 250-mb streamfunction

J Jacobian operator /A 750-mb streamfunction

K kinetic energy v¥  enforced 750-mb streamfunction

/; scaled eigenvalue of F W, vertical wind at 500 mb
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